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Accommodation of Lattice Misfit in Semiconductor
Heterostructure Nanowires
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5.1
Introduction

By far the most important trait of semiconductor nanowires is that, relative to their
volume, they have a large surface. Many essential properties, such as the thermo-
dynamics of growth or the electrical properties, are affected by the presence and the
quality of the nanowire surface [1]. With the surface area to volume ratio being
inversely proportional to the nanowire diameter, the physical properties of nanowires
are naturally more severely affected when the nanowire is thinner. The fact that
nanowires possess a large free surface also has substantial influence on their
mechanical properties, in particular considering heterostructure nanowires com-
bining materials with different lattice constants. The coherent epitaxial growth of
such two materials would cause one or both materials to be strained by the misfit.
Whatmakesmisfit-strained heterostructure nanowires such appealing objects is that
contrary to heteroepitaxial layers onplanar substrates, which cannot expand or shrink
in lateral direction, a nanowire possesses a free surface that can adjust according to
the strain within it. By changing its diameter and—suppose that the nanowire has a
free end—also its lengths, a heterostructure nanowire can elastically relax a part of the
strain energy induced by the misfit. Owing to its enhanced possibilities for partial
elastic relaxation, the onset of other strain relaxationmechanisms such as dislocation
formation or a roughening of the surface can be suppressed or at least deferred. It will
be shown in the following to which extend this is indeed the case.

Generally, one can distinguish between two main types of nanowire heterostruc-
tures: (a) axial heterostructures, in which cylindrical pieces of distinct materials
contact each other with their flat ends, creating a circular interface and (b) core–shell
heterostructures, inwhich a cylindrical piece of onematerial is radially enwrapped by
the second material. Both types, axial heterostructures and core–shell nanowire
heterostructures, have been experimentally realized [2–9].

In addition to these two types of heterostructures, there are two main strain
relaxation mechanisms that are usually tried to be avoided. The first is dislocation
formation. Besides destroying the coherency of the heterostructure interface,
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dislocations may have a negative influence on the electrical properties of the
nanowires due to carrier recombination at the dislocation core. Another reason why
dislocation formation is mostly undesired is that the misfit strain affects the band
structure alignment of the materials of which the heterostructure is composed.
Dislocations now locally render the strain field, so the band structure alignment is
also disturbed.

The second basic mechanism by which a misfit-strained layer or structure can
relieve part of the strain energy is through surface roughening. During the growth of
a strained layer on a substrate of a different lattice constant, the layer is inherently
unstable with respect to modulations of the growing surface. The reason for this is
that the overall strain energy of a system having a strained but undulated surface is
smaller compared to a system with a flat and coherently strained layer; and this
reduction in strain energy is what is driving the instability. Ultimately, this instability,
the so-called Asaro–Tiller–Grinfeld instability [10, 11], may lead to the formation of
clusters on the surface (see Figure 5.1c). This effect is also employed for the self-
organized synthesis of quantum dots, and in this context it has received considerable
attention in the past (see, for example, the excellent review by Stangl et al. [12] and
references therein). Concerning the synthesis of heterostructure nanowires, this
instability of the surface is rather thought of as a nuisance than as an advantage, as it
would prevent the synthesis of heterostructure nanowires strained in a well-defined
manner.

For clarity, the two strain relaxation mechanisms (dislocation formation and
roughening) are separately dealt with. Applied to the two main types of hetero-
structures (axial and core–shell), this leaves uswith four separate scenarios.However,
as strain-induced roughening during the synthesis of axial heterostructures
completely prevents the synthesis of an axial nanowire heterostructure, this possible
scenario is not considered. First, we will take a look at dislocation formation in axial
heterostructure nanowires in the following section, as schematically indicated in
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Figure 5.1 The different strain relaxation scenarios. (a) Dislocation formation in case of axial
heterostructure nanowires. (b) Dislocation formation in core–shell nanowires. (c) Roughening of
the shell in case of core–shell nanowires.
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Figure 5.1a, then dislocation formation in core–shell nanowires (Figure 5.1b) will be
discussed, and finally surface roughening of core–shell nanowire heterostructures
will be considered.

5.2
Dislocations in Axial Heterostructure Nanowires

As alreadymentioned, the twomain strain relaxationmechanisms are the formation
of dislocations and the roughening of the surface. Considering the growth of strained
layers on planar substrates, Tersoff and LeGoues [13] could elegantly show that the
interplay of these two relaxation mechanisms is such that at small lattice misfits the
formation of dislocations is favored, whereas large misfits rather promote a rough-
ening of the surface. In the latter case, this does not exclude that dislocations will be
formed, but a roughening of the surface would still precede the formation of
dislocations. In the following, we will always refer to a roughening of the surface,
even if island formation would in some cases be the more appropriate description of
the surfacemorphology.Concerning the growth of axial heterostructurenanowires, it
should be mentioned that these nanowires are in most cases synthesized by the
vapor–liquid–solid [14] mechanism. This means that a liquid catalyst droplet
promotes the growth of nanowires by acting as a preferential site for adsorption
of precursor molecules from the gas phase, supplying the semiconductor material.
The balance of such a liquid catalyst droplet at the nanowire tip is delicate. Changes in
the growth parameters, for example, can easily lead to a kinking of the nanowires. A
roughening of the catalyst–nanowire interface presumably perturbs the growth of
nanowire to such an extent that awell-defined synthesis cannot take place anymore. A
roughening of the catalyst–nanowire interface, therefore, has to be prevented at all
costs. Since there are presently to best of our knowledge no experimental studies on
the interplay of the vapor–liquid–solidmechanismwith a potential roughening of the
catalyst–droplet interface, this problem will not be considered. Still, one should be
aware that in particular for the synthesis of axial nanowire heterostructure with large
lattice misfit, interface roughening might turn out to be a serious obstacle. Instead,
we concentrate in this section on dislocation formation, keeping in mind that
according to the analysis of Tersoff and LeGoues [13], dislocation formation is the
more critical mechanism at smaller misfits.

The analysis presented in this section closely follows the work of Ertekin et al. [15],
who at first recognized the potential of nanowires for the synthesis of dislocation-free
strained heterostructures. In fact, the calculation presented represents a simplified
version of Ertekin�s work, assuming equal Young�s modulus E and Poison ratio n for
bothmaterials. The system considered is a single nanowire heterostructure interface
(cf. Figure 5.1a) with the twomaterials having a (positive) misfitm. The two material
segments are assumed to have infinite length and a common equilibrium radius R
at infinite distance from the interface. That means that the relative difference in
radius, which is equal to the misfit, is neglected in the analysis as it would render
the outcome only slightly. Considering only the radial component of the strain tensor
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(in cylindrical coordinates), the strain energy density, en, at the interface is given by

en ¼ E
1�n

� �
m2

4
ð5:1Þ

Ertekin et al. [15] assumed that the strain energy density decays exponentially with
the distance from the interface and that the characteristic length for this exponential
decay is equal to a� R. They found that a ¼ 0:1875 indeed describes the behavior
well. Integrating over the length of the nanowire, the total strain energy En0 stored in
a dislocation-free nanowire is then given by

En0 ¼ apR3

2
E

1�n

� �
m2 ð5:2Þ

In a rather crude approximation, it is assumed that the formation of a dislocation
reduces the misfit to

meff ¼ m� b
2R

ð5:3Þ

with b being Burger�s vector of the dislocation. In addition to reducing the strain
energy of the system by reducing the misfit, the intrinsic energy of the dislocation,
that is, the energy of the dislocation core and the strain field of dislocation, should be
taken into account. Taking R and b=4 as the upper and inner cutoff limits for
the strain field of the dislocation and accounting for the reduced effective misfit, the
strain energy of a nanowire having a single dislocation at the interface can be
approximated as

En1 ¼ apR3

2
E

1�n

� �
m� b

2R

� �2

þ Rb2

2pð1þ nÞ
E

1�n

� �
log

4R
b

� �
ð5:4Þ

If it is further assumed that dislocations are only introduced once it turns out to be
energetically favorable; that is, if the energy En1 is smaller than En0, a criterion for a
critical misfitmcrit can be derived by equating Eqs (5.3) and (5.4). One can easily find
that

mcrit ¼ b
4R

þ b
ap2Rð1þ nÞ log

4R
b

� �
ð5:5Þ

Note that the critical misfit does not depend on Young�s modulus E of materials.
This model, based on energetic considerations, neglects several important aspects
such as dislocation nucleation and gliding of dislocations, and the outcome therefore
should be considered as a rough estimate of the onset of dislocation formation.
Acalculation on dislocation formation in axial nanowires inwhich nucleation aspects
are taken into account has been performedbyK€astner andG€osele [16]. Although their
result differs from the one of Ertekin et al. [15], the general diameter-dependent
behavior is similar. The critical misfit mcrit, according to Eq. (5.5), at which the
formation of dislocations should set in is shown in Figure 5.2 as a function of the
nanowire diameter 2R, assuming a Burger�s vector b ¼ 0:3 nm. As long as the misfit
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m at a certain radius does not exceed the critical misfit mcrit, the nanowire hetero-
structure interface should remain dislocation free.

One can see in Figure 5.2 that the critical misfit, at which the formation of
dislocation should theoretically set in, is quite substantial. At the nanowire diameter
of 35 nm, the critical misfit is already 4.5%, which should theoretically suffice to
synthesize dislocation-free Si–Ge heterostructure nanowires, and owing to the
dominant 1=R dependence, the critical misfit becomes huge for even smaller
diameters. Since the calculation presented presumably oversimplifies the complexity
of the real situation, the outcomes of the more elaborate calculations of Ertekin
et al. [17] andGlas [18] (considering both edge and 60� dislocations) are also shown as
reference. In particular, the data for 60� dislocation seem to be in reasonable
agreement with experimental observations [18], so onemay conclude that the critical
misfit as given by Eq. (5.5) rather underestimates the true value.

5.3
Dislocations in Core–Shell Heterostructure Nanowires

Synthesizing dislocation-free core–shell nanowires in which the shell material has a
largemisfit with respect to the core is an interesting task because one can in principle
achieve very high strains in the material, in particular in the core. Such high strains
could induce changes in the band structure, which is appealing from an electronics
device point of view as itmay increase the charge carriermobility [19]. In the case of a
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Figure 5.2 Critical misfitmcrit for b ¼ 0:30 nm and n ¼ 0:25 using Eq. (5.5). As reference, the data
of Ertekin et al. [17] (*) and Glas [18] D, &) are shown.
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core–shell structure, such amobility increase could be further enhanced by carefully
adjusting the core–shell band alignment and the doping profile [8], which together
with the possibility of realizing a surround-gate architecture [20] could be an
interesting approach to high performance devices. Yet, there are two main obstacles
that need to be overcome, and these are the formation of dislocations and the
roughening of the shell. The point at issue is whether, and for which parameters, the
onset of these two strain relaxation mechanisms can be avoided or suppressed for
such a strained core–shell nanostructure. In this section, the question of dislocation
formation will be discussed following the work of Liang et al. [21].

Let us consider a core–shell heterostructure nanowire as shown in Figure 5.1b,
having a core radius R1, a shell radius R2, and a misfit m at the core–shell interface.
Liang et al. [21] investigated the effect of two different types of dislocations: edge
dislocations and dislocation loops. They found that dislocation loops are less critical
than edge dislocations; we concentrate here on the latter case. According to their
calculation, the formation of an edge dislocation reduces the strain energy stored in
the core–shell system by an amount

DEn ¼ bGmð1þ nÞR1ðR2
2�R2

1Þ
ð1�nÞR2

2
ð5:6Þ

with G ¼ E=2ð1þ nÞ being the shear modulus and n the Poisson ratio. Both
constants are assumed to be the same for the core and shell materials, respectively.
Furthermore, Liang et al. [21] approximate the energy of the edge dislocation as

Endis ¼ b2G
4pð1�nÞ ln

R2
2�R2

1

R2rc

� �
þ R1

R2

� �2

� 3
2

 !
ð5:7Þ

where b again denotes Burger�s vector of the dislocation and rc is the inner cutoff of
the dislocation strain field. Equations (5.6) and (5.7) then directly lead to the critical
misfit that the core–shell system can sustain without forming edge dislocations.

mcrit ¼ bR2
2

4pð1þ nÞR1ðR2
2�R2

1Þ
ln

R2
2�R2

1

R2rc

� �
þ R1

R2

� �2

� 3
2

 !
ð5:8Þ

Note that similar to (5.5), Eq. (5.8) does not depend on the shear modulus of the
materials involved. For a Burger�s vector of b ¼ 0:3 nm and an inner cutoff radius
rc ¼ b=4, the critical misfit mcrit according to Eq. (5.8) is shown in Figure 5.3a as a
function of the shell thickness for various core radii R1.

As long as themisfitm is smaller than the value given for a specific shell thickness
and core radius, the systemshould remain dislocation free. Considering the curve for
R1 ¼ 5 nm, one can see that mcrit decreases with increasing shell thickness until it
reaches a minimum value (about 0.016) at a shell thickness of about 10 nm. Thus, if
shell thicknesses of less than 10 nm are aimed at, a misfit larger than 0.016 would be
tolerated by the system without forming edge dislocations. If, however, the intended
shell thickness is larger than 10 nm, it is necessary that themisfit be chosen below the
minimum value. At a misfit smaller than the value at the minimum, the system will
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not tend to form dislocations, irrespective of the shell thickness. Therefore, it is
instructive to take a look at how this minimum of mcrit behaves as a function of the
core diameter 2R1. This is shown in Figure 5.3b. As one can see in this graph, the
minimum of mcrit is strongly diameter dependent and increases to a value of about
0.03 at a core diameter of 4 nm. This outcome is somehow similar to that presented in
the previous section, in the sense that reducing the diameter shifts themisfit limit for
dislocation formation to greater values. Thus, reducing the diameter is advisable
when dislocations in core–shell nanowires are to be prevented.

5.4
Roughening of Core–Shell Heterostructure Nanowires

The second major obstacle that complicates the synthesis of misfit-strained core–-
shell nanowires is the potential roughening of the shell. During the growth of the
shell, the system tends to partially relax strain by developing a modulation of the
surface. This may in the end lead to the creation of islands or notches on the surface,
as schematically indicated in Figure 5.1c. As already mentioned, this relaxation
mechanism can be expected to be particularly critical at large misfit strains [13]. The
creation of islands or notches is caused by the so-called Asaro–Tiller–Grinfeld
instability [10, 11], a strain-induced morphological instability of the surface. The
driving force for this instability is that an undulation of the surface leads to a
redistribution of the strain energy, such that it reduces the overall strain energy of the
system. On the other hand, this surface waviness comes with an increase in the
overall surface area. Nevertheless, for some types ofmodulations, the energetic costs
of increasing the surface area are smaller than the gain of reducing the elastic energy,
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Figure 5.3 (a) Critical misfit mcrit that a
core–shell nanowire can sustain without
forming edge dislocations given here as a
function of the shell thickness for various core

radii R1. The Burger vector b is taken to be
0.3 nm and rc ¼ b=4. (b) Critical misfit at the
minimumofmcrit (as shown in (a)) as a function
of the core diameter.
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so the growth of a modulated surface is energetically favored. For the growth
of strained films on planar substrates, this instability has been the subject of
extensive investigations [22–25]. However, these results may not be directly appli-
cable to misfit-strained core–shell nanowires, as a bulk substrate is much less
susceptible to a strained layer than a nanowire. For a misfit-strained core–shell
nanowire, one can expect that a large portion of the elastic energy is stored in the core,
whereas in case of a bulk substrate, it is the strained film that basically contains the
whole elastic energy.

In this section, themisfit-drivenmorphological instability of core–shell nanowires
is analyzed by performing a linear stability analysis, closely following the work of
Schmidt et al. [26]. Instead of assuming unidirectional stress along the centerline of
the wire [27, 28], the misfit at the interface will be properly accounted. Furthermore,
nonradially symmetric modulations will also be taken into account, which is
necessary as the presence of islands usually breaks axial symmetry [29]. As pointed
out previously, the effects of surface stress on the instability are consistently
incorporated into the model.

The system under consideration is a cylindrical, completely dislocation-free,
core–shell nanowire. The shell material has a misfit m with respect to the core that
causes both core and shell to be elastically strained. For simplicity, the shearmodulus
G, the Poisson ratio n, the surface stress t, and the surface free energy c are taken to
be isotropic quantities. The linear stability analysis follows the works of Mullins [30]
and Spencer et al. [25]. The idea behind it is that a core–shell nanowire in reality is not
perfectly cylindrical; instead, it will show local deviations of cylindrical geometry.
These local deviations can be also described by a broad distribution of sinusoidal
surface modulations characterized by their wavenumber q in axial direction
(the ẑ-direction) and the mode number n in circumferential direction. Thus, if the
outer radius of the unperturbed core–shell nanowire is R2 and d is the amplitude
of the perturbation, then the actual surface radius Rs can be expressed as

Rs ¼ R2 þ d cosðqzÞcosðnwÞ ð5:9Þ
Thesemodulations or perturbations of the shell thickness change the strain energy

distribution that in turn leads to a variation in the chemical potential at the nanowire
surface. The inhomogeneity of the chemical potential can drive surface diffusion,
leading to an increase or decrease of the initial perturbation amplitude. In this way, a
positive or negative feedback is created; the question arises whether there are modes
for which a positive feedback exists (i.e., perturbations that exponentially increase in
amplitude), what characteristics these modes have, and how different parameters
such as themisfitm or the core radiusR1 affect the stability of the systemwith respect
to the growth of these modes.

To answer this question, first one should figure out how the strain distribution
changes as a consequence of a surface modulation of amplitude d. This is done
perturbatively by analytically calculating the stress and strain distributions to first
order in d. After some definitions, the zeroth order, that is, the stress/strain
distribution of a perfectly cylindrical misfit-strained core–shell nanowire, is calcu-
lated. All corresponding zeroth-order quantities, such as the displacement �vi, the
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strain �uij, the elastic strain �eij, or the stress �sij, are marked by an overbar. In the
following section, the first-order changes to the stress/strain distribution are deter-
mined. All first-order contributions are marked by a tilde. Furthermore, for brevity,
an index a is introduced, which is equal to 1 if a quantity refers to the nanowire core
and 2 for a corresponding shell quantity.

5.4.1
Zeroth-Order Stress and Strain

To determine the zeroth stress/strain distribution, we assume that the system is in
equilibrium, which means that in the absence of external body forces, the displace-
ment vector u has to fulfill the equations of equilibrium [31]

ð1�2nÞDuþrðr �uÞ ¼ 0 ð5:10Þ
By solving the above equations and imposing proper boundary conditions, one can

arrive at an analytical solution for the displacement vector u. Using cylindrical
coordinates, that is,u ¼ ur r̂þ uwŵþ uzẑ, the strain tensor uij can be derived from the
displacement vector u [31]:

urr ¼ @rur ð5:11Þ

uzz ¼ @zuz ð5:12Þ

uww ¼ r�1@wuw þ r�1ur ð5:13Þ

urz ¼ ð@zur þ @ruzÞ=2 ð5:14Þ

uwz ¼ ðr�1@wuz þ @zuwÞ=2 ð5:15Þ

urw ¼ ð@ruw�r�1uw þ r�1@wurÞ=2 ð5:16Þ
These equations are analogously valid for the zeroth- and first-order quantities �uij

and ~uij, respectively. To account for the lattice misfit m defined as

m ¼ l2�l1
l1

ð5:17Þ

with l1 and l2 being the lattice constants of the core and the shell, respectively, it is
necessary to introduce the elastic strain tensor eij.

eaij ¼ uaij�mdijda2 ð5:18Þ

with dij and da2 being Kronecker deltas. The idea behind introducing this
additional tensor is that one can elegantly incorporate the misfit into the calculation
this way. It is the elastic strain tensor eij that reflects the strain in the core–shell
system. According to the above definition, compressive stresses/strains are negative
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and tensile stresses/strains are positive. From the elastic strain tensor, one can then
obtain the stress tensor [31]

sa
ij ¼

2Ga

1�2na
1�2nað Þeaij þ nae

a
lldij

� �
ð5:19Þ

with Ga being the shear modulus and na the Poisson ratio of the core or shell.
Together with Eq. (5.18), this leads to the following relation:

sa
ij ¼

2Ga

1�2na
ð1�2naÞuaij þ nau

a
lldij�ð1þ naÞmdijda2

� �
ð5:20Þ

Similar relations hold for the zeroth-order quantities

�eaij ¼ �uaij�mdijda2 ð5:21Þ

�sa
ij ¼

2Ga

1�2na
ð1�2naÞ�uaij þ na�u

a
lldij�ð1þ naÞmdijda2

� �
ð5:22Þ

and to the first-order contributions

~eaij ¼ ~uaij ð5:23Þ

~sa
ij ¼

2Ga

1�2na
ð1�2naÞ~uaij þ na~u

a
lldij

� �
ð5:24Þ

Let us come back now to the task of calculating the stress/strain distribution of an
unperturbed, perfectly cylindrical, misfit-strained core–shell nanowire. Owing to
radial symmetry and translational invariance with respect to translations in ẑ-direc-
tion, the equations of equilibrium (5.10) reduce to

@2
r �u

a
r þ

1
r
@r�u

a
r �

1
r2
�uar ¼ 0 ð5:25Þ

@2
z�u

a
z ¼ 0 ð5:26Þ

with the corresponding solutions

�uar ¼ aar þ ba
1
r

ð5:27Þ

�uaz ¼ caz ð5:28Þ
where aa, ba, and ca are six so far undetermined constants—or better five unknown
constants as b1 has to be equal to zero to obtain solutions that are finite at r ¼ 0.
The remaining unknown constants (a1, a2, b2, c1, c2) can be determined by imposing
proper boundary conditions.

As already mentioned, surface effects play a crucial role in the physics and
properties of nanowires. Considering the elastic properties of nanowires, surface
stress needs to be considered, in particular if nanowires of very small radius are taken
into account. But one should be careful not to mix up surface stresses with surface
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free energies because, as first pointed out by Gibbs [32], the surface free energy c of a
solid does not necessarily equal the surface stress t (see, for example, the work of
Shuttleworth [33]). The difference between these two quantities is that the surface
free energy c is related to the work of creating new area, for example, by splitting or
dewetting, whereas the surface stress t is related to thework of increasing the surface
area by elastically deforming the solid [34]. In general, this deformation work should
be characterized by introducing a second-rank tensor tij, the so-called surface stress
tensor. For isotropic surfaces, however, this tensor tij ¼ tdij reduces to a scalar, the
surface stress t. To find a reasonable estimate for the magnitude of t turns out to be
difficult as the surface stresses often exhibit a pronounced anisotropy [35–37],
depend on the type of surface reconstruction [38–41], and are furthermore altered
by the presence of adatoms [42, 43]. Surface stress values, for example, calculated by
Meade and Vanderbilt [42] for a Si(111) surface, range from �0.7 to 2.4N/m
depending on the specific surface configuration. In view of these ambiguities, a
surface stress value of t ¼ 1 N/m will be used in the course of the calculation. This
seems a fair estimate considering the values given in Refs [38–43].

One of the boundary conditions to be imposed is that there are no net forces acting
normal to the surface. Including the effect of surface stress, this corresponds to

sijnj þPfni þ tkni ¼ 0 ð5:29Þ

with Pf being the pressure in the surrounding fluid, nj the outward-pointing surface
normal, t the surface stress, and k the sum of the principle curvatures of the surface.
In our case, we can neglect the pressure Pf of the surrounding fluid as it is typically
orders of magnitude too small to affect the elasticity problem. The boundary
conditions to be imposed are as follows [26]:

1) Equal displacements at the core–shell interface (coherent interface), which gives

�uð1Þr jR1
¼ �uð2Þr jR1

and �uð1Þz jR1
¼ �uð2Þz jR1

2) Zero net normal force at the core–shell interface. With the outward normal
�nð1Þj ¼ r̂ of the core–shell interface, this leads to

�sð1Þ
rr jR1

¼ �sð2Þ
rr jR1

3) Zero net force in ẑ-direction. Considering the force is created by the surface stress
leads to

R2
1�s

ð1Þ
zz þðR2

2�R2
1Þ�sð2Þ

zz ¼ �2tR2

4) Zero net normal force at the surface. With �nð2Þj ¼ r̂, this gives

�sð2Þ
rr jR2

¼ � t

R2

If it is further assumed that core and shell have the same shear modulus and
Poisson ratio, that is, G1 ¼ G2 ¼ G and n1 ¼ n2 ¼ n, the five unknown constants
become
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a1 ¼ mð1�3nÞðR2
2�R2

1Þ
2ð1�nÞR2

2
� tð1�3nÞ
2Gð1þ nÞR2

ð5:30Þ

a2 ¼ mð2R2
2ð1�nÞ�R2

1ð1�3nÞÞ
2ð1�nÞR2

2
� tð1�3nÞ
2Gð1þ nÞR2

ð5:31Þ

b1 ¼ 0 ð5:32Þ

b2 ¼ �mð1þ nÞR2
1

2ð1�nÞ ð5:33Þ

c1 ¼ mðR2
2�R2

1Þ
R2
2

� tð1�nÞ
Gð1þ nÞR2

ð5:34Þ

c2 ¼ c1 ð5:35Þ
Using Eqs (5.27–5.28), one can derive the displacements �ur and �uz, which then

leads to the strain tensor �uij (using (5.11–5.16), the elastic strain tensor �eij
(using (5.21)), and the stress tensor �sij (using (5.22)).

5.4.2
First-Order Contribution to Stress and Strain

Let us now examine how adding a sinusoidal perturbation changes the stress/strain
distribution. To arrive at expressions for the first-order contributions ~eij or ~sij is, in
principle, straightforward; instead of solving the equations of equilibrium (5.10) for
the displacement vector, they are solved for the so-called Papkovich–Neuber poten-
tials [44, 45] Y and j, with Y ¼ Yr r̂þYwŵþYzẑ being a vector potential and j

being a scalar potential. From the Papkovich–Neuber potentials, one can then derive
the displacement using the following relation [46]:

u ¼ 4ð1�nÞY�rðR �Yþ jÞ ð5:36Þ
with R ¼ r r̂þ zẑ. The main advantage of the Papkovich–Neuber potentials is that
they reduce the equations of equilibrium (5.10) to independent Laplace�s equations

D �Y ¼ 0 ð5:37Þ

Dj ¼ 0 ð5:38Þ
Considering radial symmetry, the corresponding solutions are easily found:

ja ¼ ½daInðqrÞþ eaKnðqrÞ�cosðqzÞcosðnwÞ ð5:39Þ

ya
r ¼ ½faInþ 1ðqrÞþ gaIn�1ðqrÞþ haKnþ 1ðqrÞ

þ iaKn�1ðqrÞ�cosðqzÞcosðnwÞ ð5:40Þ
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ya
w ¼ ½faInþ 1ðqrÞ�gaIn�1ðqrÞþ haKnþ 1ðqrÞ

�iaKn�1ðqrÞ�cosðqzÞsinðnwÞ
ð5:41Þ

ya
z ¼ ½jaInðqrÞþ kaKnðqrÞ�cosðqzÞcosðnwÞ ð5:42Þ

with InðqrÞ andKnðqrÞ being themodified Bessel functions of order n. The values of
the constants da, ea, fa, ga, ha, ia, ja, and ka should be determined by imposing
boundary conditions. Three of these constants can be found directly. By demanding
that the solution has to be finite at r ¼ 0, the constants e1, h1, and i1 have to be equal to
zero.

Moreover, it turns out to be useful to introduce the normal vectors ~nð1Þi and ~nð2Þi of
the core–shell interface and the surface, respectively. The core is assumed to be
cylindrical, so that ~nð1Þ ¼ r̂. The normal to the outer surface ~nð2Þ ¼ r̂þgwŵþgzẑ,
with

gw ¼ d
n
R2

cosðqzÞsinðnwÞ ð5:43Þ

gz ¼ dqsinðqzÞcosðnwÞ ð5:44Þ

Moreover, the curvature k of the nanowire surface is

k ¼ 1
R2

þ d
n2�1
R2
2

þ q2
� �

cosðqzÞcosðnwÞ ð5:45Þ

With this, the boundary conditions then become

1) Equality of displacements at the core–shell interface, leading to

~uð1Þr jR1
¼ ~uð2Þr jR1

~uð1Þz jR1
¼ ~uð2Þz jR1

~uð1Þw jR1
¼ ~uð2Þw jR1

2) Zero net normal force at the core–shell interface. This gives three conditions:

~sð1Þ
rr jR1

¼ ~sð2Þ
rr jR1

~s
ð1Þ
rw jR1

¼ ~s
ð2Þ
rw jR1

~sð1Þ
rz jR1

¼ ~sð2Þ
rz jR1

3) Zero net normal force at the surface:

s
ð2Þ
ij ~nð2Þj jr¼R2

¼ �~nð2Þi tk
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This finally leads to the last three conditions

~sð2Þ
rr jR2

¼ �dt

�
q2 þ n2�1

R2

�
cosðqzÞcosðnwÞ

~s
ð2Þ
rw jR2

¼ �d
n
R2

�
�s
ð2Þ
wwjR2

þ t

R2

�
cosðqzÞsinðnwÞ

~sð2Þ
zr jR2

¼ �dq

�
�s
ð2Þ
zz jR2

þ t

R2

�
sinðqzÞcosðnwÞ

This set of equations can be solved for the nine unknown constants, which is
simplified by the fact that for G1 ¼ G2 ¼ G and v1 ¼ v2 ¼ G, the boundary condi-
tions are fulfilled if e2 ¼ h2 ¼ i2 ¼ 0, d1 ¼ d2, f1 ¼ f2, and g1 ¼ g2. Thus, in this case,
it suffices to determine d2, g2, and h2. Having these expressions at hand, one can then
determine the Papkovich–Neuber potentials, derive the displacement, and from the
displacement the strain, the elastic strain, and the stress. These first-order contribu-
tions can then be combinedwith the corresponding zeroth-order results to obtain the
full stress and strain distributions to first order in d.

5.4.3
Linear Stability Analysis

Having calculated the stress/strain distribution to first order in d for an arbitrary
surface perturbation, defined by its wavenumber q and itsmode number n, one has to
determine how surface diffusion affects the amplitude of the perturbation, that is, to
figure out whether surface diffusion amplifies or attenuates a specific perturbation.
Following the work of Spencer et al. [24], the diffusion-induced surface flux Js can be
expressed as [47–49]

Js ¼ �DsC

kT
rsMv ð5:46Þ

withDs being the surface diffusion constant,C the area density of lattice sites, andrs

the surface gradient; kT has its usual meaning and the diffusion potential, Mv, is
given by [24]

Mv ¼ V ckþ 1
2
sijeij

� �
r¼Rs

ð5:47Þ

where c is the surface energy density, k the curvature of the strained system, andV

the volume per atom. The ð1=2Þsijeij term represents the energy density of the stress/
strain field. In an attempt tomodel the synthesis of the shell, the deposition of atoms
onto the nanowire surface is assumed to proceed at a fixed rate Q in atoms per unit
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area and unit time. Considering the continuity equation, one can show that to first
order in d the radial component of a vector Rs to a point on the surface will change
with time as [26]

_Rs ¼ VQ þ DsCV
2

kT
Ds ckþ 1

2
sijeij

� �
r¼Rs

ð5:48Þ

Here, Ds denotes the surface Laplacian. Since all terms in parentheses in Eq. (5.48)
are at least of order d, it is sufficient to use the zeroth-order approximation for the
Laplacian Ds [26].

D0
s ¼

1
R2
2
@2
w þ @2

z ð5:49Þ

Using the same argument, that is, that we are only interested in first-order
contributions, one can evaluate the expression in parentheses at R2 instead of Rs.
Equation (5.48) then becomes

_Rs ¼ VQ þ DsCV
2

kT
D0

sðckþ �sij~eijÞr¼R2
ð5:50Þ

Furthermore, one can show that ~eij is proportional to d cosðqzÞcosðnwÞ [26].
Inserting the explicit forms of k, performing D0

s , and separating the terms propor-
tional to the cosines from those that are not, one can find that

_R2 ¼ VQ ð5:51Þ

_d ¼ DsCV
2c

kT
Sd ð5:52Þ

So the radius R2 of the shell grows at a rate that is equal to the deposition rate as
expected. The time dependence of the amplitude d of a perturbation is governed by a
simple differential equation indicating an exponential time dependence

dðtÞ ¼ d0exp
DsCV

2c

kT
St

� �
ð5:53Þ

with d0 being the amplitude of the perturbation at t ¼ 0. The stability parameter S is
given by

S ¼ n2

R2
2
þ q2

� �
1�n2

R2
2

�q2� �sij~eij

c

� �
ð5:54Þ

and it is this parameter that determines themagnitude and sign of the exponent. This
exponential time dependence according to Eq. (5.53) leads to an increase ofd ifS > 0.
Thatmeans that the surface is unstable with respect to this particular perturbation, as
the amplitude of the perturbation will grow exponentially. For S < 0, the initial
amplitude of perturbation decays exponentially with time and the cylindrical surface
is said to be stablewith respect to this particular perturbation. Theupcoming task is to
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sort out those perturbations with the greatest positive value of S, as they are most
critical for the roughening of the shell.

5.4.4
Results and Discussion

We have seen that the exponential behavior of d depends on the sign andmagnitude
of the stability parameter S. To give an impression of how the stability parameter S
generally behaves,S is shown inFigure 5.4 as a function of q for thefirst sixmodes of a
Genanowire of 10 nm radius covered by a 1 nm thick Si shell. The surface free energy
is assumed to be c ¼ 1:5 J=m2 and the surface stress t ¼ 1:0 N=m[50, 51]. The first
thing to notice in Figure 5.4 is that (going from left to right) the stability parameter S
of n ¼ 0 is zero in the limit q! 0, then exhibits a maximum, and finally becomes
negative for large values of q. This behavior is quite analogous towhat has been found
by Spencer et al. [25] considering semi-infinite substrates. For this mode and
wavenumbers q < 0:37 nm�1, S is positive, so the amplitude of the perturbation
would grow exponentially, corresponding to a roughening of the surface. Just as an
aside, it is interesting to note that the n ¼ 0mode exhibits positive values ofS even for
vanishing misfit. In this case, the maximum of S is located at about 2p

ffiffiffi
2

p
R2, which

corresponds to the wavelength of the classical, surface stress-driven Plateau–Ray-
leigh instability [52, 53].
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Figure 5.4 Stability parameter S as a function of the wavenumber q for R1 ¼ 10nm, R2 ¼ 11 nm,
G ¼ 46GPa, n ¼ 0:26, m ¼ �0:043, t ¼ 1:0N/m, and c ¼ 1:5 J/m2.
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Furthermore, one can see in Figure 5.4 that all modes with n � 4 do have positive
values of S for certain wavenumbers q, ranging from q ¼ 0 to about q � 0:3 nm�1.
Thus, the surface of such a core–shell nanowire would be unstable for the first four
modes and wavelengths (in z-direction) longer than roughly the diameter of the
nanowire. Owing to the exponential time dependence ofd onS, the perturbationwith
the greatest S value will grow the fastest. In case of the nanowire considered in
Figure 5.4, this is the n ¼ 3 mode that exhibits a maximum at about q � 0:16 nm�1

(marked by a circle in Figure 5.4) corresponding to a wavelength of about 4R2. This
will be called the fastest growingmode. This fastest growingmode is characterized by
its wavenumber qfg, wavenumber nfg, and the stability parameter Sfg. Owing to
exponential time dependence of d, one may assume that the fastest growing mode
will dominate the other perturbation modes after a while, so that the fastest growing
mode determines the final morphology of the shell. Therefore, in the following
discussion, we will mainly concentrate on the properties of the fastest growingmode
and, in particular, on the dependence of Sfg and nfg on parameters such as the core
radius or the shell thickness.

First, let us examine the properties of nfg, shown in Figure 5.5a, as a function of the
core radius R1 for various shell thicknesses ranging from 1 to 7 nm. The misfit
parameter is taken to be m ¼ �0:044, corresponding to the misfit of a Ge-core–Si-
shell nanowire. One can see in Figure 5.5a that the mode number nfg of the fastest
growing mode increases strongly for increasing core radius and decreasing shell
thickness. So one can expect that roughening, in particular for the initial phase of
shell growth on rather thick nanowires, will show a quite complex behavior. At larger
shell thicknesses, modes with lower mode number should become dominant. It is
also interesting to note that the question which modes become dominant strongly
depends on the sign of themisfit. Assuming a positive surface stress t and a negative
misfit m, one can show that due to the surface stress, modes with large surface
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Figure 5.5 (a) nfg as a function of the core radiusR1 form ¼ �0:044 and various shell thicknesses,
t ¼ 1:0N/m. (b) Stability parameter ðSfgÞ as a function of the core radius R1 for various misfit
parameters m, t ¼ 0N/m. G ¼ 46GPa, n ¼ 0:26, and c ¼ 1:5 J/m2.
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curvature, that is, large wavenumber n, are favored (in the sense of greater S) [26],
whereas for positive values ofm, the opposite is the case. For positivemisfits, surface
stress reduces the magnitude of the stability parameter of high-nmodes. Thus, one
can expect that for a positive surface stress, thinGe-core–Si-shell nanowireswill show
a more complex roughening behavior than Si-core–Ge-shell nanowires. For positive
m, it is in fact often the n ¼ 0 mode that grows the fastest.

The dependence of the stability parameter Sfg of the fastest growing mode on the
core radius R1 is displayed in Figure 5.5b for various misfits m and a fixed shell
thickness of 1 nm. It is evident that Sfg depends quite strongly on the misfit m as
expected. Furthermore, what is interesting to note is that for large misfits, for
example, m ¼ 0:045, the curve exhibits a minimum at a core radius of about 6 nm.
This means that from a surface stability point of view, it is advantageous to choose
such a core radius if smooth, nonroughened core–shell nanowires are to be
synthesized. Figure 5.6a and b shows Sfg as a function of the core radius for various
shell thicknesses. Again, surface stress is t ¼ 1:0N/m. Figure 5.6a, with a misfit
m ¼ þ 0:044, approximately corresponds to the case of a Si-core–Ge-shell nanowire
(Figure 5.6b), with m ¼ �0:044 to a Ge-core–Si-shell nanowire. The first apparent
feature of Figure 5.6 is the strong dependence on the shell thickness. In both cases,
m ¼ þ 0:044 and m ¼ �0:044, an increase in the shell thickness from 1 to 7 nm
leads to a decrease in Sfg by more than one order of magnitude—more or less
independent of the core radius. Concerning the overall stability, one therefore has to
conclude that the initial phase of growth, where the shell is thinnest, is most critical
with respect to a roughening of the surface. For experimentalists, this signifies that
extreme care should be taken in the initial phase of shell growth. To reduce the
roughening tendency, it might be advisable to synthesize a graded junction in the
initial phase of shell growth. This can be, considering a Ge-core–Si-shell nanowire,
for example, be easily done be steadily reducing the Ge content in the initial phase of

–5 0 5 10 15 20 25–5 0 5 10 15 20 25

1E-5
1E-5

1E-4
1E-4

1E-3

1E-3

0.01

0.01 0.1
m=-0.044m=+0.044

Shell 
thickness:

Shell 
thickness:

 1 nm
 2 nm
 3 nm
 4 nm
 5 nm
 6 nm
 7 nm

 1 nm
 2 nm
 3 nm
 4 nm
 5 nm
 6 nm
 7 nm

Core Radius R1 [nm]Core Radius R1 [nm]

S
T

A
B

IL
IT

Y
 P

A
R

A
M

E
T

E
R

 S
fg

S
T

A
B

IL
IT

Y
 P

A
R

A
M

E
T

E
R

 S
fg

(a) (b)

Figure 5.6 Stability parameter ðSfgÞ for various shell thicknesses as a function of the core radiusR1

using G ¼ 46GPa, n ¼ 0:26, t ¼ 1:0N/m, and c ¼ 1:5 J/m2; (a) m ¼ þ 0:044 (Si-core–Ge-shell)
and (b) misfit m ¼ �0:044 (Ge-core–Si-shell).
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shell growth. The most interesting feature, visible in Figure 5.6a and b, is the
pronouncedminimumone canfind at a core radius of 5 nm. Thismeans that oneway
of reducing the tendency for roughening is to use nanowires with diameter of about
10 nm as a starting material for the core–shell structure. By reducing the diameter
from 50 to 10 nm, R1, the stability parameter of a Ge-core–Si-shell nanowire (see
Figure 5.6b), is reduced by more than one order of magnitude, which means a
significant increase in surface stability.

Within the framework of the model, it could be shown that the surface is most
unstable when the shell thickness is of the order of 1 nm or less. Consequently, it is
the initial phase of shell growth that would be most sensitive to a roughening of the
surface. In addition, the model shows that form >	 0:03, there exists a core radius of
maximum stability, which means that synthesizing cylindrical core–shell nanowires
should be easiest for core diameters of about 10 nm.

5.5
Conclusion

The main conclusion of considering dislocation formation in both axial and core–-
shell nanowires is that the critical misfit, up to which dislocation-free nanowires can
be synthesized, is strongly radius dependent and it increases with decreasing radius.
This is mainly a scaling effect. By reducing the radius of the nanowires, the strain
energy stored in the system changes proportionally to the volume of the system.
Moreover, if the volume is small enough, at some point the energy stored will not
suffice anymore to induce the formation of a dislocation. Therefore, reducing the
radius helps to prevent dislocation formation. Concerning the strain-induced rough-
ening instability of shell, onemust conclude that, in contrast to dislocation formation,
this relaxation mechanism does not vanish at smaller radii. Nevertheless, reducing
the radius might still be beneficial to increase the stability of the system.
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