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Preface

Multiple-scale analysis of boundary-value problems (elliptic and parabolic, linear
and semilinear) in domains with very complicated structure is the main topic of this
book. In the scientific literature such domains are called either domains with very
high oscillating boundaries or thick junctions. Special kinds of such domains are
considered in the book, namely thick multilevel junctions consisting of a cylinder
on which thin annular discs from two different sets are e-periodically and alterna-
tively strung. The thin annular discs are divided into two sets (levels) depending on
their geometric structure and boundary conditions imposed on their surfaces.
Different Dirichlet, Neumann, and Robin (linear and nonlinear) boundary condi-
tions are considered. The thin discs can have variable thickness vanishing at their
edges, including the case when their boundaries are not Lipschitz.

Qualitatively different cases in the asymptotic behavior of solutions to these
problems are discovered when the small parameter ¢ tends to zero, i.e., when the
number of attached thin discs of each level infinitely increases and their thickness
vanish. Different asymptotic methods and approaches developed intensively during
the past two decades are used to prove convergence theorems, to construct
asymptotic approximations for the solutions, and to derive the corresponding
homogenized problems.

Results presented here have already been published in our articles in mathe-
matical journals, but we give here a complete and unified presentation including a
full literature review on this topic. The text will be useful for researchers and
graduate students in asymptotic analysis and applied mathematics as well as for
physicists, chemists, and engineers interested in the investigation of different pro-
cesses, including heat and mass transfer, in their applications.

Kyiv, Ukraine Taras Mel’nyk
February 2019 Dmytro Sadovyi
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Chapter 1 ®)
Introduction Check for

Motivation

A lot of modern engineering constructions and biological systems have complex
geometric forms. The reason is that some physical properties of materials are con-
trolled by their geometric construction. Therefore, studying the effect of the geo-
metric structure of a material can help to improve some of its beneficial physical
properties and reduce undesirable effects. Mathematical models for this study are
boundary-value problems (BVPs) in complex domains: perforated domains, grid-
domains, thin domains with rapidly varying thickness, junctions of thin domains of
different configurations, networks, etc.

A thick junction of the type m : k : d is a union of some domain in R” (called
a junction’s body) and a large number of thin domains, which are e-periodically
attached to some manifold on the boundary of the junction’s body. This manifold
is called a joint zone. The small parameter ¢ characterizes the distance between
neighboring thin domains and also their thickness. The type m : k : d of a thick
junction refers, respectively, to limiting dimensions (as ¢ — 0) of the junction’s
body (m), the joint zone (k), and each of the attached thin domains (d).

Various constructions shaped as thick junctions are successfully used in nan-
otechnologies, microtechnique, modern engineering constructions, for example,
microstrip radiators, wide-bandgap semiconductors, efficient sensors (inertial, bio-
logical, chemical), signal processing filters, transistors, heat radiators [25, 40, 69,
71]. Figure 1.1 shows heat radiators in the form of thick junctions; such radiators are
used in order to radiate more heat from a given total volume. Also, many biological
systems (e.g., viruses, intestinal lining) have the thick junction form.

Now engineering approaches are capable of creating freestanding objects with
villi thickness to about 20nm. Therefore, it is often impossible to solve BVPs in
thick junctions directly with numerical methods, because this would require too
much CPU resources considering a large number of components of thick junctions
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2 1 Introduction

Fig. 1.1 Heat radiators shaped as thick junctions of the type 3:2:2

(in some cases few thousands). Increase in the size of computational domains for
thick multi-structures naturally leads to longer computing times and makes it very
difficult to maintain an acceptable level of the accuracy.

Thus, the development of new mathematical tools is necessary. One of them is
asymptotic analysis of BVPs in thick junctions as ¢ — 0, i.e., when the number
of attached thin domains infinitely increases and their thickness decreases to zero.
Asymptotic results give us the possibility to replace the original problem in a thick
junction by the corresponding homogenized problem that is simpler and then apply
computer simulation. In addition, in some cases it is possible to construct accurate
and numerically implementable asymptotic approximations.

Also with the help of asymptotic analysis, it is possible to find new unexpected
properties of solutions to such problems, which in turn make it possible to mathe-
matically justify different physical (or biological) phenomena of such structures (see
e.g., “Literature review” in this Introduction and Conclusions to Chapters).

The main difficulties in the study of BVPs in thick junctions

Thick junctions have a special character of the connectedness: there are points in
a thick junction that are at a short distance of order &'(¢), but length of all curves,
which connect these points in the junction, is of order &'(1). As a result, there is no
sequence of extension operators { E : W'7(D,) — W7 (R") },. whose norms are
uniformly bounded in ¢ (see e.g. [15, 79]) ; here D, is some thick junction.

At the same time, the availability of a uniformly bounded family of extension
operator is a typical supposition in overwhelming majority of the existing homog-
enization schemes for problems in perforated domains with the Neumann or Robin
boundary conditions (see e.g., [59, 65, 73, 74]). The existence of such extensions
for e-periodically perforated domains was proved in [22, 124].

Also because of a such connectedness, it is impossible to apply the boundary
trace embedding theorems in the Sobolev spaces W!7(D,) with a constant that is
independent of ¢.
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In addition, thick junctions are non-convex domains with non-smooth boundaries.
Therefore, solutions of BVPs in such domains have only minimal H 1_smoothness,
while the H2-smoothness of solutions is necessary for some homogenization proce-
dures (see e.g., [23]).

There are two ways to study BVPs in thick junctions. The first one consists of the
proof of convergence results for solutions (so- called convergence theorems).

The second one is related to obtaining the formal asymptotics for a solution and
its justification (establish an asymptotic error estimate). The corresponding homoge-
nized problem is derived from the limit problems for each domain forming the thick
junction with the help of solutions to junction-layer problems around the joint zone.
However, junction-layer solutions have polynomial or logarithmic growth at infinity
and do not decrease exponentially as in many boundary-layer problems. Their behav-
ior depends on the junction type m : k : d, and they influence directly the leading
terms of the asymptotics (see e.g., Chap. 5). This explains the introduction of such
a classification.

It should be noted here that an important problem for each asymptotic method is
its accuracy. Therefore, the proof of the error estimate for the discrepancy between
the constructed approximation and the original solution is a general principle that
has been applied to the analysis of the efficiency of the proposed asymptotic method.
How to do this, if the junction-layer solutions grow at infinity was until recently an
open question.

All those factors mentioned above create special difficulties in the asymptotic
investigation of BVPs in thick junctions.

Literature review

As far as we know, the first works in this direction were papers by E.Ya. Khruslov
[60], V.P. Kotlyarov and E.Ya. Khruslov [64], V.O. Marchenko and E.Ya. Khruslov
[73, Sect. 5], in which convergence theorems were proved for the Green functions
of Neumann problems for the Helmholtz equation in unbounded thick junctions of
type 3:2:1. This was done either under assumptions of the convergence of certain
components of the problem, or in case when the junction’s body is a half-space. It
should be noted that thick junctions considering in those papers have no periodicity
in the distribution of the thin domains forming the junction.

Spectral problems

The limit equations describing acoustic vibrations in a porous medium, made peri-
odically by narrow parallel channels or by thin parallel sheets in a solid body (the
thick junctions of the type 3:2:1 or 3:2:2, respectively), were obtained by using the
homogenization technique (two-scale asymptotic expansion method) in [8, 41, 130].
In these papers, the authors have established some new qualitative properties of the
homogenized equations: the corresponding Helmholtz equation is no longer elliptic;
the operator which corresponds to the spectral limit problem is non-compact and, as
a result, “... an exhaustive study of the spectral properties will not be done” (see
[41, Sect. 3, p. 163]). It should be noted that convergence theorems and asymptotic
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estimates were not proved in these papers. The same results were obtained in [8] for
problems in a thick junction of type 3:2:2.

Independently of the publications mentioned above, in the early 90s the complete
asymptotic analysis of the Neumann spectral problems for the Laplace operator
in thick junctions of types 2:1:1 in R? and 2:1:1, 3:1:1 in R*® was carried out in
[104-107]. Namely, the corresponding homogenized spectral problems were found,
their spectrum structures were determined, with the help of the method of matching
asymptotic expansions the asymptotic approximations for eigenfunctions and also for
the eigenvalues were constructed, and the corresponding asymptotic error estimates
were proved.

One of the main and unexpected results of these problems is as follows. The
spectrum of the original problem is split into countable family of series with different
limits that constitute the spectrum of the corresponding homogenized problem. So,
for the Neumann spectral problem in a thick junction type 2:1:1 (see [104]) the limits
of the eigenvalues from each series form the sequence of the discrete eigenvalues
of the homogenized problem from a finite interval (these intervals are mutually
disjoint) and the left ends of these intervals belong to the essential spectrum of the
homogenized problem. Moreover, there are a countable set of gaps in the spectrum (a
gap is abounded open interval having an empty intersection with the spectrum, but its
ends belong to it). Such complex asymptotic behavior of the eigenvalues substantiates
mathematically the well-known “loss reduction” phenomenon in comb-like wave-
guides [56] (for more detail see [107, 108]).

The question of the existence of spectral gaps has been actively investigated in last
time since it is very important for the description of wave propagations in different
mediums (see [53] for a lot of examples and references on this topic). In the case
when the thin rods forming a thick junction have various length, the structure of the
essential spectrum is more complex [82, 84] and choosing appropriately different
lengths of the thin rods one can build a thick junction with the given number of gaps
in the spectrum.

It is turned out that type of a thick junction determines not only the structure
of the boundary layer in the junction zone, but also the principal properties of the
homogenized problem, in particular, the structure of its spectrum. So, if the limit
dimensions of the junction’s body and the contact zone differ by 1 (i.e., m — k =
1), then it is possible to reduce the homogenized spectral problem to a spectral
problem for some discontinuous self-adjoint operator-function. The spectrum of such
operator-functions was studied in [51, 75, 108].

If we consider some boundary-value problem in a thick junction of the type
m : k:d, where m — k # 1, then any transmission conditions are not reasonable
in the joint zone for the corresponding homogenized problem in the Sobolev space
WP, For instance, if the junction in question is of type 3:1:1, then the junction zone
becomes a curve I” on the three-dimensional junction’s body in the limit. In [105,
109], the spectral Neumann problem in a thick junction of type 3:1:1 was examined
with simultaneous perturbation of the rigidity and density of the thin cylinders.
Because of this some asymptotic “stratification” of the spectrum in question appears.
The spectrum of the corresponding homogenized problem turns out to be related to the
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spectrum of a certain integral operator on I". Without the perturbation of the rigidity
and density of the thin cylinders, the spectral Neumann problem was considered
in [78, 88]. For this problem, we have the loss of self-adjointness in the limit in
general. In fact, three spectral problems form the asymptotics for the eigenvalues
and eigenfunctions of this problem, namely, the Neumann spectral problem in the
junction’s body; a spectral problem in a plane domain that is filled up by the thin
cylinders in the limit (each eigenvalue of this problem has infinite multiplicity); and
a spectral problem for a singular integral operator given on I.

Dirichlet spectral problems with purely density perturbations e~ on the rods of
a thick junction of type 2:1:1 were studied in [77, 80, 86]. Depending on the param-
eter o (@ < 2, @ = 2, o > 2), three qualitatively different cases in the asymptotic
behavior of the eigenvalues and eigenfunctions were discovered. There are three
kinds of vibrations, which are present in each of these cases: vibrations, whose
energy is concentrated in the junction’s body; vibrations, whose energy is concen-
trated on the thin rods; and vibrations (pseudo-vibrations) having quickly oscillating
character, in which each thin rod can have its own frequency. The frequency range,
where pseudo-vibrations can be present, is indicated using special characteristic

T = sup limsup A,(e),

neN e—0

called the threshold of low eigenvalues. The threshold of low eigenvalues is equal to
+o00 for majority spectral problems of the perturbation theory including problems
with concentrated masses in the cases o < 2 and o = 2; if o > 2, then .7 = 0. For
spectral problems in thick junctions, the threshold .7 can be equal to some positive
number [104, 106, 107].

It is known that the asymptotic behavior of the spectrum of spectral boundary-
value problems in perturbed domains essentially depends on boundary conditions [7,
57, 76, 124]. Therefore, papers [81, 82, 84, 85] are devoted to the studying influence
of different boundary conditions (Neumann, Robin, and Steklov) on the asymptotic
behavior of eigenvalues of spectral problems in thick junctions of types 2:1:1, 3:2:1,
and 3:2:2.

Boundary-value problems

The first asymptotic results for the Neumann Laplacian in thick junctions in R of the
type N : N — 1 : 1 were obtained in the thesis by R. Brizzi and J.P. Chalot in 1978.
After 19 years, these results were published in [15]. There it was proved that if the
boundaries of thin cylinders forming a thick junction of type 3:2:1 are rectilinear, then
the solution extended by zero converges to the corresponding homogenized problem.
This is explained by the fact that this extension preserves the weak derivative with
respect to x3 due to the rectilinearity of the boundaries of the cylinders along the O x3-
axis. This approach was used for homogeneous Neumann problems in [9, 10, 14, 24,
117] for monotone differential operators (in particular for the p-Laplacian) in thick
junctionsof thetype N : N —1:land N — 1 : N — 1 : 1, for the Ginzburg—Landau
equation in a thick plane junction of type 2:2:1 [47], and for the wave equation [34].
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Also in [15], the homogeneous Neumann problem was considered in a bounded
plane domain whose boundary is waved by the function x, = h(x;/¢), where h
must be a continuously differentiable periodic function and the reciprocal functions
of h on some intervals have to be existed to construct special extension operator.
However, this extension does not preserve the space class of the solution (only in
H! (£2]), where £2" C R? is a domain that is filled up by the oscillating boundary
in the limit) and it was constructed under the assumption that the right-hand side
f € H'(£2)). Using this extension and a special transformation of a surface integral
over the oscillating boundary, the nonhomogeneous Neumann problem

—Au, +u, = f in2,, 0,u, = ¢ on 3£2,,

was studied in [43]. If A > 1, the same homogenized problem was obtained as in
the corresponding homogeneous Neumann problem in [15]. If A = 1, an additional
term appears in the right-hand side of the homogenized problem. And if A € [0, 1),
the weak solution satisfies inequalities

Jer, 2 € (0.+00) Yo i~ < lunellie) < <
From these results, we again see that the asymptotic behavior of the solution essen-
tially depends on the conditions given on the oscillating part of the boundary.

The scheme of the construction of the extension operator proposed in [15] is not
applicable for thick junctions with thin rectilinear cylinders (“pillar type” domains)
since the geometry of the oscillating boundary cannot be described by a function.
In [79], a new scheme of the construction of extension operators { E : H 1(2,) —
H'(£2)},-0 was developed for solutions of BVPs. The extension construction for
the solution to the homogeneous Neumann problem for the Poisson equation in a
thick junction of the type 3:2:1 needs weaker conditions for the right-hand side. In
addition, this extension preserves the space class of the solution and the scheme is
most general in conception and applicable for solutions of BVPs in thick junctions
with more complex structure [29, 31, 32].

Moreover, with the help of the method of matching asymptotic expansions, the
approximation for the solution is constructed and the corresponding asymptotic error
estimate in the Sobolev space H'!(£2,) is proved in [79]. Similar results were obtained
in [83] for parabolic problems with the linear Robin condition 9, u, + eu, = 0 given
on the lateral surfaces of the thin cylinders, in [26] with the nonhomogeneous Robin
condition

Oy ue + e%u. = elg.(x,1) (@, B>1)

given on the lateral boundaries of the thin rings of a thick junction of type 3:2:2, and
in [90] for the Poisson equation with the nonlinear Robin boundary condition

ou, +ex(uy) =0
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given on the lateral surfaces of the thin curvilinear cylinders of a thick junction
of type 3:2:1. In those papers, it was showed how Robin boundary conditions are
transformed (as ¢ — 0) in the corresponding terms of the homogenized problem. In
addition, these researches and ones made for spectral problems show that the method
of matching asymptotic expansions introduced by II’in [54, 55] is a very effective
tool in the study of BVPs in thick junctions.

Obviously, if the homogeneous Dirichlet condition given on the oscillating bound-
ary of a thick junction and the L”-norm of the right-hand side of a boundary-value
problem is bounded with respect to the parameter ¢, then the zero extension of
the solution converges to zero in L2(27) (£2* is a domain that is filled up by the
oscillating boundary in the limit). The asymptotic approximation for the solution
to the homogeneous Dirichlet problem for the Poisson equation was constructed
and the corresponding H'-asymptotic estimate outside e-layer of the joint zone of
a plane thick junction of type 2:1:1 was proved in [4]. It should be noted that the
H'-asymptotic estimates in the whole junction for the eigenfunctions of the Dirich-
let Laplacian were derived in [80]. Using a boundary layer corrector, a first-order
asymptotic approximation and H'-asymptotic estimate (now in the whole junction)
for the viscous incompressible flow governed by the stationary Stokes equations in
a thick junction of type 3:2:1 with the homogeneous Dirichlet conditions on the
oscillating boundary were obtained in [5, 6].

The asymptotic behavior of the transverse displacement of a Kirchhoff-Love
plate in the form of a thick junction of type 1:1:1 was investigated in [13]. The main
difficulty in analyzing this problem is twofold and it is essentially due to the fourth
order of the Kirchhoff-Love model. Deriving a priori estimates on the displacement
for this operator and for the oscillating domain after rescaling is more intricate than for
second-order problems. Second, as far as the homogenization process is concerned,
the use of the method of oscillating test functions, introduced by Tartar in 1977 and
partially written in [118], is also more complicated than for second-order problems
since here we have to take into account also the oscillations of the second derivatives
of the solution.

Using the two-scale convergence technique, the homogenized results are obtained
for atwo-dimensional electrostatic model in thick junctions of type 1:1:1 that simulate
the rotor and the stator of this model [48].

In[11, 12], the new “unfolding technique” introduced in [21] is adapted to prove
convergence theorems for solutions of the elasticity system in thick junctions of
types 3:2:1 and 2:2:1, respectively, with the help of a decomposition of the dis-
placement field in the thin rods. With the help of this approach the convergence
results are deduced for the elliptic problems in thick junctions with different bound-
ary conditions (homogeneous Neumann, nonhomogeneous Neumann, Robin) on the
oscillating boundary (see [2, 72]).

The asymptotic behavior of second-order elliptic and parabolic Neumann prob-
lems in thick junctions £2, of thetype N : N — 1 : 1 under the following assumptions
for the right-hand side:
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fo € L3(2), 3¢ >0Ve: / A+ 1f:DIn(1 +|f)dx <c
Qs

was studied in [44, 45]. If the the right-hand side f. € L'(£2) and if no periodicity
is assumed on the distribution of the cylindrical vertical teeth of a thick junction, the
asymptotic behavior of the solution to an elliptic homogeneous Neumann problem
was investigated in [46].

The homogenization of optimal control problems for elliptic, parabolic, and wave
equations with homogeneous Neumann boundary conditions in thick junctions of the
type N : N — 1 : 1 with different cost functionals was made in [28, 35, 61, 62]. With
the help of the unfolding method, the homogenization of optimal control problems
in thick junctions with the homogeneous Neumann conditions on the oscillating
boundary were made in [119, 120, 126].

The Signorini conditions most closely correspond to the modeling of different pro-
cesses in domains with the complex boundary structure since in fact it is impossible
to control boundary conditions on a such boundary. The classical Signorini condi-
tions contain two alternative linear boundary conditions (Dirichlet or Neumann) and
it is unknown which of these conditions is satisfied for each point of the boundary.
Homogenization of both elliptic and parabolic Signorini boundary-value problems
in thick junctions of types 2:1:1 and 3:2:1 was made in [58, 101, 103], where it
was showed that the Signorini conditions are transformed (as ¢ — 0) in differential
inequalities in the region that is filled up by the thin domains.

In [102], the following nonlinear boundary conditions of the Signorini type:

ug < g, g+ Sah(ua) <0, (u;—g) (Byu,+ e*h(ug)) =0 (L.1)

on the lateral surfaces of the thin cylinders of a thick junction were considered.
Here the parameter « € R, the function & describing the nonlinearity belongs to
Wli;fo (R) and there exist positive constants ¢; and ¢, such that ¢; < h'(s) < ¢, for
a.e.s € R, and h(0) = 0 (so-called the zero-absorption condition) if &« < 1. We see
that the passage to the limit is accompanied by special intensity factor ¢* in the
boundary conditions. Two qualitatively different cases in the asymptotic behavior
of the solution are established depending on the value of the parameter «, namely
a > 1 and o < 1. For each case, the convergence theorem is proved.

In addition, the convergence of the energy integrals for elliptic Signorini problems
were obtained in those two cases. It was pointed out in [134] that in fact there is only
one natural definition of homogenization for functionals that are defined on reflexive
spaces and grow faster than the norm—the definition via the convergence of energies.
Therefore, the proof of the convergence of the energy integrals is a very important
result that makes it possible to study optimal control problems in thick junctions by
using the direct method of the calculus of variations.

A nonlinear monotone problem with nonlinear Signorini boundary conditions

ue(x) < g(x), A (x, Dug(x)) - ve(x) + e*h(x, ue(x)) <0,
(ue(x) — g(x)) (A(x, Du,(x)) - ve(x) + e*h(x, ug)) =0
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on the lateral surfaces of the thin rectilinear cylinders of a thick junction of the type
N : N —1:1 is considered in [49, 50]. The main assumption for the monotone
function & with respect the second variable is as follows:

I >0, e Whrt (1) 1 h(x, ) < nlslP + 1 (x), ae.x € 27, Vs e R.

If A > 1 the corresponding homogenized problem is nonstandard since it is given by
a variational inequality coupled to an algebraic system in the region filled up by the
thin cylinders [49]. For A € (0, 1), the additional assumption

38 >0: 8|s|” <h(x,t)s, ae.xecfRF, VseR.

is needed to prove the convergence theorem [50]; the limit problem consists of a
boundary-value problem in the junction’s body and also an algebraic system in the
region filled up by the thin cylinders. In the case A < 0, the convergence results are
obtained under more strong assumption on the vector-function A (see [50]).

Thick multilevel junctions

Successful applications of thick-junction constructions have stimulated active study-
ing of BVPs in thick junctions with more complex structures. A thick multilevel junc-
tion is a thick junction in which the thin domains are divided into a finite number of
levels depending on their geometric structure and boundary conditions imposed on
their boundaries. Besides, the thin domains from each level e-periodically alternate
along the joint zone.

For the first time, a boundary-value problem in a plane thick multilevel junction
of type 2:1:1 was considered in [87], where the asymptotic behavior of eigenvalues
and eigenfunctions was analyzed (see also [89, 91]). In [33], with the help of the
special multilevel extension operator the convergence theorem was proved for the
solution to the Poisson equation in a plane two-level junction with homogeneous
Robin boundary conditions at the boundaries of the thin rods. Using the method of
matched asymptotic expansions, the first terms of the asymptotics were constructed
for solutions both to elliptic and to parabolic BVPs with different varying types of
boundary conditions in thick multilevel junctions of types 2:1:1 and 3:2:1 in [27, 36,
39, 114, 115], and in addition, the corresponding asymptotic estimates in the Sobolev
space H'(£2,) (in L?(0, T; H'(£2,)) for parabolic problems) were proved there.
Homogenization of a semilinear Signorini problem in a thick multilevel junction of
type 3:2:1, was made in [102].

Using the Buttazzo-Dal Maso abstract scheme for variational convergence of con-
strained minimization problems, the asymptotic analysis of optimal control problems
(linear and quasilinear) with inhomogeneous perturbed Robin boundary conditions
in multilevel junctions of types 2:1:1 and 3:2:1 was made in [37, 38]. Qualitatively
different cases in the asymptotic behavior of the solutions were discovered and an
interesting application for an optimal control problem involving a thick one-level
junction with cascade controls is presented in [38].
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From the results obtained in these papers, it follows that physical processes in
thick multilevel junctions behave as a “many-phase system” in the region which is
filled up by the thin domains from each level in the limit.

Thick cascade junctions

By contrast with the papers that studied BVPs in thick multilevel junctions with the
thin offshoots of finite length, new effects emerge for BVPs in thick cascade junctions
(it is a thick multilevel junction in which the thin domains of the first level have the
fixed length of order &/(1) and the thin domains of the second one vanish as ¢ — 0).
For such problems new kind of inhomogeneous conjugation conditions appeared in
the corresponding homogenized problem at the joint zone, which take into account
the geometry of the thin domains of the vanishing level and boundary conditions
given on their boundaries (see [95-97], where the homogenization theorems and the
convergence of the energy integrals were proved for BVPs with different boundary
conditions in thick cascade junctions of types 2:1:1 and 3:2:1). In [100], similar
results were obtained in a plane thick cascade junction in which the thin rectangles
from the second level have the length of order €%, (0 < @ < 1), i.e., the length of a
rectangle from the second level is small, but considerably larger than the alternation
period ¢.

BVPs in new kind of thick cascade junctions were studied in [16, 17]. Such junc-
tions consist of a body and a large number of thin rectangles (cylinders) joining to the
body through the thin random transmission zone with rapidly oscillating boundary.
Assuming the inhomogeneous Robin boundary conditions with perturbed coeffi-
cients to be set on the boundaries of the thin cylinders and with random perturbed
coefficients on the boundary of the transmission zone, the homogenization theorems
and the convergence of the respective energy integrals were proved there. It is shown
that there are three qualitatively different cases in the asymptotic behavior of the
solutions and the energy integrals.

A rich collection of new results on asymptotic analysis of spectral problems
in thick cascade junctions with concentrated masses on the thin rods of the second
vanishing level (the density is order &'(¢™%) (o > 0) on the thin rods from the second
level and &'(1) outside of them) are obtained in [18-20, 98, 99]. In contrast with
[86], five qualitatively different cases in the asymptotic behavior of eigen-magnitudes
(as ¢ — 0) are discovered, namely the case of “light” concentrated masses (« €
(0, 1)), “middle” concentrated masses (o = 1), and “heavy” concentrated masses
(o € (1, 400)) thatis divided into “slightly heavy” concentrated masses (« € (1, 2)),
“intermediate heavy” concentrated masses (¢« = 2), and “very heavy” concentrated
masses (o > 2).

If o € (0, 1), then the spectrum of the homogenized problem coincides with the
spectrum of the problem in the domain without concentrated masses (see, for instance,
[81, 106] mentioned above). The concentrated masses bring the influence only from
the second terms of the asymptotic expansions for the eigen-elements. Concentrated
masses first manifest themselves in the homogenized spectral problem for o = 1.
Namely, we observe an additional summand with a spectral parameter in the jump
of derivatives at the joint zone. If &« > 1, then the concentrated masses begin to play
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a principal role in the asymptotic behavior of the eigenvalues and eigenfunctions. A
fundamental difference between this case and the previous ones is that all eigenvalues
decay at the rate of £*~!. The corresponding eigen-vibrations have a new type of the
skin effect (surface waves appearing in the solid) that was called spatial-skin effect. It
means that the vibrations of the thin long rods of the first level repeat the shape of the
vibrations of the joint zone. For o > 2, the spatial-skin effect for the corresponding
eigenfunctions is strengthened; in addition, the geometry of the junction’s body and
thin rectangles of the first level has a smaller influence on the asymptotic behavior of
the eigenvalues. Therefore, the case of “heavy” concentrated masses is divided into
three ones.

For all these cases, the Hausdorff, low- and high-frequency convergences of the
spectrum to the spectrum of the corresponding homogenized problem as ¢ — 0
were proved, the leading terms of the asymptotics both for the eigenfunctions and
eigenvalues were constructed and justified.

Thick junctions with the branched fractal structure

In [92, 93], the first author have begun to study asymptotic properties of solutions
to semilinear parabolic initial-boundary-value problems in thick fractal junctions
(or thick junctions with branched structure). A thick fractal junction is the union
of the junction’s body and a lot of thin trees situated e-periodically along the joint
zone. The trees have finite number of branching levels. In particular, the following
nonlinear Robin boundary condition 9, v, + €% u(t, x», v;) = €Pg, on the branch
boundaries of the ith branching layer was considered in [92]; {«;} and B are real
parameters. The asymptotic analysis of such problems was made as ¢ — 0, i.e.,
when the number of the thin trees infinitely increases and their thickness vanishes.
Namely, for each such problem a corresponding homogenized problem was found
and the existence and uniqueness of its solution in an anisotropic Sobolev space
of multi-sheeted functions were proved. Also the asymptotic approximation for the
solution was constructed and the corresponding asymptotic estimate in the space
C([O, TI; Lz(.QE)) N LZ(O, T; Hl(QE)) was proved.

Using the unfolding operator method, convergence results for an optimal con-
trol problem involving a linear parabolic problem with the homogeneous Neumann
condition in a thick junction with branched structure are obtained in [1]; and more
general results for an optimal control problem involving a linear elliptic problem
with the controls on the oscillating part are obtained in [3].

Overview of the book

In spite of significant achievements in studying BVPs in thick junctions, problems in
thick multilevel junctions of type 3:2:2 are not studied properly. Therefore, this book
is devoted to the study of the asymptotic behavior of solutions to BVPs in such thick
multilevel junctions. The results presented here have already been published in our
articles [110-113, 127-129], but we give here a complete and unified presentation.

The Dirichlet, Neumann, and Robin (Fourier) boundary conditions are considered
on the boundaries of the thin annular discs that strung on a fixed cylinder that is the
junction’s body of the thick multilevel junction §2,. Additionally Robin boundary
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conditions depend on perturbation parameters. We study the influence of various
combinations of such boundary conditions given on the surfaces of the thin discs
from different levels, as well as the influence of the perturbation parameters on the
asymptotic behavior of solutions of BVPs in £2;.

In Chap. 2, convergence theorems are proved for solutions to linear elliptic BVPs
in £2.. Here we consider two BVPs, the first one is with various alternating perturbed
Robin boundary conditions, and the second one is with alternating Neumann and
Dirichlet boundary conditions on the surfaces of the thin discs. The convergence of
the energy integrals for each problem is also proved. As noted above, this is a very
useful result that gives possibility directly obtain results for optimal control problems
involving thick multilevel junctions of type 3:2:2.

In Chap. 3, we consider the case when the thin domains of a thick junction can
have sharp edges, i.e., their thickness tends to zero polynomially with the exponent
1 4+ y while approaching the edges (here y > —1 is a parameter). Three qualitatively
different cases in the asymptotic behavior of the solution are discovered depending
on the edge form, namely rounded edges y € (—1, 0), linear wedges y = 0, and
very sharp edges y > O (in this case the boundary is not Lipshitz). Nonstandard
and new techniques are proposed to get the corresponding homogenized problems
(untypicalinthe cases y = Oand y > 0). The obtained results mathematically justify
an interesting physical effect for heat radiators (see conclusions to this chapter).

It should be noted here that thick junctions are domains with Lipshitz boundary
in all papers mentioned in this review (in some articles the oscillating boundaries
must be smooth).

In Chap. 4, the method proposed in Chap. 2 is broadened for semilinear parabolic
BVPs in £2,. Here we show how to apply the Minty—Browder method to homogenize
nonlinear Robin conditions that have special intensity factor ¢*, where the parameter
a € R and its significant impacts on the asymptotic behavior of the solutions.

In Chap. 5, approximation techniques are demonstrated for semilinear elliptic
and parabolic problems in £2, with various alternating Robin boundary conditions.
With the help of special junction-layer solutions, whose behavior is determined by
type 3:2:2, and the method of matched asymptotic expansions, approximation func-
tions are constructed for the solutions and the corresponding asymptotic estimates
in Sobolev spaces are proved. These estimates show the influence of the given data
and parameters on the asymptotic behavior of the solutions.

It should be noted that the results obtained in each chapter are discussed, including
their physical interpretations, in Conclusions to each chapter.



Chapter 2 ®)
Homogenization of Linear Elliptic i
Problems

2.1 Statement of Problems

Letrg, 1, 2,11, I be fixed positive numbers such thatry < r; <ryandl; <, < 1;
andlet h; : [rg, ;] — (0, 1) be piecewise smooth functions satisfying the following
conditions:

hi(s) hi(s) .
0</[ — , L+ <1 Vselry, rl, i=1,2,
2 2
h h
PG IC 1)

2

These inequalities imply that for all s € [ry, r;] the intervals

Ii(s) = (zi - h"f), L+ @) =12

are contained inside (0, 1) and I;(s) N I (s) = @.
Let us introduce a cylindrical coordinate system (r, x,, 8) in R3:

x = (rcosf, xp, rsinf), r =,/x12+x32, x eR, 0 €0, 2m).

Remark 2.1 Hereinafter passing to the cylindrical coordinate system, we will keep
the same notations for functions, i.e., ¢(x) = @(r, x2, 0) if (r, x», 6) are the corre-
sponding cylindrical coordinates of the point x = (x1, x, x3) € R?.

Let N be a large positive integer and / be a fixed positive number; then € = [/N
is a small parameter. We denote by I (j, a) the interval
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Fig. 2.1 A cross section of the thick junction £2; of type 3:2:2 (N = 12)

(eG+L—9, e(+L+9)
of the length €a, where i € {1, 2}, a € (0, 1), and j € {0, 1,..., N — 1}. Obvi-
ously, for every i € {1, 2} and r € [ry, r;] the intervals {1 (j, h;(r))},_gy— are

e-periodically situated inside (0, /).
A thick multilevel junction £2, (see Fig.2.1) consists of a cylinder

.Qoz{xeR3:0<x2<l,r<r0}

and a large number of thin annular discs
N—1 N—1
20 =, 2"h. e =J_, 220

ie, 2, = 20U 2D U, Here the jth thin disc from the ith level is defined as
follows:

RO ={x eR: xa € IO, hi(r)), ro<r <r},
wherei =1,2; j =0, N—1.

Remark 2.2 Here the junction’s body is the 3-dimensional cylinder £2, the joint
zone is its lateral surface, and each of the attached thin annular discs is shrunk into
an annulus as ¢ — 0. Thus, the type of the thick junction £2, is 3:2:2.
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The parameter ¢ characterizes distance between neighboring thin discs, their quan-
tity, and their thickness. The number of the discs equals 2N, they are divided into
two levels 21 and £2(?, and the discs from each level e-periodically alternate.

In what follows we will often use the following notations:

320 (j) N {ro < r < r;} is the union of two lateral surfaces of the disc 2 (j);

320 (j) N {r = r;} is the outer edge of 29 (});

29 (j) N {r = ro} is the inner edge of 2 (j);

3221 (j) N {r > ro}is the part of the boundary of £2{"(j) except of the inner edge;
382, N {r = ro} is the part of the lateral surface of the cylinder £2 situated between
the inner edges of the thin discs;

0829 N {r < ry} are the bases of the cylinder £2;

o 2/ =08y N {r = ry}is the joint zone of the thick multilevel junction £2,.

We consider two linear elliptic BVPs in £2,. The first one is

_Axus(x) = fs(x), X € 957
e (x) + e%ue(x) = ePg.(x), x €32V N{r > roy},
Aus(x) + skoug(x) = ePg.(x), x e 393(2) N{rg <r < rp},

2 2.1
Optte (x) + koue(x) =0, x € agé )N (r=n),
e (x) =0, x €382 N{r =ro},
Oyue(x) = ge(x), x €020 N{r < ro},

with alternating singularly perturbed Robin boundary conditions on the surfaces of
the thin discs from both levels; the second one is

—Awve(x) = fo(x), x € £2,

ove(x) =eg.(x), x¢€ 395(1) NA{r > ro},

ve(x) =0, X € 89;2) NA{r > ro}, 2.2)
dyve(x) =0, x € 082, N{r = ry},

e (x) = g (x), x € 0820 N {r < ro}.

with alternating inhomogeneous Neumann and homogeneous Dirichlet boundary
conditions Here 9, = d/dv is the outward normal derivative; k; > 0, k, > 0; and
parameters o« > 1, 8 > 1.

Remark 2.3 (Comments to the statement) In a typical interpretation, solutions to
BVPs represent the density of some quantity (chemical concentration, temperature,
electronic potential) at equilibrium within a domain, where a boundary-value problem
is considered. In many physical problems, the flow across the boundary surface is
proportional to the difference between the surrounding density g and the density u
just inside of the domain. As a result, we get the linear Robin boundary condition
dyu + kou = g on the boundary (see [125] for more detail). Here, in the book, we
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will interpret solutions as temperature inside £2,. Then ky is a positive heat transfer
coefficient.

There are intensity factors in %, &, and & in the boundary conditions of the
problem (2.1). They usually appear after the nondimensionalization of mathematical
models in thin domains (see e.g. [94]). As will be shown below, the asymptotic
behavior of the solution depends essentially on the parameters « and 8. Moreover,
two cases are qualitatively different, namely when they are equal to 1 and when they
greater than 1. Therefore, for simplicity, we take ¢ = 1 in the boundary condition
on 395(2) N{ro < r < rp} (it can also mean that discs from the second level have
different physical properties). The case o < 1 is considered in Chap. 4. If k; =0,
then we have Neumann boundary conditions in (2.1).

Clearly, the outer edges of the thin discs from the second level are more exposed
to outer environment than the other parts of the boundaries of the thin discs from
both levels (see Fig.2.1). Thus, it is natural to impose distinct boundary conditions
on those parts. In (2.1), we impose Robin boundary conditions on the edges of £2»
with the heat transfer coefficient ;.

Alternation of the thin discs from these two levels leads to rapid change of bound-
ary conditions along the joint zone £2’ in BVPs (2.1) and (2.2).

It is easy to see that the thin annular discs from the ith level fill up the set

Q(i):{xeRS: O<xyx<l,rg<r<r} ase—0(@G=1,2).
The aim of this chapter is to answer what will happen with BVPs (2.1) and
22) as ¢ > 0 (N - 4+00), i.e., when the number of the attached thin discs of
each level infinitely increases and their thickness tends to zero. We should find the

corresponding homogenized in each case, prove the convergence of solutions, and
study the influence of the parameters « and 8.

As for the given functions, we suppose that the following conditions take place:

e the functions f., fo € L*(£2,U 2?), and
f. — fo strongly in L}(20U 2@) ase — 0; (2.3)
e the functions g., go € H'(£2?®), and
g —> go weaklyin H'(2®) ase — 0; (2.4)
e the functions ¢., qo € L%(8820 N {r < ry}), and
g BN qo weakly in LZ(B.QO N{r <rg})ase — 0. (2.5)
Definition 2.1 A function u, € H'(£2,) is called a weak solution to problem (2.1)

if the integral identity
(e, ©)1,. = L1e(9) (2.6)
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holds for all ¢ € H'(£2,), where

(ug, (P)l,s = [ Vittg - Vi dx + 8ak1/ ueQOde
¢

129N {r>ro}

+ ks f ucpdo, + ky / usp doy
3128 N{ro<r<r) 122 N{r=r,)

and

L1,g(¢)=/ .fs(/’dx+5ﬂ/ m @ gswd0x+/ qep dX.
¢ 982, "N{r>rglud2s" N{ro<r<ra} a820N{r<rg}

Remark 2.4 Hereinafter X = (x1, x3).

Consider a Sobolev space
H'(2:; 027 N{r > ro}) :==1{p € H' () : ¢lygongsr, = O}

Hereinafter ¢|s denotes either the trace of a function ¢ on a surface S C R? or the
restriction of ¢ on a domain S C R3.

Definition 2.2 A functionv, € H'(£2:; 22 N {r > ro}) is called a weak solution
to problem (2.2) if it satisfies the identity

Ve, )2 = Loe () 2.7)

for all functions ¢ € H'(82,; 8!25(2) N{r > ro}), where

(VSv (p)2,£ == / vaa . Vx‘/) d-x»

e

L. (¢) Z/ Sfepdx +8/ gep do, +/ gspdx.
2, 3Q§l)ﬂ{r>r0} a20N{r<ro}

2.2 Auxiliary Statements and a Priori Estimates

2.2.1 Auxiliary Statements

It is easy to check that for a.e. x € 89;” N {ro < r < r;} the outward unit normal to
the lateral surface of the thin disc from the ith level is

8x hi ax hi .
_8 1 (r),:tl, _8 3 (V))’ l:l, 2’ (28)

i) = (V) (= ]
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where NO(r) = /1 +4-1¢2|h/(r)|2, and “+” (or “—") corresponds to the right (or
left) part of the lateral surface of the thin disc £2\")(j). Further we will be using the
following integral identity proved in [32]:

hi
f/ g)@ do, = / pdx — 8/ Y; (x_z) Ox, 0 dx (2.9)
2 Joo@n(re<r<r}y Ng’(r) 20 20 &

forany ¢ € H'(£2{); here Y;(s) = —s + [s] + [; and [s] is the integer part of s € R.
Identity (2.9) and the estimate maxg|Y;(s)| < 2 provide the inequalities

_1
||¢||L2(396“)ﬂ{r0<r<r,}) = C08 2 ”gp”Hl(Qéf))v (210)

prdx<Ci (& | VeplPdxte | ¢*do, (2.11)
oo b 329N {ro<r<r;}

for all ¢ € H'(2®), i =1, 2. Obviously, inequality (2.11) for functions ¢ €
HY($2., 322 N {r > ro}) looks like

f p*dx < C182/ IVeo|* dx. (2.12)

96(2) 96(2)

Remark 2.5 Hereafter all constants ¢;, C; ininequalities are positive and independent

of e.

Lemma 2.1 For any function ¢ € H'(2), the following inequalities take place:
“w“LZ(a_Qé“m{r:r[]) = Czll(p”[-]l(gii))’ (2.13)

||¢||L2(Qy>m{,=,0}) = C3||¢||HI(Q§”)’ (2.14)
Il 200, < Ca(|[| Vel i=1,2. (215

LZ(QE(i)) + ||<P||Lz(g§i>n{,:,.0})),

Proof We prove (2.13) by using the technique of [96, Lemma 2.1]. Fix § > 0 such that
the interval (X, £.) is contained inside £2{" (j) (see Fig.2.2), where X, = (r1, e(j +
I =2y 0), X = (r — 8, e(j + 1, — ), 9). Obviously, § depends only on
the function 4 (r); here j € {0,..., N — 1},and 6 € [0, 2m).

For any function ¢ € C*(2"), r € (r1 = 8,r1), and x, € IV, hi(r)), we
have

(r1, x2,0)

o1, x2, 0) =/ dods + (. (x2+e(j +1))/2, 0),
(r, (x2+e(j+11))/2,0)

where s is a natural parameter of the interval ((r, (2 +e(G+1))/2, 0), (r,
X2, 0)). Squaring this equality and using the Cauchy—Schwartz inequality, we get
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Fig. 2.2 A cross section of Xe
the thin disc 2 () *3
Xe
X2
5 (r1, x2,0) 5 5
G 1. 32, 0) < Co/ Vg ds + 2670, (2 + £ +1))/2, 6).
(. (a2 (+1))/2,0)

Now integrating this inequality in r € (r; — 6, ry), x3 € 18(1)(j, hi(r)), and 9 €
[0, 27), then summing over j € {0, ..., N — 1}, we arrive (2.13). By the closure,
it remains valid for all p € H'(£2(D).

Similarly, we prove (2.13) for the thin discs of the second level and the other
estimates (2.14) and (2.15). The Lemma is proved.

If . is a Lebesgue-measurable subset of R3 (resp. R?), the characteristic function
of .7 in R? (resp. R?) will be denoted by x . It is known (see e.g. [31]) that

X0 (x) — h;(r) weakly in L>(2®),
ngf’m{r:ro}(x) — h;(rp) weakly in L?(£2'),

} ase—>0 ((i=1,2). (2.16)
With the help of identity (2.9), the first convergence in (2.16), and the fact that
NOr)y=1+0(@), ¢—0, i=1,2, (2.17)
it is easy to prove the following lemma.

Lemma 2.2 Assume (2.4). Then

8/ ) gggodax—>2/ gopdx ase—0 V(peHl(.Q(i)) (i=1,2).
89§”ﬂ{r0<r<r,-} 20
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2.2.2 A Priori Estimates

Obviously, the bilinear forms (-, -); . and (-, ), . introduced in Definitions 2.1 and
2.2 define scalar products in the corresponding spaces.

Let || - ||, be a new norm in the Sobolev space H'(£2,) produced by (-, e
Similarly to [27, Lemma 2.1], we can prove that the norms || - |1, and || - || g1 (g,) are
uniformly equivalent with respect to & in H'(£2,), i.e., there exist positive constants
g9, Cs, and Cg such that

Csliglle < gl < Coll@lie, Ve e (O, e, Yo € H'(2:).  (2.18)

With the help of (2.12), itis easy to check (see e.g. [79, Lemma 1]) that there exist
constants &y and Cy such that for all & € (0, &y) and ¢ € H'(£2,; 395(2) NA{r > ro})

lellze < llelaie) < Crllelae, (2.19)
where the norm || - ||, is produced by (-, )2..

Clearly that the functional L, . : H 1(£2,) — R is linear. Exploiting the Cauchy—
Schwartz inequality, inequalities (2.10) and (2.13), we derive

-1
ILie(@)] < Cs(l fellzzay + Igellz@aoni<rop + €7 Igellmi@e) 1@l mi @,

whence on the grounds of (2.18) it follows that
ILie@)] < Colll fellzan + 1gell2020nir<nop + €7 Ige @) @l .e.

Using the Riesz representation theorem, we can prove that the problem (2.1) has a
unique weak solution satisfying the estimate

-1
el 2 < Crolll fellzzy + Igell2@@unir<np + €77 Igelm@e)).  (2.20)

Similarly with the help of (2.19), we show that there exists a unique weak solution
to the problem (2.2), which satisfies the estimate

IVellgr 2y < Cuullfellizen + 1gelliz@eonir<rop + 186l a1 200)- (2.21)

2.3 Convergence Theorems

2.3.1 Convergence Theorem for Problem (2.1)

For every ¢ and for every function ¢ € L*(2{), we set

~(i) _ (p(x), X € Q[El), ) .
o (x) = {0, x e _Q(t)\‘Qsz) (i=1,2).
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Obviously, if p € H'(£2:; 022 N {r > ro}), then ?? e H'(2?).
Let us introduce a space of Sobolev space H of anisotropic multi-sheeted func-
tions. A multi-sheeted function

po(x), x € §2,

px) == (po, p1, p2) = 3§ p1(x), x €W,
p(x), x €2,

belongs to Hif py € HI(QO), pi e H(2V), i =1, 2,and polo = pilo = palor.

Obviously, the space H continuously and densely embedded in the Hilbert space
L of multi-sheeted functions whose components belong to the corresponding L>-
spaces, i.e., p € Lif po € L>(£2y), pi € L>*(29), i =1, 2. The scalar product in
L defined as follows:

2
(P. QL =/ Poqo dx +Z/ hi(r)pigi dx,
2 = Ja

(i)

and in H by the formula

2
G = [ Vemo-Veaodx+ Y [ hiIVep - Vg ds
0 i=1

128011 / piqy dx + 2k / Paga dx + kaha(ry) f P2qz do,
2® 2@ 32N {r=ry}

where p = (po, p1, p2), 4 = (g0, q1, q2), 8;,; is the Kronecker symbol.

Theorem 2.1 Assume (2.3)—(2.5). Then for the weak solution u, to problem (2.1)
the following limit relations hold:

u, — ug  weakly in H'(£2y),
" — hyuy weakly in L*(£2V), ase — 0, (2.22)
4% — hyuy weakly in L*(2?%)

where the function u = (ug, uy, uy) € His a weak solution to the problem
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—Azup(x) = folx), X € §20,
dvuo(x) = qo(x), x €920 N{r < rol,
— divz (h1(r)Vzu(x)) + 2k18a, 111 (x)

= hi(r) fo(x) + 285,180(x), x € 20,
dvuy (x) =0, x €W N {r=r,
— divi (hz(r)V;ug(x)) + 2kour (x) (2.23)

= ha(r) fo(x) + 285180(x), x € 2P,
duur (x) + kaua(x) = 0, x€dR®@N{r=r),
up(x) = uy(x) = uz(x), x e 2,
Orug(x) = 22: hi(ro)d,u;(x), xe .

i=

Besides, the following energy convergence takes place:
Eie(ue) := (e, ue)re — (0, wg =: E;(w) ¢ — 0. (2.24)

Problem (2.23) is called a homogenized problem for problem (2.1).

Definition 2.3 A multi-sheeted function u € H is called a weak solution to prob-
lem (2.23) if _
(u, pg =L VpeH (2.25)

where

Li(p) = Jopodx +[

2
wmdi+ Y [t fo+ 2pagopdr.
20 320N{r<ro} i1 220

It is easy to verify that L; is a continuous functional in H. Then the Riesz theorem
supplies the existence and uniqueness of a weak solution to problem (2.23).

Proof 1. Relations (2.20), (2.13), (2.3), (2.4), and (2.5) imply the uniform (with
respect to &) boundedness of the following quantities: [|ucll g1 (2., 17|12
(i) N ,

l9xc 1ty 2@y elyo0ng =y l20eonp=ry (0 =1, 2; k=1, 2, 3). Here

(X)), 00 _Je®e0np—ry X € 320 N {r =r},
@ 32 nr=r} " 0, xe@29N{r=r) \ (3[28(” N{r=r})

pE Hl(Qgi)), i = 1, 2., Therefore, there exists a subsequence {¢'} C {¢} (again
denoted by ¢) such that



2.3 Convergence Theorems 23

Ue — Uy weakly in H'(£2p),
Egi) — ﬁi = h,’M,' Weakly in LZ(Q(i)), (2 26)
——i) ~ . . .
dgit, — Ujg:=hju;;  weakly in L2(2©),

Uelyo@n(rmry — Ur, = ha(r2)u,, weakly in L*OAR2PN{r =r))

as ¢ — 0, the functions ug, u;, u;x, u,, will be defined later;i =1,2; k =1, 2, 3.
2. At first we find u; ;. Consider the following test functions:

ey L x e 2UNY,
= en(2)oi), x € 20,
0, x € 20U D,
P2(x) = {sb(%)m(m, xe®,

where ¢; € C3°(£2 @y, j =1, 2,are arbitrary functions and the function Y, is defined
in (2.9). Obviously, ®; € H'(£2,) and

Vi) = 0, —¢i(x), 0) + ¥ (2) Ve (1), xe 20, i=1,2.
&

Substituting the function @, into identity (2.6), we get

' / Bosttsipr dx se(/ Vats - Vogr| dx + €%y f luep1] do
oW oW 32 N{r>ro)

+ / | fegil dx + &P / |ga¢1|dax>.
2 328N {r>ro)

Passing to the limit in this inequality and taking into account (2.26), (2.20), (2.10),
(2.13), (2.3), (2.4), and that , 8 > 1, we obtain

/ hi(r)uyp01dx =0 Yo € CP(R2W),
M

whence 1, = 0 a.e. in 20, Similarly, using @,, we get that u, » = 0 a.e. in R0,
Now integrating by parts and taking into account (2.8), we derive the identity

&

dpuehrdx =— | uedy ¥ dx — (NO)) ™ ey doy,
Qé” Qé]) 2 8(25”(1{r0<r<r1}

where k =1, 3 and ¢ € C{° (£2M). Using (2.9) and the zero extension operators,
we rewrite this identity as follows:
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——(1) -
/ AU, Ydx = —/ uD (@, ¥ + 3y Inhy (1Y) dx
Qm m

+e/ Y, (x—2) 3y Inhy (), (o) dx, k=1,3. (2.27)
o0\

Evidently the last integral in (2.27) vanishes as ¢ — 0. The limits of the rest ones
can be found with the help of (2.26). As a result, we have

/ urihi () dx = —/ g () dx Yy e CE@M),
Mm WM

whence it follows the existence of the weak derivatives oy, u; and u; = 9, u; a.e.
W, k =1, 3. Similarly we can show that 8, u, = uy; a.e.in 2%, k=1, 3.
Let us find u,,. Direct calculations give that

3y, (r ' cos@) + d,,(r'sin) = 0. (2.28)

Consider an arbitrary function ¥ € C*(£2?) such that ¥|o = 0. Integrating by
parts in 2 and bearing in mind (2.8) and (2.28), we derive the identity

/Qm r 0 usy dx = /Qm r (@, 1 coS O + By, sinO)Yr dx

= —/(2)r_1u58,¢dx+r{1f U\ doy
£2¢

322 N{r=r,}

&

——/ (Néz)(r))_lr_lh’z(r)usl// do,.
2 39;2)0{r0<r<r2}

With the help of (2.9) and the zero extensions, we rewrite it as

;! / Welyo0 iy oy ¥ A0
I12ON(r=r,}
_ ~ (1 ~ ~
=/ r Guly + 708, + (nhy(r)) 7O y) dx
fole)

—e/ Y, (2)r_l(lnhz(r))’HxZ(ugl//)dx. (2.29)
@ 3

Evidently, the last integral vanishes in (2.29) as ¢ — 0. The limits of the other ones
can be found with (2.26). As a result, we get

¥ ha () / u ¥ do = / 0, (o (Fuzy) dx.
312dN{r=ry} @



2.3 Convergence Theorems 25

After integrating by parts, we obtain
/ up, ¥ doy = / urydo, Vi € C*(2@), ¥l =0,
On{r=ry)} 12@N{r=ry}

whence it follows that u,, = us|yoo =) a.€. in 32% N {r = ry}.
3. Let us find conjugation conditions on the joint zone. The first relation in (2.26)
and compactness of the trace operator imply that

Uglg —> uple strongly in L*(£2'). (2.30)

Similarly as we have deduced (2.29), we can prove that the following identity:

_m”/X¢%r,m¢d@—g/ r G T8+ (ki () T ) dx

2 Q0
_p / Y, (ﬂ) r (0 hy (7)) 0y, (ue ) dx - (2.31)
o &
for any ¢ € C*(2W), ¥|yewnp=r; = 0. Utilizing the second relation in (2.16),
(2.30) and (2.26), we can pass to the limit in (2.31). As a result, we get

_ hi(ro)
ro

hy(ro)
ro Q'

Uy do, = / r_lar(hl(r)ull/f)dx = — w1y doy,
fok 20m

whence uglo = uy|g a.e.in £2’.
Repeating the same assertions for the thin discs from the second level, we obtain

uplo = uylg = us|le ae. in 2. (232)

On the grounds of (2.32) and results obtained in the second item, we can claim
that the multi-sheeted function w = (u, u;, u,) belongs to H.

4. Consider a multi-sheeted function p = (po, p1, p2), Where py € C ©(20),
pi € Cm(m), i =1, 2, are arbitrary functions such that pg|o = pile = p2ler.
Then the function

po(x), x € £,
D(x) =ple,(x) = pi(x), xRV,
p2(x), x € 93(2)~

belongs to H'(£2,). Substituting @ in (2.6) and utilizing the zero extensions, we get

/ Vilte - Vipodx + Z
£20

u, - Vipidx + &%k / ugp1 do,

.Q(" 8(2;”(1{r>r0}
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SkZ/ Ug P2 dax +k2/ a5|89§2)m{r:r2}p2 dO'x
2P Niro<r<r.) '

312@N{r=ry}

2
= / fepodx +) (/ X fepi dx + 8"/ , 8epi dcrx>
20 20 ) 329N {ro<r<r;}

i=1

+8’3/ 8:P1 dox+/ qepodx,
02 Njr=r} 320N {r<ro)

i i i) i)
where Viu. ' = (ana. ., dmtt. . dnune ), i = 1, 2. With the help of (2.26), (2.13),

(2.3), (2.4), (2.5), (2.16), and Lemma 2.2, this equality is transformed (¢ — 0) in
(2.25) for the function u. By approximation the obtained identity holds for any
functionp € H. Hence, the function u is the unique weak solution to problem (2.23).
5. Due to the uniqueness of this solution, the above assertions are true for any
subsequence {¢’} chosen at the beginning of the proof. Thus the limits (2.22) hold.
6. It remains to prove the convergence (2.24) of the energy integral E; . (u.) to
the energy integral E;(u) of the homogenized problem. Using (2.6), we get

El,s(”a) = Ll,a(us) = fsus dx + Eﬁ/ 8elle dax
20 12890 {r=r}
2
+ / gelte dX + Z ( fg’ﬁgl) dx + &P / gellg dax).
0820N{r<ro} i—=1 Qo 329 N{ro<r<r}
(2.33)

Taking into account (2.9), (2.26), (2.4), and compact embedding H'(2®) c L?
(£2@), similarly as in Lemma 2.2 we prove

sf ‘ gsusdox—>2/ gou;dx ase —0,i=1, 2.
329N {rg<r<r;) O

The limits of the rest of the summands in (2.33) can be found with the help of (2.3),
(2.4), (2.5), (2.26), and (2.13). Thus,

lim Eye(ue) = Li(w) = Er(w).

2.3.2 Convergence Theorem for Problem (2.2)

LNet us introduce SoboNIev spaces H'(20; 2) ={p € H'(§2y) : ¢l =0} and
H' (QU; 2)={p e H'(2D): ¢|g =0}, i = 1,2, with the scalar products
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(u, V)20 = / V.u-Vyvdx VYu,ve H (20; 2
£20
(U, v)a; =/ hi(r)Viu - Vivdx Yu, ve H(2D: 2.
O

Theorem 2.2 Assume (2.3)—(2.5). Then for the weak solution v, to problem (2.2)
the following limit relations hold:

ve = vo  weakly in H'(£2),
v — hyvy weakly in L*(£21V), ase — 0, (2.34)
v® —~0  weaklyin H'(2?)

where vg € H'(20; 2') is a weak solution to the problem

—Awvo(x) = folx), x € £,
Vo (x) = qo(x), x € 90820 N {r < ro}, (2.35)
vo(x) =0, xe 8,

and v, € H! (2W; 2') is a weak solution to the problem

—divi (71 (r)Vavi(x)) = =i (r) fo(x) + 2g0(x), x € 20,
dyvi(x) =0, x€d2®Wn{r=r}, (2.36)
vi(x) =0, xe .

Besides, the following energy convergence (as € — 0) takes place:

E> (Vo) 1= (Ve, Ve)2e —> (Vo, Vo)2,0 + (Vi, V)21 =t Ea (Vo) + Ez 1 (v1).
(2.37)

Both problems (2.35) and (2.36) form the homogenized problem for problem (2.2).

Definition 2.4 A function v € H!(£2; £2') is called a weak solution to prob-
lem (2.35) if the integral identity

v, )20 =Lyo(@) == | fopdx +f qop dX (2.38)

20 0820N{r<ro}
holds for all ¢ € H'(§2y; £2).

Definition 2.5 A function v € H'(2"V; £2') is called a weak solution to prob-
lem (2.36) if the identity

0, @)1 = Lot (@) = f o+ 25000 d (239)
o 1
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is valid for every ¢ € H'(2DV; 2).

Using the Riesz representation theorem, it is easy to check that these problems
have unique weak solutions.

Proof 1. Estimate (2.21) and (2.3)—(2.5) imply that the quantities

——(1)
~(2 ~(1
Wellares V@ Nm@ey, 1P 2oy, 18y v, lz@o, k=1, 2, 3,

are uniformly bounded with respect to ¢. Hence there exists a subsequence {¢'} C {¢}
(again denoted by {e}) such that

Ve = Vo weakly in H'(£2y),
¥ —~ %) :=hyv;  weakly in L2(21),
/8_\;(1)—\7 —h Ay in L2(Q0 ase >0k =1, 2, 3),
oV, 1,k := hivy; weakly in L=(£2'")
73—, weakly in H'(£2?),

(2.40)
where the functions vy, vy, v, v2 will be defined later.
2. From (2.12) and (2.21) it follows that

~2))12 2 2 2
P13 0, < cos / [Vive|“dx < coe”,
QS(Z)

whence we deduce that v, = 0 a.e. in 2@.
Similarly as in steps 2 and 3 in the proof of Theorem 2.1 we can show that

e vio=0ae in2W;
e there exist weak derivatives oy, vi, k = 1, 3, and 9,,v; = v, a.e. in Q0.
® vl =vilg = w|e ae. in 2.

Since v, = 0 a.e. in 2P, vyl = vi|o =0 a.e.in £2'. L

3. Let us consider arbitrary functions ¢y € C*®(£2y) and ¢; € C*®(£2(1) such
that ¢ = ¢; = 0 in some neighborhood of §2’. With the help of these functions, we
define a function

@o(x), x € £,
P(x) =1 @1(x), xe2D,
0, xeR?.

Obviously, ® € H'(£2:; 22 N {r > ro}). Integral identity (2.7) with the test func-
tion @ looks like

—(1)
/ vaa'szvodx+/ Vv, - Vigrdx =/ fswoder/ Xom fe@1dx
20 20 20

W
+ 8/ g1 doy + / q:90 dx.
328N {r>ro) 320N{r<ro}
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Passing to the limit in the last identity and taking into account (2.40), (2.3), (2.4),
(2.5), (2.16), (2.13), and Lemma 2.2, we get

(vo, ¥0)2,0 + (Vi, @1)21 = Lao(po) + Lo 1 (01).

Evidently, this identity is equivalent to the following two identities: (2.38) (for vy
and for all ¢y € C>®(£2), ¢@o = 0 in some neighborhood of £2’) and (2.39) (for v,
and for all ¢; € C* (W), ¢1 = 0 in some neighborhood of £2’). By the closure,
identity (2.38) holds for every 99 € H 1(20; £2'), and identity (2.39) holds for every
@1 € H'(2W; 2'). Thus, vy is the unique weak solution to problem (2.35) and v;
is the unique weak solution to problem (2.36).

Due to the uniqueness of these solutions, the above assertions are true for any

subsequence {¢} chosen at the beginning of the proof. Thus the limits (2.34) hold.
4. In order to prove (2.37), we first note from (2.7) that

Eye(ve) = [ [Vyve |* dx
.

2
= Jeve dx +Z/ fé‘ff;egi) dx +€/ 8eVe doy +/ qeVve dx.
2 =1 /R0 32 n{r>ro) 920N <ro)

Passing to the limit as ¢ — O in this equality and taking into account (2.3), (2.4),
(2.5), (2.40), (2.16), (2.13), (2.9), we deduce

lif(l) E> (ve) = Ly o(vo) + Lo, 1 (v1).

Taking (2.38) and (2.39) into account, we get (2.37). The theorem is proved.

2.4 Conclusions to this Chapter

The results obtained in this chapter show that boundary conditions on the surfaces of
the thin discs, geometric structure of the discs, the parameters o and § significantly
influence the asymptotic behavior (as ¢ — 0) of solutions to BVPs in thick multilevel
junctions of type 3:2:2.

1. Incase of the alternating Robin boundary conditions (problem (2.1)), the solution
to the corresponding homogenized problem (2.23) is the multi-sheeted function
u = (ug, u;, up) whose components are the first terms of the asymptotics for the
solution u, to problem (2.1). The homogenized problem (2.23) contains three
different differential equations, namely the Poisson equation in the junction’s
body £2, and two homogenized differential equations with respect to only two
variables x; and x3 in the domains 2 and £2®, respectively (the variable x,
is involved here as a parameter). This is a consequence of the type of the thick
junction £2,. In addition,
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o the functions 4, and h, appear as coefficients in the differential equations in
2D and 2@ as well as in the second conjugation condition on £2':

Orug = hi(ro)d,u; + ha(ro)o,u

(recall that these functions describe relative thickness of the thin discs);

e the Robin boundary conditions are transformed into the zero-order terms
2084, 1k1u1, 2kous, and 285 180 of the homogenized differential equations in
2O and 2@ These terms show the influence of the parameters « and 8. If
a > 1, then the summand 26, 1k u; vanishes. From physical point of view,
this means that thermal conductivity on the surfaces of the thin discs from the
first level is so small that we can neglect the heat exchange on this part of the
boundary. If 8 > 1, then the temperature outside can be neglected.

In case of the alternating Neumann and Dirichlet boundary conditions (prob-
lem (2.2)) the zero extension 7® of the solution tends to zero (see the last limit in
(2.34)). As a result, the starting problem (2.2) is split (as ¢ — 0) into two inde-
pendent problems (2.35) and (2.36) that form together the homogenized problem
for problem (2.2). This union is justified by the energy convergence (2.37) as
well. In addition, next terms of the asymptotics for v, depend on the solutions to
problems (2.35) and (2.36).

The convergence of the energy integrals can be used to study optimal control
problems in thick multilevel junctions of type 3:2:2 (see subparagraph “Boundary-
value problems” in the Introduction, p. 8).

The obtained results may be easily applied to problems in thick m-level junctions
of type 3:2:2, where m > 3. Clearly, the presence of the homogeneous Dirichlet
conditions on the surfaces of thin discs at least one of the levels leads to the
splitting the starting problem into m + 1 independent boundary-value problems
as & — 0. If the Neumann or Fourier are given on the surfaces of thin discs
of all levels, then the corresponding homogenized problem will contain m + 1
differential equations that are bound by the conjugation conditions on £2’; the
solution of the homogenized problem will be some m-sheeted function.



Chapter 3 ®)
Homogenization of Elliptic Problems i
in Thick Junctions with Sharp Edges

3.1 Statement of the Problem

In this chapter we suppose that hy(r) = hy(rg) =: ha, r € [rg, r2], where hy €
(0, 1) is a fixed number, h; : [rg, r1) — (0, 1) is a smooth function in [rg, ),
and there exists §; > O such that

hi(r) =(r; — r)Hy VYrelrn—>46,rl 3.1

where y > —1 is a parameter. Also we suppose that /| (s) is constant in some neigh-
borhood of ry, i.e., there exists a positive constant 8y such that z;(r) = h(rg) for all
r e [1’0, ro + (S()]

According to these assumptions the thick junction £2,, described in Sect. 2.1,
looks like in Fig.3.1 (in case y > 0). In accordance with (3.1) geometric structure
of the edges of the thin discs {22V (j )};V;O1 significantly depends on y (see Fig.3.2).

In £2,, we consider a linear elliptic boundary-value problem

—Ayus(x) = fe(x), X € £2,,

e (x) =0, x €32 N{r>r} Va2, N{r=re},

opus(x) + exu,(x) =0, x € 395(2) N{rg <r < ry}, (3.2)
e (6) = g (x), X €92 N (r =r),

3;572Ms|x2=0 = 8)f’zug|xZ=;, p=0,1, x €320 N{r <rop}.

Remark 3.1 Hereinafter, we use the precedence (from highest to lowest) for the set
operators \, N, U, X.

In (3.2) « is a positive constant. Except (2.3), for the right-hand side f in the case
y = 0 we suppose that there exist positive constants &g, Cy such that
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X3

1o

Fig. 3.1 The cross section of the thick junction £2; of type 3:2:2 (y > 0, N = 12)

/ F2(x)dx < Co 3.3)
Qs

for all & € (0, e9), where Fo(x) = &' (. (x + £22) — £, (¥)), & = (0, 1, 0),
and @ is the [-periodic exte?sion of a function ¢ : £2, — R along the axis Ox;.
The functions ¢;, go € H2(02® N {r = r»}) and

ge —> go weakly in H2(32@ N {r = r,}) as & — 0. (3.4)
Consider a Sobolev space

Hy (2:) :={p € H'(2:) : ¢(x1,0,x3) = 9(x1,1, x3), r < ro}.
Remark 3.2 Here and further we denote by ¢(x1, 0, x3) and ¢(x1, [, x3) the traces
of ¢ on the left and right bases of the cylinder £2.

Definition 3.1 Ify € (—1, 0], then a function u, € H!

per (§20) 1s called a weak solu-
tion to problem (3.2) if u, |y p0 1, _,,, = ¢- and the integral identity

r=r

/ Viug - Vipdx + 8/(/ U pdx = / fepdx 3.5)
2, BQéz)ﬁ{r0<r<r2} 2,

holds for all functions ¢ € Hp'er(Qg) such that ¢/, 2®n( =0.

r=ra}
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Ox3 Ox3 Ox;3
R — e — R — e —
Ox) Oxy Ox;
(a)YE(_l,O)a (b)YZO, (C)Y>09
rounded edge; wedge; very sharp edge.

Fig. 3.2 Cross sections of the edges of the thin discs from the first level

Let
RE=(xeR: re(a B), xe (0, 1),

where 0 < o < B. We denote by Cpe, (2., 92 N {r = r}) the set of smooth func-

tions ¢ : £2, — R vanishing in some subset £2{" N R;!_,, (not necessarily the same
for all functions) that are /-periodic in x,. The closure of Cpg, (2,920 N{r=r})
in H'($2,) denotes by HL, (2.,32" N {r = r}).

per

Remark 3.3 In case y =0, we conclude that H). (2:,92) N {r =r)) = H),
(£2;) (see Corollary 3.1). But if y > 0 then the boundary 952, is not Lipschitz, and
we cannot state that these spaces coincide (see [67]).

Definition 3.2 In case y > 0, we say that a function u, € H) (2.,021 N{r =

per
r1}) is a weak solution to problem (3.2) if u,| 020 (r=ry) = e and integral iden-

tity (3.5) holds for all ¢ € H! (£2,, 8{22(1) N {r = ry}) such that ‘p|89£2)m{ 0.

per r=r) —

3.2 Auxiliary Statements

3.2.1 Cases of Rounded and Linear Edges

In these cases, the boundary of 2, is Lipschitz (see Fig.3.2a, b). Clearly, for a.e.
x € 32V N {r > ro} the outward unit normal at x is defined by (2.8) and the integral
identity (2.9) holds. For thin discs from the second level the identity (2.9) has the
form

h
en (pd)?:/ (pdx—ef Yz(x—z)axdex Vo e H'(£2,).
2 JsePniry<r<r) o® @ €

(3.6)
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Lemma 3.1 Fory € (—1, 0], there exist positive constants &, Cy such that for all
e € (0, g9) and ¢ € HY(82,) the estimate (2.10) holds.

Proof Letg € C>®($2,). We choose a fixed o € (0, 3—‘) such that

min A (r) = hi(r —a) =o', 3.7

relrg, ri—al
Similarly as in [32], we can prove the following identity:
£

h(r X
f ‘(1)‘” doxzf wdx—s/ Y (i)axzwdx
2 JsoOnpsronrl ™ NV () 2nrl™ 2nrl ™ €

0

for all v € H'(£2,). Taking into account (3.7), the last identity, and the facts that
maxg |Y;| < 2 and maxp,, ,—o [1]] < coat”, we derive
1 1
-1 -1 1
”go||L2(8I251)ﬂ{r>r0}ﬂk:éia) =ca € ? ||¢||H1(Q£1)QR:(1)’°‘) V(p €H (QS) (38)

Let (r, x5, 6) be the cylindric coordinates of x € 92V (j) N {r > ro} N R} _,.
Using (3.1) we get

1
I+y

20— +h0) = pe(x2), x2 € IV(j, hi(r) — @)).

&

r:rl—‘

Consider the following obvious inequality:

Pe (x2)
Pl 220 [ @@rdr+280, xe 20 NEL,.

r—2a

Multiplying this inequality by the surface element of (02" (j) N {r > ro} N R;!_,,)

r—oa
and integrating itover r € (r] — 2a, p:(x2)),x2 € IV (j, hi(r1 — @)), 0 € [0, 27),
we deduce

_l 4y
el 2020 (o <r<ring_y = €267 2@ Il @0 R,y B9

forall j =0,..., N — 1. Inequalities (3.9) together with (3.8) provide the desired
inequality. By the closure the estimate (2.10) remains valid for all ¢ € H'(£2,).

Similar as in [121, Lemma 4.1] we prove the following statement.

Lemma 3.2 In case y € (—1, 0) there exist positive constants &y, Co such that for
all & € (0, gy) and ¢ € H'(£2,) the following inequality holds:

—1
”h] ¢||L2(-Qs“)) = CIHQOHHI(Qé“y
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3.2.2 Case of Very Sharp Edges

In this case, the boundary of £2; is not Lipschitz (see Fig.3.2c¢). First we prove some
properties of functions from the space H ). (2, 2" N {r = r}) fory > 0.

per

Lemma 3.3 Every function ¢ € leer(.Qg) such that

(1) |o| < CaolIn(ry —r)|'? a.e. in some subset .Qs(1> N R:ILB fory =0,
or
(2) lg| < Cy(r; — 7Y% a.e. in some subset .Qél) N R:,l—a fory >0,

belongs to leer(.Qg, 32W N {r = r1}). Here § is some positive number.

Proof For the proof we will use the approach of [133, Theorem 1]. Let ¢ be an
arbitrary function that satisfies the Lemma’s assumptions. Consider a cutoff function

1, r<r—oa,
Xo(r) =1 (n|lna))" — (In|In(ry =)D, 11— <r <r —a,
0, rn—oa<r<r,

where 1 € (0, 1/2), a; is defined from the equality
(In|Ina])” — (n|Ine D" =1,

and « is some positive number and it is so small that «¢; € (0, §). It is easy to verify

that y,¢ € leer(.Qg, 32 N {r = r}). Then we have

lo = X710,y =l = X 710, =
(£2,) (£2:)

2!

L@ = a)? dx
+/ Vool (1 — xo)* dx +2/ Vip - Vil = xa)o(1 — xo) dx
.Qél) .Qé])
+/m P*IVe(l = xo) P dx =: L1(e, @) + Lo(e, @) +2L3(, @) + La(a, ¢).
Qs
Itis easy to see that I, (o, ) — Oand I, »(ct, ¢) — Oasa — Osince (1 — Xa)? <

1, limg—o(1 — %) = 0, and ||@|| g1(g2,) < +00.
If y = 0, then with the help of the first condition of the lemma and (3.1) we derive

L4, ¢) =/ @*IVo (1 — xo)|* dx
QPRI

ry—ay

- / |In(ry —r)|dx
c
= Jawarp=e = DGy — HEn In(ry — D2

rp—a

r—a d
§c1/ rar —> 0 asa — 0.
r—a (r1—=7r)|In(ry — r)|(n|In(r; —r)[)2=2
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If y > 0, then by the same way we get

lea(a, ) = / @IV = xo) P dx
2R,

o
- / (ry—r)7dx
c
- eOnrpze (r1 — r)?1n(r; — r)|2(In | In(r; — r)[)2=21

n-a rdr
= C3f —> 0 asa — 0.
e, (1t —=r)In(ry —r)|?

Since | L 3(a, 9)| < /Ie2(a, @) L ae, 9), limg_o L 3(ct, )| = 0.
Thus, x4 ¢ — ¢ strongly in H'(£2,) as o — 0 and consequently ¢ €
H! (£2,, 8!2§1) N{r =r}).

per

Corollary 3.1 If y > 0, then any function ¢ € C®(£2,) such that ¢(x1, 0, x3) =
¢ (x1,1, x3) can be approximated with a sequence from C3¢.($2, AW N{r=ry})
in the standard norm of H'(£2,).

3.2.3 A Priori Estimate

Similarly as in [27], we can prove that the norms || - || g1 (g,) and

1
2
loll, = (/ Vool dx +ex/ e di)
2, 8Q§2)ﬂ{ro<r<rg}

are uniformly in & equivalent in H). (£2:) (in Hy (2, 82" N {r =r1})) for
all y € (—1, 0] (y > 0), i.e., there exist positive constants &y, C3, C4 such that
Cillglaie,y < llglle < Callllai(a, for all & € (0, g9) and ¢ € H,, () (¢ €
H1 (2., 020 N {r = r)).

Since ¢, € H?> (022 N {r = ry}), there exists a function g, € H'(£2;) such that
lgsllar ) < COllqEHH%(mézh{r:rZ}) and supp g, C 2\ N R;?; for some § > 0.

Then the function v, = u, — g, satisfies the integral identity

/ Vv - Vipdx + 8/(/ Ve dX
£2;

BQéZ)O{rO <r<ry}

= fepdx — / Viqe - Vipdx — ex/ qg-pdx,
2. @ 3022 N{ro<r<r}

where ¢ is arbitrary function from leer(.Qg) such that ¢|, Q0N (r=r) = 0if y €
(—1, 0], or ¢ € Hl, (£2:,02" N {r =r})if y > 0. According to (2.3), (3.4), and
(2.10), the right-hand side of the last identity is a linear continuous functional
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L: () :=/ fswdx—/ Vsz‘vx@dx_SK/ gspdx
2 9;2) 3.(2;(;2)0{1'0<r<r2}

on leer(.Qe) if y € (—1, 0], or on leer(.Qg, 8[22(1) N{r =r}) if y > 0. Since the
norm of the functional L, is uniformly bounded in &, then due to the Riesz represen-

tation theorem we have the following statement.

Lemma 3.4 Forall y > —1 and € > 0, there exists a unique weak solution u, to
problem (3.2). In addition, there exist positive constants &y, Cs such that for all
e € (0, &) the following inequality holds:

el < € (Ifellzzen + 16l 41 gy o) -

3.2.4 Weighted Sobolev Spaces

Let Hy, (£2(V) be the closure of C*(£22(M) with the norm || - |4, where

lolls, = // (1 (Vi + ¢2) dx.
o0

Now consider the space C®(£2M, 32" N {r = r(}) of smooth functions that
vanish in some subset 2" N R!_,. We introduce the space

B,20, 0200 (r =) = (C(@D,020 0 (r =), |- In),

i.e., itis the closure of C*®(£2M, 32" N {r = ry}) with the weighted norm || - ||,.
According to (3.1), we have H'(21) c H, (2") for all y > —1, and this
embedding is continuous.
The following statement shows that functions from I-Ih] 2W, 329N {r=r)
can tend to infinity as r — r| in the case y > 0.

Lemma 3.5 A function ¢ € Hy, (2V) such that

(1) |g| < Ce|In(r; — r)|% a.e. in some domain 2 N R:]l_a in the case y = 0,
or
(2) o] < Ce(r; — r)"7 a.e. in some domain 2 N R::ﬂ? in the case y > 0,

belongs to the weighted Sobolev space Hy, (2, 82" N {r = r}).

The proof of this statement is similar to the proof of the second statement in [133,

Theorem 1]. This statement implies that any function from C*° (Q(U) can be approx-
imated by functions from C*(2M, 92 N {r = r}) in the norm || - ||,
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3.3 Special Multivalued Extension

In this section we construct a multivalued extension of the weak solution u,, which
preserves H'-smoothness of the solution in the case y = 0. First we extend the
solution from the thin discs £2{" into the domain £2V.

Theorem 3.1 If y = 0 and conditions (2.3), (3.3), and (3.4) hold, then there exist
positive constants gy, Cy, and an extension E,gi) e H'(£2y U 2WU) of the weak solu-
tion u, to problem (3.2) such that for all ¢ € (0, &) the following inequality holds:

IELP 1@y < Co. (3.10)

Proof 1. Similarly as in [32], we can show that

(3.11)

10l < co (IFe iz + 19615 o gorp o)

where U, (x) = 8’1(<u_g)(x + gep) — (u_;(x)).
2. Let

—_~—

QPG) ={x eR: ehi(r/2 <xa—e(j +1) < e(1 —hi(r)/2)}.

This set is situated between two neighboring thin discs Qs(i)( j)and .Qg(") G+ 1.
At first, we construct the extension E{" of u, into R}, with the formula

EVN () = ac(j, ¥) + be(j, X)(x2 — (i + 1 +h1(r)/2)),

forallx € 2’ ()N R, and j = —1,..., N — 1, where

ac(j, ¥) = ug (x1, e(j + 1 +hi(r)/2), x3),

1

A (7 (1 eG4 141 — i ()/2), x3) — as(j, ©)).

be(j, X) =

We choose « as in the proof of Lemma 3.1 (see (3.7)). Similarly to [32], we can
show that

(12 -1 2 2
VES W gey = €1 (07 QUL g, + e )

I, o, + el g ) (B12)

3. Direct calculations give

||E;1>||21(W)QR,] )562/” (e(al + |Vzae|?) + € (b7 + |Vzbe|*) + eb]) dx.
e U

rn-e r—a
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Utilizing (3.9), we prove that

2 2
8/,.1 a;dx = 8/” e ley=e () 2+ +11) AX
R R

r—a ry—a

1
< c3el(NV ) 7 |1, @ = < callte s g sy L

With the help of the inequality
(wo—umfgs/kwmfdtﬁnﬂvermJ»
0

and (3.9) we derive that

2
S/an Bdx < cs <||U||H](Q(n( R X A a)),

rp—a

<
o Vil dr = ol g

r —a

3 2
& /1;:]1_,1 |Vibe|”"dx < cr¢ (“U ”Hz(g(l)(])mRr] ) + ”usHHZ(.Q(”(])ﬁR zﬁ) .

Consider the smooth cutoff function

) = 0, r€[0, ro+80/31,
XDV =01, 7 e [ro+280/3, 1]

Taking into account the properties of the function 4, and so-called the second energy
inequality (see [52, Sect. 8.2]), we conclude that

el 200 Gonrst ) = Ixtell oo g,
<cg <||Ms||Hl(s2§”(j)) + ”fE”LZ(Qs‘”(j)))

and
||UE||H2(QS(1)(].)QR:11720{) =< 09 <||U8||Hl(_(2€(1)(j)) + ”FS”LZ(QE(U(]-))) .

Using those inequalities, we derive the estimate

1
VEL 121y = a0(lel gy + 101 g+ 1o g+ IFls g )
(3.13)
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4.Now it remains to extend E_! into 2P R", where j = —1,..., N — 1.
Similarly as in the third part of the proof of Theorem 2 in [31], we get

1 1
IE oy < el E | @oory ) + el @y). (3.14)

Thus, according to (2.3), (3.3), (3.4), Lemma 3.4, (3.11), (3.12), (3.13), and (3.14)
the extension E{"(x), x € 21, satisfies the estimate of Theorem 3.1.

Next we construct the extension of u, from the discs from the second level
into 2@,

Theorem 3.2 If y = 0 and conditions (2.3), (3.3), and (3.4) hold, then there exist
positive constants gy, C| and an extension E,f) e H'(§2y U 29) of the weak solu-
tion u, to problem (3.2) such that for all € € (0, &) : E,f) lse@n(r=r) = g and

2
IEP 1 @e) < Ci.

Proof By the same formulas as in the second part of the proof of Theorem 3.1, we

construct the extension E Lf) of u, into the domain R;? ¢ such that

IED 3
HI(RVZ e)

< 012 (e g, NUE g+ 1 ) + IFI2, o0 ) < 3.

Now we extend u, into the outside of 2?. Since g, € H2(32® N {r = r}),
then there exist a constant a > 0 and a function g, € H ! (R;;*“) such that

Gelagony=ry = ¢ ad 1Gell g gzeey < 14lgell 3 ooy

We henceforth regard that E{? (x) = g.(x) for x € R2*“. Obviously, E?) € H'
(22 U RS U R+ and

2 — 17
”Eug ”H‘(R:%-m) = ||61s||H1(R;§+“) = c15”q£”H%(B.Q(z)ﬂ{r:rz})'

—_~— P

Now it remains to extend E into 22()n R0+ and 22N R ., j=
—1,..., N — 1. Again we do thls similarly as in the th1rd part of the proof of Theo-
rem 2 in [31] and get

IE@ @ < 16 (IES i oporzzrorz + el )

Thus, the desired extension is the restriction of £ ,53) | 20un®-
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With the help of the constructed extensions EV and E{? we define a multivalued
extension
E,, = (ucle, EPlew, EXlgw) (3.15)

of the solution u, to problem (3.2), which belongs to the anisotropic Sobolev space
of multivalued functions

Hy, = {p= (0. p1. p2): po€ Hio(R0, pre H'(2D), i=1,2,
Doler = pile = P2|.Q’}

with the scalar product

2
® D, = [ (Vepo:Veqo+ pogo)dx + Y | (Vepi - Vegi + pigi) dx,
per 2 — o0

where p = (po, pi, P2), 4= (q0, 91, q2) € Hll,er-

Lemma 3.4, Theorems 3.1, and 3.2 imply that in the case y = 0 there exist
positive constants gy, C; such that for all ¢ € (0, gp) the multivalued extension E,,,
of the solution u, to problem (3.2) satisfies the inequality

1By Nla, < Co, (3.16)

per

where || - ”Hﬂm is a norm in HI',er produced by the scalar product (-, -)ngcr.

3.4 Convergence Theorems

3.4.1 The Case of Rounded Edges

Consider a space H!_(2) = {¢ € H'(20) : ¢(x1, 0, x3) = @(x1, [, x3), r < rp}

per
and a space of multivalued functions

Hoee = {p = (po. p1. p2) € H: py € H)\ (20))

(see definition of H in Sect. 2.3.1).
Theorem 3.3 Ify € (—1,0), then
Uy —> ug  weakly in H'(£20),

B s by weakly in L2(20), § ase — 0, (3.17)
7 > hyuy weakly in L*(2®)
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where u. is the weak solution to problem (3.2) and the multivalued function u =
(o, uy, uz) € Hye is a unigue weak solution to the problem

—Ayuo = fo, x € 20,

P uo(x1, 0, x3) = L uo(x1, I, x3), p=0,1, x €329 N{r < ro},

— <5 (M () Vzur) = hi(r) fo, xe W,

dyu; =0, xed2®Wn{r=r), (3.18)
—hyAzus + 2kuy = hy fo, x e NR?,

us = qo, x€dR@PN{r=r),

Uy = uy = Uy, x e 2,

0, ug = hi(ro)o,uy + ho0,us, x € 8.

To give the definition of a weak solution to problem (3.18), we introduce an
anisotropic weighted Sobolev space of multivalued functions

B per = {P = (p0 P1 P2) ¢ po € Hiee(20), pr € H (@), p2e (29,
pole = pile = P2|9/},

equipped with the scalar product

P: D, . =/ Vipo - Viqodx +/ hi(r)Vzp1 - Viqidx
2 o
+/ i (h2Vip2 - Viga + 2k p2q2) dx,
Q@
and a linear functional

L(p) := Sfopodx + / o hi(r) fop1dx + hy / o fopadx, pe ITlhl,per-
2 Qe

£20
_ _ (3.19)
According to (3.1), the embedding He; C Hj,, per takes place.

Definition 3.3 [y € (—1, 0)] A multivalued function u = (ug, u;, u;) € Ih-ih,,per is
called a weak solution to problem (3.18) if u2|ye@n(=r,} = go and

M@, P, .. =L® YP=(po, p1, p2) € By per,  palagoin=ry = 0. (3.20)
Proof 1. Similarly as in the third part of the proof of Theorem 3.1, we prove that
el ponn sy = oI fellzagam, + el o, )-

According to this estimate, (3.1), Lemmas 3.2 and 3.4, the quantities



3.4 Convergence Theorems 43

!
Nl s 1A T 2@y, 1Ry By u, ||L2(.QU)> 179 2200, || U, ”LZ(Q(’))

are uniformly bounded with respectto e (i = 1, 2,k = 1, 2, 3). Hence there exists
a subsequence {&'} C {e} (again denoted by {&}) such that

U BN Ug weakly in HY(20),
a0 s u weakly in L*(221),
ah o, weakly in L2(£21),
—1) .
B dgu,  — uig weakly in L2(21), ase — 0 3.21)
——(1) w ~ . 2 (1)
O U, —> Uik weakly in L=(£2'"),
a® 5 Wy = hyuy  weakly in L2(2@),
——2) w ~ .
Oy it, —> Hok = houpy weakly in L2(2?),

where the limits remain unknown and will be defined later.

Obviously, ug € per(.QO) It is easy to verify that u; = hy(r)u; and Uy =
hi(rup;ae in 2V, k=1, 2, 3.

2. Repeating the assertions of the proof of Theorem 2.1, we can show that
e uir=0aeinR? i=1,2;
o there exist weak derivatives d,,u; = u;; forae.x € 29, i=1,2, k=1, 3;
o uglo = uilg = us|qr.

According to (2.28) and the Dirichlet boundary conditions on 895(2) N{r =ry},
the integral identity

/ r 8, () dx =1y / U doy = r2_1/ qeV do,
@ 028 n(r=r,) 3220(r=r,)

holds forany ¥y € C®(£2?®), ¥|o = 0. Passing to the limit in this identity as ¢ — 0
and taking into account (3.21), (3.4), and (2.16), we obtain

hz/ 1o, (uy ) dx = hzr{lf gov dox V€ C®(2D), Ylg =0,
fole) 320 {r=ry}

whence integrating by parts, we derive that
herI/ uzyr doy =h2r51/ qoy dox Yy € C¥(2@), ylg =0,
32DN{r=r} 32dN{r=ry}

1.e.,
21320 n{r=r} = 9o (3.22)

3. Using the functions uy, up,uz, we define a multivalued function
u = (uo, uy, up).Itis clear that u € Hpe,. With the help of (3.6) we rewrite (3.5) in
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a form
/ Viug - Vipodx + E / u, ~pr,-dx+—2K ~(z)pzdx
o) hy Joo
_ ke Y, () o, dx — d 22: Cfpd
ny Joo 1 <8 ) v, (e p2) dx = /.QO Sepodx + £ fg(i) XQE(.')fspz X,

(3.23)

where p = (po, pi1, p2) is an arbitrary function from

C 2P N{r=r}) ={p=(po. p1. p2) € Hy : po € C®(20). p1 € C® (D),
P2 €C¥(R2D,32% N {r =r)).

Passing to the limit in (3.23) and taking (2.3), (3.21), and (2.16) into account, we
obtain the identity

(u, P)g, ., =L@ Vpe Coo (029 N{r =r)),

where the functional L is defined in (3.19). Since ngr(a:z@) N {r = ry}) is dense in

the space of functions from ﬁh],per such that p;|ye@ng=r,) = 0, we arrive at (3.20).
4. Let us verify that the functional L is bounded, i.e.,

IL®)I = cslipllg, . YP = (Po. P1. p2) € Hyper.  P2lagong=r) =0,
where || - ”H/, r is a norm produced by the scalar product (-, )Hh . This together

with (3.22) will imply that u is a unique weak solution to problem (3 18).
Obvious inequalities

/ p(2) dx < <||PO||2Lz(_Q/) +/ |V)EP0|2 dx)
20 2

1ol = P12y = IP2ll720) < €2 / (IVipal® + p3) dx

and

provide that

Jopodx| = csll foll 2 IR, .- (3.24)

£20

The second summand in (3.19) is estimated with the help of the Cauchy—
Schwartz—Bunyakovsky inequality:
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1

< call follL2¢ryy </ }11(”)1712 dx> H .
Qo

/ I () fopr dx
oo

It is easy to see that

f hi(r)p; dx < cs (”Pl”iz(ﬂ’) +/ hl(r)/ (3 pi1lr=e)* dE dX)-
Qm oA o

Using (3.1), we derive the estimate

r
/ /hl(sxa,pl)zdsdxgs/ 7 (P Vs pu [ dx.
o0 J, Q0

The last inequality and the Fubini theorem imply that

[ h1<r>/(aspm:s)zdsdmcﬁf 7y (Vs pu [ dx.
om Yo o

Taking into account (3.24) and the obtained inequalities, we conclude that

‘/ N hi(r) foprdx| < crll foll 2 PN, .- (3.25)
2

Understandably that the third summand in identity (3.19) can be estimated by
csll foll 2@,y ||p||ﬁhl_pu. This estimate together with (3.24) and (3.25) give the bound-
edness of L.

5. Since all of the above assertions remain valid for an arbitrary subsequence
{¢’} chosen at the beginning of the proof, the uniqueness of a weak solution to
problem (3.18) implies that relations (3.17) hold for the whole sequence {¢}.

3.4.2 The Case of Wedge Edges

Theorem 3.4 If y =0, then the extension E, = (uclg,, E"|on, EP|g0)
defined in (3.15) of the weak solution u. to problem (3.2) satisfies the relations

1

E, 5 u weakly in H,,

as € — 0, (3.26)

lim lim (EP vz — t1lr=p)? doy =0, (3.27)
n—0 -0 020N {r=r} i

where the multivalued function u = (ug, uy, uz) € Hll)er is a unique weak solution
to the problem
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—A xUo = fo, X € .Q(),

P uo(x1, 0, x3) = L uo(x1, 1, x3), p=0,1, x €32y N{r < ro},

— i (M () Vzur) = hi(r) fo, x e W,

—hy Azuy + 2xuy = hy fo, X € 9(2)’ (3.28)
uz = qo, x€dRPN{r=ry),

Uy = U = Uy, x €2,

Orug = h1(rg)0,u; + h20,us, xe 2.

Remark 3.4 The convergence (3.27) was introduced by Mikhailov in [116, Ch. IV].

Remark 3.5 If y > 0, then due to Lemma 3.5, the embedding
Cc®(2M) c H,,(2V, 329N {r=n) (3.29)

takes place. This means that H, (21) = H, (20, 32D N {r = r,}). Thus, the
definition of a weak solution to problem (3.28) coincides with Definition 3.3. As a
consequence, problem (3.28) has a unique weak solution.

The embedding (3.29) also implies that there is no need for any boundary condi-
tions on 32V N {r = r|} for uniqueness of a weak solution to problem (3.28) (the
similar situation was in [133, §3] and [123]).

However, in the case y = 0 we will prove in Theorem 3.4 that the weak solution
belongs to Hl‘)er and, as a consequence, has a finite trace on 32V N {r = r;} (see
(3.27)).

Proof 1. With the help of (3.16), we can prove that there exists a subsequence
{¢’} C {e} (again denoted by {¢}) such that

E,, s u:= = (ug, u1, up) weakly in ngr, ase— 0. (330)
X O ES > uig weakly in L2(2©)

where ug, u;, ujx, k=1,2,3, i =1, 2, will be defined later. From (3.4) and
Theorem 3.2, it follows that u5 |, _Q(Z)m{r ) =

Compactness of the embedding H' (Q(’)) C LZ(Q(’)) and relations (2.16) and
(3.30) imply that

ED 2 p kly in L2(21),
Kl Bu, = Siity WEALY 2( 2) as & — 0. (3.31)
Xoe EY) — haus weakly in L*(22)
2. Similarly as in the second part of the proof of Theorem 2.1, we show that
u;p =0ae. in 29, i =1, 2. Nextletus findu;; and u; 3, i =1, 2.
By the same way as the identity (2.27) was proved, we deduce



3.4 Convergence Theorems 47

/ X EOY dx = — / X BV @t + B, In by (1)) dx
QW g QM i

+e/ Y, (ﬂ) 8, In 1 (1), (us ) dx Yy € CE(2W), k=1, 3.
o0 ' \e

Passing to the limit in this identity as ¢ — 0 and taking (3.30) and (3.31) into account,
we get the identity

/ uifdx = —/ w1 dy, (M (YY) dx Y € (W), k=1, 3,
W folUl

which implies that u; y = h;(r)dy,u; a.e. in O k=1, 3. Similarly with the help
of (3.6) we have that uy ; = hyd,,u; a.e.in 2@, k=1, 3.

3. Let us prove convergence (3.27). Let u be any fixed number from (0, “77).
Properties of the trace operator and the first relation in (3.30) imply that

E,Ei)|{,:,],ﬂ} — Uy|y=r,_y strongly in L*({r = r; — u}) as & — 0.

This convergence and the inequality

r
(ul|r:r]—p. - u1|r:r1)2 < /Lf (8rul)2 d}’

—n
provide convergence (3.27):
1
luilr=r—p — wilr=r 262000 =r) < cort? lurllgr @y —> 0 aspu — 0.

4. Utilizing (3.6) and the extension E,,,, we rewrite identity (3.5) as follows

2
. 2K
/ Ve - Vipodx + 2/ XQ(i)VxEL(ll) -Vipidx + — / )(QmE;z)p2 dx
2 — Jaw ’ hy Joo "5 %

2

2Ke X

e Y(—)axgd:/8d+ / o fopid
i oo (3 , (e p2) dx Qofpo x ; - X fepi dx

(3.32)
with arbitrary multivalued test function p = (po, p1, p2) from the space

Cr (020N {r =r), 322 0 {r =r)) = {p=(po, p1, p2) € Hy, :
po € C¥(R20), pi € C®(RD, 02V N{r=r}), i=1,2}.

Taking (2.3), (2.16), (3.30), and (3.31) into account and passing to the limit in (3.32),
we derive the following identity:
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W, P, =L® VpeCx (020 n{r=n}, 02%n{r=r)).

per

Sinceu € H;er, then the last identity remains valid forall p = (pg, p1, p2) € ﬁhl per
such that ps|yeeng=r; =0 (see Remark 3.5). Thus, u € Hée
solution to problem (3.28).

5. Since all of the above assertions remain valid for arbitrary subsequence {¢’} cho-
sen at the beginning of the proof, the uniqueness of a weak solution to problem (3.28)

implies that relations (3.26) and (3.27) hold for the whole sequence {¢}.

. 1s a unique weak

3.4.3 The Case of Very Sharp Edges

The existence and uniqueness of the weak solution to problem (3.2) in the case y > 0
and some of its properties are justified in Remark 3.5.

We introduce a space Li(.s?(l)) ={p e L2(Q2V): |(r — r)%(p||Lz(_Qm) < 00},
where « € R, and a weighted Sobolev space of multivalued functions

H, := {p=(po. p1. p2): po € Hi(20),
pi€L3,(2D), 38, p1 € Ly, (2D), k=1, 3,
pr€ H'(2P), polo = pile = pala}.

Theorem 3.5 Ify > 0, then there exists a subsequence {¢'} C {e} such that the weak
solution u, to problem (3.2) satisfies the relations

Uy —> ug weakly in H'(£2y),
7Y s hiuy weakly in L2(2M), ¢ ase’ — 0, (3.33)

&

ﬁiz) 5 houy weakly in L2(£2@)

where the multivalued function u := (uq, uy, u;) belongs to the space ﬁy and sat-
isfies the following relations: us|yooni=r,) = qo and

(w, P, .. =L@ (3.34)

forallp = (po, p1, p2) € ITI;,I.Per suchthat p; = 0 in some neighborhood of 32V N
{r = r1} (not necessarily the same for all functions) and p;|yeony=r,) = 0.

Proof Similarly as in [123, Lemma 4.1] we can prove that
Ire =)'l ooy < coll@llaie,) Y@ € Hy (26,920 N {r =ri}).

According to Lemma 3.4 and the last estimate the quantities
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i (i)
|a® O 1t

Eps
luell ey, 10 =)0 2@y, 18 2oy, 10gu, 220y,

wherei = {1, 2}, k € {1, 2, 3}, are bounded uniformly with respect to €. Thus, there
exists a subsequence {&'} C {e} (again denoted by {e}) such that

U N Uug weakly in HY (20,

(r —r)~'ah L w, weakly in L2(£21),
~h W~ . . 0. 3.35
/\_I,i%l; — U; == hju; weakly in L>(2®), e (3-35)

axku; —> Wi := hyu; weakly in L2(£29),

Here the limits remain unknown and will be defined later.
By the same assertions as in the proof of Theorem 2.1 we can show that

e u;» =0 ae. in 27, there exist weak derivatives d,,u; and u;; = d,u; a.e. in
RO k=1,3,i=1,2;

o uolo = uilg = uz|o;

o ug(xy, 0, x3) = up(xy, 1, x3), x €0820N{r <ro};

® 2 |300n00=r) = qo-

From (3.35) and (3.1) it follows that w; = (r; — r) " 'h1(u; € L*(2WV), ie.,
u € Lgy (£2M). Thus, 3, u; € L%(HV)(.Q(“), k = 1, 3. Thus, the multivalued func-
tion u = (uo, u, uy) belongs to the weighted spacgﬁy.

Consider arbitrary function p = (po, pi1, p2) € Hy, per such that p; = 0in some
neighborhood of 82" N {r = r;} (not necessarily the same for all functions) and
DP2la@ng=r,) = 0. Then we define a test function

po(x), x € £,
D(x) =14 pi(x), xe,
pa(x), x € 2.

Clearly, @ € leer(.Qg, 393(1) N{r =ry}) and q§|m§2)m{r=r2} = 0.

We rewrite the identity (3.5) with the test function @ and obtain (3.23). Sending
¢ to zero in (3.23), we obtain identity (3.34) for the multivalued functionu € H,,.

Remark 3.6 If u € ﬁhl,per, then u is the unique weak solution to problem (3.28))
(see[133, §3]), and consequently convergence (3.33) hold for the whole sequence {¢}.
Unfortunately, we could not prove that u € Hj,, per.

3.5 Conclusions to this Chapter

The homogenized problems (3.18) and (3.28) are boundary-value problems for
degenerate elliptic equations since the coefficient &; vanishes on the boundary
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32D N {r = r}. The parameter y that described the degeneracy order plays a cru-
cial role in the asymptotic behavior of the solution u, to problem (3.2).

1. In the case y € (—1, 0), i.e., the first-level thin disks have rounded edges (cf.
Fig.3.2 a), the Neumann conditions on these edges are transformed into the same
Neumann conditionon 32" N {r = r}. Infact, the homogenized problem (3.18)
coincides with a homogenized problem as if z;(r) > O for all € [rg, r{] (cf., for
example, the homogenized problem in [31]). This is confirmed also by the fact
that the component u; of the multivalued solution to problem (3.18) belongs to
the weighted Sobolev space ﬁhl (£22M) and as was shown in [133] each function
from this space has the finite trace on 32V N {r = ri}if y € (-1, 0).

2. If y > 0, no boundary condition on 32"’ N {r = r,} is required for establishing

the existence and uniqueness of a solution to the homogenized problem (3.28)
(cf. [133]). Moreover, some functions from the corresponding weighted Sobolev
space may not have finite trace on 32" N {r = r1} (see Lemma 3.5). However
there is a significant difference between two cases y = 0 and y > 0.
If y =0, i.e., the first-level thin disks have wedge edges (cf. Fig.3.2 b), then
the solution u to the homogenized problem (3.28) belongs to the “regular’” space
ngr and, as a consequence, the component u has finite trace on 32V N {r = r|}
(see Theorem 3.4). In addition, the convergence of the traces (3.27) in sense of
Mikhailov is established on this part of the boundary.

3. Inthe case of very sharp edges (y > 0) we cannot assert that the component «; has
atrace on 32" N {r = r;} (cf. Remark 3.3) and its trace can even tend to infinity
as r — ry (see Lemma 3.5). As a consequence, we cannot establish uniqueness
of a solution of the identity (3.34) in the space H,, and convergence (3.33) for the
whole sequence (see Remark 3.6).

4. From physical point of view, the absence of conditions on 92" N {r = r|} if
y > 0 means that the heat dissipates into environment while reaching the spikes.
This is not true in the case y € (—1, 0). Thus, our results mathematically justify
the following physical effect: heat radiators, shaped like a thick junction, radiate
more heat if their thin joint domains have sharp edges.

5. The homogeneous Robin boundary conditions on the surfaces of the thin discs
from the second level are transformed into the new summand 2« u, in the corre-
sponding partial differential equation (similarly as in Chap. 2). Also, we studied
the behavior of the inhomogeneous Dirichlet conditions on edges as ¢ — 0.

6. In this chapter, we have focused on studying the influence of the geometric struc-
ture of thin disks from the first level on the asymptotic behavior of the solution.
Therefore, to avoid additional cumbersome calculations, we consider the homoge-
neous Neumann boundary condition. From calculations made here and in Chap. 2,
it follows that the Robin boundary condition d,u, + ¢k;u, = 0 can be also con-
sidered (a term 2k u appears in the corresponding differential equation).



Chapter 4
Homogenization of Semilinear Parabolic e
Problems

Two semilinear parabolic problems in a thick two-level junction are considered.
The first one is with different alternating nonlinear Robin boundary conditions and
the other is with alternating Robin and Dirichlet conditions. In both problems, the
passage to the limit is accompanied by a special intensity factor €% in the nonlinear
term of the Robin conditions. The case of a big boundary interaction (o < 1), which
was not studied for the linear elliptic problem in Chap. 2, is examined. We establish
qualitatively different cases in the asymptotic behavior of the solutions to those
problems as ¢ — 0 depending on the value of «. The convergence theorems are
proved using the method of special integral identity and zero-extension operators.
The limits of nonlinear terms are found with the help of the Minty—Browder method.

4.1 Problem with Alternating Robin Boundary Conditions
4.1.1 Statement of the Problem

Let T be a fixed positive number. We consider the following boundary-value problem
in the thick junction 2, described in Sect. 2.1:

Orug(t, x) — Axue(t, x) + ko(ug(t, x)) = fe, (t, x) € (0, T) x $2,
dous(t, x) + %1 (ue (1, X)) = eBgat, x),  (t, x) € 0, T) x 92V N {r > ro),

Buite (1, X) + exa(up (1, x)) = e ge (t, %), (t, x) € (0, T) x 32 N {r > ro), @.1)
doug(t, x) =0, (t, x) € (0, T) x 952 N {r = ro}, )
e (t, x) =qe(t, x), (t, x) € (0, T) x 3820 N {r < ro},
ug (0, x) =0, X € §2.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2019 51

T. Mel’nyk and D. Sadovyi, Multiple-Scale Analysis of Boundary-Value Problems
in Thick Multi-Level Junctions of Type 3:2:2, SpringerBriefs in Mathematics,
https://doi.org/10.1007/978-3-030-35537-1_4


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-35537-1_4&domain=pdf
https://doi.org/10.1007/978-3-030-35537-1_4

52 4 Homogenization of Semilinear Parabolic Problems

Here « € R, B > 1 are perturbation parameters. The given functions f, g., ko, k1,
k2, and g, satisfy the following conditions:

e the functions f;, fo € Lz((O, T) x 20U 9(2)), and
fo — fo strongly in L*((0, T) x 20U 2?) ase — 0; 4.2)
o the functions g, go € L*(0, T; H'(£2?)), and

g — go weaklyin L*(0, T; H'(2?)) as & — 0; 4.3)

the functions ¢, go € L*((0, T) x 9829 N {r < ro}), and

g: —> qo weakly in L*((0, T) x 820 N {r < ro}) ase — 0; (4.4)

the functions kg, k,, : R = R are Lipschitz-continuous, i.e., kg, k,,, € WIL’CC’O(R),
and there exist positive constants Cy and C; such that

Co<ko(s) <Ci, Co<kl,(s)<Ci(m=1,2) forae.seR; (45)

if ¢ < 1, then we additionally suppose that
k1(0) = 0. (4.6)

Remark 4.1 Robin’s boundary condition means some interaction of a physical pro-
cess occurring inside of a material with the external environment through its surface.
In fact, very small activity holds always on the surface of some material (there-
fore Robin boundary conditions, in particular nonlinear ones, are more natural for
applied mathematical problems). Many physical processes, especially in chemistry
and medicine, have a monotonous nature. Therefore, it is natural to impose spe-
cial monotonous assumptions for nonlinear terms. In our case, we propose simple
assumptions (4.5) that are easy to verify. For instance, the functions

AS
1+ vs

k(s) = As +sins (A > 1); k(s) =s+arctans; k(s) = (A, v > 0)

satisfy (4.5). The last one corresponds to the Michaelis—Menten hypothesis in bio-
chemical reactions and to the Langmuir kinetics adsorption models (e.g. [125]).

The case a < 1 corresponds to relatively high (of order £*) heat transduction on
the surfaces of the thin discs from the first level. The condition «;(0) = 0 means
that if the temperature is zero on the boundary at some moment, then there is no
transduction on the surfaces. In many applications, this condition is called zero-
absorption condition.
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Remark 4.2 Doubtless both the functions ko, k1, k» may also depend on x and 7 (cf.
[92]). However, we have omitted this dependence to avoid cumbersome formulas.

Consider a space
Wr(20) = o € L2(0, T: H'(20) : dip = ¢' € L2(0, T; (H'(@0)")}.

It is known (e.g., [42, Theorem 1.17]) that W7 (£2,) C C([0, T1; L*(£2,)).

Definition 4.1 A function u, € Wr(£2,) is called a weak solution to problem (4.1)
if u.(0, x) = 0 and the following integral identity takes place:

Bie(ue, ) =Li () Yo e Wr(82,), 4.7
where
Bl,S(”Sa ®)

T
— | wp)lier dx + / (-(3190,%);11(98)4- f (Vatts - Vo + ko)) dix
0 QE

2
+8“/ K1 (ug)p doy +8f K2(u£)§0d0x) dt,
8(2;”(1{r>r0} Sﬂéz)ﬂ{r>r0}

T
Lie(o) :=/ ( Jepdx +/ gepdx +8’3/ 8¢ dox) dt.
0 2, 3820N{r<ro} 382:N{r>ro}

Remark 4.3 Hereafter (-, -) g is the duality pairing of a dual space H* with H.

Remark 4.4 There are different definitions of a weak solution to problem (4.1) (e.g.,
[131, Sect.3.4]). We will use several of them depending on our needs.

Similarly as, for instance, in [92, 131] we can prove that for every fixed ¢ > 0
there exists a unique weak solution to problem (4.1).

4.1.2 Auxiliary Statements

From (4.5), we deduce the inequalities

Cas” + ko(0)s < ko(s)s < C3s” + ko(0)s, (4.8)
lko(s)| < Cals| +1ko(0)] Vs eR. (4.9)

Clearly, the same inequalities hold for the functions x| and ;.
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Lemma 4.1 There exist positive constants Cs and &g such that for every ¢ € (0, &)
the following estimate for the weak solution u, to problem (4.1) holds:

) 20 7 < .
(max llue (2, 20 + Nuellzzo, m;0120) < Cs (4.10)

Proof In the identity (4.7), we can take any t € (0, T] instead of 7. Then, putting
¢ = u. in (4.7), we get

: 2 ' Veue|* + k d
E”us(tv ')||L2(QS)+ (| Ue|” + 0(”6)”8) X
0 2.
+ 8"‘/ k1 (ug)ug doy —i—s/ Ko (g )ug dox> dt
120N {r>ro} 1220 {r>ro}
T

:/(/fsusdx—i— f qgugdi—i—sﬂ / g5u5d0x> dt,
0 2

320N{r<ro} 320 N(r>ro}Ua2? Nir>ro)

whence using (4.8) we get

2
E”’/ts(fs ')”LZ(QS)

T

+ Co/ (/(qusl2 + ui) dx + & / ug do, +¢ f u? dax>dt
0 %2

8(2;”(’\{r>r0} 89}2)0{r>r0}
T
< / < — ko(0) / ue, dx — k1(0)e? / ugdo, — k2(0)e / u,do,
0 2, 329N {r>ro) 328 N{r>ro)
+ / feugdx + / qsus dX + + & / 8elle d0x>dt.
£2 3820N{r<ro} 12 0{r>r)Ua2 Nir>r)
“4.11)

If « > 1, then with the help of Cauchy—Schwarz—Bunyakovsky inequality, (2.10)
and (2.13) we derive from (4.11)

1
2 2 -1
EHME(L ')”LZ(QE) + Cl””anLZ(O’t;Hl(Qe)) = Cl(l +e 7 + ”fa”LZ((O, Dx2,) T
-1
+ &P gell 20, v 2@y + 1ge | 220, r)xBQgﬂ{r<r0])>”us”Lz(O,r;H‘(QE))v

whence
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—1
luellzz0, ;51 (2. < 02<1 + &7+ | fell 20, vyx20)
—1
+ e Migell 20, 1122y + 1ge 220, r)xBQgﬂ{r<r0})>v
and
-1
max flue (1, 2 < e3(1+ e + 1 follizo.nxan
0<t<t
-1
+ &P Migell 20, o122y + 1ge 220, t)xE).QUﬂ{r<r0])>~

Putting t = T in those inequalities and considering (4.2)—(4.4), we get (4.10).
In the case o < 1 with the help of (4.6), we deduce from (4.11) that

1
2 2
E”ua(fv ‘)”1‘2(95) + C4||M£||L2(0,T;HI(QE)) = CS<] + ”fé‘”Lz((().t)XQe)
-1
+ &P Migell 20, o)) + ”qg||L2((0,r)><8.(20ﬁ{r<r0}))”us”Lz(O,r;H‘(QE))s

whence by the same way as previously we obtain (4.10).

Next we introduce the following zero-extensions

o(t, x), (t, x) € (0, T) x 20,

50 - S =
4 (t’x)_{o, (1, x) €0, T) x (20 @y, =12

where ¢ : (0, T) x 2, — R.
With the help of identity (2.9) similarly as in [90], we can prove the Lemma.

Lemma 4.2 Let a sequence {ve}e=o C LZ(O, T, H‘(.Qg)) be uniformly bounded
with respect to ¢. Then

—)

Kki(ve) —> K weaklyin L*((0, T) x 29)ase - 0 (i =1, 2)

and for arbitrary function ¢ € L*(0, T; H' (2?))

T T
8/ / ki (vy) pdodt —> 2/ / hi_l(r)ﬁi pdxdt ase — 0,
0 P)Qéi)ﬂ{r0<r<ri} 0 O

4.1.3 Convergence Theorems

Consider time-dependent multivalued functions
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po(t, x), (t, x) € (0, T) x £,
p(t, x) = (po, p1, p2) = { pi(t, x), (1, x) € (0, T) x 22U,
pa(t, x), (1, x) € (0, T) x 2@,

and the space Ly := L?(0, T; L) with the scalar product

T
P, D, = / (P, Qrdr,
0
(the space L is defined in Sect. 2.3.1). Also, we define the space

Wri={p=(po. p1. p2) i po € L2(0. T3 H'(20)), ipo € L2(0, T3 (H' (20))"),
pi € L2(0, T; H'(2©D)), & p; € L*(0, T; (HY(2D)*), i =1, 2,

p0|9/ = p1|9/ = p2|9/ forae.r € (0, T)}

with the norm
2 _ 2 /112
||P||V~VT = ||P0||L2(0,T;H|(QO)) + ||p()||L2(0,T;(HI(QO))*)

2
2 2
+ Z (”pl “LZ(O,T;ﬁI(.Q(i)» + ||pz ||L2(0,T;(ﬁl((2(i)))*))’

i=1

where p’ := 3, p, H'(2®) is defined in Sect. 2.3.1. Obviously, the embedding W, C
L7 is continuous. Besides, Wy C C([0, T]; L) (see [42, Theorem 1.17]).

Theorem 4.1 If o > 1, then for the weak solution u, to problem (4.1) we have

Ug BN ugy weakly in LZ(O, T; Hl(.Qo)),
M s hyuy weakly in L*((0, T) x 2M), ¢ as e —> 0, (4.12)
a® s hyuy weakly in L*((0, T) x 2@)

where w := (ug, uy, uy) € Wy and it is a weak solution to the problem
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Orug — Axuo + ko(uo) = fo, (t, x) € (0, T) x L0,
Uy = qo, (t, x) € (0, T) x 9820 N{r < ro},
h1(r)oruy — divg(hy(r)Vzuy) + hy(r)ko(uy)
+ 280,161 (1) = h1(r) fo + 238,180, (t, x) €0, T) x 2,
dyuy =0, (t, x) € (0, T) x 32D n{r =y},
ho (r)oruy — divig (hp (r)Vizup) + ho (r)ko(uz)
+ 202 (u2) = ha(r) fo + 28,180, (t,x) € (0, T) x 2@,
dyuy =0, (t, x) € (0, T) x 32D N {r = ry},
ug =uj = uy, (t, x)e 0, T) x 2,
drupg = i hi(ro)dru;, (t, x) € (0, T) x 2/,
i=1
u(0, x) = 0:= (0, 0, 0).

(4.13)

Definition 4.2 A functionu = (ug, uy, uy) € WT is called a weak solution of prob-
lem (4.13) if u(0, x) = 0 and the following integral identity takes place:

Bo(u, p; kouo), hiko(u1), hako(ua), hiki(uy), haka(uz)) = Lo(p) Vp € Wr,

where

2
Bo(u, p; wo, @1, @2, K1, k2)) =/ (uopo)li=r dx + Z/(_) hi(r)(ui pi)li=r dx
2 i=1 78"

2

T
+ / <— (0:po, U0 HI (2y) — Z(hi(r)azpi, ui) 1 o)
0

i=1

O

+ [ G pro-i-wopo)dx-i-z (hi(r)Vius - Vi p; + @i pp) dx
£20

+25a,1f hl_l(r)ﬂpl dx +2/ hz_l(r)k'zpz dx) dt,
Qm Qo

T
Lo(p) = / (/ Jorodx + / qopodx + Z / (hi(r) fo +28p,180) Pi dx) dr.

0 £ 3820N{r<ro} [2]0)

Problem (4.13) is called a homogenized problem for problem (4.1). The existence
and uniqueness of a weak solution to problem (4.13) can be proved as, e.g., in [131]
using (4.5).
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Proof 1. From (4.10) and (4.9), it follows that there exists a subsequence {&'} C {&}
(again denoted by {e}) such that fori € {1, 2} and k € {1, 2, 3}

Ue — ug weakly in L2(0, T; H'(£20)),

a®» s W := hju;  weakly in L*((0, T) x 2©),
—— (i) w ~ . ;

Bxkug( — Wi = hju;x weakly in L*((0, T) x £29),

w PN ase — 0 (4.14)

ko(ue) — wo weakly in L*((0, T) x £2),
—~ ) ' /

ko(uy) — & weakly in L2((0, T) x £27),
O , .

ki(uy) —> Ki weakly in L*((0, T) x £2©)

The estimate (4.10) also implies that for every ¢t € [0, T'] there exists a subsequence
{e;} C {e} such that

U, (t,-) — g(t,-) weakly in L?(£2y) (4.15)
a9, ) = i;(t,-) weaklyin L2(2"), i =1, 2. (4.16)
y

The Fubini’s Theorem implies that uo(z, -) € L?(£2) and u; (¢, -) € L*(2®) for a.e.
t €(0,T) (i =1,2). Then, thanks to (4.38) and (4.16)

wo(t, x) = up(, x) ae.in (0, T) x £,
wi(t, x) = hju;(t, x) ae.in0, T)x 29V, i =1, 2.

Here unknown functions in the right-hand sides will be defined later.

2. Definition 4.1 is equivalent to the following one (cf. e.g. [131, Sect.3.4]): a
function u, € Wr(£2,) is called a weak solution to problem (4.1) if u.(0, x) =0
and forall o € H'(£2,) and a.e. t € (0, T) the following integral identity holds:

Bter @iy + / (Vatte - Vo + kolup)g) dx

A

+ e"/ K1 (ug)p doy +8/ K2 (ug)p doy
02N {r>ro} 3220 {r>ro}

=/ fgwdx—i—/ qswdi+8ﬁ/ gepdoy. (4.17)
2 3820N{r<ro}

382:N{r>ro}

Let us take a test function in (4.7) in the form ¢ (¢, x) = @1 (x)n(t), where @, is
defined in the second part of the proof of Theorem 2.2 and n € C'([0, T]). We get

T
/ /“) Oy, Uuc1n dxdt
0 2

=0(), &€—0,

whence
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T
/ / uiapindxdt =0 Yo, € CR(2W), vne (o, T).
M

Thus, u;, =0 a.e.in (0, T) x 2V, Similarly, we show that u, = 0in (0, T) x
0.
Now let us find u; ; and u; 3, i = 1, 2. Identity (2.27) gives

T
// oo, yndxar = [ (= [ @@, + 0 b0 dx
20 0 m

+ g/ Y, (x_2> 3y, lnhl(r)BXZ(uglp)dx)ndt (4.18)
2O &

for all ¥ € CgO(SZ(l)) and n € C'([0, T]); m = 1, 3. In the limit, (4.18) gives

T T
// ul,mhmr)wndxdr:—ff urds, (b1 (YY) died,
0 QO 0 Folt]

whence we conclude the existence of the weak derivative o, u; and u; ,, = 9y, u; a.e.
inO, T) x 20, m=1, 3. Similarly, we show the existence of the weak derivative
Oy, 2 and up ,, = 9y, uz ae.in (0, T) x 2P, m =1, 3.
The obtained relations provide embedding u; € L?(0, T; H'(2™)), i =1, 2.
3. Now we find conjugation conditions on the joint zone. The properties of a trace
operator and (4.14) imply that for a.e. ¢ € (0, T) the following convergence holds:

ug(t, o — up(t, -)|e strongly in Lz(.Q’) ase — 0. 4.19)

Identity (2.31) provides

T
_ro_l A /;2/ Xf?é”m{r:ro}“sl/fn do, dt

T
-/ (/ TE Y+ T+ (k) TV dx
0 2O

_ s/ Y, (ﬂ) r_l(lnhl(r))/axZ(ugw)dax) ndi (4.20)
o \e

foralln € C'([0, T]) and y € C*(£2M) such that ¥ |3 omnp=r) = 0. Passing to the
limitin (4.20) as ¢ — 0, taking into account (2.16), (4.19), and (4.14), and integrating
by parts, we obtain the identity

T T
/ / uoY ndo,dt = / / uy Yyndo,dt,
0o Jor 0o Jo
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that means ug|o = uy|o for a.e. t € (0, T). Repeating the same assertions for the
thin discs from the second level, we obtain

uolo = uylg = us|g forae.t e (0, T). 4.21)

4. Consider the multivalued function u = (uq, u;, u>). On the basis of (4.14),
(4.21) and the relations obtained in the item 2, we conclude that u € V~VT.

Letn € C'([0, T), g € C®(R2y), @i € C(2D), i =1, 2, be arbitrary func-
tions such that ¢y| o' = ¢1]e = @2, n(T) = 0. With the help of them we define

@o(x)n(), (t, x) € (0, T) x £2o,
(1, x) = { 1)), (1, x) €0, T)x 2,
@00n(1), (1, x) €0, T) x 2.

Clearly, @ € Wy (S2,). We substitute @ as a test function into (4.7) and utilize zero-
extension operators. Then passing to the limit as ¢ — 0 (if necessary we choose an
appropriate subsequence) and bearing in mind (4.2), (4.3), (4.4), (4.9), (4.10), (2.13),
(2.16), Lemmas 2.2 and 4.2, and the relations obtained above in the proof, we get

Bo(u, p, wy, @1, @2, K1, k2) = Lo(p), 4.22)

where p = (gon, @11, ¥21).
The set of multivalued functions

[@on. @1, 02 20 € C=@0), 01 € C@D), 02 € C¥(@D),

wlo = eile = g2le n € €0, TD, n(7) =0

is dense in the space WT of functions p such that p|,—7 = 0 (see [42, Lemma 1.12]).
This means that the multivalued function u = (uq, uy, u,) is a solution of iden-
tity (4.22) with till now unknown functions wy, @;, @, K1, and k5.

5. In order to find them, we use Minty—Browder method. Consider the integral
identity (4.7) with the test function ¢ = u,:

Bl,s(“ev Ug) = Ll,s(us)o
Conditions (4.2), (4.3), (4.4), and relations (4.14), (2.13) and (2.16) imply that the
limit of the right-hand side as ¢ — 0 is equal to Ly(u), whence on the grounds of
identity (4.22) with the test function p = u we find that

Bl,{;‘(usv ué‘) — BO(“» u, wo, 617 &V)Z’Elv ’IZZ) as & — 0 (423)

Consider a monotonicity inequality
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1 2 1< 2
= f (e (T, x) = po(T, X)) dx + =Y / (ue(T, x) = pi(T, X)) dx
2 Ja 2o Jar

T 2
+/ (/ IVitte = Vipol* dx +Z/(_ (IVie = Vepil® + 9s,ue)?) dx
0 $20 io1 /e
2
+ / (ko(ute) = ko(po)) (s = po)dx + 3 f , Uko(ue) = ko(pi)) (e = pi) dx
20 o /el

e f (1c1t2) — 2 (p0)) (e — p1) oy
3Qé])ﬂ{r>r0}

+ 8/ (k2 () — k2 (p2)) (e — pz)d0x> dr =0,
022 0{r>ro}

where p = (po, p1, p2) € WT is arbitrary. Use zero-extensions and passing to the
limit in the obtained inequality as ¢ — 0 and utilizing (4.23), (2.16), (4.14), (2.9),
and Lemma 4.2, we get

1 2
lf (uo(T, x) — po(T, x))’ dx + 5 Z/(} hi(r) (i (T, x) — pi(T, x))* dx
20 = Y20

2
T 2
+ (f Vato = VopaPdx + Y [ o)1 Vsus = Vil
0 2 P Q0

2
+ f (60 — ko(po)) o — poydx + 3 [ (@ = i oko(p) (s — py) dix
£2 i=1

o

+ 28, / (h7 (&) — k1 () (s — pr) dx
O
+ 2/ ) (hy ' ("% — k2 (p2)) (2 — p2) dx> dt > 0.
ne

Setting p,,, (t, x) = u,, (t, x) — Agm (t, x), m =0, 1, 2, inthelastinequality, where
A > 0and q = (g0, 91, 2) € W7, we obtain

2 T 2
1 1
A E/q%dx+52 / hi(r)qizdx+/</lvxq0|2dx+z / hi(r)|v£q,<|zdx)dz

20 izlg(i) 0 £ i:lg(i)

T 2
+ / / (w0 — koo — 2q0))q0 dx + Z/ (@i = hi (ko (u; — Ag7))g; dx

0 20 D /e®

F 20 [ 07 R = k0 = 2o dx
M

- 2/ o) (hy ' (R — k2 (w2 = 292))q2 dx) dt > 0.
2



62 4 Homogenization of Semilinear Parabolic Problems

Sending A to zero and taking into account continuity of kg, ki, and k,, we get

T 2
/0 (-/90 (w0 — ko(0))qo dx + ;/m) (@i — hi (ko)) g dx
+ 284,1 fg(l) (1R — ) gqy dx + 2/9@ (hy ' (R — k2 (2)) g2 dx) dr > 0.

Setting g, := —q,» (m =0, 1, 2), we see that in fact the equality holds. Since q =
(90, q1, q») is arbitrary multifunction, we deduce that

@y = ko(uo) ae. in (0, T) x £,
61 + 260[’1]’11_1(1’)’/?1 = ]’l](r)k()(ul) + 250{.1/(1([41) a.e.in (0, T) X Q(l),
) + 2h2_1(r)k'2 = ho(r)ko(uz) + 2k2(uz) ae.in (0, T) x 20,

Now it follows from (4.22) that u is the weak solution to problem (4.13).

6. Since all of the above assertions remain valid for arbitrary subsequence {¢’}
chosen at the beginning of the proof, the uniqueness of the weak solution to the
homogenized problem (4.13) implies the limits (4.12). The theorem is proved.

Now consider the case « < 1. Then assumption (4.6) is additionally satisfied in
this case. For our investigations, we introduce the spaces

Wr(20, 2) = [ L2(0, T: H'(20, 2)) : 90 € L2(0, T: (H' (20, 2))") .
and
Wre®, o = [(p e L2(0, T; H' (2D, 2") : drp € L2(0, T; (H' (2D, 9/))*)],

where the spaces H' (29, £2') and H'(22©, £2') are defined in Sect. 2.3.2,i = 1, 2.

Theorem 4.2 [fa < 1, then for the weak solution u, to problem (4.1) we have

U BN Uug weakly in LZ(O, T; Hl(.QO)),
u) — 0 strongly in Lz((O, T) x 21), as ¢ — 0, (4.24)

a® 5 hyuy weakly in L*((0, T) x 2@)
where the function ug € Wy (82, $2') and it is a weak solution to the problem

0o — Ayuo + ko(uo) = fo, (¢, x) € (0, T) x £,

dvuo = qo, (t, x) €0, T) x 3820 N {r < ro},
1o = 0, (t, x) € (0, T) x 2/,

uo(0, x) =0, X € £,

(4.25)
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the function u, € WT (2D, Q') and it is a weak solution to the problem

hp(r)dtuy — divy (ho(r)Viug) + ho(r)ko(us)

+ 262 (ug) = ho(r) fo + 285,180+ (t, x) €0, T) x 22,

dyuy =0, (t, x) €0, T) x 02@ N {r = ry},
up =0, (t,x) e, T)x 2,

u(0, x) =0, xeR®.

(4.26)
Problems (4.25) and (4.26) form the homogenized problem for problem (4.1).

Definition 4.3 A function u € L2(0, T; H'(£2y, £2)) is called a weak solution to
problem (4.25) if u(0, x) = 0 and

Bio(u, ¢, ko(u)) = Lio(p) Yo e Wr (2, 2,

where

BI,O(M’ ‘/’,CUO) = (u(p)|t:T dx
£

T
+ / (— (0r@, w20y + | (Viu - Vip + wop) dX) dt,
0

£20

T
Lio(p, 1) =f ( fopdx +f qwdi) dt.
0 20 320N {r<ro}

Definition 4.4 A functionu € L?(0, T; H! (2@, 2)is called a weak solution to
problem (4.26) if u(0, x) = 0 and

Bia(u, @, hako(u), haty(u)) = Li2(9) Vo € Wr(2®, 2'),

where

T
Bt 0. B2 ) = [ ) uplrdx+ [ (= (a0, 1o, 00
) 0

Kol

+ / (hz(r)V,;u -Vip + o + 2h2_1(r)?2<p) dx) dt,
RO
T
Lia(p) = / a0 o+ 28800 s
0 2

Using (4.5), we prove the existence and uniqueness of weak solutions to problems
(4.25) and (4.26) as e.g. in [131].

Proof 1. Without any changes we repeat the first item of the proof of Theorem 4.1.
2. With the help of (4.6) and (4.8), we deduce from (4.11)
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1 2
EHMS(T» ’)”1‘2(95)

T
+ C()/ (/(|qug|2 +u§)dx + & [ uzdax + ¢ / u?dox)dt
)

e 32" N{r>ro} 022 N{r>ro)

T
5/ (—a)(O)/ Ugdx —Kz(O)S/ ug.doy
0 2, aﬂéz)ﬁ{r>r0}

+ Sfeus dx —i—/ getty dX + € / gellg d0x> dt,
2 320N{r <ro} 320N >ro}Ud 2P N{r>ro}

from where, using (4.2), (4.3), (4.4), and Lemma 4.1, it follows

T
e f / u?do, dt < cie'™. (4.27)
0 Ja"n{r>ry)

Then thanks to (4.27) and Lemma 4.1 we deduce from (2.11) the estimate

T
ui dxdr < cyemin(2 1-a}
0o Je

which implies that
i) — 0 strongly in L*((0, T) x 2V) as e — 0. (4.28)

3. Similarly as in the second part of the proof of Theorem 4.1 we can show that
ur € L?(0, T;H'(£2?)) and

Uz =0, upp =0 uy ae.in(0, T)x 2P, k=1,3.

Repeating the assertions of the third part of the proof of Theorem 4.1 and taking
into account (4.28), we get

uplgr = us|gr =0 ae.in (0, T) x 2.
4. Consider the following sets of functions:
So = {eon: ¢ € C*(20), gl =0, 1€ (0, T], n(T) = 0},
S2={pan: 2 € C¥(2D), o] =0, neC'([0, T], n(T) =0}.

With the help of them, we define a function
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wo(xX)n(), (&, x) €0, T) x £,
(t, x) =10, (t. x) € (0, T) x 20,
e2(0)m(1), (@, x) €0, T) x 2.

Clearly, ® € Wr(82,). We substitute @ as a test function into (4.7) and utilize zero-
extension operators. Then passing to the limit as ¢ — 0 (if necessary we choose an
appropriate subsequence) and taking into account (2.13), (4.9), (4.2), (4.3), (4.4),
(2.16), Lemma 4.2, (4.28) and relations obtained in the items 1 and 3, we obtain

Bi,o(uo, @on, wo) + Bia(ua, an, @2, K2) = Ly o(@on) + Li2(g2n).
Obviously, the last identity is equivalent to the following two identities:
Bi,0(uo, won, wo) = Lio(won) Yeon € So, (4.29)
Bi2(ua2, @2, @, K2) = Lia(92) VYeou € Ss. (4.30)

The set Sy is dense in the space Wr(£2y, £2) of functions ¢ such that ¢|,—r = 0,
and the set S, is dense in the space WT (2@, 2') of functions ¢ such that ¢|,—7 =0
(see [42, Lemma 1.12]). Those facts imply that ug is a weak solution to problem
(4.25) and u, is a weak solution to problem (4.26) (see [131]) with still unknown
functions wg, @, K.

5. In order to find them, we again use Minty—Browder method. Similarly as in the
item S of the proof of Theorem 4.1 we find that

Bie(ue, ue) — Biouo, uo, wo) +Bia(uaz, us, @, k) ase — 0. (4.31)

Consider arbitrary gy € Wr (20, 22'), 92 € Wr(2?, 27), and the inequality

2

1 T
¥ - / (T, x)dx—}—/ (/ |qu5|2dx+/ (koute) — ko(0))ue dx)dt
2 o NJe® el

oW

T
+/ (f |vxua—vx<po|2dx+/ (IViue = Vaal® + (d,u.)%) dx
0 £20 £2

)
&

1/ (ue(T, x) — ¢o(T, x))zdx+1/ (ue(T, x) — 2(T, x))° dx
2 2 Jo@

+ /Q (ko(ue) — kolgo)) (ue — @o) dx +/Q (ko(ue) — ko(g2)) (ue — ¢2) dx

(2)
N

+ 8“/ k1(ug)ug doy
6(2§”ﬁ{r>r0}

+ e/ (k2 (ue) — k2(92)) (e — @2) dcrx) dt > 0.
3220 {r>ro}



66 4 Homogenization of Semilinear Parabolic Problems

Taking (4.31), (2.16), (4.14), (2.9), and Lemma 4.2 into account, we pass to the limit
in the last inequality as ¢ — 0. As a result, we get the inequality

1 1
E/ (uo(T, x) — @o(T, x))zdx + 5/ ha(r) (ua(T, x) — o(T, X))zdx
20 O

T
[ ([ Vo=Vl [ Vi - Vil s
0 20 O
+/ (w0 — ko(g0)) (o — o) dx + [ N (@2 — ha(r)ko(¢2)) (u2 — ¢2) dx
2 Qe

"'Zf ( (hy ' ("% — k2(92)) (U2 — ¢2) dx) dt > 0.
O

We set g9 = ug — Ao, @2 = us — Ay inlhis inequality, where A > 0, v, ¥, are
arbitrary functions from Wy (2o, £2") and W7 (£2®, £2'), respectively. This leads us
to the inequality

x{l VAT, x)dx +%/

2 Ja, Q0

T
it dx+ [ ([ 9k
0 2
+ / () Vsl dx ) di |
1)
T
+ f (/ (wo — ko(uo — Apo)) Yo dx + / (@2 — ha(Nko(uz — Ar2)) Y2 dx
0 20 O
+ 2/ (h5' ()% — 2z — M) W2 dx) dt > 0.
O

Now we pass to the limit as & — 0 taking into account continuity of ky and «;:

T
/0 (fg (w0 — ko(uo)) Yo dx + /;2(2) (@2 — ha(r)ko(uz) )2 dx
+ 2/ ) (hz_l(r)?2 — K2(“2))'l/f2dx> dt > 0.
fole

Substituting g := —g, Yo := —,, we see that in fact the equality holds. Since

VYo € Wr(£20, £2') and ¥, € W7 (2@, ') are arbitrary functions, we get

wy = ko(uo) a.e.in (0, T) x £,

@y + 205 (1R = ha(r)ko(uz) + 2k2(uz) ae.in (0, T) x 2@, 4.32)
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Thus, the first relation in (4.32) and identity (4.29) imply that the function u is the
weak solution to problem (4.25), and the second relation in (4.32) and identity (4.30)
imply that u; is the weak solution of problem (4.26).

6. Since all of the above assertions remain valid for arbitrary subsequence {¢’} cho-
sen at the beginning of the proof, the uniqueness of weak solutions to problems (4.25)
and (4.26) implies that relations (4.24) hold. The theorem is proved.

4.2 Problem with Alternating Robin and Dirichlet
Boundary Conditions

4.2.1 Statement of the Problem

Consider the following semilinear parabolic problem:

0ve(t, x) — Ayve(t, x) + ko(ve) = fe, (¢, x) € (0, T) x £2,
AVe(t, x) + &% (ve) = ePge(t, x), (¢, x) € (0, T) x 32 N {r > ro},
ve(t, x) =0, (t, x) € (0, T) x 322 N {r > ro},
dvve(t, x) =0, (t, x) € (0, T) x 382, N {r = ro},
dve(t, x) = q.(t, x), (t, x) € (0, T) x 0820 N {r < ro},
ve(0, x) =0, X € £2,.

(4.33)

Here the functions f;, g., g., ko, k; satisfy the same conditions as in Sect. 4.1.1.
We introduce the space

Wr (2., 022 N{r > r}) == {p € L*(0, T; H' (2, 327 N {r > ro})) :
dhp € L*(0, T: (H' (26, 322 N {r > ro}))*)}

where the space H'($2,, 395(2) N {r > ry}) is defined in Sect. 2.1. It is known (see
e.g., [42, Theorem 1.17]) that Wy (£2,, 8525(2) N{r > rg}) C C([O, Tl; LZ(QS)).

Definition 4.5 A functionv, € Wy ($2,, 895(2) N {r > ry}) is called a weak solution
to problem (4.33) if v, (0, x) = 0 and the integral identity

BZ,&(Vav @) = LZ,S((ﬂ) (4.34)

holds for any function ¢ € Wr (82, 322 N {r > ro}), where
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T
Bo.r 9) = [ ollrdr+ [ (—«w, Vo) 2,00 ntrral
2, 0 )

+ / (Vavs - Veg + 0(v)0) dx + 6 / Kl(vgypdax) dr,
2, a

Q:l)ﬂ{r>r0]

T
Lo (9) =/ (/ fawder/ qswdi+8ﬂ/ gs¢d0x> dt.
0 2 3R20N{r<ro} 02N {r>ro}

Using (4.5), we prove the existence and uniqueness of the weak solution to prob-
lem (4.33) for each fixed ¢ > 0 (see e.g. [131]).

4.2.2 Convergence Theorems

With the help of (4.8) similarly as in Sect.4.1.2, we prove a priory estimate.

Lemma 4.3 There exist positive constants Cy and &y such that for every ¢ € (0, &)
the following estimate for the weak solution v, to problem (4.33) holds:

Jmax Ive(®, Iz, + Ivell2o, m:m1 2.0 = Co-
Theorem 4.3 Ifo > 1, then the solution v, to problem (4.33) satisfies the relations
Ve BN vo weakly in LZ(O, T; Hl(.Q())),
O 5 hyvy weakly in L*((0, T) x £20), as € — 0, (4.35)

¥ 50 weakly in L2(0, T; H'(2?))

where vy € Wy (82y, 2) and it is a weak solution to problem (4.25), v| € WT (0,
2") and it is a weak solution to the problem

h1(r)ovy — divg (h1 () Vzvy) + b1 (Mko(v1)

+ 284, 1k1(v1) = h1(r) fo + 288,180, (t, x) € (0, T) x 21,

3,y =0, (t, x) € 0, T)x 32U N {r =r},
vy =0, (t, x) e (0, T) x 2,

v1(0, x) =0, xe M,

(4.36)

Definition 4.6 A function v € VT/T (21, £2’) is called a weak solution to prob-
lem (4.36) if it satisfies the initial condition v(0, x) = 0 and the integral identity

Boi(v, @, hiko(v), hici(v)) = Lo.1(9) Vo € Wr(2V, 2,

where
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T
Bo.i(v, @, @1, K1) 2/()h1(7)(v§0)|t=T dx +/ <— (0rp, M (V) g u o)
Q 0

+ / (hl(r)V);v -Vip + @19 + 28a,1h]_1(r)?1<p) dx) dt,
M

T
Ls.1(p) =/ /()(hl(")fo + 28p,180)9 dxdt.
o Jeo

Due to the assumptions for the functions fy, go, ko, and «1, there exists a unique
weak solution to problem (4.36) (see e.g., [131]).

Proof 1. Note that for any function ¢ € L*(0, T; H' (2%, 02\ N {r > ry})) its
zero-extension @@ belongs to the space L(0, T; H'(£2®)). Inequality (2.12) and
Lemma 4.3 imply that

~2
||V§ )||L2((0, T)yx Q@) = C05||Vsz||Lz((o, Tyx2?) <cé&.

Therefore, the last limit in (4.35) holds.
2. Lemma 4.3 and inequality (4.9) imply that there exists a subsequence {&'} C {&}
(again denoted by {e}) such that the following convergence holds:

Mo o
k1(ve)  —> K weakly in L

Ve —> 1 weakly in L2(0, T; H'(£2y)),
v %) i=hyv; weakly in L2((0, T) x 2M),
5;\2(1) —5 Vix = hyviy weakly in L*((0, T) x 21),
ko(ve) —> wyo weakly in L2((0, T) x £2), @.37)
oo &, weakly in L2((0, T) x £21),
(

©, T) x 20),

ase > 0(k =1, 2, 3).
Similar as in the proof of Theorem 4.1 we show that for every ¢ € [0, T'], there
exists a subsequence {¢,;} C {¢} such that

. w . . 2
N Ve, (t,-) W—) vo(t, ) weakly 11.1 L 2(.{20)1, as & = 0, “38)
vi(t,) —> hyvi(r,-) weakly in L*(221)),

and

evi2=0ae. in (0, T) x 20;
o there exist weak derivatives d,,v; = v, a.e. in (0, T) X 20, k=1, 3:
e Vlo =vi|g =0forae. (¢, x) € (0, T) x £2'.
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3. Let us define a function

Po(ON(®), (t, x) € (0, T) x £,
O(t, x) = { @1 (), (1, x) €0, T) x 2V,
0, (t, x) e (0, T) x QF@,

where @gn € Sy (it is defined in the item 4 of the proof of Theorem 4.1) and ¢;n
belongs to the function set

Si={ein: @€ C¥RD), gi|le =0, neC'([0, T, n(T) =0}.

Clearly, ® € Wr($2,, 8[28(2) N {r > ro}). Next we substitute @ as a test function into
(4.34) and utilize the zero-extension operators. Bearing in mind (2.13), (4.9), (4.2),
4.3), (4.4), (2.16), Lemma 4.2, and the relations, obtained in the previous parts of
the proof, we pass to the limit as ¢ — 0. As a result, we obtain

Bi.o(o, @on, wo) +Ba1(vi, ¢1n, @1, k1) = Lio(won) + Lo 1(@1n).
Obviously, the last identity is equivalent to the following ones:
Bi.o(vo, @on, wo) = Lio(gon) VYeon € So, (4.39)
B2.1(vi, ¢1n, @1, kK1) = Lai(ein) Vein € Sy (4.40)

The set Sy is dense in a set of functions ¢ € XVT(_QO, £2) such that ¢|,—7 = 0,
and the set S; is dense in a set of functions ¢ € W7 (21", £2’) such that ¢,y =0
(see [42, Lemma 1.12]). Thus, identity (4.39) implies that vy € Wr(£2y, £2') is a
weak solution to problem (4.25) with still unknown function wy, and identity (4.40)
provides that v; € VT/T (21, £2’) is a weak solution to problem (4.36) with unknown
functions @; and k.

4. Similarly as in the item 5 of the proof of Theorem 4.1 with the help of the
inequality

1 2 1 2
5 /g (T = go(T ) dr 5 /Q o (6T 0 =1 (T )" da
+ l (v (T x))zdx—i— [Vyv |2dx
) ng) e, Qf) xVe
T 2 2 2
+ (] 1Veve = VagolPdx+ [ (IVeve = Veor 2 + (0yve)?) di
0 20 oW

+ fQ (ko(ve) — ko(@0)) (Ve — @) dx + /Q (ko(ve) — ko(@1))(ve — 1) dx
0

(1)
3

[ oo —ko@peds e [ (@00 = 10) 0 = 1) dor) dr = 0

o® 320n(r>ro)
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(here ¢ and ¢, are arbitrary functions from the spaces Wr (2o, £2") and W7 (2D,
£2"), respectively) we show that

wy = k()(Vo) a.e.in (O, T) X .Q()
@1+ 284107 (MR = hy(r)ko(v1) 4 284, 1k (v) ae.in (0, T) x 0.

Thus, vo and v; are weak solutions to problems (4.25) and (4.36), respectively.

5. Since all of the above assertions remain valid for arbitrary subsequence {¢’} cho-
sen at the beginning of the proof, the uniqueness of weak solutions to problems (4.25)
and (4.36) implies that relations (4.35) hold. The theorem is proved.

Now consider the case o« < 1. Then assumption (4.6) is satisfied in this case.

Theorem 4.4 Ifa < 1, then for the solution v, to problem (4.33) we have

Ve — vo weakly in L*(0, T; H'(52y)),
Y — 0 strongly in L*((0, T) x 21), ¢ as ¢ > 0, (4.41)
¥ 5 0 weakly in L*(0, T; H'(2®))
where vy € LZ(O, T; H'($2, .Q’)) and it is a weak solution to problem (4.25).

Proof We repeat the items 1 and 2 of the proof of Theorem 4.3. Also repeating
assertions of the item 2 of the proof of Theorem 4.2, we can prove that

) — 0 strongly in L*((0, T) x 2V) as e — 0.

The first limit in (4.37) and compactness of the embedding L2(O, T; H! (.QO)) C
Lz((O, T) x .Qo) imply existence of a subsequence {&'} C {¢} (again denoted by
{}) such that

Ve — vy strongly in LZ((O, T) x .Qo) and a.e.in (0, T) x £29.
By virtue of the continuity of ky, we have that

ko(ve) — ko(vg) a.e.in (0, T) x 2pase — 0.

Using [70, Lemma 1.3] and Lemma 4.3, we get wy = ko(vp) a.e. in (0, T) x £2p.
Let us define a function

_ Jeon@), (z, x) € (0, T) x §29,
P x) = {0, (1. x) €0, T) x 20U,

where @on € Sy (it is defined in the item 4 of the proof of Theorem 4.1). Clearly,
& € Wr(2., 322 N {r > ry}). We substitute @ into integral identity (4.34) as a
test function. Passing to the limit and taking into account the obtained relations, we
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get the integral identity (4.39) for the function vy. Since Sy is dense in a set of functions
@ € Wr(£2o, 2') such that ¢|,—r = 0, vy is a weak solution to problem (4.25) (see
Definition 4.3).

The standard remark on the uniqueness of the weak solution to problem (4.25)
completes the proof of the theorem.

4.3 Conclusions to this Chapter

The results obtained in this chapter show that the influence of the geometric structure
of the thick junction £2, and boundary conditions on the asymptotic behavior of the
solutions to the semilinear parabolic problems remains the same as for the elliptic
problems considered in Chap. 2 in the case if the parameter « > 1 (see the conclusions
to Chap. 2).

Indeed, in the case o > 1, the homogenized problem for problem (4.1) is a non-
standard problem in the anisotropic Sobolev space W of multivalued functions, and
the nonlinear Robin boundary conditions are transformed (as ¢ — 0) by the same
way into two summands of the corresponding differential equations in the domains
0 i=1,2.

The case ¢ < 1, which is not considered in Chap. 2, is qualitatively quite different.
The initial problem (4.1) is divided (as ¢ — 0) into two independent problems in the
domains £2y and 2?.

If we interpret problem (4.1) as a mathematical model of the heat radiation, then
conditions « < 1 and «;(0) = 0 mean that there is an intensive heat exchange on the
surfaces of the thin discs from the first level with cold environment. As a result, the
thin discs from the first level are quickly cooled down, cooling at the same time the
junction’s body (as a result, we have the homogeneous Dirichlet condition on £2’ in
problems (4.25) and (4.26)).

Similar conclusions are valid for problem (4.33). In the case o > 1, the initial
problem is divided (as ¢ — 0) into two independent problems thanks to the homo-
geneous Dirichlet boundary conditions on the surfaces of the thin discs from the
second level. If ¢ < 1, the solution to problem (4.33) tends to zero in the thin discs
from both levels.



Chapter 5 ®)
Asymptotic Approximations e
for Solutions to Semilinear Elliptic

and Parabolic Problems

Here another approach to study the asymptotic behavior of solutions to BVPs in thick
two-level junctions of the type 3:2:2 is demonstrated. We consider two semilinear
problems (elliptic and parabolic) in the thick junction £2, described in Sect. 2.1.
Nonlinear perturbed Robin boundary conditions are imposed on the surfaces of the
thin discs from both levels in each of the problems. Approximations for the solu-
tions to those problems are constructed and asymptotic estimates in Sobolev spaces
are proved. Two-scale asymptotic expansion method and the method of matching
asymptotic expansions are used.

5.1 Semilinear Elliptic Problem

5.1.1 Statement of the Problem

In £2,, we consider the semilinear boundary-value problem

—Ayue(x) + ko(ue(x)) = fe(x),
e (x) + k1 (s (x)) = eP g (x),
At (x) + sxr (s (%)) = eP g, (x), €32P N{ry <r <nl,
dptte(x) + ke (ug(x)) =0, € 8.(28(2) N{r =nry},

dyug(x) =0, x €082, N{r =rp},

F ue(xy, 0, x3) = A ue(x1, I, x3), p=0,1, x €329 N{r <ro}.

€ £2,
€ B.Qbf') NA{r > ro},

(5.1)

e R T

Here o« > 1, B > 1 are parameters; the functions kg, 1 and k, satisfy assump-
tions (4.5); f, € L*(£2,), g. € H'(£2?), and

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2019 73
T. Mel’nyk and D. Sadovyi, Multiple-Scale Analysis of Boundary-Value Problems

in Thick Multi-Level Junctions of Type 3:2:2, SpringerBriefs in Mathematics,
https://doi.org/10.1007/978-3-030-35537-1_5


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-35537-1_5&domain=pdf
https://doi.org/10.1007/978-3-030-35537-1_5

74 5 Asymptotic Approximations for Solutions to Semilinear ...

llgellz2 20y + 105, 8¢l L2 2@) < Co. (5.2)

The thick junction £2, is described in Sect. 2.1. In this chapter, we additionally
assume that the functions %, h, describing the geometric structure of the thin discs
are constant in a neighborhood of ry, i.e., there exists a constant o > O such that
hi(r) = ]’l,'(ro) forall r € [r(), ro +80], i = 1, 2.

Definition 5.1 A function

ue € Hi (2) :={p € H'(£2:) 1 ¢(x1,0,x3) = (x1,1, x3), 1 < ro}

per

is called a weak solution to problem (5.1) if for all ¢ € leer(.Qg) the identity

/ (Vxug - Vip + ko(us)p) dx + g% / K1 (ue)p doy
2, )

.Qg“)ﬂ{r>rg}

+ 8/ K2 ()@ doy +/ kr(ug)pdo, =L(p)  (5.3)
222 N(ry<r<r) 2200 (r=ra)

holds. Here

Le(p) = f fepdx + € / gepdo.. (54
2, 89;“ﬁ{r>r0}ui)9£2)ﬂ{ru<r<r2}

Similarly as in [90], we can prove that for every fixed ¢ > 0 there exists a unique
weak solution to problem (5.1).

5.1.2 Formal Asymptotic Expansions

Only in this section, we assume that the functions f,, g. are independent of ¢, i.e.,
fo= foin 20U 2P and g, = go in 2@, and they are smooth enough.

Outer Expansions

We propose the following asymptotic ansatzes for the solution u,:

ug(x) ~ ua“(x) + suf(x) + ..., in £y, (5.5)
and
- i— X2 . 2 Q- X2 . . i)y s
ug(x) ~ug (x) + euy (x, ;—J)+8 Uy (x, ?—J)—I-..., in £2,"(j),
(5.6)

where j € {0, 1,..., N — 1}, i = 1, 2. Expansions (5.5) and (5.6) are usually called
the outer expansions.
Using Taylor’s formula, we get
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ko(ue (x)) = ko(ug (x)) + O(e), &0 (x € 2). (5.7

Substituting (5.5) into the first equation to problem (5.1) and into the boundary
conditions on 0§2y N {r < rop}, utilizing (5.7), and collecting coefficients at the same
powers of &, we obtain the following relations for the function u :

- Axug + kO(“(T) = fOs X € QO’
szug(x], 0, x3) = B)ﬁ’zua“(xl, l, x3), x€d2oN{r <rg}, p=0, 1.

Now let us find relations for the main terms of the outer expansions in the domains
20, i =1, 2. Considering the functions u;~ (x, & — j) to be smooth, we write
down their Taylor series with respect to the “slow” variable x, in a neighborhood of
xy =¢(j+1;)forfixed j € {0,1,..., N — 1} and i = 1, 2. Then (5.6) reads

o
j,— . i,— . X . i), .
ug(x) ~ Mf)’ (x1, €(j +1;), x3) + E SkU;? (Xl, e(j +1;), x3, ?2 - j), X € Qél)(J),
k=1
(5.8)
where

k—1

. . . & —j—I1Hm amui,:
Uy (x1, e+ 1), x3, &2 — j) = Z & —j—1; .

(x1. € + 1), x3, & — )

o m! Bxg'
(62— j —1)* Fug™ ‘ .
T G i g 69)

and &, = x,/¢ is a “fast” variable.
Again exploiting Taylor’s formula, we get

ko(ue (x)) = ko(u ™ (x1, €(j 4+ 1), x3)) + O(e), & — 0 (x € 2(j)). (5.10)

Substituting (5.8) into (5.1) instead of u,, taking into account (2.8), (2.17), (5.7),
and the fact that the Laplace operator for the variables (¥, &) reads A, = Az +
8’2%, and then collecting coefficients at the same powers of ¢, we obtain BVPs

2 .
with respect to &, for the functions U, ™.
The function U;"~ should be a solution to the problem

02U =0, & e 10(, hi(r),

o . (5.11)

U™ =0, & ee a1V, hi(r)),
where the variables x are involved here as parameters; the interval Ia(i )(j, hi(r)) is
defined in Sect. 2.1; r € (rg, r;). Problem (5.11) implies that U ]"’7 is independent of
&,. Thus U{"f is equal to some function go{i)(xl, e(j+1;), x3), r € (rg, 1;), which
will be defined later. Then according to (5.9), we have
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i— . X2 N (D) .
uy” (x1, e 4+ 1), x3, - J) =0 (x1.6(j + 1), x3)

B (t‘_z _’] o ll) 8"2”37()617 8(] + li),)C3),
(5.12)

Boundary-value problems for Uzl'_ and U22 '~ look as follows:

— 2 Uy™ = (Asuy™ —kolug ) + fo)lmetivny, &2 € e IV, (),
+ 0,U,

-1 1,— 1,—
brmjnetn = (27 Vehy - Vaug™ = Su1k1(g7) + 85.180) la=e(j)-

2

and

— 02, Uy = (Asuy” — oWy ) + =G, & €& LIP3 ha(r),

2,— _ 2,— 2,—
+ 95U, ’52:]-4.121[@ = (27'Vzhy - Vaug ™ — kaug ") + 85,180) lxa—e (4 -
Here the variables X are parameters. Solvability conditions for these problems read

— divi (hy (") Vg ™) + by (ko ™) + 284,141 (g ™) = hi(r) fo + 285,180,
(5.13)
where r € (rg, r1), x2 = e(j +11), and

— divi (ha () Vzug ™) + ho(rko(ug ™) + 2k2(uy ™) = ha(r) fo + 285180, (5.14)

where r € (ro, 12), xo = ¢(j + »), respectively.
Substituting (5.8) into the Robin boundary conditions on 32 N {r = r;} and
utilizing (5.10), we obtain the relations

dug” =0, r=ri, xx=e(j+h),
douy” +Ka(uy ) =0, r=ra, x2=2(j +h). (5.15)
In order to find relations on the joint zone £2’, we will use the method of matched

asymptotic expansions for the outer expansions (5.5), (5.6), and an inner expansion
which is constructed in the next section.

Inner Expansion

r —ry

CFaat? g X2y . .

If we pass to the “fast” variables & = (&1, &) = ( — , —) in §p-neighborhood
€

of the joint zone £2’ and send ¢ to zero, then due to the additional assumption made

in this chapter the cross section of the periodicity cell is transformed into a domain

T =M1U Ul (see Fig.5.1), which is a union of semiinfinite strips
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Oy,
rn

r

ro

2

O¢

Fig. 5.1 The domain /7 and the thick junction £2,

MH=1{EeR: & >0, &€ (0, )
07 ={§eR: & <0, el i=12

The interval I;(s) is defined in Sect. 2.1.
The Laplace operator for the variables (&, 6) reads

(3 92 1 9 1 2
A=c¢ _2+_2 — & _+—2—2 (5.16)
aE; 95 ro — &1 0§ (ro — €&1)* 90
We propose the following ansatz for the solution u, in a neighborhood of £2':

e (x) A ug | o (x) +€( — {n(x2, )Z1 () + (1 = n(x2, ) Z2(5)}3,u5 10 (x)

+ Zi©odoufle )| Yo 6T

rer X
fi=—"0 6=

where Z;, Z,, Zj are l-periodic with respect to &, functions in I7, and 7 is some
function. Those functions are unknown and will be defined later. The expansion
(5.17) is called an inner expansion for the solution u,.

Remark 5.1 One of the main difficulties in the construction of asymptotic approxi-
mations for solutions of BVPs in thick junctions is to guess an ansatz for the inner
expansion. In our case, the summands 1Z,9,ug | and (1 — 17)Z20,ud|e are to
eliminate discrepancies on 982, N {r = ro}. We need two of them due to the fact
that we have a thick two-level junction. The multipliers n and 1 — 5 are to satisfy
the matching condition. The summand Z; axZug | is to eliminate discrepancies on
328 N {ry < r < r;} (in a neighborhood of the joint zone).

Substituting (5.17) into the differential equation of problem (5.1) and into the
proper boundary conditions, taking into account (5.16), and collecting coefficients
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of the same powers of &, we obtain junction-layer problems for the functions {Z;}.
So, the functions Z; and Z, are solutions to the problem

~AcZ(€) =0, §ell
05, Z(§) =0, £ € (] UAIM,)N{E eR*: & <0}, (5.18)
0, Z(5) =0, EcIlIN{E eR?: & =0}, '
WZE, 0 =032, 1), p=0,1, & >0,

and Zj3 is a solution to the problem
— A Z3(5) =0, §ell,
3, Z3(8) = —1, €€ (A, UIIM,)N{E eR?*: & <0}, (5.19)
0:,Z3(8) =0, EcAIN{E eR?: & =0}, )

80 Z3(€1, 0) = 3L Z(Er, 1), p=0,1, & > 0.

The main asymptotic relations for solutions to those problems can be obtained
from general results on asymptotic behavior of solutions to elliptic BVPs in
unbounded domains (see e.g., [63, 66, 122]). However, we can obtain more pre-
cise relations for the asymptotics of Z,, Z,, Zs similarly as was done in [79, 108].

Consider a Sobolev space

Hyo () ={p: M —R: YR>0¢ e H' (ITg), ¢, 0) =¢&, DVE >0},

where [Ig ={§ €Il: —R <& < R}.

Statement 1. There exist two solutions Z\, Z, € HILC(H ) to problem (5.18) with
the differentiable asymptotics

£+ O(e ™), | £ — +o0, & € (0, 1),

Z1(E) = { by ()& + c§” + O™ Y g o0, & € I1(rp), (5.20)
o + O(emhn i), £ > —00, & € L),
£+ O(e” 7)), & — +oo, & € (0, 1),

Zy(8) = { &V + O (e w8, £ — —00, & € I)(rg), (5.21)

_ -1
hy ' (ro)E) + ¢ + O™ W) & > o0, & € Lry),
where CY), c(zi), i =1, 2, are some constants.

Another solution to problem (5.18) with polynomial growth at infinity can be
represented as a linear combination cy + c1Zy + c2Z,.

Statement 2. There exists a unique solution Z3 € H,. (IT) to problem (5.19) with
the differentiable asymptotics
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O(e=2m), & — +oo, & € (0, 1),
ZiE) = —&+ 1L+ + 0@ 08 £ —o0, & e (), (522
—& b+ + O™ i) £ - —o0, & € (1),

1 2
where Cg ), Cé ) are some constants.

Another solution to problem (5.19) with polynomial growth at infinity can be
represented as cy + Z3.

Now let us check the matching conditions for outer expansions (5.5), (5.6), and
inner expansion (5.17), namely (see [54, 55]), the main terms of the asymptotics
of the outer expansions as r — roF have to coincide with the main terms of the
asymptotics of the inner expansion as §; — =£oo.

The asymptotics of ua’ in a neighborhood of (rg, €(j + [;), 6) € 2" asr — ro—,
x> e(j+15L)@@=1,2)are

ug +e((&—j—1)nul —&0,uf), r=ro, x2=e(j+1).
Taking into account the asymptotics of Z, Z,, Z3as & — 400 (see (5.20), (5.21),
(5.22)), we see that the matching conditions for expansions (5.5) and (5.17) holds.

The first terms of the asymptotics for the outer expansions (5.6) as r — ro+,
xy—>e(j+15L) (=1, 2)are
u™ +e(o —&8,u7), r=ry, xa=e(+1h) (5.23)

In accordance with (5.20), (5.21), and (5.22) the first terms of the asymptotics of the
inner expansion (5.17) as §; — —oo, & — j + 1 are

ug + e( {7 e + Py + A = )} dud + cg”a,@ug), (5.24)
andas & - —o0, & — j+ L are
ug + s( — {0+ (3 )& + 21 = m o) + ¢ axZug). (5.25)
Comparing the first terms in (5.23), (5.24), and (5.25), we obtain the equalities
ug =ug”, r=ro, xo=e(j+h), i=1,2 j=0 N—1I (5.26)
the comparing the second ones gives
o = 8gug, r=ro, xa=e(j+l), i=12 j=0,N-1, (527

and
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h roynd,ud = duy”, r=ro, xa=e(j+10), j=0, N—1,

hy o) = mdud = duy™, r=ry, xa=e(j+h), j=0, N— L
(5.28)
Since the points {e(j + ;) : j =0, N —1},i =1, 2, form the ¢-net in the inter-
val (0, 1), we can spread Egs. (5.12), (5.13), (5.14) into 2, i =1, 2,, respec-
tively; relations (5.15) over 32V N{r =r;} and 32® N {r = r»} respectively;
and Eqgs. (5.26), (5.27), and (5.28) over £2’. As a result, we deduce

hi(ro)dyub™
D, 0) = MUOOT o (5.29)
0rutg
(for points where 8,u3”|g/ = 0 we set n(xz, 8) = 1);
ul =ub™, dud = hi(ro)duy” 4+ ha(ro)dul ™, x € 2'; (5.30)
and . ' . '
o) =cVoul (), xeR®, i=1,02. (5.31)

5.1.3 The Homogenized Problem

With the help of the first terms “(4)— , u(])’_, and ué’_ of the ansatzes (5.5) and (5.6) we

define a multivalued function uy = (u, ué’f, ué’f). Thanks to relations obtained

above, we conclude that ug should be a solution to the homogenized problem

— Augd +ko(ud) = fo, in £2,

dbug (x1, 0, x3) = dbud (x1, 1, x3), ond2yN{r <re},p=0,1,
—divi (h Viug ™) + hiko(uy ™)

280 1k1(uy ) = hi fo + 285180, in 20,

duy~ =0, on a2V N{r=r},

—divi (haViug ™) + hako(ug ™) (5.32)
+2u2(ug ™) = hy fo + 285,180, in 2@,

8vu§’_ + Kg(ug’_) =0, on d2® N{r =r),

ug = u(l)’7 = u(z)’f, on 2/,

doul = i hi(ro)d,u§ ™, on £2'.

i=I

Definition 5.2 A functionu = (ug, u;, u) € ﬁper is called a weak solution to prob-
lem (5.32) if the integral identity
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2
(Vatg - Viepo + ko(uo) po) dx + Y f hi(Veu; - Vi p; + ko(ui) p;) dx
20 i—1 00

+ 2841 /m Kl(ul)pldx+2/(2) k2 (U2) padx + ha(rp) ko (u2) pr doy
o) 1)

A2ON{r=r,}

2
= / fopodx-l-Z/ (hi fo +28p,180) pi dx
20 i=1 /20

holds for all functions p= (po, p1, p2) € ﬁper (the space ﬁper isdefinedin Sect.3.4.1).

From the theory of monotone operators (see e.g. [90, 131]) and assumptions (4.5),
it follows that there exists a unique weak solution to problem (5.32).

5.1.4 Asymptotic Approximation and Estimates

Consider a smooth cut-off function y(r), which is equal to 1 if |[r — rg| < §/2 and
to O if |r — ro| > 8, where § € (0, Jy) is some fixed number.

With the help of uy and the solutions Z;, Z,, Z3 to problems (5.18) and (5.19),
respectively, we construct the following approximation function R,:

R.(x) = R (x) = ug (x) +s><o<r)f+<—%, % X2, 0), x €8, (533)

where
2 .
LEE x, 0) ==Y W) ZiE)duy @ + Z3(E)dnug | + E1dpug |2
i=1
and
i i,— X i i,—
R.(x) = Ri™(x) = ug~ (x) +e((Y,- (Z) + )o@
+ x0T (- % % X, e)), x e D)),
(5.34)

where
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2
PP x, 0) ==Y hi(r0) Zi(©)drug g

i=1

+ (736 — Y& — o ouu g + &0 Tl i=1,2 j=0, N1

In fact we sum the outer expansions with the inner expansion subtracting the common
part of their asymptotics, because it is summed twice. Due to (5.29)—(5.31), the
approximation function R, € H'(£2,).

Theorem 5.1 Suppose that in addition to the assumptions made in Sect.5.1.1, the
following conditions hold: f, € H?(20 U 2®); 32, fo(x1, 0, x3) =L, fo(x1, I, x3)
forx € 320N {r <royand p =0, 1; go € H'(2?) and it vanishes at a neigh-
borhood of the joint zone $2’.

Then for any u > Qthere exist positive constants &y, Cy suchthatforallvaluese €
(0, &9) the difference between the solution u, to problem (5.1) and the approximating
function R, defined by (5.33) and (5.34) satisfies the following estimate:

lue — Rellgi2) < Ci <||f0 — fellrz) +0.11180 — gellL2 (20

el e (] — sﬂ,l)gﬂ—l). (5.35)
Proof 1. First we find discrepancies in £2(. The first relation in (5.32) implies that
3y, ug (x) = —Azug (x) + ko(ud () — fo(x), x € 0,
whence due to the second relation in (5.32) we conclude that

afzxzug(xl, 0, x3) = szxzu(f(xl, [, x3), x€dyN{r <ry}.

Consequently, according to the properties of the solutions Z;, Z,, Z3, the function
R satisfies the boundary conditions of problem (5.1) on 32, N 32.
It is easy to verify that

A (xo(r)e(x)) = divi (@(x) Vi xo(r)) + Vixo(r) - Vie(x) + xo(r) Axp(x).
(5.36)
Utilizing (5.16), (5.32), and (5.36), we obtain the equality

—ART (%) + ko(RY) — fo(x) = fo(x) = fo(x) + ko(R}) — ko(ug (x))
+ X010 ZFE, x2, 0) — 207, 2 (E, x2, 0))
—edivi(Z 7 g =—(—rp)e Vixo(r)) + x( (1o, (€, x2, ) (5.37)
—exo(r)y  Z (&, x2, 0) —er P xo(r)dg, (. x2, 0) X € £,

where & = (§1, &), & = -, & = 2.
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Multiplying this equality by a test function ¢ € leer(.Qg) and then integrating it
over £2), we get

(ViRT - Vi +k0(Rj)¢)dx—/ N ,
20 {r=r)ue® nir=ro}

= If e V) +.. .+ L e )+ I e v,

a,ijdax—/Q Fetr dx
0

20

where

If (e, ¥) = /Q (fo— fovdx,

I (e, ) = f Xo(r~40 2 — 02, 2y dx,

£2
L (e, ¥) = 8/ P TVixo - Vi dx —I—/ X600, Z 4 dx,
20 20

I (e, ¥) =s/ X00w, 210, W dx~|—£/ r 2000 Z 0oy dx,

£2 20

L (s, ¥) = /Q (ko(R) — ko(ug )Y dx.

2. Now let us find discrepancies in the thin discs. Direct calculations show that

ORI =0 on 32 N {r =r},
0, R~ = —ky(u>7) — e (Y (2) + )™y on 922 N {r = ra),
)
(5.38)
and

ORI =t () + 201 +0,RE, xe 20N =) i=1,2
&
(5.39)

Bearing in mind (2.8) and the fact that the functions k; are constant in the neighbor-
hood of £2(, we deduce that

i— i - X2 i i— i—
8, R~ = e(ND (r) 1<j: (Yi (?) +c§>) 02 ub™ % 200 (Z" lermrrye)

1 : , .
— S Vehi  Vi(uf + e (¥ (2) +e)aug)) .40
€
forae. x € BQ;i)(j) N{ro <r <r}, i =1, 2, where “4+” (“=") in “£” indicates
the right (left) part of the lateral surface of jth thin disc.

With the help of (5.16) and (5.32), we get

— A RET () + k(RET) = o) = fox) = fe(x) + ko(RET) — ko(ug ™ (x))
+ Vi (nhi (1) - Veug ™ () = 208;,180,1 + 8, 20k () (uf ™ (0) + 285,187 (1) go(x)
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— edivy <(Yl- (%) + zgi)) Vx(szuf)’_(x))>

— ey (Xo(r)ﬁfi"(——r 002, 9)>, xee® i=12
& &

Using (5.36), we rewrite the last summand similarly as in (5.37). Then multiplying
those equalities with a test function ¥ € Hp‘er( £2.),integrating it over £2"), and taking
into account (2.9), (5.39), (5.40), (5.38), we obtain the identities

/ VRV ko (R D)) dix + e f k1(Ry D)y doy
£2: a

Qé”ﬂ{r>r0}

+ / 8}~R:¢d0x _/ ferdx — 8'3/ gV doy
20(r=ro} 2 320 (r>ro)
= I V) 4 (e W)

and

f (VeRET Vi +ko(RE D)y dx + f 2(RET)Y doy
2f d

ng)ﬂ{r0<r<r2}

b e®@owdot [ artvdo- [ g
327 N{r=r2) 28 0fr=r} 2?

— sﬂ/ gedo, =17 (e, V)4 ...+ (e, )
1220 {r>ro}

forall v € Hl (£2,), where

L
ieon=[ (= fows

I (e, ¥) = /gy) Xo(r™'8e, 27 — 85, 2" 7)Y dx,

Brew=s [ 2V vwdst [ g2 v
B =e [ w02 awdte [ a2 o

2!

I (e, ) = g/ Y, ()2) 8, (Y Viul™ - Vi Inhy) dx +
o0 &

ef (Y,- (x—z) +z§">) V@il ") - Verdx, i=1,2,

2 e :

151’_(8, ¥) = 25,3,1/ hy'gow dx — Sﬁ/ gV doy,
foi 1290 {r>ro}

127 (e, ) = 265, / by oy dx — & / g do,
(252) B.ng)ﬂ{ro<r<r2}

I (6. ¥) = =28u, / e g g e / €1 (RE)Y do,

£2¢ 02" N{r>ro)
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127 (e, ¥) = =2 By e (g )W dx + & K2 (R )y do,
o? 322 N{ro<r<r)

_ X _
+f (2R = k2 ) = e (12 (2) + ) auka ) ) do,
3120 N(r=r)

B
L, w>=/ L o(Ry™) = ko(ug ) Wrdx, i =1, 2.
2

3. Now we prove the main asymptotic estimate. Summing the integral identities
obtained in the previous parts of the proof, we see that the function R, satisfies the
integral identity

/ (vas ' wa + kO(Rs)W)dx + Sa/ Kl(Rs)dex
2, k]

: 2:"0{r>ro)
+8f k2(R) Y doy +/ kKo (R)Y do, — L. () = Fo ()
322 N{ro<r<r) 022 N{r=r}

for every v € leer(.Qg), where L.(vy) is defined in (5.4), F,(¥)=1Ip+ ...+
Li+Ig+1Ig+0h, Ly=1LF+1,, me{0,...,4}, I =1 +1;, I =Ik1’7+

X, ke{0,...,7).
Subtracting (5.3) from the integral identity above, we get

/ (Vo (Re — ) - Vs + (ko(Re) — ko(ue))¥) dx

&

+ & / L GaR) — 1w oy + ¢ f (k2(Re) — k2 e doy
382 'N{r>ro} kil

Qg(z)ﬂ{r0<r<r2}

t L GalR) @ do = ) VY € Hy(920). (5.41)
982:" N{r=ry}

Let us estimate F, (). Using Cauchy—Bunyakovsky inequality, we get

[o(e, ¥)I < Ifo = FfellLzo ¥l .-

Since 9z, 2°F, 8?252 A 83252 2"~ exponentially decrease as |£;| — oo

(see (5.20), (5.21), (5.22)), on the grounds of [30, Lemma 3.1] we deduce that
V=0 3C,>0 3g>0 Vee(0, &) : |Le )| <Coe'" " ¥lna,.
Integrals in I,(e, ) are over the set {x € 2, : §/2 < |r — ry| < &}, where

according to (5.20), (5.21), and (5.22) the functions 2+, 9, >, ¢, Z~ are expo-
nentially small. The functions 2"~ can be estimated by some constant cy. Thus,

|2(e, V)| = Caell ¥l 2,)-
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Integrals in I3 are over {x € £2. : |r — ro| < &} and can be estimated extracting
the exponentially decreasing part in the proper integrals and using the Cauchy—
Schwartz—Bunyakovsky inequality. Consider, for instance, the integral

/g(” X090y, 20, dx| = )/Qﬁ” Xo{&n((& — hi(ro)(Z1 (&) — cgl)))aruéﬂg,

— ha(ro)(Z2(&) — )o,ug "o + (Z3(8) — Yi(&2) — ¢5”)dnud |

1 - 1 2,—
— Vo) oy o — ¢S ha(ro) B, ug |:2')]|s,=7(r7r0)/e,52=x2/83xz1/f dx‘

1 1
< ||n/f||Hn<ge><¢5(usl — o) (Zy = D) gy + 122 = 5P 2y
+1Z3 = ¥y = Pl )+ |9§”|>,

where |.QS(1)| is the Lebesgue measure of .QE“). Thanks to (5.20), (5.21), and (5.22)
we conclude that the norms in the right-hand sides of the last inequality are uniformly
bounded with respect to €. Analogously we can estimate the rest of the summands
in I3(g, ). As a result, we get the estimate

[3(e, ¥)| < Cacll¥lla1(2,)-

Remark 5.2 The constants C3 and C4 depend on

2

+ 2
, sup ‘meuo |
xesf’

. sup |97 ug e
xesy

sup |y, ug | . sup |0 ug | ,
xef2' xef'

where k, m € {1, 2, 3}. Extending problem (5.32) periodically with respect to x,
through the planes {x : x, =0} and {x : x, =/} and taking (4.5) and assumptions
for fy and go into account, we conclude that these quantities are bounded thanks to
results on the smoothness of solutions to semilinear BVPs (see e.g. [132, Sect. 14]).

Theorem’s assumptions imply that 8,,u§~ € H'(£2®), i = 1, 2. Therefore
2

11y (& W)l < cae Y (llug™ @y + 19216 g1 oan ) 1V iy < Csell¥ g a,)-

i=1

With the help of (2.9), (2.17), (2.13), (5.7), (5.42), and (4.9), we deduce

- €+ 1lgo — ga”LZ(QU)))”I//”H‘(.Q)» B =1,
1: (s, <C ( _ ¢
s (e ¥l < "{sﬂ gl o, B> 1.

- el lla e, a=1,
|I6 (8’ lﬁ)l = C7 { (80571 +8)||W||H1(95>, o> 1.
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It follows from (4.5) that
lc(s1) — k(s2)| < c3ls1 — 2| Vi, 52 €R. (5.42)
Using (5.42), we establish that

X2

1M (e, )] < cae fgm 6% <?) + Ul + 02" )y | dx

=< ¢s¢ <||W||L2(_Q§”) + / o Xo|,§’fl’1ﬁ|dx> .
£2¢

The last integral of the obtained inequality can be estimated by subtracting the expo-
nentially decreasing part and exploiting [30, Lemma 3.1] (similarly as it was done for
I5). Thus, |I71’7(8, W < ceell¥llaie,), € € (0, &). By the same way, we estimate
I7+ and 172‘7. As aresult, we get

[17(e, ¥)| < Ceell¥llnin,) foralle e (0, &) and ¥ € H'(2,).

Thus, for any & > 0 and for all ¢ € (0, &o)

F.)] = CoIl fofillizcan, + 8511180 — gellizom+

o7 e (1= 8y ) 4 )Wl (543)
Condition (4.5) provides the inequality:
(ko(s1) — ko(s2))(s1 — 52) = ¢7(s1 — 52)> V51, 52 € R. (5.44)

Clearly, the same inequality holds for «; and .
Setting ¢ := R, — u, in (5.41) and using (5.43) and (5.44), we deduce (5.35).

Corollary 5.1 Let assumptions of Theorem 5.1 hold and let u = (ug, ué‘_, u(z)'_)
be a weak solution to problem (5.32). Then estimate (5.35) implies that
luy —ulg llr22,) < C10<||f0 — fellez,) +88,11180 — &ellL2 (2@

_{_81—#_}_80(—1-0-80,‘1 + (1 _ aﬁ’])sﬂ—l).

where
ug(x), x e o,
1.—
ulo, (x) = Juy (x), xe L,
ug”(x), x €O,
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5.2 Semilinear Parabolic Problem

5.2.1 Statement of the Problem

For parabolic case, the right-hand sides f. and g, belong to L?((0, T) x £2.) and
L%((0, T) x 2@), respectively. In addition, there exists a weak derivative 9,,g. €
L%((0, T) x 2@), and

3Co>0 Jeo >0 Ve e (0, e0): lIgellr2o, yx2®) + 10x,8¢ll 20, Tyx 2y < Co.

The functions ko, k1, and k, satisfy conditions (4.5), and the parameters o, 8 > 1.
Consider the following semilinear parabolic problem with Robin boundary con-
ditions on the surfaces of the thin discs from both levels:

Orug(t, x) — Axug + ko(ue) = fe, (t, x) € (0, T) x £2,

Byue(r,x) + % (ug) = ePge, (t, x) e (0, T) x B.Qél) N{r > ro},

Boute (t, x) + exa(us) = eP ge, (t,x)e 0, T)x 395(2) N{rg <r < r},

duue(t, x) + 12 (e (t, X)) =0, t. ) €0, T)x 322 nir=r), (5.45)
dyue(t, x) =0, (t, x) € (0, T) x 082 N {r = ro},

a0 ue(t,x1,0,x3) = 80 ue(t, x1,1,x3), (t,x) € (0, T) x a2 N{r <rg}, p=0,1,

u(, x) =0, X € $2.

We introduce the space Wr pe(§2:) defined by

Wrper(2) = {9 € L*(0, T: Hyo (20)) : 0,0:=¢' € L*(0, T; (Hpor (2:)))}.

per
It is known (see e.g. [42, Sect. 1, Chap. 4]) that Wr e (£2:) C C([0, T1; L2(£2,)).

Definition 5.3 A function u, € Wr e (§2,) is called a weak solution to prob-
lem (5.45) if for any ¢ € leer(.Qg) and a.e. t € (0, T) the following identity holds:

(0, (p)Hp]er(Q;:) + / (Vyug - Vg + o (ug)p) dx + Sa/ k1 (ug)p do,
2 952,

él)ﬂ{r>r0}

+e / 2 )p do, + f udedo, =L@, (546)
8.(25(2)ﬂ{r0<r<r2} Hﬂéz)ﬁ{r:rz}

where the functional L, is defined in (5.4).

Similarly as in [92, 131], we can show that for every fixed ¢ > 0 there exists a
unique weak solution of problem (5.45).



5.2 Semilinear Parabolic Problem 89

5.2.2 Formal Asymptotic Expansions

Here the approach of Sect.5.1.2 is used, but now we have to account for the time
variable ¢. The outer asymptotic expansion for the solution u, in the domain £2 has
the form (5.5) and in §2"(j) has the form (5.6), where all terms additionally depend
onft.

Substituting the expansion (5.5) into the first equation of problem (5.45), into the
boundary conditions on 3§29 N {r < ry}, and into the initial conditions, using (5.7),

and collecting coefficients at the same powers of e, we derive the relations for the

function u:

dug (t, x) — Ayud (¢, %) + kolug (t,x)) = fot,x), (¢, x) €0, T) x 2,
abud t, x1, 0, x3) = dLul (¢, x1, 1, x3), (t, x) €320 N{r <ro}, p=0,1,
uar(O, x) =0, x € 2.

We rewrite expansion (5.6) in the form (5.8) and substitute it in problem (5.45)
instead of u.. Bearing in mind (2.8), (5.10), and collecting coefficients at the same
powers of ¢, we arrive at problems with respect to the variable &, for U, ™.

The functions U f 7, i =1, 2, are solutions to problems (5.11), whence we deduce

that they are independent of &,. Thus, U f '~ is equal to some function <pfi) (t, x1, e(j +
l;), x3), which will be defined later. According to (5.9), equality (5.12) takes place.
Problems for U,"~ and U;"~ look as follows:

026Uy~ = (B — Asug™ +koug™) = fo)lameivt &2 € € LV (L (),

* 3EzU21’7}52:j+;liw = (27'Vihy - Viug ™ = Suaki(ug”) + 85.180) Lamej 1)
and
e, Uy ™ =0y~ — Asug™ + ko(ug ™) = fo) e, & € 6 1P (. ha(r),

+ 9 Uzz’_|52=j+zzi@ = (27'Vihy - Veug ™ — ka(uy ™) + 85.180) lvy=e(jti-
respectively. Solvability conditions for these problems read

I (M) 3ug ™ = dive (1 (1) Vi ™) + b ()ko(ug ™) + 280,161 (g ™) = h1 (1) fo + 286,180
wheret € (0, T), r € (rg, r1), xo = &(j + 1), and

ha (Mg ™ — dive (ha (M) Viug ™) + ha(rkoGug ™) + 2e2up ™) = ha(r) fo + 286,180

wheret € (0, T), r € (rg, r2), X2 = &(j + [»), respectively.

Substituting (5.8) into the Robinr boundary conditions on 3950) N{r=r;} we
get (5.15). Substituting (5.8) into the initial conditions of problem (5.45) we obtain
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g~ (0, x) =0, re o, r), x=e(+h), i=12

In order to find relations on the joint zone £2’, we use the method of matched

asymptotic expansions.
We seek for the leading terms of the inner expansion for the u, at a neighborhood
of the joint zone £2’ in the form

we(t, %)~ uflgr (4, ) + 6(Z3 @i 100, )

— 0t 2, 0226 + (1 = nie 12, 2O}l )|y s
1==—F 823

(5.47)
where Zy, Z,, Zj are solutions to problem (5.18) and (5.19) with the asymptotics
(5.20), (5.21), and (5.22), respectively.

Matching the outer expansions with the inner one and repeating assertions of
Sect.5.1.2, we derive the transmission conditions (5.30) and define the functions 7
and (pf'), i=1,2, (see (5.29)) and (5.31)).

5.2.3 The Homogenized Problem

Obtained relations for the leading terms ua’ , u(l)‘_, and u(z)‘_ constitute the homogenized

problem for problem (5.45):

duf — Avug + ko(ug) = fo, (t, x) € 0, T) x 2o,
Al ud (t,x1,0,x3) = dLul (t,x1,1,x3), p=0,1,(t, x) € (0, T) x 320 N {r < ro},
hyduy ™ — dive(hy Veugy ) +hiko(uy ™)
+28a,1/{|(u8’7) =hifo+ 25ﬂ'|g0, (t, x) € (0, T) x ‘Q(l)’
duuy” =0, (t.x) € 0, T) x 920 N {r = ),
hodul ™ — divi (ha Viud ™) +hako(ug ™)
+ 20 7) = ha fo + 285,120, t, x) € (0, T) x 2?,
duug ™+ r2(uy ) =0, (t. x) € (0, T) x 02 N {r =y},
T T (t,x) €0, T) x £,
drug = ZZ: hi (ro)dyug ™ (t, x) € (0, T) x 82,
i=1
(0, x) = 0.

(5.48)
where ug = (u(J)r , u(])‘_, ué’_). Consider a space of multivalued functions

Wrper = {P = (po, p1. p2) € 120, Ti i) 1 0p = € 120, T3 Hj) .

Definition 5.4 A functionu = (ug, u;, u2) € L*(0, T; ﬁper) is called a weak solu-
tion to problem (5.48) if the following integral identity holds for every p € Wr pe;:
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2
f uo(T, x)po(T, x)dx + Zf hi(ru; (T, x)p;(T, x)dx
20 i=1 V20

T 2
+ / (—(Mo, ¥ PO il (ro) — Z(hiuh 0 Pi) i1 (20 +/ (Vxuo - Vi po + ko(uo) po) dx
0 20

i=1

32@N{r=r;}

2
+ Z/() hi(r)(Vzui - Vipi + ko(ui) pi) dx + ha(ro) K2 (u2) p2 do
i=1 /8¢

T
+28a,./ 1) py dx+2/ Kz(uz)l?zdx> dr=/ L(p) dt,
Q0 0 0

where the space ﬁper is defined in Sect. 3.4.1 and the functional

2
L(p) = / Sfopodx + Z/(_) (hi(r) fo +28p.180) pi dx.
20 i=1 u

Using the theory of monotone operators (see e.g. [92, 131]), we can state that there
exists a unique weak solution to problem (5.48).

5.2.4 Asymptotic Approximation and Estimates

With the help of the solution ug to the homogenized problem (5.48), the solutions
Zy, Z,, Z3 to problems (5.18) and (5.19), respectively, and the cut-off function y
defined in Sect.5.1.4, we construct the approximation function R, (¢, x) by formu-
las (5.33) and (5.34) (the dependence on the variable ¢ only in terms containing

ug (t, x), u(l)’_(t, X), ué’_(t, x) and their derivatives).

Theorem 5.2 Suppose that in addition to the assumptions made in Sect.5.2.1, the
following conditions hold: fy € C*([0, T] x 20U 2®); go € C3([0, T] x 2?)
and it vanishes at a neighborhood of the joint zone 2'; dF fo(t,x1,0, x3) =
3% fo(t, x1,1, x3) for (t,x) € [0, T1 x 820 N {r <ro} and p=0,1; fo(0,x) =
20(0, x) = 0. Then for any u > 0 there exist positive constants &y, C; such that for
all values ¢ € (0, &)

1- —148,
lue — Rellp20,7: 11 (2,)) T Ien[loa);] lue(t, -) = Re(t, 2, < Ci (g 14 go—14da

+ (- 3/3.1)€ﬂ_1 + /o — fellL2qo,1yxs2.) 98,1180 — ge“LZ((o,T)Xg(z))). (5.49)

Proof 1. Similar as in the first item of the proof of Theorem5.1 we verify that R,
satisfies all of the boundary conditions of problem (5.45) on 92, N 9£2.
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Using (5.16), (5.36), and (5.48), we derive that

IR (t, x) — ALRF (1, x) — felt, x) = folt, x) — fe(t, x) —ko(ug (t, x))

r—ro X
+ X0 L8, %2, 0|, i o —8A(x0(N LT (1, — L =x2,0))

in (0, T) x £29. Then we rewrite the last summand similarly as in Theorem 5.1,
multiply the last identity by a test function ¥ € Wy pe(£2,), and integrate it over
(0, 7) x £29, where T € (0, T) is an arbitrary number. As a result, we get

/ RI(z, )Y (z, x)dx—l—/ (—(Rj, V) (,0)+/ (ViRT - Vor + ko(RD W) dx
20 0 pet 20

_/ 8 RF Y doy — fstpdx) di
Qé”ﬁ[r:ro}u.@éz)ﬁ{r:ro} 20

T
= / (I v, D+ ...+ I (e, ¥, )+ I (e, ¥, 1)+ I (e, ¥, 1)) dt.
0
Here I, ..., I,}, and I;" are defined in item 1 of the proof of Theorem 5.1 and

18+(87 W7 t) :‘9-/ Xoal‘g+wd'x'

£20

2. Now we find discrepancies in the thin discs. Direct calculations show that
for a.e. r € (0, T) equalities (5.38), (5.39), and (5.40) hold. Using relations (5.16),
(5.48), and (5.36), we derive that

QR (t,x) — A RET(1,%) — fo(t,x) = fo(t,x) — fult,x) — ko(ug™ (2, X))
+ Ve(n ki (1)) - Veug ™ (8, %) — 28,1801 + 8i2)h;  (r)ki (ul ™ (2, %)) + 285,17 () go(r, x)
. X i i,—
— ediv, ((Yi (f) + )) Vi (B, (1, x)))
+o((1(32) + )01 + 00000 2602 0], )

r—rpo X2

—eA(xo(r) 2" (1, — L=, 0), (x) e 0 T)x 2P i=1,2.
&€

We rewrite the last summand similarly as in Theorem 5.1, then multiply the resulting
equality by a test function ¢ € Wr pe(§2,), and integrate it over (0, T) X Qéi). Asa
result, by the same way as in 2 and 3 items of the proof of Theorem 5.1, we get

T

/Rg(t, )Y (T, x)dx + / ( — (R, az'ﬁ)yplﬂ(gg) + /(VXR(8 Ve + ko(Re)Y) dx

2 0 2,

+ sa/ . k1 (Re)Y doy + 8/ , k2(Re) Y doy
B.Qé )ﬂ{r>ro) B.Qg')ﬂ{ro<r<r2}
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tf o aRovdo - [ g
322 n(r=ry} 2

;8
ggd/d(rx) dz:/o 3 lie y 1) di
m=0

_ef /
8S?£l)ﬂ{r>m}ui)(2€(2)r‘l{ro <r<ry}

forevery ¥ € Wr per(§2¢) andany 7 € (0, T).Herelmzl;lr +1,,me{0,...,4}U
{7,8}, I, = Ikl’f + Ikz’*, k €{0,...,7}, are defined similarly as in the proof of
Theorem 5.1,and Iy = I3~ + Iy,

i— X i i— i— .
ey =¢ / O (Z) + 20k + 00, 2 Y dx, =12,
af
3. Subtracting (5.46) from the integral identity above, we obtain

/Q(Rg(r, ¥ — (2, O, x)dx+/o (—<Rg—us, )

per

+ / (Va(Re — 102) - Vb + (ko(Re) — ko(ue))¥) dix
£2;
+e / (2(Re) — ()W doy + / (c2(Re) — k2 () ¥ dos
328 N{ro<r<ry) 31220 {r=r)

+ e“/ (k1(Re) — K1 (ue)) ¥ dox> dt = P.(y, 1)
3200 {r>ro}
(5.50)
forall Y € Wr per (£2:) and 7 € (0, T). Here, Po(, T) = [y o _o li(e, ¥, 1)) dt.

In fact it remains to estimate Ig. Subtracting the exponentially decreasing part, sim-
ilarly as it was done for /3 in the proof of Theorem 5.1, we deduce

[3(e, ¥, T)| < Coell¥ 20,0y x2.)-

Remark 5.3 The constant C, depends on

2+ 2 b=
sup |8tx,_u0 |2, sup |atx,-"‘o |
t,x)e0, T)x2' t, )€, T)x2"

. i=1,2j=1223.

These quantities are bounded, which is explained similarly as in the Remark 5.2 but
now we should cite [132, Sect. 15] or [68, Chap. 5, Sects.6 and 7].

Taking into account estimates obtained for {I,,} in the proof of Theorem 5.1,
we have that for any p > 0 there exists &g > O such that for any t € (0, T) and
e € (0, &)



94 5 Asymptotic Approximations for Solutions to Semilinear ...

1- — 148,
1P O = G5 (e = follizompan + ' 4 227

+ (1= 806" + 81118 = gollzqo e ) W lzoramy (55D

Setting :=R, — u, in (5.50), with the help of (5.44) we obtain

1
2 2
EHM«S(I’ ) - Ra(fv ')”LZ(QS) + ”uE - RE”LZ(()J;HI(QE)) = C0|P8(R8 — Ug, T)l

for all T € (0, T). From this inequality, thanks to (5.51) it follows (5.49).

Corollary 5.2 Let assumptions of Theorem 5.2 hold and let u = (ug, u(l)’_, u(z)‘_)

be a weak solution to problem (5.48). Then estimate (5.49) implies that

- —144,,
max, lug(t, ) —ulg, (&, ey < C4(||f0 — felli2qo.ryxa, + & 4 ¥ o

+(1 =850 + 8511180 — gs||L2((o,T)x:2<2>>)

where u|g, (¢, x) is defined similarly as in Corollary 5.1.

5.3 Conclusions to this Chapter

In contrast to the results of Chaps.?2, 3, and 4, where only the convergence theo-
rems were proved, here the approximation functions are constructed and asymptotic
estimates in the proper Sobolev spaces are proved for the solutions both to elliptic
and parabolic semilinear problems (5.32) and (5.48). Those estimates allow us to
use the corresponding approximations for applied problems that model physical (or
biological) processes in thick multilevel junctions of the type 3:2:2, especially at a
neighborhood of the joint zone £2’.

The obtained results are consistent with the results of Chaps. 2 and 4, namely, the
main terms of the asymptotic approximations are solutions to the similar homoge-
nized problems.

Asymptotic estimates (5.35) and (5.49) show us the influence of different com-
ponents of the initial problems on the order of residuals from the asymptotic approx-
imations. Summands || f; — foll and 8g,1/|gs — goll correspond to discrepancies of
the right-hand sides of the initial problem and homogenized one. In many textbooks
and monographs on the asymptotic analysis, such kind of asymptotic estimates is
typical (see e.g., [124, Chap.2]). To formally improve estimates, in some articles
there are special assumptions, namely, either the right-hand side is independent of
g, 1.e., fo = fo,or fo(x) = fo(x)+ O(e) as ¢ — 0.

The summand C;e'~* bounds residuals left by the inner expansion. They are
caused by the existence of non-energetic solutions with polynomial growth at infin-
ity of junction-layer problems (5.18) and (5.19). As follows from Sect.5.1.2, the



5.3 Conclusions to this Chapter 95

behavior of such solutions is determined by the type m : k : d of a thick junction.
For instance, junction-layer non-energetic solutions have logarithmic growth at infin-
ity for boundary-value problems in thick junctions of the type 3:1:1 (see [88, 109]).

The rest of the summands in (5.35) and (5.49) indicate the impact of the geo-
metric structure of the thick junction and inhomogeneous perturbed Robin boundary
conditions on the surfaces of the thin discs.

Boundary conditions on the bases of the cylinder §2y can be replaced by boundary
conditions of another type. But in the case of nonperiodic boundary conditions on
0820 N {r < ro} additional symmetry condition is needed, namely, the domain 7
described in Sect.5.1.2 has to be invariant with respect to the substitution &,
1 —-&.

Also in this chapter, we made special assumptions for the functions /; and h5;
they should be locally constant at a small enough neighborhood of the joint zone.
This is a technical condition that allows to avoid additional bulky calculations.
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