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V i i  

PREFACE 

The present monograph is the outcome of a research project concerning the 
analysis of random walks and queueing systems with a two-dimensional state space. 
It started around 1978. At that time only a few studies concerning such models 
were available in literature, and a general approach did not yet exist. The authors 
have succeeded in developing an analytic technique which seems to be very promising 
for the analysis of a large class of two-dimensional models, and the numerical evalu- 
ation of the analytic results so obtained can be effectuated rather easily. 

The authors are very much indebted to  F.M. Elbertsen for his careful reading 
of the manuscript and his contributions to the numerical calculations. Many thanks 
are also due to P. van de Caste1 and G.J.K. Regterschot for their assistance in some 
of the calculations in part IV, and to Mrs. Jacqueline Vermey for her help in typing 
the manuscript. 

Utrecht, 1982 J.W. Cohen 
0. J. Boxma 



V i i i  

NOTE ON NOTATIONS AND REFERENCING 

Throughout the text, all symbols indicating stochastic variables are underlined. 
The symbol ":= " stands for the defining equality sign. 

References to formulas are given according to the following rule. A reference 
to, say, relation (3.1) (the first numbered relation of section 3) in chapter 2 of part 
I is denoted by (3.1) in that chapter, by (2.3.1) in another chapter of part I and by 
(1.2.3.1) in another part. A similar rule applies for references to sections, theorems, 
etc. 
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GENERAL INTRODUCTION 

A t  p r e s e n t  much e x p e r i e n c e  i s  a v a i l a b l e  conce rn ing  t h e  ap- 

p r o p r i a t e  ma themat i ca l  t e c h n i q u e s  f o r  a f r u i t f u l  a n a l y s i s  of 

Markov p r o c e s s e s  w i t h  a one-dimensional s t a t e  s p a c e .  The 

l i t e r a t u r e  on t h e  b a s i c  models of q u e u e i n g ,  i n v e n t o r y  and 

r e l i a b i l i t y  t h e o r y  p r o v i d e s  a l a r g e  v a r i e t y  of t h e  a p p l i c a t i o n s  

o f  t h e s e  t e c h n i q u e s ,  and t h e  r e s u l t s  o b t a i n e d  have proved  t h e i r  

u s e f u l n e s s  i n  e n g i n e e r i n g  and management. 

The s i t u a t i o n  i s  r a t h e r  d i f f e r e n t  f o r  Markov p r o c e s s e s  w i t h  

a two-dimens iona l  s t a t e  space .  The development of  t e c h n i q u e s  

for t h e  ma themat i ca l  a n a l y s i s  of  such  p r o c e s s e s  h a s  been  

s t a r t e d  f a i r l y  r e c e n t l y .  The purpose  o f  t h e  p r e s e n t  monograph 

i s  t o  c o n t r i b u t e  t o  t h e  development of  such  a n a l y t i c a l  t e c h n i q u e s .  

To s k e t c h  t h e  c o n t o u r s  of  t h e  t y p e  o f  p rob lemsencoun te red  i n  t h e  

a n a l y s i s  of Markov p r o c e s s e s  w i t h  a two-dimens iona l  s t a t e  s p a c e  

c o n s i d e r  such  a p r o c e s s  w i t h  a d i s c r e t e  t i m e  p a r a m e t e r  n ,  s a y ,  

and w i t h  s t a t e  s p a c e  t h e  s e t  of l a t t i c e  p o i n t s  { 0 , 1 , 2 , . . . }  x 

{ 0 , 1 , 2 , . . . }  i n  t h e  f i r s t  q u a d r a n t  of 3. Denote t h e  s t o c h a s t i c  

P rocess  by {(x_,,]L,), n = 0 , 1 , 2 , . . . }  and i t s  i n i t i a l  p o s i t i o n  

by ( x , y ) ,  i . e .  

x and y be ing  non-nega t ive  i n t e g e r s .  The p r o c e s s  i s  assumed t o  

be a Markov p r o c e s s , h e n c e  a l l  i t s  f i n i t e - d i m e n s i o n a l  j o i n t  d i s -  

t r i b u t i o n s  c a n  be de t e rmined  i f  t h e  f u n c t i o n  
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I n  ( 2 )  5, and yn are  b o t h  n o n n e g a t i v e ,  i n t e g e r  v a l u e d  s t o c h a s t i c  

v a r i a b l e s ,  hence  E{pl p; x ,  yo y} i s  f o r  e v e r y  f i x e d  p 2  

w i t h  Ip21 Q 1 a r e g u l a r  f u n c t i o n  

t i n u o u s  i n  lp l l  Q 1, s i m i l a r l y  w i t h  p1 and p 2  i n t e r c h a n g e d .  

Obv ious ly  E{pl p z  

q u e n t l y ,  i t  f o l l o w s  t h a t  f o r  f i x e d  Irl 1 t h e  f u n c t i o n  

Xn En 

of p1 i n  Ip I < 1 which is con- 1 

Zn En Ixo = x ,  yo = y]. i s  bounded by one .  Conse- 

oxy ( ' ,P1>P2) i s :  

( 3 )  i. f o r  f i x e d  p 2  w i t h  Ip21 Q 1 r e g u l a r  i n  l p l l  < 1, 

c o n t i n u o u s  i n  l p l l  1; 

ii. for f i x e d  p1 w i t h  lp l l  Q 1 r e g u l a r  i n  Ip21 < 1, 

c o n t i n u o u s  i n  Ip21 I.. 

Next t o  t h e s e  c o n d i t i o n s  t h e  f u n c t i o n  0 

s a t i s f y  one or more f u n c t i o n a l  r e l a t i o n s .  These r e l a t i o n s  s t e m  

from t h e  s t o c h a s t i c  s t r u c t u r e  and t h e  sample  f u n c t i o n  p r o p e r t i e s  

o f  t h e  p r o c e s s  

c o n s i d e r  t h e  case t h a t  for n = 0 , 1 , 2  y . .  . , 

( r , p 1 , p 2 )  h a s  t o  
XY 

{ ( s n , y n ) ,  n Oyl,.,.}. A s  a n  i m p o r t a n t  example 

where { L n , ~ n } ,  n = 0,1,2,.,., i s  a sequence  of i n d e p e n d e n t ,  

i d e n t i c a l l y  d i s t r i b u t e d  s t o c h a s t i c  v e c t o r s  wi th  i n t e g e r  v a l u e d  

components and 5 +1 a 9 ,  3 +1 2 0 w i t h  p r o b a b i l i t y  one .  Then -n n 
(r,p1,p2) h a s  t o  s a t i s f y  t h e  f u n c t i o n a l  r e l a t i o n  

@XY 

where 
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The f u n c t i o n  Z ( r , p 1 , p 2 )  i s  t h e  s o  c a l l e d  k e r n e l  of t h e  

f u n c t i o n a l  e q u a t i o n  ( 5 ) .  Note t h a t  it i s  de te rmined  by t h e  

p r o b a b i l i s t i c  s t r u c t u r e  of t h e  one - s t ep  d i s p l a c e m e n t  of t h e  

random walk from o u t  a n  i n t e r i o r  p o i n t  of t h e  s t a t e - s p a c e .  

The a n a l y s i s  o f  Z ( r , p 1 , p 2 )  i s  t h e  s t a r t i n g  p o i n t  f o r  t h e  

d e t e r m i n a t i o n  o f  t h e  f u n c t i o n  @ x y ( r , p 1 , p 2 )  s a t i s f y i n g  ( 3 )  

and ( 5 ) .  The c o n d i t i o n s  ( 3 ) i  and ii imply t h a t  @ x y ( r , p 1 , p 2 ) ,  

lpll  G 1, Ip21 G 1, Irl < 1 i s  f i n i t e ,  so  t h a t  f o r  (q1 ,q2 )  a z e r o  

of t h e  k e r n e l ,  i . e .  

it i s  s e e n  t h a t  t h e  c o n d i t i o n  ( 5 )  i m p l i e s  t h a t  

Consequent ly ,  e v e r y  z e r o  of t h e  k e r n e l  Z ( r , p 1 , p 2 )  

domain of i t s  d e f i n i t i o n  l e a d s  t o  t h e  c o n d i t i o n  ( 3 )  f o r  t h e  

unknown f u n c t i o n s  @ x y ( r , p l , O )  and @ 

t h i s  c o n d i t i o n  t h e  c o n d i t i o n s  ( 3 )  imply t h a t  f o r  f i x e d  r w i t h  

Irl < 1: 

i n  t h e  

( r , 0 , p 2 ) .  Next t o  
XY 

i .  0 (r,pl,O) shou ld  be r e g u l a r  i n  p1 f o r  I p l (  < 1 
XY 

(10) 

and c o n t i n u o u s  i n  pl f o r  [ p l l  < 1; 

ii. @ (r,0,p2) shou ld  be r e g u l a r  i n  p2 f o r  Ip21 < 1 
XY 

and con t inuous  i n  p2 for Ip21 < 1. 
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The s t r u c t u r e  of t h e  problem f o r m u l a t e d  by (9) and (10) re- 

sembles  i n  some a s p e c t s  t h a t  o f  a Riemann t y p e  boundary  v a l u e  

problem,  which may be  c h a r a c t e r i z e d  as f o l l o w s .  

L e t  L be  a g i v e n  smooth,  f i n i t e  c o n t o u r  such  t h a t  i t s  i x t e r i o r  

L and i t s  e x t e r i o r  L- b o t h  a r e  s imply  c o n n e c t e d  domains i n  t h e  

complex z - p l a n e .  The f u n c t i o n  n(z )  s h o u l d  s a t i s f y  t h e  f o l l o w i n g  

c o n d i t i o n s :  

t 

(11) i. Q(z) s h o u l d  be  r e g u l a r  f o r  z t- L', c o n t i n u o u s  f o r  

z E L lJ L f ;  

ii. R ( z )  s h o u l d  be r e g u l a r  f o r  z E L-, c o n t i n u o u s  f o r  

z E L U L-, w i t h  p r e s c r i b e d  b e h a v i o u r  f o r  I z I  -+ a, 

assuming t h a t  z to E L - ;  

where  

and a(.) , b ( .  ) , c( . ) are known f u n c t i o n s  . d e f i n e d  on  L .  

The r e semblance  be tween t h e  problems f o r m u l a t e d  by ( 9 ) ,  (10) and 

by (11) and ( 1 2 )  i s  t h e  d e t e r m i n a t i o n  o f  r e g u l a r  f u n c t i o n s  i n  

p r e s c r i b e d  domains ;  t h e s e  f u n c t i o n s ,  moreove r ,  s a t i s f y i n g  a 

l i n e a r  r e l a t i o n .  

I n d e e d ,  t h e  problem f o r m u l a t e d  by ( 9 ) ,  (10) c a n  be  t r a n s f o r m e d  

i n t o  a boundary  v a l u e  problem.  The b a s i c  i d e a  is t h e  f o l l c w i n g .  

I t  i s  shown t h a t  a f u n c t i o n  g ( r , s )  e x i s t s  such  t h a t  for f i x e d  

r w i t h  ( r (  < 1 and e v e r y  s w i t h  I s \  = 1, (p , ,p , )  w i t h  
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i s  a z e r o  of t h e  k e r n e l ,  c f . ( 8 ) .  

F o r  t h e s e  f u n c t i o n s  ( 1 3 ) t h e  f o l l o w i n g  boundary v a l u e  problem 

i s  c o n s i d e r e d .  

Determine a smooth c o n t o u r  L(r) i n  t h e  z-plane and a r e a l  

f u n c t i o n  X ( r , z ) ,  z E L ( r )  such  t h a t  

(14) i .  g ( r , e i h ( r y z ) ) e i X ( r ~ z )  i s  t h e  boundary v a l u e  of  a 

f u n c t i o n  p l ( r , a )  which i s  r e g u l a r  f o r  z E L (r) and con- 

t i n u o u s  f o r  z E L ( r )  u L + ( r ) j  

+ 

ii. g ( r , e  iX(pyz))e- i ’ ( r ’z)  i s  €he boundary v a l u e  of  a 

f u n c t i o n  p ( r , z )  which i s  r e g u l a r  for z E L - ( r )  

t i n u o u s  f o r  z E L (r) w L - ( r ) .  

and  con- 2 

If t h i s  boundary v a l u e  problem p o s s e s s e s  a so lu t ion -and  for 

r a t h e r  mi ld  c o n d i t i o n s  it does- then  (p1 ,p2 )  w i t h :  for 

z E L ( r ) ,  

i s  a z e r o  of  t h e  k e r n e l  ( 8 ) .  Consequen t ly ,  t h e  r e l a t i o n  ( 9 )  

should h o l d  w i t h  

If it  can  be shown t h a t  0 ( r , p l ( r , z ) , O )  i s  r e g u l a r  for 
XY 

t z E L + ( r ) ,  c o n t i n u o u s  for z E L ( r )  U L (r), and t h a t  

Q 

z E L ( r )  u L - ( r )  t h e n  t h e  d e t e r m i n a t i o n  of t h e s e  f u n c t i o n s  

h a s  been  reduced t o  a Riemann t y p e  boundary v a l u e  problem.  

( r , 0 , p 2 ( r , z ) )  i s  r e g u l a r  f o r  z E L - ( r ) ,  c o n t i n u o u s  for 
XY 

The above d e s c r i b e d  approach  o f  t r a n s f o r m i n g  t h e  problem 
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fo rmula t ed  by ( 9 ) a n d  (10) i n t o  a Riemann t y p e  boundary v a l u e  

problem i s  t h e  r e s u l t  of a number of  r e s e a r c h e s  i n i t i a t e d  

i n  t h e  s t u d i e s  of F a y o l l e  and Iasnogormodskj see [181 ,  [201 

and [ 2 1 ] .  I n  t h e  problems s t u d i e d  by them t h e  k e r n e l  

Z ( r , p 1 , p 2 )  h a s  a r a t h e r  s i m p l e  s t r u c t u r e ,  v i z .  a n  a l g e b r a i c  

form of  t h e  second d e g r e e  i n  each  of i t s  v a r i a b l e s  p1 and p2. 

This  s imple  a l g e b r a i c  s t r u c t u r e  f a c i l i t a t e s  t h e  s t u d y  o f  t h e  

s i n g u l a r i t i e s  of  t h e  z e r o s  of  t h e  k e r n e l ,  and once  t h e  

l o c a t i o n  of t h e s e  s i n g u l a r i t i e s  i s  known t h e  problem i s  

r i p e  f o r  a f o r m u l a t i o n  as a Riemann-Hilbert  p roblem as F a y o l l e  

and I a s n o g o r o d s k i  have shown. They c o n s i d e r e d  queue ing  

models w i t h  t h e  b a s i c  d i s t r i b u t i o n s  b e i n g  n e g a t i v e  e x p o n e n t i a l ,  

t h i s  l e a d s  t o  s imple  k e r n e l s .  

The f a c t  t h a t  t h e  random walk model ing  t h e  imbedded Markov 

c h a i n  of  t h e  queue l e n g t h  a t  t h e  d e p a r t u r e  epochs  o f  a n  M / G / 1  

queueing  model can  be c o m p l e t e l y  ana lyzed  w i t h o u t  any 

d e t a i l e d  s p e c i f i c a t i o n  of t h e  s e r v i c e  t ime d i s t r i b u t i o n ,  

and t h e  r e s u l t s  o b t a i n e d  by F a y o l l e  and I a s n o g o r o d s k i  gave  

r i s e  t o  t h e  c o n j e c t u r e  t h a t  for a t y p e  of  k e r n e l  Z ( r , p l , p 2 )  

r e f l e c t i n g  t h e  Po i s son  c h a r a c t e r  of  t h e  a r r i v a l  p r o c e s s  i n  

t h e  M / G / 1  model,  t h e  problem f o r m u l a t e d  by ( 9 )  and ( 1 0 )  

can  be  reduced  t o  a R iemann( -Hi lbe r t )  t y p e  boundary v a l u e  

problem w i t h o u t  knowing expZicitZy t h e  k e r n e l .  T h i s  c o n j e c t u r e  

t u r n e d  o u t  t o  be c o r r e c t ,  c f . 1151 .  

The k e r n e l  Z ( r , p 1 , p 2 ) ,  ] p l l  G 1, Ip21 G 1, Irl G 1 i s  

called a Poisson k e r n e l  i f  

w i t h  

x > 0, r1 2 0 ,  r2 0, r1 + r2  1, 
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and 
m 

B ( p )  : =  1 e-pt d B ( t ) ,  R e  p 2 0 ,  
0 

B(.) be ing  a ( n o t  f u r t h e r  s p e c i f i e d )  d i s t r i b u t i o n  f u n c t i o n  

w i t h  s u p p o r t  c o n t a i n e d  i n  ( 0 , m ) .  

The c a s e  w i t h  a P o i s s o n  k e r n e l  r e p r e s e n t s  a s p e c i a l  

case of a homogeneous random walk on t h e  l a t t i c e  i n  t h e  

f i r s t  q u a d r a n t  of i R 2 ,  which i s  c o n t i n u o u s  ( s k i p f r e e  ) t o  

t h e  W e s t ,  t o  t h e  S o u t h - W e s t  and  t o  t h e  S o u t h .  By t h i s  i t  is 

meant t h a t ,  c f . ( 4 ) ,  

for e v e r y  n 0 , 1 , 2 , . . . ,  i . e .  p e r  o n e - s t e p  t r a n s i t i o n  t h e  

d i s p l a c e m e n t  i n  t h e  h o r i z o n t a l  as w e l l  as i n  t h e  v e r t i c a l  

d i r e c t i o n  i s  a t  l e a s t  e q u a l  t o  - 1. 

The problem f o r m u l a t e d  by ( 9 )  and (10) i s  c h a r a c t e r i s t i c  

f o r  t h e s e  random w a l k s ,  and t h e  approach  s k e t c h e d  above  t o  

t r a n s f o r m  ( 9 )  and (10) i n t o  a Riemann o r  a Riemann-Hi lber t  

boundary v a l u e  .problem seems t o  p r o v i d e  a g e n e r a l  t e c h n i q u e  

f o r  t h e i r  a n a l y s i s .  I t  w i l l  c o n s t i t u t e  a main s u b j e c t  of  t h e  

p r e s e n t  monograph. 

The monograph c o n s i s t s  of  f o u r  p a r t s .  P a r t  I r e v i e w s  

p a r t s  o f  t h e  t h e o r y  o f  R iemann( -Hi lbe r t )  t y p e  boundary 

v a l u e  problems,  and f u r t h e r  some c o n c e p t s  and theorems of  

t h e  t h e o r y  of complex f u n c t i o n s  and o f  confo rma l  mappings.  

The books by Gakhov [ 6 ]  aiid M u s k h e l i s h v i l i  [ 7 1  are a t  

p r e s e n t  t h e  most i m p o r t a n t a n d  e l a b o r a t e  t e x t s  on boundary 

v a l u e  prob1ems; they  c o n t a i n  t h e  s e d i m e n t o f  boundary v a l u e  prob-  
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lems a s  encountered  i n  ma themat i ca l  p h y s i c s .  The books by 

Evgrafov  [11, Ti tchmarsh  1 2 1 ,  Nehar i  [ 3 ] ,  G o l u s i n  [ 8 ]  and 

Gaier [91 have  been used  as r e f e r e n c e  t e x t s  f o r  t h e  t h e o r y  

of  complex f u n c t i o n s  and conformal  mappings.  

P a r t  I1 i s  e x c l u s i v e l y  devo ted  t o  t h e  a n a l y s i s  of t h e  

random walk { ( ~ ~ , y ~ ) ,  n = 0 , 1 , 2  ,... 1 as d e f i n e d  by (4). The 

f i r s t  c h a p t e r  of p a r t  I1 f o r m u l a t e s  a number of concep t s  f o r  

t h i s  random walk .  

Concerning Y(p1,p2),  c f . ( 6 ) ,  a number of assumpt ions  

h a s  been i n t r o d u c e d  t o  g u a r a n t e e  t h a t  t h e  random walk i s  

a p e r i o d i c  and t h a t  i t s  s t a t e  space  i s  i r r e d u c i b l e .  F u r t h e r  

assumpt ions  conce rn  t h e  z e r o s  of  Y ( p l , p 2 ) ,  t h e  most i m p o r t a n t  

one be ing  t h a t  Y ( 0 , O )  i s  assumed t o  be p o s i t i v e .  The c a s e  

Y ( 0 , O )  0 i s  d i s c u s s e d  i n  s e c t i o n s  1 1 . 3 . 1 0 ,  ..., 1 2 .  

Chapter  1 1 . 2  d i s c u s s e s  t h e  symmetr ic  case,  i . e .  E, -n 
and gnY c f .  below (4), a r e  exchangeable  v a r i a b l e s .  The 

s e p a r a t i o n  of  t h e  d i s c u s s i o n  of t h i s  c a s e  from t h a t  of  t h e  

g e n e r a l  case, t o  be  t r e a t e d  i n  c h a p t e r  1 1 . 3 ,  h a s  s e v e r a l  t e c h -  

n i c a l  a d v a n t a g e s ,  t h e  main one be ing  t h e  f a c t  t h a t  t h e  c o n t o u r  

L ( r )  (see above ( 1 4 ) )  i s  t h e n  a c i r c l e ,  w h i l e  h ( r , z )  i s  

t h e n  de te rmindd  as t h e  s o l u t i o n  of  Theodorsen’s  i n t e g r a l  equa- 

t i o n .  

The a n a l y s i s  of  t h e  symmetric random walk as p r e s e n t e d  

i n  c h a p t e r  1 1 . 2  shows c l e a r l y  a l l  a s p e c t s  which p l a y  a n  es- 

s e n t i a l  r o l e  i n  t h e  s o l u t i o n  of t h e  problem fo rmula t ed  by 

( 9 )  and ( 1 0 )  f o r  t h e  more g e n e r a l  random walk d e f i n e d  by (4). 

The f u n c t i o n  0 ( r , p 1 , p 2 ) ,  cf.(2), i s  e x p l i c i t l y  d e t e r m i n e d ,  

and it may s e r v e  as t h e  s t a r t i n g  p o i n t  f o r  t h e  i n v e s t i g a t i o n  

of p r o b a b i l i s t i c  a s p e c t s  of  t h e  random walk .  Because i n  t h e  

p r e s e n t  monograph o u r  main i n t e r e s t  conce rns  t h e  t e c h n i q u e  of 

XY 
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t h e  a n a l y s i s  of problems of t h e  t y p e  ( 9 ) ,  ( l o ) ,  o n l y  a few 

of  t h e s e  a s p e c t s  have  been  d i s c u s s e d ,  e . g .  t h e  r e t u r n  t i m e  

d i s t r i b u t i o n  of t h e  z e r o  s t a t e .  Also t h e  b e h a v i o u r  of  

E{Pl P2 

f o r  t h e  case t h a t  t h e  random walk i s  p o s i t i v e  r e c u r r e n t ,  a 

d e t a i l e d  i n v e s t i g a t i o n  of t h e  g e n e r a l  c a s e  would r e q u i r e  a 

r a t h e r  e l a b o r a t e  a s y m p t o t i c  a n a l y s i s ,  it h a s  been  o m i t t e d .  

For  t h e  c a s e  of a P o i s s o n  k e r n e l  t h e  comple t e  a s y m p t o t i c  ana-  

l y s i s  h a s  been  t r e a t e d  by B lanc  [ 1 6 1 .  

Xn Yn 
1x0 X > &  Y} for n +. m h a s  been  c o n s i d e r e d  o n l y  

The g e n e r a t i n g  f u n c t i o n  of t h e  s t a t i o n a r y  j o i n t  d i s t r i -  

b u t i o n ,  which e x i s t s  i f  E{Jn} < 0 ,  E{gn) < 0 ,  h a s  been  d e r i v e d ,  

once as a l i m i t i n g  r e s u l t ,  once  by s t a r t i n g  d i r e c t l y  f rom t h e  

r e l e v a n t  problem f o r m u l a t i o n ;  w i t h  some minor b u t  i n t e r e s t i n g  

m o d i f i c a t i o n s  t h e  s o l u t i o n  p roceeds  a l o n g  t h e  same l i n e s  as 

t h a t  f o r  t h e  t i m e  dependen t  case. 

I n  c h a p t e r  1 1 . 3  t h e  a n a l y s i s  of  t h e  g e n e r a l  random w a l k ,  

s k i p f r e e  t o  t h e  West, South-West and South  is d i s c u s s e d .  The 

approach  i s  n o t  e s s e n t i a l l y  d i f f e r e n t  from t h a t  i n  c h a p t e r  

1 1 . 2 .  However, t h e  q u e s t i o n  c o n c e r n i n g  t h e  e x i s t e n c e  of 

t h e  c o n t o u r  L ( r )  and  t h e  Func t ions  h ( r , z ) ,  p 1 ( r , z ) ,  p 2 ( r , z )  cf.(14) 

and ( 1 5 1 ,  is n o t  so  e a s i l y  answered as i n  t h e  symmetr ic  c a s e .  

A c r i t i c a l  p o i n t  i s  t h e  c h a r a c t e r  o f  t h e  c u r v e s  d e f i n e d  6y (13) 

for s t r a v e r s i n g  t h e  u n i t  c i r c l e .  These c u r v e s  can  h a v e  s i n g u l a -  

r i t i e s  and it i s  an  open q u e s t i o n  whe the r  t h e y  a lways  bound 

s imply  connec ted  domains.  T o  l i m i t  t h e  number of  p o s s i b i l i t i e s  

some as sumpt ions  on Y'(plyp2) have been i n t r o d u c e d  s o  t h a t  t h e  

e x i s t e n c e  of  L ( r ) ,  h ( r , z ) ,  p ( r , z )  and p ( r , z )  can  be p roved .  

F u r t h e r  r e s e a r c h  i s  h e r e ,  however,  needed .  
1 2 

The d e t e r m i n a t i o n  of t h e  c o n t o u r  L ( r )  and  t h e  f u n c t i o n  
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X ( r , z )  r e q u i r e s  t h e  s o l u t i o n  of two s imul t aneous  i n t e g r a l  

e q u a t i o n s ,  t h e s e  i n t e g r a l  e q u a t i o n s  b e i n g  a g e n e r a l i s a t i o n  of 

Theodorsen ' s  i n t e g r a l  e q u a r i o n  f o r  t h e  symmetr ic  c a s e .  T h e i r  

numer i ca l  s o l u t i o n  i s  i n v e s t i g a t e d  i n  p a r t  IV. 

I n  c h a p t e r  11.4 t h e  a n a l y s i s  of t h e  random walk w i t h  

a Po i s son  k e r n e l ,  c f .  ( 1 7 ) ,  i s  exposed .  Although t h i s  c a s e  

can  be d i s c u s s e d  a l o n g  t h e  l i n e s  of c h a p t e r  11.3 and a l s o  v i a  

a s imple  t r a n s f o r m a t i o n ,  c f .  remark 1 1 . 4 . 1 . 2 ,  a l o n g  t h o s e  o f  

c h a p t e r  11.2, a n o t h e r  approach  which i s  based  on t h e  s p e c i a l  

s t r u c t u r e  of t h e  P o i s s o n  k e r n e l  i s  p r e s e n t e d ,  see a l s o  [151. 

The a n a l y s i s  of  t h e  random walk w i t h  a P o i s s o n  k e r n e l  can  be  

less  g l o b a l  t h a n  t h a t  f o r  t h e  g e n e r a l  k e r n e l ,  cf. c h a p t e r s  

11.2 and 11.3, because  t h e  s i n g u l a r i t i e s ,  i n  casu t h e  b ranch  

p o i n t s ,  of t h e  z e r o s  (p1 ,p2)  of  t h e  k e r n e l  ( 1 7 )  c a n  be ex- 

p l i c i t l y  l o c a t e d  w i t h o u t  hav ing  d e t a i l e d  knowledge a b o u t  t h e  

d i s t r i b u t i o n  B(.). The f i n a l  s o l u t i o n  c o n t a i n s  a f u n c t i o n  

which has  t o  be  de t e rmined  as t h e  s o l u t i o n  of  Theodorsen ' s  

i n t e g r a l  e q u a t i o n  f o r  conformal  mappings.  The r e s u l t s  o b t a i n e d  

are ex t r eme ly  p romis ing  f o r  t h e  a n a l y s i s  of  a l a r g e  class of  

two-dimens iona l  queueing  models w i t h  P o i s s o n i a n  a r r i v a l  

streams, t h e  more so  because  t h e  numer i ca l  a n a l y s i s  i n v o l v e d  

i n  e v a l u a t i n g  t h e  c h a r a c t e r i s t i c  q u a n t i t i e s  can  be e a s i l y  

c a r r i e d  o u t ,  see c h a p t e r  IV.l. 

P a r t  I11 i s  concerned  w i t h  t h e  a n a l y s i s  of  f o u r  d i f f e r e n t  

queueing  models w i t h  a two-dimens iona l  s ta te  s p a c e .  Al though 

t h e r e  i s  o b v i o u s l y  a c l o s e  c o n n e c t i o n  w i t h  t h e  two-dimens iona l  

random walk t h e  f o u r  problems t o  be d i s c u s s e d  d i f f e r  i n  

s e v e r a l  a s p e c t s  from t h o s e  i n  p a r t  11. The main d i f f e r e n c e  

is  t h e  f a c t  t h a t  t h e  k e r n e l s  o c c u r r i n g  i n  t h e s e  problems 
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a r e  s p e c i f i e d  i n  g r e a t e r  d e t a i l  t h a n  t h o s e  i n  p a r t  11. T h i s  

i m p l i e s  t h a t  t h e  a n a l y s i s  c a n  be l ess  g l o b a l .  

The f i r s t  model,  t o  be d i s c u s s e d  i n  c h a p t e r  111.1, 

conce rns  "Two queues  i n  p a r a l l e l " ;  it i s  c h a r a c t e r i z e d  as 

f o l l o w s .  Customers a r r i v e  a c c o r d i n g  t o  a P o i s s o n  p r o c e s s  a t  

a s e r v i c e  f a c i l i t y  c o n s i s t i n g  of two s e r v e r s ,  i f  an  a r r i v i n g  

cus tomer  can  n o t  be s e r v e d  immedia te ly  h e  e n t e r s  t h e  queue 

i n  f r o n t  of s e r v e r  one or t h a t  i n  f r o n t  of s e r v e r  two,  de- 

pending  on which one is t h e  s h o r t e r .  I f  b o t h  queues  have  a n  

e q u a l  number of w a i t i n g  cus tomers  one of  t h e  queues  i s  chosen  

w i t h  p r o b a b i l i t y  4. The s e r v i c e  t i m e s  p rov ided  by b o t h  ser-  

v e r s  a r e  independen t  and n e g a t i v e  e x p o n e n t i a l l y  d i s t r i b u t e d  

w i t h  t h e  same pa rame te r .  

For t h i s  model t h e  k e r n e l  Z ( r ,p1 ,p2 )  i s  a polynomial 

of  t h e  second d e g r e e  i n  each  o f  i t s  v a r i a b l e s  p1 and p 2 .  

A f a i r l y  comple te  ma themat i ca l  a n a l y s i s  of  t h i s  model 

h a s  been  g i v e n  by J. Groeneveld  i n  1959,  u n f w t u n a t e l y  it h a s  

neve r  been  p u b l i s h e d .  Groeneveld  a p p l i e d  t h e  "un i fo rmi -  

s a t i o n "  t e c h n i q u e  t o  d e s c r i b e  t h e  z e r o s  o f  t h e  k e r n e l ,  and 

s o l v e d  t h e  f u n c t i o n a l  e q u a t i o n  ( 9 )  by u s i n g  e l l i p t i c  f u n c t i o n s .  

Kingman [ 1 7 ]  i n  1 9 6 1  and F l a t t o  and McKean [ 1 9 ]  i n  1 9 7 7  con- 

s i d e r e d  t h e  same model b u t  i n v e s t i g a t e d  o n l y  t h e  s t a t i o n a r y  

case. T h e i r  a n a l y s i s  i s ,  however,  i n  p r i n c i p l e  t h e  same as 

t h a t  a p p l i e d  by Groeneveld .  The approach  by " u n i f o r m i s a t i o n "  

r e q u i r e s  e x p l i c i t  knowledge of t h e  k e r n e l  Z ( r , p 1 , p 2 ) ,  more- 

o v e r  it shou ld  be  of  a f a i r l y  s i m p l e  a l g e b r a i c  s t r u c t u r e .  

No i n f o r m a t i o n  i s  a t  p r e s e n t  a v a i l a b l e  on t h e  p o s s i b i l i t y  

of  g e n e r a l i s a t i o n  of t h i s  approach  f o r  t h e  case t h a t  t h e  

k e r n e l  i s  n o t  e x p l i c i t l y  known. 



12 General introduction 

F a y o l l e  and I a s n o g o r o d s k i  show i n  t h e i r  b a s i c  s t u d i e s  

[ 2 0 ] ,  [21 ]  t h a t  t h e  a n a l y s i s  of  t h e  "Two queues  i n  p a r a l l e l "  

model can  be r educed  t o  t h a t  of a Riemann-Hi lber t  boundary 

v a l u e  problem, a c t u a l l y  i t  can  be f o r m u l a t e d  as two D i r i c h -  

l e t  problems.  A v e r y  d e t a i l e d  a n a l y s i s  i s  p o s s i b l e ,  and t h e  

exposure  i n  c h a p t e r  111.1, which i s  based  on t h e  i d e a s  d e s -  

c r i b e d  i n  [181 ,  may be r ega rded  as a c h a r a c t e r i s t i c  example 

of t h e  a n a l y s i s  o f  c a s e s  w i t h  a s u f f i c i e n t l y  s i m p l e  kernel. 

A c t u a l l y  F a y o l l e  and  I a s n o g o r o d s k i  s t u d i e d  t h e  asymmet- 

r i c a l  "Two queues  i n  p a r a l l e l "  model,  i . e .  w i t h  unequa l  ser- 

v i c e  ra tes .  T h e r e s u l t i n g  boundary v a l u e  problem i s  n o t  of a 

s t a n d a r d  t y p e  and i n t e r e s t i n g  r e s e a r c h  remains  t o  be done h e r e .  

The " A l t e r n a t i n g  s e r v i c e  d i s c i p l i n e "  model, t o  be d i s -  

cussed  i n  c h a p t e r  1 1 1 . 2 ,  i s  a n  e x c e l l e n t  example of a queueing  

model w i t h  a P o i s s o n  k e r n e l ,  see f o r  a n o t h e r  example t h e  

s t u d y  of  Blanc  [161. I t  h a s  been i n c o r p o r a t e d  a l s o  because  

i t  i s  a s u i t a b l e  model f o r  t h e  i n v e s t i g a t i o n  of v a r i o u s  as- 

p e c t s  r e l a t e d  t o  t h e  numer i ca l  e v a l u a t i o n  of  t h e  a n a l y t i c a l  

r e s u l t s  f o r  models w i t h  a Po i s son  k e r n e l ,  see for t h i s  chap- 

t e r  I V . l .  

The " A l t e r n a t i n g  s e r v i c e  d i s c i p l i n e ! !  model h a s  been 

o r i g i n a l l y  i n v e s t i g a t e d  by E i s e n b e r g  [ 3 6 ]  whose approach  by 

t r a n s f o r m i n g  t h e  problem i n t o  a s i n g u l a r  i n t e g r a l  e q u a t i o n  

i s  i m p o r t a n t .  U n f o r t u n a t e l y  t h e  a n a l y s i s  i n  [361 i s  somewhat 

i ncomple t e .  

Because boundary v a l u e  problems of  t h e  Riemann-Hi lber t  

t y p e  can  be f r e q u e n t l y  t r ans fo rmed  i n t o  s i n g u l a r  i n t e g r a l  

e q u a t i o n s ,  c f .  [ 6 1 ,  I 7 1  i t  i s  a c t y a l l y  of g r e a t  i n t e r e s t  t o  

i n v e s t i g a t e  t h e  p o s s i b i l i t y  of  f o r m u l a t i n g  d i r e c t l y  t h e  i n -  

h e r e n t  problem of  t h e  a n a l y s i s  of a two-dimens iona l  random 
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walk as a s i n g u l a r  i n t e g r a l  e q u a t i o n ,  or a sys t em o f  such  

e q u a t i o n s ;  t h e  more s o  i n  t h e  l i g h t  of t h e  r e c e n t  deve lop -  

ments i n  t h e  t h e o r y  of  s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  c f .  [ 4 1 ,  

[ 5 1 ,  [371 .  

I n  c h a p t e r  I I I . 3  t h e  "coupled  p r o c e s s o r "  model i s  ana-  

l y z e d .  I t  c o n s i s t s o f  twoM/G/ l  queue ing  s y s t e m s ;  t h e  s e r v e r s  

ac t  i n d e p e n d e n t l y  of  each  o t h e r  a s  l o n g a s  b o t h  are  b u s y ,  b u t  

i f  one s e r v e r  becomes i d l e  t h e  o t h e r  s e r v e r  changes  i t s  ser-  

v i c e  speed .  When t h e  s i t u a t i o n  w i t h  b o t h  s e r v e r s  busy 

r e t u r n s  t h e  s e r v i c e  speeds  are  s w i t c h e d  back t o  normal .  The 

model stems from a computer per formance  a n a l y s i s  and has  

f o r  t h e  f i r s t  t i m e  been  s t u d i e d  by F a y o l l e  and I a s n o g o r o d s k i  

[ l a ]  f o r  t h e  case of n e g a t i v e  e x p o n e n t i a l  s e r v i c e  t i m e  d i s -  

t r i b u t i o n s ,  a s p e c i a l  case h a s  been  a l s o  i n v e s t i g a t e d  i n  [271 .  

The s t o c h a s t i c  p r o c e s s  s t u d i e d  i n  [ l a ]  i s  t h a t  d e s c r i b e d  by 

t h e  queue l e n g t h s  i n  f r o n t  of each  s e r v e r ,  and t h e  i n h e r e n t  

problem i s  r educed  t o  a Riemann-Hi lber t  p roblem a l o n g  t h e  

same l i n e s  as d i s c u s s e d  i n  c h a p t e r  111.1. 

I n  t h e  p r e s e n t  s t u d y  t h e  s t o c h a s t i c  p r o c e s s  c h a r a c t e r i z e d  

by t h e  workloads  o f  b o t h  s e r v e r s  i s  i n v e s t i g a t e d ,  i . e .  t h e  

s t a t e  s p a c e  i s  t h e  f i r s t  q u a d r a n t  i n  R 2 .  T h i s  approach  l e a d s  

t o  a Wiener-Hopf t y p e  of boundary v a l u e  problem i n s t e a d  of  

one of  t h e  Riemann-Hi lber t  t y p e .  Because i n  t h e  p r e s e n t  mono- 

g raph  o u r  main i n t e r e s t  i s  d i r e c t e d  towards  t h e  deve lopment  

o f  a n a l y t i c  t e c h n i q u e s  f o r  random walks  w i t h  a two-dimens iona l  

s t a t e  s p a c e  w e  have o n l y  i n v e s t i g a t e d  t h e  s t a t i o n a r y  p r o c e s s ,  

assuming t h a t  it e x i s t s .  It  i s  s u r p r i s i n g  t h a t  t h e  c o n d i t i o n s  

which g u a r a n t e e  t h e  e x i s t e n c e  of  a s t a t i o n a r y  d i s t r i b u t i o n  are 

i n t u i t i v e l y  n o t  s o  e a s y  t o  u n d e r s t a n d .  
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The advan tage  of s t u d y i n g  t h e  workloads  i n s t e a d  of  t h e  

queue l e n g t h s  i s  t h a t  t h e r e  i s  less need t o  assume t h a t  t h e  

s e r v i c e  times are n e g a t i v e  e x p o n e n t i a l l y  d i s t r i b u t e d ,  f o r  t h e  

p r e s e n t  a n a l y s i s  t h e y  need no s p e c i f i c a t i o n .  

A s imilar  e f f e c t  o c c u r s  i n  a n a l y z i n g  t h e  M / G / 2  queue ing  

model by means of  t h e  work loads ,  a f .  c h a p t e r  1 1 1 . 4  ( h e r e  a g a i n  

t h e  Wiener-Hopf t e c h n i q u e  i s  t h e  e s s e n t i a l  t o o l ) .  I t  may b e  

c o n j e c t u r e d  t h a t  i n  g e n e r a l  a s t a t e  space  d e s c r i p t i o n  by means 

of t h e  workloads  i n s t e a d  of  t h a t  by t h e  queue l e n g t h s ,  if 

p o s s i b l e , l e a d s  t o  a s i m p l e r  and more g e n e r a l  a n a l y s i s ,  i n  

p a r t i c u l a r  i f  t h e  a r r i v a l  p r o c e s s e s  are P o i s s o n i a n .  

Another n o t i c e a b l e  a s p e c t  i n  t h e  s t u d y  of  t h e  models i n  

c h a p t e r s  1 1 1 . 3  and 1 1 1 . 4  i s  t h e  a n a l y s i s  of t h e  k e r n e l s  by 

u s i n g  t h e  p r o p e r t i e s  of  t h e  "busy p e r i o d "  d i s t r i b u t i o n  of  t h e  

M /G /I queue ing  model. 

I n  p a r t s  I1 and I11 it  h a s  been  shown t h a t  t h e  a n a l y s i s  

of " two-dimens iona l"  random walk and  queue ing  models l e a d s  

t o  boundary v a l u e  problems.  The a p p l i c a b i l i t y  o f  t h e  a n a l y -  

t i c a l  r e s u l t s  o b t a i n e d  by s o l v i n g  t h e s e  boundary v a l u e  

problems depends on t h e  p o s s i b i l i t y  t o  e v a l u a t e  t h e s e  r e s u l t s  

n u m e r i c a l l y .  Such a numer i ca l  e v a l u a t i o n  p r e s e n t s  s e v e r a l  

a s p e c t s  which are u s u a l l y  n o t  e n c o u n t e r e d  i n  random walk 

and  queueing  a n a l y s i s .  T h e r e f o r e  w e  have devo ted  a s e p a r a t e  

p a r t  of t h e  p r e s e n t  monograph t o  t h e  numer i ca l  a n a l y s i s  of  

some of  t h e  most c r u c i a l  p o i n t s .  A v e r y  profound d i s c u s s i o n  

of t h e s e  a s p e c t s  i s  n o t  the  immediate g o a l ,  t h e  ma in  p u r p o s e  

i s  t o  i n v e s t i g a t e  whether  a numer i ca l  e v a l u a t i o n  i s  p o s s i b l e  

a t  a l 1 ; d e t a i l e d  a n a l y s i s  of  pe rhaps  s u b t l e  p o i n t s  i s  s u b j e c t  

of f u t u r e  r e s e a r c h .  
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The n u m e r i c a l  a n a l y s i s  i s  c o n c e n t r a t e d  on t h e  " A l t e r -  

n a t i n g  s e r v i c e  d i s c i p l i n e "  model,  because  t h i s  model c a n  be 

a n a l y z e d  a l o n g  t h e  l i n e s  of  c h a p t e r  1 1 . 3  as w e l l  as a l o n g  

t h o s e  o f  c h a p t e r  11.4 and c h a p t e r  1 1 1 . 2 .  

I n  c h a p t e r  I V . l  t h e  numer i ca l  a n a l y s i s  i s  based  on t h e  

r e s u l t s  of  c h a p t e r  1 1 1 . 2 ,  i . e . f o r  a random walk w i t h  a 

P o i s s o n  k e r n e l .  The b a s i c  problem i s  h e r e  t h e  n u m e r i c a l  s o l u -  

t i o n  o f  Theodorsen ' s  i n t e g r a l  e q u a t i o n .  T h i s  problem h a s  

been e x t e n s i v e l y  d i s c u s s e d  i n  t h e  l i t e r a t u r e  on t h e  n u m e r i c a l  

e v a l u a t i o n  o f  conformal  mappings,  see G a i e r  [ 9 ] .  The t e c h n i q u e s  

d e s c r i b e d  i n  [ 9 1  c o u l d  be s u c c e s s f u l l y  a p p l i e d  t o  t h e  p r e s e n t  case.  

The s o l u t i o n  OfTheodorsen ' s  i n t e g r a l  e q u a t i o n  i s  needed 

i n  c h a p t e r  1 1 . 4  t o  d e t e r m i n e  a confo rma l  mapping. Var ious  t e c h -  

n i q u e s  have  been  i n v e s t i g a t e d  t o  approx ima te  such  mappings.  

Some of them have  been  d i s c u s s e d  i n  s e c t i o n  I V . 1 . 4 .  and t h e  

r e s u l t i n g  approx ima t ions  are n u m e r i c a l l y  compared w i t h  t h e  

e x a c t  approach .  The approx ima t ions  s o  o b t a i n e d  a p p e a r  t o  

be v e r y  s a t i s f a c t o r y ,  i n  p a r t i c u l a r  t h e  " n e a r l y  c i r c u l a r "  ap- 

p rox ima t ion  y i e l d s  e x c e l l e n t  r e s u l t s  w i t h o u t  much c o m p u t a t i o n a l  

e f f o r t  . 

Chap te r  I V . l  c l o s e s  w i t h  a n  a s y m p t o t i c  a n a l y s i s  o f  t h e  

r e s u l t s  of  c h a p t e r  1 1 1 . 2  for t h e  case t h a t  t h e  a r r i v a l  r a t e  

of one o f  t h e  two t y p e s  o f  cus tomers  i s  small compared t o  t h a t  

o f  t h e  o t h e r  t y p e .  The numer i ca l  r e s u l t s  o b t a i n e d  are v e r y  good 

and show a n  unexpec ted  r o b u s t n e s s  of  t h e a s y m p t o t i c  a p p r o x i -  

mat ion .  

I n  c h a p t e r  I V . 2  t h e  d i s c u s s i o n  s t a r t s  from t h e  r e s u l t s  

d e s c r i b e d  i n  c h a p t e r  1 1 . 3  by c o n s i d e r i n g  t h e  " A l t e r n a t i n g  

s e r v i c e  model" as a random walk .  The a n a l y s i s  r e q u i r e s  
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here the numerical solution of a pair of simultaneous integral 

equations, viz. for the determination of the contour L and the 

unknown real function A ( . )  defined on L. An iterative scheme 

similar to that for the Theodorsen integral equation has been 

used and the final results are on the whole satisfying, but 

depending on the chosen values of the parameters subtle numer- 

ical questions can arise, actually due to the numerical 

integration of singular contour integrals. 

The present monograph indicates clearly the possibili- 

ties of the described and developed analytical techniques. 

Many points, however, have still to be investigated and the 

variety of special cases is very large; moreover the prob- 

abilistic aspects and consequences of the solution obtained 

have been hardly considered. A large field for further re- 

search is here available. A challenging problem arises if 

the condition of continuity to the West, South-West and 

South, made in the analysis of part I1 is dropped. 

It may be concluded, however, that the developed analytic 

approach is very promising for the investigation of a large 

class of queueing and random walk models; models which could 

before be only evaluated by the difficult and costly method 

of simulation. 
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1.1. SINGULAR INTEGRALS 

1.1.1. Introduction 

The i n t e g r a l  

does n o t  e x i s t  as a p rope r  or improper Riemann i n t e g r a l .  It 

i s  c a l l e d  a s i n g u l a r  i n t e g r a l  and a s  such i t  w i l l  be de f ined  

by i t s  Cauchy p r i n c i p a l  v a l u e :  

dx E-E dx dx J - : = l i m { J  - + J  - 
a x-c E + o  a x-c ~ + . z  x-i; 1 

b-E (1.1) = l i m  { l o g  - + l o g  7 } 
E-a E + O  

S-a b-E + l o g  7 E I =  l o g  b-E - 
E-a 5 

l i m  { l o g  
E + @  

h e r e  t h e  p r i n c i p a l  v a l u e  of t h e  l o g a r i t h m  i s  chosen such t h a t  

l o g  c i s  real  fo r  c > 0.  

Next l e t  $ ( - )  be a f u n c t i o n  d e f i n e d  on [ a , b ]  and i n t e g r a b l e  

i n  each of t h e  i n t e r v a l s  a G x G 5 - E ,  5 + E G x b for a l l  

E > 0.  The Cauchy p r i n c i p a l  v a l u e  o f  

b 
I $ ( X I  dx 
a 

i s  now d e f i n e d  by 

b 5 - E  b 
J $ ( x ) d x  = l i m  { $ ( x ) d x  + J $ ( x ) d x )  
a E + O  a E + E  
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i f  t h e  l i m i t  e x i s t s .  

I t  i s  s a i d  t h a t  a f u n c t i o n  $ ( X I  d e f i n e d  on [ a , b ]  s a t i s f i e s  

t h e  HijZder  condition on [ a , b ]  i f  f o r  any two p o i n t s  x1,x2E [ a , b ] ,  

where A and 1-1 are  p o s i t i v e  numbers w i t h  

A i s  t h e  H d Z d e r  constant and p t h e  H U Z d e r  { n d e x  of  $I(-)  on [ a , b ] .  

T h e o r e m  1 . 1  Let  $ ( a )  s a t i s f y  on [ a , b ]  t h e  HSlder c o n d i t i o n  

t h e n  t h e  s i n g u l a r  i g t e g r a l  

e x i s t s  a s  a Cauchy p r i n c i p a l  v a l u e  i n t e g r a l .  

P r o o f  

Because o f  t h e  H6lder c o n d i t i o n  

so t h a t  t h e  second i n t e g r a l  above e x i s t s  as an improper i n t e g r a l  

i f  p 1, and a s  a p rope r  i n t e g r a l  i f  ’-1; t h e  l a s t  i n t e g r a l  

e x i s t s  as a Cauchy p r i n c i p a l  v a l u e  i n t e g r a l .  

For t h e  d i s c u s s i o n  o f  boundary va lue  problems w e  a c t u a l l y  

need t h e  concept  of  a s i n g u l a r  Zine i n t e g r a l ,  i . e .  t h e  p a t h  of 

i n t e g r a t i o n  i s  p a r t  of a curve i n  t h e  xy-plane.  Such i n t e g r a l s  

w i l l  be d i s c u s s e d  i n  t h e  next  s e c t i o n s .  
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In section 5 the singuZar Cauchy integraZ is defined. This 

integral, and in particular the Plemelj-Sokhotski formulas 

(section 6 )  plays a key role in the boundary value problems to 

be discussed in the next chapters. As a first illustration a 

special case of the Riemann boundary value problem is studied in 

section 7. There is a strong connection between Riemann-(Hilbert) 

boundary value problems and singular integral equations; an 

illustration of this statement can be found in section 8. 
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1.1.2. Smooth arcs and contours 

Consider a rectangular coordinate system (x,y) in the 

complex plane @ = { z : z = x t iy}. The set of points 

L : =  {t=x+iy: x=x(s), y=y(s),s~ [sa,sbll, 

with sa and sb finite constants, sa 

y ( . )  continuous on [sa,sbl is called a s m o o t h  a r c  if: 

i. x(;) and y(.) have continuous derivatives on [sa,sbl, which 

are never simultanaously zero (smoothness); the derivatives 

at sa and sb are defined as the limits o f z  x(s) and 3: y ( s )  for 

sGsa and s+sb, respectively. 

ii. there does not exist a pair s1,s2E [saysb] with sl#s2 such 

that 

sb, and with x(.) and 

d d 

x(sl) x(s2) and y(sl) y(s2). 

If i. is omitted, L is called a Jordan  a r c .  

The points 

a : =  {x(sa),y(sa)) , b : =  {x(sb),y(sb)}, 

are the so-called endpoints of L. 

Obviously (cf.i) L is rectifiable so that for s can be 

taken the a r c  length between a fixed and variable point of L, 

and then 

i Thepositive direction on L is chosen such that it is counter- 

clockwise and the arc length is measuredpositively inthis direction. 

The positive x- and y-axis are as shown in figure 1.The positive 

direction on the tangent of L at s is the same as that on L. 

Denote by 0 the angle between thetangent and the positive 

x-axis .measured positively counterclockwise then 

t This will be our standard convention throughout the text. 
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When L i s  a ( smoo th )  c o n t o u r  t h e  domain " l e f t "  o f  L (wi.th 
+ r e s p e c t  t o  t h e  p o s i t i v e  d i r e c t i o n  on L) i s  i n d i c a t e d  by L , t h a t  

" r j -gh t "  o f  L by L-; h e r e  L+, L and L- a r e  d i s j o i n t  s e t s ,  s e e  

f i g u r e  2 .  

L 0- From t h e  d e f i n i t i o n s  above 

it i s  s e e n  t h a t  smooth arcs and 

c o n t o u r s  are  s imply  connec ted  

c u r v e s  ( n o  doub le  p o i n t s ) ,  w i t h  F i g u r e  2 

c o n t i n u o u s l y  v a r y i n g  t a n g e n t s .  A s i m p l y  c o n n e c t e d  c u r v e  con- 

s i s t i n g  o f  a f i n i t e  number o f  smooth arcs i s  s a i d  t o  be piecewise 

smooth. 

A smooth arc  or c o n t o u r  i s  c a l l e d  a n  a n a Z y t i c  arc or 

c o n t o u r i f  i n  some ne ighbourhood Is-s0l 

b o t h  X ( S )  and y ( s )  p o s s e s s  conve rgen t  power ser ies  e x p a n s i o n s  

( c f .  [ 3 1 ,  p .  186), 

E of  e v e r y  s 0 ~ ( s a , s b )  
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I. 1.3. Singular integrals 2 5  

I. 1.3. The Holder condition 

L e t  $ ( a )  be  a f u n c t i o n  d e f i n e d  on  a n  arc  or c o n t o u r  L 

I f  f o r  a l l  p a i r s  t l , t2 E L: 

w i t h  A and p b o t h  p o s i t i v e  c o n s t a n t s  and 0 1.1 1 t h e n  $I(-) 

i s  s a i d t o  s a t i s f y  on L t h e  Holder  c o n d i t i o n  H ( p ) ;  A i s  t h e  

H o l d e r  e o n s t a n t a p  t h e  Holder  i n d e x .  

Obvious ly  i f  $ ( ’ )  s a t i s f i e s  t h e  H ( 6 l d e r )  c o n d i t i o n  on L t h e n  

it i s c o n t i n u o u s  on  L ;  i f  I$(-) h a s  a f i n i t e  c o n t i n u o u s  d e r i v a t i v e  

everywhere  on L t h e n  it s a t i s f i e s  H ( 1 ) .  S u f f i c i e n t  c o n d i t i o n s  

f o r  t h e  H-cond i t ion  t o  be  s a t i s f i e d  are  d i s c u s s e d  i n  [ 7 ]  p. 1 3 .  

We q u o t e  a f e w  r e s u l t s .  If 

H-condi t ion  on L so do t h e i r  sum and p r o d u c t  and  a l s o  t h e i r  

q u o t i e n t  p rov ided  $2 ( t ) fO  f o r  V t  E L. F u r t h e r  if 

$ I ( * )  s a t i s f i e s  t h e  H-condi t ion  on L ,  i f  f ( u )  i s  d e f i n e d  f o r  a l l  

u = $ ( t ) ,  t E L and i f  f ( u )  h a s  h e r e  a bounded d e r i v a t i v e  t h e n  

f ( $ ( - ) )  s a t i s f i e s  t h e  H-cond i t ion  on L w i t h  t h e  same i n d e x  a s  

and Q2(.) bo th  s a t i s f y  t h e  

$ ( .  ). 
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1.1.4. The Cauchy integral 

Let I$(') be  d e f i n e d  on L ,  a smooth arc or c o n t o u r ,  and 

assume t h a t  + ( t )  i s  u n i f o r m l y  bounded i n  t f o r  t E L and t h a t  

it is i n t e g r a b l e  w i t h  r e s p e c t  t o  s ,  t h e  a ~ c  c o o r d i n a t e  o f  

t = t ( s )  E L.  The so c a l l e d  Cauchy  i n t e g r a l  

i s  t h e n  w e l l - d e f i n e d ,  n o t e  t h a t  L h a s  f i n i t e  l e n g t h ,  s e e  s e c t i o n  2 .  

I t  i s  w e l l  known (cf. [l] p .  39  , [2] p. 99) t h a t  @ ( Z )  i s  

r e g u l a r ,  i . e .  a n a l y t i c  and s i n g l e  v a l u e d  a t  e v e r y  p o i n t  24  L ,  

i n  o t h e r  words f o r  eve ry  z o  4 L a ne ighourhood of z o  e x i s t s  i n  

which Q(z), z E L p o s s e s s e s  a conve rgen t  s e r i e s  expans ion  
m 

n c n ( z - z 0 )  . Further 
n=  0 

( 4 .  2 )  
_-_ d n @ ( z )  - - n! I a n X d t ,  n=O,l ,....; z 4 L, 
dzn L ( t - z )  

and because  L has  f i n i t e  l e n g t h  
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1.1.5. The singular Cauchy integral 

The i n t e g r a l  d i s c u s s e d  i n  t h e  p r e v i o u s  s e c t i o n  h a s  no meaning 

f o r  z E L ,  below it w i l l  be  g i v e n  a meaning f o r  f u n c t i o n s  ( I ( * )  

s a t i s f y i n g  t h e  H-condi t ion .  For o t h e r  f u n c t i o n  classes see [4] 

and [ 5 1 .  

L e t  L be  a smooth arc or c o n t o u r  and  @ ( - )  a f u n c t i o n  

d e f i n e d  on L s a t i s f y i n g  t h e  H-cond i t ion  of s e c t i o n  3 .  

For  t o €  L ( n o t  a n  e n d p o i n t )  t h e  s i n g u l a r  Cauchy i n t e g r a l  

i s  d e f i n e d  by i t s  p r i n c i p a Z  vaZue ,  

h e r e  1 is t h a t  p a r t  of L c u t  from L b y  

4 a small  c i r c l e  w i t h  c e n t e r  a t  to  and 

r a d i u s  r ,  s e e  f i g u r e  3.  

T o  prove  t h e  v a l i d i t y  of t h e  

d e f i n i t i o n  n o t e  f i r s t  t h a t  t i s  
0 

n o t  a n  e n d p o i n t . o f  L ,  so t h a t  r can  

be chosen  so s m a l l  t h a t  I C  L.  The 

p r i m i t i v e  of ( t - tO)  i s  l o g ( t - t O ) ,  which b 

i s  a many v a l u e d  f u n c t i o n .  We t h e r e f o r e  

a / F i g u r e  3 

-1 

0 to s l i c e  t h e  p l a n e  by a c u t  from t 

i n f i n i t y ,  see f i g u r e  4 ;  a t  t l  t h e  

p r i n c i p a l  v a l u e  o f  l o g ( t l - t O )  i s  

t a k e n  so t h a t  on t h e  s l i t t e d  p l a n e  

l o g ( t - t O )  i s  u n i q u e l y  d e f i n e d .  
a 

F i g u r e  4 
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It follows 

t -t 
b-to 1 0  

a-to t2+0 
log -- t log - * 

To investigate the righthand side of (5.3) for r+O note that, 

see figure 5, 

t i arg (tl-tO) - i arg (t2-t0). 

Obviously 

tl-tO 

t2 log 1-1 t l  
0 for every r > 0, 

Figure 5 
and because L is smooth at to 

lim Iarg(tl-tO) - arg(t2-t0)} lim ( e , - e , )  = IT. 
r J-0 r J-0 

Hence the integral in ( 5 . 3 )  has a limit for r J - 0  

and 

= in for a=b. 

Write, cf. (5.21, 

and note that the H-condition implies that I@(to)l is finite 

and that for all t E L :  
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The second integral in (5.5) exists as a proper integral 

and converges for r + O  to the improper integral 

t. 1 - I  

Consequently @(to) is well defined and 

(5.6) t +  l o g  - to-a 2iTi 

$( to )  b-to 
if a+b, 

if a=b. 

We shall quote two theorems concerning properties of the 

singular Cauchy integral. 

Theorem 5.2 (cf. [61 p. 17). If the function t=a(-r) has 

a continuous first derivative a(l)(r), which does not vanish 

anywhere, and U(T) constitutes a one-to-one mapping of L onto L1 

then 

with tO=a(To). 

Theorem 5 . 2  (cf. [6] p. 18). If $(t), t E L is a continuously 

differentiable function and to E L (not an endpoint) then 

with the principal branch of the logarithm defined as in 

figure 4. 
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Remark 5 . 1  ( c f .  [ 6 1  p. 4 1 ,  [ 7 1  p. 4 9 ) . I f  $(-I has t& H(p)-pro- 

p e r t y  on L ,  a smooth c o n t o u r ,  t h e n  Q ( t  ) , c f . ( 5 . 6 l Y s a t i s f i e s  t h e  H ( p ) -  

c o n d i t i o n  on L i f  1.1 1, and t h e  H ( ~ - E )  c o n d i t i o n  i f  p = l ,  

w i t h c a r b i t r a r i l y  small p o s i t i v e .  

0 
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1.1.6. Limiting values of the Cauchy integral 

In this section the limiting behaviour of 

1 @(z) = I 
t E L  

f o r  z -t to E L will 

$ ( - I  satisfies on L 

theorem. 

Theorem 6 . 1  (cf. [Sl 

z e L, $(t) 
e't ? 

be considered. It is always assumed that 

the H-condition. We quote the following 

p .  2 0 ,  [ 7 1  p .  3 8 ) .  F o r  L a smooth arc o r  

contour and to an interior point of L the function 

$(t)-$(to) 1 dt,tO E L, z 4 L, t-z Y(z) : = -  
2Tl t E L  

is continuous on L from the 'left' and from the 'right', i.e. 

for z -f to along any path to the left or to the right of L: 

@(t)-@(tO) 
t. 1 

Y ( z )  -+ Wt,) I t-to t E 1, 

Write with to E L, z 4 L: 

(6.1) 
@(to) dt $(t)-$(tO) 

-it t I - .  1 
2 l l i  t-z O ( Z )  = - I 

27ll E L  t-z 

If L is a smooth contour (hence closed) then Cauchy's 

theorem implies that 

. o  

i- if z s L , cf. section 2, 

if z E L-, 

and consequently the theorem above implies that f o r  to E L: 

Z E  L+ 
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Because for a smooth contour L with to E L, 

cf. ( 5 . 4 ) ,  

1 dt - 4 ,  - - -  
( 6 . 3 )  t-to 2a1 t € L  

the Plemelj-Sokhotski formulas are obtained viz. if L is a 

smooth  contour and $ ( . )  s a t i s f i e s  t h e  H-condition on L t h e n  

f o r  to E L: 

and equivalently 

( 6 . 5 )  @+(to) - @-(to) = $(to), 

@+(to) t @-(to) = $ J u t .  
t E L 

These formulas will play a key role in the boundary value 

problemsto be discussed in subsequent chapters. Generalizations 

of these “PS” formulas are possible in several directions, viz. 

i. f o r  L a piecewise smooth contour, 

ii. for L a union of a finite number of non-intersecting smooth 

contours and/or arcs, see [ 6 1  and [ 7 1 ,  

iii. for a larger class of functions 4 ( - )  than those satisfying 

the €+condition, cf. [ 4 ] ,  ..., [ 7 ] ,  and in particular [ 8 1  chapter 

10. 

Finally we quote the following result from [ 6 ] ,  p .  38, 

[ 7 1 ,  p. 4 9 .  

Lemma 6 . 1  If + ( . )  satisfies the H ( p )  condition on a smooth contour 

L then 
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s a t i s f y  on L t h e  H(A) c o n d i t i o n  w i t h  A=p i f  p < 1, and w i t h  

h = l - ~  where E > 0 b u t a r b i t r a r i l y  small i f  u=l ( c f .  remark 5 . 1 ) .  

Concern ing  t h e  c o n t i n u i t y  b e h a v i o u r  o f  

f o r  z +to E L s e e  [ 7 1  c h a p t e r  2 and [ E l  c h a p t e r  1 0 .  

Remark 6 . 1  The P leme l j -Sokho t sk i  fo rmulas  ( 6 . 4 )  a l s o  a p p l y  i f  

L i s  a n  open smooth c u r v e  and t o  i s  n o t  an  e n d p o i n t  o f  L ,  c f .  

161 p .  2 5 .  
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1.1.7. The basic boundary value problem 

As an immediate application of the PS formulas of the pre- 

ceding section we consider the following boundary value problem. 

F o r  L a smooth c o n t o u r  and $ ( . )  d e f i n e d  on L and s a t i s f y i n g  

t h e  H-cond i t ion  d e t e r m i n e  a f u n c t i o n  @ ( z )  r e g u l a r  (cf. section 4.2) 

f o r  z E C\L, c o n t i n u o u s  f o r  z E L UL and f o r  z E L-UL, v a n i s h i n g  

a t  i n f i n i t y  and s a t i s f y i n g  

t 

From the results of the preceding sections (cf. ( 6 . 5 )  and 

section 4) it follows immediately that 

is a solution. It is the u n i q u e  solution. Because if 01(*) is a 

second solution then @ ( z )  - O1(z) is regular for z E @\L, is 

continuous for z E L t U  L, and also f o r  z E L-U L, moreover for 

t E L :  

Hence @ ( z )  - @,(z) is regular for all z E Q1, and vanishes at 

infinity. Hence by Liouville's theorem, cf. 1 2 1  p. 82, 

@ ( z )  - @ ( z )  = 0 for every z E C. 1 
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1.1.8. The basic singular integral equation 

L e t  $ ( * I  s a t i s f y  on t h e  smooth c o n t o u r  L t h e  H-condition. 

It is  r e q u i r e d  t o  de t e rmine  a f u n c t i o n  $ ( - )  d e f i n e d  on L ,  s a t i s -  

f y i n g  h e r e  t h e  H-condi t ion,  and such t h a t  

To s o l v e  t h i s  singular i n t e g r a l  e q u a t i o n  d e f i n e  

z g L. 1 
@ ( z )  : =  7 J ut , 2a1 E L  t - z  ( 8 . 2 )  

It f o l l o w s  from ( 6 . 5 )  , 

so t h a t  w i t h  

it i s  s e e n  u s i n g  t h e  d e f i n i t i o n s  ( 6 . 2 )  t h a t  

( 8 . 5 )  Y + ( t O )  - Y - ( t , )  = $(to)  , to E L .  

The r e s u l t s  of t h e  p reced ing  s e c t i o n  y i e l d  

From ( 8 . 2 ) ,  ( 6 . 5 ) ,  ( 8 . 4 )  and ( 8 . 6 )  for to E L, 

Hence ( 8 . 1 )  i m p l i e s  ( 8 . 7 ) ,  and ana logous ly  ( 8 . 7 )  l e a d s  t o  (8.1). 

Consequent ly ,  t h e  s o l u t i o n  of (8.1) i s  unique and g i v e n  by ( 8 . 7 ) .  
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1.1 9 .  Conditions for analytic continuation of a 
function given on the boundary 

Let  $ ( - )  be d e f i n e d  on a smooth c o n t o u r  L and l e t  it s a t i s f y  

t h e  H-condi t ion .  What a r e  t h e  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  

t o  be s a t i s f i e d  by + ( , I  i s  o r d e r  t h a t  i. it i s  t h e  boundary 

v a l u e  o f  a f u n c t i o n  r e g u l a r  i n  L con t inuous  i n  Lu L o r  ii. 

it i s  t h e  boundary v a l u e  o f  a f u n c t i o n  r e g u l a r  i n  L-, con t inuous  

i n  L U L -  and v a n i s h i n g  a t  i n f i n i t y ?  

t t 

Cons ider  

1 
O ( Z )  = - J ut, 2 er L. 

2 T l  E L  t - z  (9.1) 

I f  $ ( t )  i s  t h e  boundary v a l u e  of a f u n c t i o n  r e g u l a r  i n  Lt t h e n  

it f o l l o w s  from Cauchy's theorem,  

and hence  by t h e  PS fo rmula ,  c f .  (6.4), 

i. e., 

Obvious ly ,  t h e  c o n d i t i o n  ( 9 . 2 )  i s  n e c e s s a r y .  Next suppose @ ( . )  

s a t i s f i e s  (9.2) t h e n  from ( 6 . 5 ) ,  ( 9 . 1 )  and ( 9 . 2 )  

Consequent ly  t h e  c o n d i t i o n  ( 9 . 2 )  answers  t h e  q u e s t i o n  i. above .  

S i m i l a r l y  it is proved  t h a t  t h e  c o n d i t i o n  

-&$(to) = - 1 J u t ,  V t O  E L,  
(9.3) 2T1 t E L  t-to 

i s  t h e  answer t o  q u e s t i o n  ii. above. 
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If it i s  r e q u i r e d  i n  q u e s t i o n  it. t h a t  $ ( z )  has  a t  i n f i n i t y  

a g iven  p r i n c i p a l  p a r t ,  i .e .  

1 $ ( z )  = y(z) + o(;) for I z  

with y ( z )  a polynomial ,  i n s t e a d  

t h e  c o n d i t i o n  which answers t h e  

of v a n i s h i n g  a t  i n f i n i t y  t h e n  

modif ied q u e s t i o n  i t -becomes  

1 $ ( t )  - $ $ ( t o )  = - I -dt - y ( t O ) ,  V t O  E L ,  2 i T l  E L  t -to (9.4) 

a r e s u l t  which i s  r e a d i l y  d e r i v e d  from ( 9 . 3 )  by c o n s i d e r i n g  

@ ( z )  - y(z), z E L- i n s t e a d  of @ ( z ) .  
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1.1 .lo. Ijerivatives of singular integrals 

L e t  $ ( * I  be  d e f i n e d  on t h e  smooth c o n t o u r  L and suppose  

t h a t  t h e  rn t h  d e r i v a t i v e  @ ( m ) ( *  1 e x i s t s  on L and  t h a t  $ ( m ) ( * )  

s a t i s f i e s  t h e  H-condi t ion .  From 1 6 1  p.  2 9 ,  ..., 31  w e  q u o t e  t h e  

f o l l o w i n g  r e s u l t s .  

For 

we have 

and fo r  to E L :  
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1.2. THE RIEMANN BOUNDARY VALUE PROBLEM 

12.1. Formulation of the problem 

L e t  L be a smooth c o n t o u r ,  G ( * )  and g ( . )  f u n c t i o n s  d e f i n e d  

on L ,  b o t h  s a t i s f y i n g  a H6lder  c o n d i t i o n ,  and  

(1.1) G ( t ) # O  f o r  e v e r y  t E L 

The Riemann boundary v a l u e  problem f o r  L i s :  

@ ( . )  such that 

Determine a function 

( 1 . 2 )  i. @ ( z )  is regular f o r  z E L+ , 
is continuous f o r  z E L U  L+ ; 

. .  
11. ~ ( z )  is regular f o r  z E L- , 

is continuous for z E L U  L- ; 

with A a constant ; . . .  
111. O ( z )  + A  f o r  I z I  .+ - 
i v .  O + ( t )  = G ( t ) O - ( t )  t g ( t )  for t E L ,  

w i t h  

O + ( t )  : =  l i m  O ( Z )  ; o - ( t )  : =  l i m  ~ ( z ) .  
z +t E+L z +t E_L 

z E L  z E L  

Note t h a t  f o r  G ( t ) = l ,  t E L and  A=O t h e  s o l u t i o n  h a s  been  g i v e n  

i n  s e c t i o n  1 . 7 .  

The homogeneous problem ( i . e . ,  g ( t )  0 ,  t E L) w i l l  be 

d i s c u s s e d  i n  s e c t i o n  3 ,  a n d  t h e  inhomogeneous problem i n  

s e c t i o n  4. A s i m p l e  g e n e r a l i z a t i o n  of t h e  boundary v a l u e  problem 

( 1 . 2 )  i s  c o n s i d e r e d  i n  s e c t i o n  5 .  
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1.2.2. The index of C(t), t E L 

I n  t h e  a n a l y s i s  of  t h e  problem fo rmula t ed  i n  t h e  p r e c e d i n g  

s e c t i o n  t h e  concep t  i n d e x  x o f  G(.) on  L i s  needed. Th i s  i n d e x  

i s  t h e  increment  of t h e  argument of G ( t ) ,  when t t r a v e r s e s  L 

Once i n  t h e  p o s i t i v e  d i r e c t i o n ,  d i v i d e d  by 2 ~ .  Because G(') 

i s  con t inuous  on L it i s  s e e n  t h a t  

1 1 ( 2 . 1 )  x = indG(t .1  = - J d { a r g G ( t ) }  J d { l U g G ( t ) j ,  
2TI t E L  t E L  

hence x i s  an i n t e g e r  i f  G ( t )  # 0 f o r  eve ry  t E L .  

Cons ider  t h e  case t h a t  G(t), t E L i s  t h e  boundary v a l u e  
t o f  a f u n c t i o n  G ( z ) ,  z E Lt which i s  r e g u l a r  i n  L 

a f i n i t e  number o f  p o l e s  i n  L . Then t h e  i n d e x  o f  G ( ' )  on L i s  

e q u a l  t o  t h e  number of  z e r o s  o f  G(- ) i n  Lt  l ess  t h e  number of 

p o l e s  i n  L , t h e  z e r o s  and  p o l e s  coun ted  a c c o r d i n g  t o  t h e i r  

m u l t i p l i c i t y ,  f o r  a p roof  see 111 p. 99. 

e x c e p t  f o r  
t 

t 
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1.2.3. The homogeneous problem 

In this section the homogeneous problem (1.2) of section 1 

is discussed, i.e. we consider here 

(3.1) g(t). 0 , t E L  

It follows from ( 1 . 2 )  iv and (3.1) that for t E L: 

Because of (1.2) i,ii the relation (3.2) implies that 

(3.3) x N++N-, 

+ 
with Nt the number of zeros of a ( . )  in L , N- that of @(-I in 

L-, with x the index of G(-), note that @'(t), t E L is the 

boundary value of a function regular in L , similarly for 

O-(t) with L+ replaced by L-. 

i 

Consequently we should have, 

which implies that if x indG(-) < 0 then the homogeneous 

problem has no solution, except for the trivial null solution. 

The cases x=O and x > 0 are discussed separately. 
Case A. x= O .  Hence 

N+n N- = 0, 
so that logO(z) has no z e r o s  f o r  z E L+, and also no zeros in L-. 

Consequently, it follows from (1.2) i, ii, iii with A # O  that 

(3.5) i. log O(z) should be regular for z E L , t 

t 
continuous €or z E L U L, 

ii. log @(z) should be regular for z E L-, 

continuous for z E L- u L, 

bounded for I z I  + m. 
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Next n o t e  t h a t  G ( . )  s a t i s f i e s  on L t h e  H-cond i t ion  and  

does  n o t  v a n i s h  on L so t h a t  log G ( t )  s a t i s f i e s  on L t h e  H-con- 

d i t i o n  ( s e e  s e c t i o n  1 . 3  and  [ 7 1  p.  16 ,E’ ) .  Hence by w r i t i n g  

( 3 . 2 )  as 

it i s  s e e n  t h a t  t h e  problem of d e t e r m i n i n g  a f u n c t i o n  @ ( - )  sa t i s -  

f y i n g  ( 3 . 5 )  and ( 3 . 6 )  i s  i d e n t i c a l  w i t h  t h a t  f o r m u l a t e d  i n  s e c t i o n  

1 . 7 .  I t  f o l l o w s  t h a t  t h e  s o l u t i o n  of t h e  homogeneous p r o b l e m  

( 1 . 2 )  ( w i t h  ( 3 . 1 ) )  i n  t h e  c a s e  x - 0  i s  unique and g i v e n  by 

= Ae y z E L - ,  

Note t h a t  i n  ( 3 . 7 )  it i s  i r r e l e v a n t  which b ranch  of log G(t) 

i s  chosen .  Obvious ly ,  i f  A = O ,  c f .  ( 1 . 2 )  iii, t h e n  t h e  n u l l  

s o l u t i o n  i s  t h e  o n l y  s o l u t i o n .  

Remark 3 . 1  If f o r  t h e  homogeneous problem t h e  c o n d i t i o n  ( 1 . 2 )  

iii i s  r e p l a c e d  by 

( 3 . 8 )  l O ( z ) l  rn O ( l z l k )  

t h e  g e n e r a l  s o l u t i o n  r e a d s  

f o r  I z I - + m ,  k > 0 ,  a n  i n t e g e r ,  t h e n  

r . o ( z )  
(3.9) @ ( z )  = e P, (z ) ,  z E L + U  L-, 

where P ( 2 )  i s  an  a r b i t r a r y  polynomia l  i n  k z of degree  k and  

z E L+U L U  L-.  
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Proof Obvious ly  @ ( z )  as g i v e n  by ( 3 . 9 )  s a t i s f i e s  ( 3 . 8 ) .  The 

PS f o r m u l a s ,  c f .  ( 1 . 6 . 4 ) ,  a p p l i e d  t o  ( 3 . 9 )  y i e l d  for t E L, 

( 3 . 1 1 )  @+( t )  = e i l o g  G ( t )  + I ' O ( t ) P k ( t )  
3 

@ - ( t )  = ,-;log G ( t )  + r 3 ( t ) p k ( t ) ,  

and hence  ( 1 . 2 )  i, ..., i v  w i t h  g ( t ) = O  and  ( 1 . 2 )  iii r e p l a c e d  

by ( 3 . 8 )  are  s a t i s f i e d .  The un iqueness  of t h e  s o l u t i o n  f o l l o w s  

s i m i l a r l y  as i n  s e c t i o n  1 . 7 .  0 

Case B. x >  0 .  Take t h e  o r i g i n  o f  t h e  c o o r d i n a t e  sys tem i n  L t and 

rewri te  ( 1 . 2 )  i v  w i t h  g ( t ) = O ,  c f .  ( 3 . l ) , a s  

Obvious ly  on L 

(3 .13 )  i n d C t - X G ( t ) l  0 

Put  

r ( 2 )  : =  - 1 J log I t - x G ( t ) l d t ,  L + u  L u  L- , 
t - z  t E L  2 ll.l ( 3 . 1 4 )  

X 

n o t e  t h a t  log { t - X G ( t ) ]  s a t i s f i e s  t h e  H-cond i t ion  on L. Hence 

from ( 1 . 6 . 5 )  

Consequent ly  from ( 1 . 2 )  i v  w i t h  g ( t ) = O  , 

Because 

r ( 2 )  i s  r e g u l a r  f o r  z E L+ u L- , 
X + i s  c o n t i n u o u s  and  f i n i t e  f o r  z E L U L- ,  r ( z )  

it  i s  s e e n  t h a t  ( 1 . 2 )  i , ii and ( 3 . 1 6 )  imply t h a t  @ ( z ) / e  , 
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r ( 2 )  

Z E  L'and z X O ( z ) / e  9 z E L -  a r e e a c h  o t h e r ' s a n a l y f i c  c o n t i n u a t i o n s .  

F u r t h e r  ( 1 . 2 ) i i i  i m p l i e s  

(3.17) I z % ( z ) / e  X 1 = J A J  J z J X  for J z I - t m .  

Consequen t ly  L i o u v i l l e ' s  t heo rem i m p l i e s  t h a t  

(3.18) O ( Z )  e X P ( 2 )  for z E L + ,  

e X z - X p X ( z )  f o r  z E L-, 

r ( z )  

r ( 2 )  

r ( 2 )  
X 

w i t h  

( 3 . 1 9 )  l i m  Z - X P  ( z )  = A 
X I z I -  

where P ( . )  i s  a n  a r b i t r a r y  po lynomia l  o f  d e g r e e  x s a t i s f y i n g  

(3.19). The r e l a t i o n s  (3.14), ( 3 . 1 8 )  and (3.19) p r e s e n t  t h e  

g e n e r a l  s o l u t i o n  o f  t h e  homogeneous boundary  v a l u e  p r o b l e m  (1.2) 

f o r  t h e  c a s e  x = i n d  G ( - )  > 0 ,  b u t  n o t e  t h a t  t h e  o r i g i n  o f  t h e  

c o o r d i n a t e  s y s t e m  l i e s  i n  L . 

X 

+ 
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1.2.4. The nonhomogeneous problem 

In this section it will again be assumed that the origin of the 

t 
coordinate system lies in L . 
i. x > O .  Recalling ( 3 . 1 4 ) ,  i.e. 

so that 

the relation ( 1 . 2 )  ivy 

t E L, 

may be rewritten as, 

r+(.) 
Because g ( - )  satisfies the H-condition on L and so does e x 

cf. lemma 1 . 6 . 1 ,  which is alwavs nonzero on L, we 

may and do write 

so that ( 4 . 4 )  becomes for t E  L:  
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Because eri(z) is never zero for z E L U L+, and similarly for 

erx(’), z E L U L-, it follows that (note z=O E L and x 2 O ) ,  
- + 

+ 
(4.8) O ( z )  e - r  x ( 2 )  Y(Z) is regular for z E L , 

is continuous for z E L u L+, 

(4.9) zX~(z) e h r  x (‘1 - ~ ( z )  is regular for z E L-, 

is continuous for z E L IJ L-, 

lzX~(z) e-rx(z) - ~ ( z )  

Consequently ( 4 . 7 )  together 

the expressions in (4.8) and 

with ( 4 . 8 )  and ( 4 . 9 )  imply that 

(4.9) are  each other’s analytic con- 

tinuations, and the asymptotic relation in ( 4 . 9 )  together with 

Liouville’s theorem implies that 

o r  

with P ( . )  an arbitrary polynomial of degree x > 0 and such that 
X 

lim z-X P ( z )  = A. 
X 

(4.11) 
/ z I + m  

Consequently, f o r  t h e  c a s e  x 2 0 t h e  r e l a t i o n s  (4.10) and (4.11) 

r e p r e s e n t  t h e  g e n e r a l  s o l u t i o n  o f  t h e  inhomogeneous  boundary  

v a l u e  problem (1.21, it contains (apart from A )  X arbitrary 

constants (coefficients of P ( - ) I .  It is readily verified that 

it is the unique solution (apart from thex arbitrary constants). 
X 

ii. x < 0. In this case the relations (4 .7) , . . . ,  (4.9) still hold; 
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together with Liouville's theorem they imply that 

Because Y(z), cf. (4.51, possesses in a neighbourhood of 

z m a convergent series expansion in powers of z , 
h=0,1, ... , i.e. Y ( - )  is regular in a neighbourhood of 2-0, 

we may write 

-h 

1 

m 

(4.13) 

Hence if 

Y ( z )  t-l chz-h for [zI sufficiently large. 

(4.14) c =A, ch=O for h=l ,.... , -x-1, x -1, 
-X 

then the inhomogeneous boundary value problem (1.2) has 

a unique solution which is then given by (4.12); it is insoluble 

if (4.14) does not hold. 
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1.2.5. A variant of the boundary value problem (1.2) 

The boundary value problem (1.2) may be generalized in 

several directions. We shall discuss here a simple generaliza- 

tion, see further [ 6 ]  and [ 7 1  for more complicated cases. 

Let again L be a smooth contour, g ( . )  and G(.) functions 

defined on L, both satisfying a H-condition on L and with G(-) 

non-vanishing on L, x will be the index of G(-) on L, and 
L contains the origin or the coordinate system. t 

It is required to construct a function @ ( * I  such that 

(5.1) i. ~ ( z )  is regular for z E L+U L-; 

is continuous from the left and right at L; 

is bounded for I zI + m; 

G(t) @-(t) t g(t), t E L, ii. 0 (t) = - t 

(t-B)P 

with a E L, B E L, a + B ,  and m and p positive 

integers. 

With r (z) as defined:-n (4.1) we rewrite (5.1) ii as: 
X 

for t E L, 

with 

As before we obtain by applying Liouville’s theorem that 
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with P ( . )  a polynomial of degree X+m and satisfying the condi- 

tions : 
X+m 

+ 
i. t=B is a zero of multiplicity p of Y (t) + P (t) ; 

X +m 
(5.5) 

ii. t=a is a zero of multiplicity m of Y-(t) + P (t) . 
X +m 

If the conditions (5.5) i,ii can be satisfied by a proper choice 

of the coefficients of P ( - ) ,  then (5.4) represents the solu- 

tion of (5.1) which is bounded for IzI + m .  Note that if m > 1 

or p>l the relations of section 1.10 are needed, and g ( . )  

should possess the relevant derivatives. 

X +m 
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1.3. THE RIEMANN-HILBERT BOUNDARY VALUE PROBLEM 

1.3.1. Formulation of the problem 

L e t  L be a smooth c o n t o u r  i n  t h e  complex p l a n e  and a(*), 

b ( - )  and c ( * )  r ea l  f u n c t i o n s  d e f i n e d  on L ;  it w i l l  always be  

assumed t h a t  t h e s e  f u n c t i o n s  s a t i s f y  a H-cond i t ion  on L and 

t h a t  f o r  each  t E L ,  

The Riemann-Hilbert  problem f o r  L i s :  Determine  a f u n c t i o n  

F ( z )  such  t h a t :  

(1.1) i. F ( Z )  is r e g u l a r  f o r  z E L+ ; 

i s  continuous f o r  z E L U  L+ ; 

ii. R e [ I a ( t )  - i b ( t ) ]  F t ( t ) ]  c ( t ) ,  t E L ,  

or e q u i v a l e n t l y  

a ( t ) u ( t )  t b ( t ) v ( t )  = c ( t ) ,  

w i t h  

F t ( t )  = u ( t )  t i v ( t ) .  

T h i s  boundary v a l u e  problem i s  a c t u a l l y  a g e n e r a l i z a t i o n  o f  

t h e  c lass ica l  D i r i c h l e t  p roblem,  s e e t h e  n e x t  s e c t i o n  ( a ( t ) = l ,  b ( t ) = O ) .  

I n  t h e  f o r m u l a t i o n  above L i s  a n  a r b i t r a r y  smooth c o n t o u r ,  b u t  

i n  t h e  p r e s e n t  c h a p t e r  it w i l l  be assumed t h a t  L i s  t h e  u n i t  

c i r c l e  C :  

( 1 . 2 )  c 0 I t : (  t 1 1 1 ,  

i n  s e c t i o n  4 . 3  it w i l l  b e  shown how t o  a n a l y z e  t h e  problem 

for a n  a r b i t r a r y  smooth c o n t o u r  L. 
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The classical Dirichlet problem for the unit circle is 

studied in section 2, the Dirichlet problem with a pole in 

section 3. The concept of the "regularizing factor" (section 4) 

enables one to transform the Riemann-Hilbert problem into a 

Dirichlet problem (with or without a pole). In section 5 we 

obtain in this way the solution of the problem (1.1). 
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1.3.2. The Dirichlet problem 

+ 
A real function w(z) H w(x,y), z = x+iy E C with continuous 

t 
second partial derivatives is said to be harmonic in C if 

If 

+ 
F(z) u(x,y) + iv(x,y) , Z E C ,  

+ 
is regular in C , so that the Cauchy-Riemann conditions 

( 2 . 2 )  
av 
ax 
- 

hold for every z E C + ,  then it is readily seen that Re F ( z )  

and Im F ( z )  are both harmonic in C . t 

The Dirichlet problem for C U Ct reads : Determine  a harmonic 

f u n c t i o n  u(x,y) i n  C+, which  i s  c o n t i n u o u s  i n  C UC t and f o r  

which  t h e  l i m i t i n g  vaZues on t h e  boundary a r e  p r e s c r i b e d ,  i . e .  

(2.3) lim u ( z )  u(t) , Itl=l, 
z +  t€+C 
Z E  c 

w i t h  u(.) a g i v e n  reaZ c o n t i n u o u s  f u n c t i o n  on C. 

Suppose that u(t), t E C satisfies a H-condition. It is then 

readily shown with 

where vo is a real constant, that 
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Re f(z) is a solution of the Dirichlet problem. To see this, 

note that from ( 2 . 4 )  and the PS formulas,cf. (1.6.4), it is 

seen that 

f+(tO) u(to) - - 1 J u(t)- dt + - 2 J d t  u(t) + ivo, 
t 2Trl E C  t-to t E C  27rl  ( 2 . 5 )  

i@O 
Further with t=ei@, t =e , 0 

so that 

the regularity of f(z) follows directly from ( 2 . 4 1 ,  and the 

statement above has been proved. 

Note that 

+ ( 2 . 6 )  I m  f (to) = vo - 7 u(ei@) cosi(@O-@)d@. 
@=O 

Actually the expression in (2.4), the so-called S c h w a r z  forrnuza,  is 

the solution of the Riemann-Hilbert problem (1.1) with a(t)E 1, 

b(t)= [ I ,  c(t)= u(t). The relation ( 2 . 6 )  shows that once the 

real part of the boundary value of F(:) is given its imaginary 

part is fully determined apart from a constant, because of the 

Cauchy-Riemann conditions this could be expected. So in fact 

the formula (2.4) solves amore general problemthan the Dirichlet 

problem. The solution of the Dirichlet problem can be written as 

i8 2 
u(e )do, OQr<l ,  1 27r 1-r 

2 (2.7) Re f(rei@) = - 1 
o l tr  -2r c o s ( ~ - @ )  
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t h e  s o - c a l l e d  P o i s s o n  f o r m u l a  f o r  t h e  c i r c l e ,  and i t s  v a l i d i t y  

i s  independen t  o f  t h e  H-cond i t ion ,  above assumed t o  h o l d  f o r  

u ( * ) ;  for a n  i n t r o d u c t o r y  d i s c u s s i o n  of t h e  D i r i c h l e t  problem 

s e e  [ l ]  p .  2 2 6 .  I t  shou ld  be  no ted  t h a t  t h e  un iqueness  o f  t h e  

s o l u t i o n  g ivenabove  i s  a n  immediate consequence  o f  t h e  s o -  

c a l l e d  maximum p r i n c i p l e  o r  maximum modulus theorem f o r  r e g u l a r  

f u n c t i o n s .  It  r e a d s :  

If 11(z) is r e g u l a r  i n  a domain D t h e n  I h ( z )  I canno t  o b t a i n  

i t s  maximum i n  D a t  a n  i n t e r i o r  p o i n t  of D ,  u n l e s s  h ( z )  r e d u c e s  

t o  a c o n s t a n t .  

Hence i f  h ( z )  i s  c o n t i n u o u s  i n  t h e  c l o s u r e  o f  D t h e n  I h ( z ) l  

r e a c h e s  i t s  maximum a t  some p o i n t  o f  t h e  boundary o f  D .  

So i f  h l  i s  a second s o l u t i o n  t h e n  a l s o  h-hl is a s o l u t i o n ;  

t h i s  i s  z e r o  on t h e  boundary. T h e r e f o r e  h=h 1' 
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1.3.3. Boundary value problem with a pole 

For the applications it is worthwhile to consider 

the following boundary value problem. 

Determine a function H(z), z E C+ such that: 

(3.1) i. ~ ( z )  is regular for z E C+ except for a pole 

E c+; of order n at z=z 

+ 
ii. 

iii. 

H(-) is continuous in {C uCl\{z: z=zo}, 

Re H+(t) = u(t), t E C, with u(') a real function 

satisfying a H-condition on C. 

Put 

0 -k n z-z 
( 3 . 2 )  Q(z) : =  i v + z [ c k { y  Z-ZO}k - c 1 , 

k=l 1-zz 0 1-zzo 

where vo is a real constant, ck, k=l, ..., n are arbitrary 
complex numbers. It is seen that Q(z) is regular for z E C 

except at z=zo, moreover 

Q(-) is the general solution of the homogeneous problem. From 

the results of the preceding section it follows that the general 

solution of the problem (3.1) reads 

+ 

Re Q(eib)=O for O < @ Q  27r and hence 

1 t+z dt H(z) - .f u(t)- - + Q(z), z E C'. t-z t ( 3 . 3 )  
27rrl t E C  
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1.3.4. Regularizing factor 

The solution of the Riemann-Hilbert problem (1.1) may be 

obtained by transforming it into a Riemann problem, see 

section 2.1, a transformation introduced by Muskhelishvili, cf. 

[ 7 ] ,  p.100. Here we shall follow the technique used by 

Gakhov, cf. [ 6 ] ,  chapter IV. This technique requires the 

concept of reguzarizing factor. 

Let 6 represent the arc coordinate on the unit circle C, 

t a generic point of C, so that 

(4.1) t = t(s). 

Put, cf. ( l . l ) ,  

and let G(t) be a complex function defined on C , 

(4.2) G(t) : =  a(t)+ib(t), t E C. 

In general G(.) will not be the boundary value of a 

t function regular in C . 
Question Does there exist a function R(.), the reguzarising 

factor, defined on C such that 

is the boundary value of a function @ ( z )  regular in Ct, 

continuous in C U C ? + 

The question will be considered here only for the case 

that p(s) = R(t(s)) is a real function of s ,  i.e. 
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t 
it is noted that C contains the origin. 

Because p(s) is real its index is zero, see section 2.2, hence 

It follows : if 

(4.6) 

i. X =  0 then Q(z) has no zeros in C'; 

ii. X> 0 then 0 (z) has exactly x zeros in C+; 
iii. X< 0 then 0 (z) cannot be analytic in C+. 

ad i. x F 0. Because of (4.6)i we may take 

with a(-) and wl(.) both real and finite; then we should 

have on C, 

-w,(t(s)) iw(t(s)) p(s)ta(s)tiB(s)l = e iy(t(s)) = (4.8) e Y 

hence 

+ 
Because of (4.6)i log O ( z )  should be regular for z E C and 

hence a(z) is harmonic in C ,its boundary value w(t(s)) is given 

by ( 4 . 9 ) ,  as such O ( z )  is given by the Poisson formula (2.7); 

further because a(t) and b(t) satisfy a H-condition,cf. sectionl, 

SO does w(t(s)), cf. end of section 1.3, hence from 

Schwarz' formula (2.4) 

+ 
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(4.10) 

The r e g u l a r i z i n g  f a c t o r  p ( . )  i s  now g i v e n  bv 
- w l (  t ( s )  ) 

C a 2 ( s ) t B 2 ( s ) l ~  * 

( 4 . 1 1 )  p ( s )  = 

I f  p l ( s )  i s  a second r e g u l a r i z i n g  f a c t o r  t h e n  

so t h a t  on C , Im{P: ( t ! s ) ) /P ' ( t ( s ) )}  0 .  Because O 1 ( z ) / @ ( z )  i s  

r e g u l a r  f o r  z E C t  it follows from t h e  un iqueness  o f  t h e  

s o l u t i o n  o f  t h e  D i r i c h l e t  p roblem t h a t  Im{O1(z ) /P (z )}  0 

f o r  a l l  z E C t y  i . e .  I $ l ( z ) / I $ ( z )  i s  c o n s t a n t  on C , hence  p ( s )  t 

i s  un ique  a p a r t  from a c o n s t a n t  f a c t o r .  

ad  ii. x > 0 .  

Take 

( 4 . 1 2 )  O(z) z x e i y ( z 1  , Z E C t  u c ,  

And as above i t  f o l l o w s  w i t h  y(z) w ( z ) t i w l ( z ) :  

b ( t )  t t z  a t  - - x a r g t l -  - ¶  t-2 t a t )  ( 4 . 1 4 )  y ( z )  = - I { a r c t a n  z E c + .  1 
2711 t E C  

The un iqueness  i s  d i s c u s s e d  as b e f o r e .  



1.3.4. The Riemann-Hilbert boundary value problem 59 

ad iii. x < 0. 
If we take 

(4.15) O(z) = z e , z E c+  u c ,  x iy(z) 

with y ( z )  represented by (4.14) but with x < 0, it is seen 
from (4.15) that @ ( z )  is regular for z E Ct 

where it has a pole of order -x, O(z) is continuous at the 

boundary C and O+(t(s)) p(s){a(s)+iB(s)) with p(s) given by 

(4.13). 

except at z=O, 

In conclusion: it has been shown that if x 2 0 then a real 
function p ( . )  defined on C exists which answers the question 

above, cf. (4.3); and p ( . )  is obtained as the solution of 

a Dirichlet problem. 
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1.3.5. Solution of the Riemann-Hilbert problem 

By using the results of the preceding section the derivation 

of the solution of the Riemann-Hilbertproblem (1.1) will be exposed. 

Without restricting the generality it may and will 

be assumed that 

(5.1) a2(t) t b2(t) 1, t E C. 

Further 

i. The homogeneous problem, i.e. 

(5.3) c(t) z 0 .  

Rewrite (1.1) as 

F+(t) (5.4 1 Re a(t)+i b(t) 0, t E C. 

Divide by the regularizing factor p ( s ) ,  cf. (4.11) and (4.13), then 

+ + 
Because F(z) should be regular in C , continuous in C U  C , 
because y(z) possesses these properties (cf. preceding section) 

it follows from the solution of the Dirichlet problem (see 

section 2) that: w i t h  vo a real constant, 

+ 
Z E C .  iy(z) 

x-0 =* F(z) = i v e 0 (5.6) 

If x>O then the boundary value problem above, cf. (5.5 ) ¶  is 

of the type discussed in section 3 

(5.7) x > O  =* ~ ( z )  = zXeiY(z) [i vo + L: tckz - ckz 1 1 .  

If x < O  then the null solution is the only solution. 

with zo=O, u(t) = 0, hence 

X k - -k 

k= 1 
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ti. The inhomogeneous problem, 

Dividing (1.1) by the regularizing factor p(s) yields, 

t E c, 

with 

(5.9) t t(s), 

where s is the arc coordinate on C. F(z) should be regular 

in C+, hence if x = O  we have the Dirichlet problem so that,cf. 

section 2, with v o  a real constant, 

ZE ct 

If x > O  then the inhomogeneous problem is of the type of section 

3 and it follows that 

vo  an arbitrary real constant, ck, k=l ,...,n arbitrary complex 

constants. 

Finally the case x < O .  Obviously the last expression in (5.11) 

is with x < O  regular in z E C \ { O } ,  it has in z=O a pole of 

order - x  , if all ck=O. 
Write for z E C , 

+ 

t 



62 Introduction to boundary value problems 1.3.5. 

Consequently,if 

1 
(5.13) - eWl(t) c(t)t-k-l dt 0 f o r  k = 0, ...,-x- 1, 

2n1 t E C  

then f o r  x < O ,  

ttz dt wl(t) c(t) - - , 2 E c+, 2n1 J t-z t 
x iy(z) 2 ( 5 . 1 4 )  F ( z )  : =  z e 

t E C  

represents the solution of  the Riemann-Hilhert problem (1.1). If the 

conditions (5.13) do not hold then the Riemann-Hilbert problem does 

not have a solution. 

In conclusion the Riemann-Hilbert problem (1.1) f o r  the circle 

does always possess a solution if x > O  ; i f  x = O  it is renresented by ( 5.10 ) 

containing an arbitrary real constant, if x > O  it is given 

by (5.11) containing one real and x complex constants, apart 
fromthese free constants the solution is unique (a direct con- 

sequence of the maximum principle, see section 2); i f  x < 0 
a solution exists only if the relations (5.13) hold. 
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1.4. CONFORMAL MAPPING 

1.4.1. Jntroduction 

The boundary v a l u e  problems d i s c u s s e d  i n  t h e  two p r e c e d i n g  

c h a p t e r s  a r e  r a t h e r  s imply  s o l u b l e  e x p l i c i t l y  when t h e  domain 

i s  a c i r c u l a r  d i s k .  A c t u a l l y  t h i s  s i t u a t i o n  i s  a r a t h e r  s p e c i a l  

one ,  and i n  g e n e r a l  t h e  domain on which t h e  a n a l y t i c  f u n c t i o n  

i s  t o  be c o n s t r u c t e d  i s  n o t  a c i r c u l a r  d i s k ,  b u t  of  a more 

compl i ca t ed  s t r u c t u r e .  However,conformal mapping o f  a domain 

o n t o  t h e  u n i t  d i s k  i s  under  r a t h e r  mi ld  c o n d i t i o n s  o f t e n  p o s s i b l e  

and  moreover a n a n a l y t i c  f u n c t i o n  p r e s e r v e s  i t s  a n a l y t i c i t y  

p r o p e r t i e s ,  when c o n s i d e r e d  as a f u n c t i o n  on t h e  c o n f o r m a l l y  

mapped domain. Hence boundary v a l u e  problems of t h e  t y p e  d i s c u s s e d  

i n  t h e  p r e c e d i n g  c h a p t e r s  b u t w i t h  n o n c i r c u l a r  domains can  be  

t r a n s f o r m e d  by conformal  mapping i n t o  t h o s e  f o r  c i r c u l a r  domains .  

I n  t h i s  c h a p t e r  w e  s h a l l  d i s c u s s  and q u o t e  v a r i o u s  p r o p e r t i e s  

and theorems i n  s o  f a r  t h e s e  a r e  needed  f o r  t h e  main pu rpose  

of t h e  p r e s e n t  monograph. F o r  l i t e r a t u r e  on t h e  t h e o r y  o f  

conformal  mapping, an  i m p o r t a n t  s u b j e c t  i n  t h e  t h e o r y  o f  one 

complex v a r i a b l e ,  t h e  r e a d e r  i s  r e f e r r e d  t o  t h e  books [11, [ 2 1 ,  

[ 3 1 ,  [ 8 1 ,  [ 9 1 ,  [lo]. 
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1.4.2. The Riemann mapping theorem 

Denote by C t h e  complex p l a n e  and l e t  D C C be a domain, 

i . e .  a n  open, connected s e t ;  n o t e :  a se t  i s  connec ted  i f  any 

two p o i n t s  o f  it can be j o i n e d  by a po lygona l  l i n e  b e l o n g i n g  

e n t i r e l y  t o  t h e  s e t .  

The f u n c t i o n  f :  D -+ C i s  s a i d  t o  be  regular at z o  E D i f  z o  

p o s s e s s e s  a neighbourhood N(zo)  such  t h a t  f o r  e v e r y  z E N ( z o ) ,  

f ( z )  can be r e p r e s e n t e d  by a conve rgen t  s e r i e s  expans ion  

m 

If f i s  r e g u l a r  f o r  e v e r y  z E D t h e n  f i s  s a i d  t o  be r e g u l a r  

i n  D .  Note t h a t  r e g u l a r i t y  a t  i n f i n i t y  of  f ( z )  i s  t o  be unde r s tood  

as r e g u l a r i t y  a t  z e r o  of  g ( z )  : =  f ( l / z ) .  I f  f i s  r e g u l a r  a t  

zo  t h e n  it i s  differentiable, i . e .  

f ( z ) - f ( z o )  
l i m  
Z'Z0 z - z O  

e x i s t s  and i s  independent  o f  t h e  r o u t e  i n  N(zo)  a l o n g  which z 

approaches  z o .  D i f f e r e n t i a b i l i t y  of  f a t  e v e r y  p o i n t  of  D i s  

e q u i v a l e n t  w i t h  r e g u l a r i t y  i n  D.  P u t  

f ( z )  = u ( x , y ) + i v ( x , y ) ,  z = x t i y ,  

w i t h  u ( - , . )  and v ( * , - )  r e a l  f u n c t i o n s ,  t h e n  n e c e s s a r y  and 

s u f f i c i e n t  c o n d i t i o n s  f o r  d i f f e r e n t i a b i l i t y  of  f a t  t h e  p o i n t  zo  

a r e :  i. t h e  e x i s t e n c e  o f  t h e  p a r t i a l  d e r i v a t i v e s  of u ( * , * )  and 

v ( - , * )  and ii. t h e s e  

Riemann r e l a t i o n s  

a ( 2 . 2 )  -u(x ,y)  a x  = 

d e r i v a t i v e s  s h o u l d  s a t i s f y  t h e  Cauchy- 

d a a - v ( x , y ) ,  -u (x ,y )  - - v ( x , y ) .  a Y  a Y  ax 
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A c o n t i n u o u s  f u n c t i o n  f i s  s a i d  t o  be  u n i v a Z e n t  i n  C i f  

z1 f z 2  i m p l i e s  f ( z  ) # f ( z 2 )  f o r  a l l  z1,z2 E D. E v i d e n t l y  

f i s  u n i v a l e n t  i n  D i f  and  o n l y  i f  it h a s  a c o n t i n u o u s  i n v e r s e  

d e f i n e d  on f ( D ) : =  {w: w = f ( z ) ,  z E DI. f i s  s a i d  t o  be u n i v a Z e n t  

a t  z = zo i f  z o  p o s s e s s e s  a neighbourhood i n  which f i s  u n i v a l e n t .  

I t  i s  known ( c f .  

t h e n  u n i v a z e n c e  o f  f a t  z o  i s  e q u i v a l e n t  w i t h  f ( l ) ( z o )  # 0 ,  

i . e .  c 

g ( z )  : =  f ( - )  i s  r e g u l a r  a t  z 0 ,  so  t h a t  f o r  z s u f f i c i e n t l y  

l a r g e  

1 

[ l ] ,  p .109)  t h a t  i f  f i s  r e g u l a r  a t  z = z o  # m 

# 0 ,  c f .  ( 2 . 1 ) .  I f  f i s  r e g u l a r  a t  z o  = 0 0 ,  i . e .  1 
1 
Z 

m d  

n.0 zn 
f ( z )  = z 2 , 

t h e n  f i s  u n i v a l e n t  a t  zo  = m i f  and o n l y  i f  dl # 0 ;  s i m i l a r l y  

i f  f h a s  a p o l e  a t  z o  it i s  u n i v a l e n t  a t  z = z o  i f  and o n l y  

i f  z o  i s  a f i r s t  o r d e r  p o l e .  

Any f u n c t i o n  o f  a complex v a r i a b l e  can  be i n t e r p r e t e d  

as a mapping o f  one complex p l a n e  i n t o  a n o t h e r .  I n  p a r t i c u l a r  

mappings e f f e c t u a t e d  by u n i v a l e n t  r e g u l a r  or by u n i v a l e n t  

meromorphic f u n c t i o n s  are i m p o r t a n t ;  t h e y  are c a l l e d  c o n f o r m a l  

mappings.  Note t h a t  a f u n c t i o n  t h a t  i s  r e g u l a r  i n  any c l o s e d  

r e g i o n  o f  a domain D w i t h  t h e  e x c e p t i o n  o f  a f i n i t e  number of  

p o l e s  which may be s i t u a t e d  on t h e  boundary of D i s  c a l l e d  a 

meromorphic f u n c t i o n  i n  D. The t e r m  "conformal"  s tems from t h e  

f o l l o w i n g  p r o p e r t y .  L e t  f be  r e g u l a r  a t  z = z o  and f ' ( z o ) # O , s o  t h a t  

it i s  u n i v a l e n t  i n  some neighbourhood N ( z o )  o f  z o .  Cons ide r  a n  

i n f i n i t e s i m a l  t r i a n g l e  i n  N(z ) l o c a t e d  a t  z o ,  t h e n  t h e  image 

of t h i s  t r i a n g l e  unde r  t h e  mapping w = f ( z ) ,  z E N(zo)  can  be  

o b t a i n e d  from t h e  p re - imageby  a r o t a t i o n  and a d i l a t i o n ,  t h e  

0 
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angle of rotation being arg f(zo), the coefficient of dilation 

df(z) is I- - the form of the triangle is not distorted. dz I z = z o  

The basic theorem in the theory of conformal mappings is: 

Riemann 's  mapping theorem For a simply connected domain whose 

boundary consists of at: least two points there exists a function 

f regular in this domain that maps this domain conformally 

onto the unit circle I w I  1; the function f is uniquely deter- 

df (z) mined by f(zo) = 0, arg - 

of the domain and 0 any positive real number. 

= 0 ,  where z o  is any point dz lz=zo 

Note that a connected and bounded set E is said to be s i m p l y  

connec ted  if the finite region bounded by any closed polygonal 

line which belongs entirely to E and which has no double points 

is a subset of E; the restriction to bounded sets can be easily 

removed, cf, Nehari [ 3 1 ,  p. 3 ;  and a Jordan contour divides the 

plane into two simply connected domains. 

An immediate and obvious consequence of the Riemann mapping 

theorem is the fact that two simply connected domains D1 and D2 

are c o n f o r m a l l y  e q u i v a l e n t ,  i.e., there exists a conformal 

mapping from D1 onto D2 and vice versa, note that the conformal 

map of a domain is again a domain, and if one is simply connected 

so is the other, 

Important in the theory of conformal mappings is the relation 

between the boundaries of the image and of the pre-image. A main 

theorem is here (cf. Nehari [ 3 ] ,  p .  179): 

The correspond ing  b o u n d a r i e s  theorem 

mains bounded by smooth contours (cf. section 1.2) then the con- 

formal mapping L1 -+ L2 is continuous in L1 U L1 and establishes 

a one-to-one correspondence between the points of L1 and L2" 

t 
If L and Li are two do- 1 

+ + + 
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This theorem remains true not only if L1 and L2 are 

piecewise smooth contours but also if they are J o r d a n  contours 

(see section 1.2). 

Next to the corresponding boundaries theorem we quote 

the principle of corresponding boundaries, cf. [ll, p. 109, 

[2], p. 201, which is instrumental in proving the univalence 

of a regular function in a domain: 

Let L1 and Li be two domains bounded by piecewise smooth con- 

tours L1 and L2. If f ( z )  is regular in L1 and continuous in 

L1 u L1 and maps L1 one-to-one onto L2, then f(z) is univalent 

in Li U L1; if f(z) preserves the positive directions on IJ1 and 

L 2 ,  then f(z) maps LI conformally onto Li, otherwise onto L;. 

+ 

t 

+ 

F o r  further information concerning the behaviour of the 

mapping function and in particular its derivative at the 

boundary see [l], p. 264, [ 8 1  chapter 2, p.  36, and chapter 10, 

also [9], p. 2 6 2 .  
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1.4.3. Reduction of boundary value problem for 
L+to that for a circular region 

Let L be a smooth contour but not a circle and let 

its parameter representation be given by, cf. section 1.2, 

with s the arc coordinate of L. Denote by O ( s )  the angle between 

the tangent of L at s and a fixed direction. It will be assumed 

that O ( * )  satisfies a H-condition; the contour L is then said 

to be a Lyapounov contour. 

Let w = f(z) be the conformal map of Lt onto the unit 

IwI < 11 and denote by z = fo(w) the inverse f 
circle C 

mapping, i.e. the conformal map of C onto L , 

{w: 
+ t 

In the preceding section it has already been stated that 

t 
f(.) and fa(-) are continuous in L 

But actually more is true. Kellogg's theorem (cf. [ 8 1 ,  p.375) 

df(z) and - are continuous on L states that - 
respectively, moreover, with u and s the arc coordinates of 

the corresponding points on C and L, the continuous 

derivatives - and exist. This property leads to the conclusion 

that if Q(z), z E L satisfies the H0.I) condition on L then 

Q(fo(w)), w E C, satisfies the same H ( p )  condition on C and 

vice versa. 

U L and Ct U C, respectively. 

dfo(w) t 
lJ L and C+ u C, dw dz 

da 
ds 

Therefore if it is required to solve the Riemann-Hilbert 

problem of section 3.1 one first solves the Riemann-Hilbert 

problem: 

(3.1) i. ~ ( z )  is regular for z E c+, 
Construct the function H(.) such that 

is continuous for z E C+ u C; 
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with f o r  T E C,  

Then 

represents the solution of the Riemann-Hilbert problem 

of section 3.1. 

Only in a few exceptional cases it is possible to 

construct inclosed form the conformal map of a domain onto 

I z I  < 1, usually numerical techniques have to be applied. 

In the next section we discuss an approach which has 

turned out to be useful in solving boundary value problems 

in Queueing Theory. 
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1.4.4. Theodorsen’s procedure 

There  e x i s t s  a r a t h e r  e x t e n s i v e  l i t e r a t u r e  on t h e  

a c t u a l  d e t e r m i n a t i o n  of t h e  conformal  mapping o f  a s imply  

connec ted  domain o n t o  t h e  u n i t  c i r c l e  C . For a n  e x c e l l e n t  

accoun t  d i s c u s s i n g  a l s o  t h e  numer i ca l  a n a l y t i c a l  a s p e c t s  t h e  

r e a d e r  i s  r e f e r r e d  t o  [ 9 ] ;  a u s e f u l  d i c t i o n a r y  o f  

e x p l i c i t l y  known conformal  mappings i s  p r e s e n t e d  i n  [lo]. For 

s e v e r a l  problems encoun te red  i n  Queueing Theory it t u r n e d  

o u t  t h a t  Theodorsen ’ s  p rocedure  i s  v e r y  u s e f u l ,  it w i l l  be 

d i s c u s s e d  below. 

+ 

T h i s  p rocedure  d e t e r m i n e s  t h e  conformal  mapping 
+ w f o ( z )  o f  t h e  u n i t  c i r c l e  C o n t o  Lt which i s  bounded by 

t h e  smooth c o n t o u r  L b e i n g  r e p r e s e n t e d  i n  p o l a r  c o o r d i n a t e s  

by 

it i s  supposed t h a t  t h e  o r i g i n  of  t h e  c o o r d i n a t e  sys tem i n  

t h e  w-plane i s  an  i n t e r i o r  p o i n t  o f  L ,  and t h a t  

I t  f o l l o w s  from t h e  d e f i n i t i o n  o f  conformal  mapping 

and  from t h e  c o r r e s p o n d i n g  boundar i e s  theorem t h a t  fo(z)/z 

s h o u l d  be r e g u l a r  f o r  I z I  < 1 and c o n t i n u o u s  f o r  I z I  Q 1. 

Consequent ly ,  t h e  same h o l d s  for 

f o ( z )  
( 4 . 3 )  F(z) : =  l o g  - Y I Z I  Q 1, 

( t h e  l o g a r i t h m  t o  be d e f i n e d  r e a l  f o r  z 0) i . e .  F(z) w i t h  

+ u ( z ) t i v ( z )  : =  F(z), z E C U C , 
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shou ld  be r e g u l a r  f o r  z E C' and c o n t i n u o u s  f o r  z E C U C'. 

Suppose t h e  p o i n t  z ei@ maps o n t o  t h e  p o i n t  

t h e n  f rom ( 4 . 3 1 ,  f o r  0 <(I Q 2 i ~ ,  

A c t u a l l y  F ( z )  as g i v e n  by ( 4 . 3 )  s h o u l d  be  f o r  IzI 1 t h e  

boundary  v a l u e  of  a f u n c t i o n  r e g u l a r  i n  I z I  < 1, c o n t i n u o u s  

i n  I z I  Q 1 and s a t i s f y i n g  (4.4). T h i s  i s  a problem encoun te red  

i n  s e c t i o n  1 . 9 .  L e t  u s  suppose  for t h e  p r e s e n t  t h a t  F ( t )  f o r  

It1 1 s a t i s f i e s  an  H-condi t ion  t h e n  from ( 1 . 9 . 2 )  it i s  s e e n  

t h a t  F ( t O ) ,  to  E C shou ld  s a t i s f y  

F ( t )  d t ,  t o  E C .  1 $ P ( t O )  - I - ( 4 . 5 )  2 n 1  t E C  t-to 

S e p a r a t i o n  o f  r ea l  and  imag ina ry  p a r t s  i n  ( 4 . 5 )  l e a d s  d i r e c t l y  

t o :  for 0 Q $I < ?IT,  

n o t e  t h a t  t h e  r e l a t i o n s  ( 4 . 6 )  and ( 4 . 7 )  which are  e q u i v a l e n t  

w i t h  ( 4 . 5 )  a r e  n o t  i ndependen t  because  o f  t h e  Cauchy-Riemann 

c o n d i t i o n s .  

Because o f  ( 4 . 2 )  and  Cauchy ' s  i n t e g r a l  fo rmula  w e  have  
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Hence (4.4), ( 4 . 7 )  and ( 4 . 8 )  r e q u i r e  f o r  0 G @ G 2 ~ :  

T h i s  i s  T h e o d o r s e n ' s  i n t e g r a l  e q u a t i o n  [9] f o r  O($), 0 G $ < 2r; 

it  i s  a n o n l i n e a r ,  s i n g u l a r  i n t e g r a l  e q u a t i o n .  Once e ( . )  i s  

known t h e n ,  c f .  (4.4), u ( e i @ )  i s  de te rmined  by 

and i f  u ( z ) ,  z E C i s  c o n t i n u o u s ,  t h e  d e t e r m i n a t i o n  o f  F(z), 

z E C+ amounts t o  s o l v i n g  t h e  D i r i c h l e t  problem f o r  t h e  

u n i t  c i r c l e ,  s e e  s e c t i o n  3 . 2 .  It f o l l o w s  by a p p l y i n g  t h e  

Schwarz fo rmula ,  c f .  ( 3 . 2 . 4 ) ,  

I t  r ema ins  t o  d i s c u s s  t h e  s o l u t i o n  of  t h e  i n t e g r a l  

e q u a t i o n  ( 4 . 9 )  and t h e  above i n t r o d u c e d  H-cond i t ion ,  i n  o t h e r  

words under  which  c o n d i t i o n s  t o  be s a t i s f i e d  by L has  ( 4 . 9 )  

a unique  s o l u t i o n  so t h a t  f o ( * )  as g i v e n  by (4.11) r e p r e s e n t s  

t h e  conformal  map of  C o n t o  L ; Riemann's mapping theorem 

g u a r a n t e e s  t h e  e x i s t e n c e  o f  such  a mapping. 

t t 

We s h a l l  n o t  d i s c u s s  h e r e  i n  d e t a i l  t h e s e  q u e s t i o n s  Lut s h a l l  

c o n f i n e  o u r s e l v e s  t o  q u o t i n g  t h e  r e l e v a n t  c o n d i t i o n s ,  r e f e r r i n g  

t h e  r e a d e r  f o r  d e t a i l s  t o  [ 9 1 ,  p .66 .  

i. Let  L ( c f .  (4.1)) be  a s t a r s h a p e d  J o r d a n  

c o n t o u r  ( s t a r s h a p e d :  e v e r y  p o i n t  of L can  be  seen  from t h e  o r i g i n ,  

c f .  [ 3 ] ,  p .220)  and such  t h a t  p ( O )  i s  a b s o l u t e l y  c o n t i n u o u s  i n  

[ O  ,2n]  wi.th I- l o g  p ( O )  I un i fo rmly  bounded f o r  a lmos t  a l l  d 
dO 
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h a s  e x a c t l y  one 

t h e  i n t e g r a l  

which i s  on 

1.4.4. Conformal mapping 

0 E [ 0 , 2 1 ~ ]  t h e n  t h e  i n t e g r a l  e q u a t i o n  ( 4 . 9  

s o l u t i o n  which i s  c o n t i n u o u s  i n  [ 0 , 2 1 ~ ] ;  ii 

e q u a t i o n  (4.9) a d m i t s  of  o n l y  one s o l u t i o n  

[ 0 , 2 n )  c o n t i n u o u s  and  s t r i c t l y  i n c r e a s i n g .  

Note t h a t  i f  L i s  a smooth,  eggshaped c o n t o u r  t h e n  t h e  

c o n d i t i o n s  s u b  i are  s a t i s f i e d ,  (4.9) h a s  a un ique  

c o n t i n u o u s  s o l u t i o n ,  and t h e  conformal  map from C 

i s  g i v e n  by (4.11). I n  Hubner [ 3 8 1  , p .  5 ,  i t  i s  remarked 

t h a t  i n  i t .  above t h e  m o n o t o n i c i t y  c o n d i t i o n  can  be o m i t t e d .  

It i s  impl i ed  by t h e  c o n t i n u i t y  c o n d i t i o n .  

+ o n t o  L+ 
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11.1.1. 

11.1. THE RANDOM WALK 

11.1 .l. Definitions 

{ ( S n y g n ) , n =  0,l ,... 1 

i d e n t i c a l l y  d i s t r i b u t e d  s t o c h a s t i c  v e c t o r s  w i t h  r a n g e  s p a c e  

t h e  l a t t i c e  

s h a l l  d e n o t e  a s equence  o f  i n d e p e n d e n t ,  

By (5,~) s h a l l  be  deno ted  a s t o c h a s t i c  v e c t o r  h a v i n g  t h e  

same d i s t r i b u t i o n  ( n o t a t i o n :  ‘b) as ( J n +  l , gn+  l ) ,  i . e .  

so  t h a t  w i t h  p r o b a b i l i t y  one 

( 1 . 2 )  - x 2 0 ,  y 2 0. 

The random walk { ( x  , v  ) , n o  0 , l  ,... } t o  be  c o n s i d e r e d  i s  -n -n 
d e f i n e d  as f o l l o w s :  

f o r  n = 0 , 1 y 2 y . . . y  

w i t h  

( 1 . 4 )  xo = x ,  yo y ,  xyy E ~ 0 , l y 2 , . . . ~ ;  

h e r e :  for r ea l  a we n o t a t e  

t [ a ]  : =  max ( ~ , a ) ,  [ a ] - : =  min (0 ,a ) .  

T h i s  random walk i s  s a i d  t o  be c o n t i n u o u s  t o  t h e  W e s t ,  t o  

t h e  S o u t h - W e s t  and t o  t h e  S o u t h  because  p e r  s t e p  t h e  d i sp lacemen t  
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i n  t h e  n e g a t i v e  x- a n d / o r  y d i r e c t i o n  i s  a t  most e q u a l  t o  o n e .  

It  f o l l o w s  from ( 1 . 3 )  and ( 1 . 4 )  t h a t  

( 1 . 5 )  

P u t  f o r  n = O,l,..., 

zql:= 0, I-1:= 0, 

and 

x : =  m a x ( ~ , g 0 , g l , . . . , o  -n-1 '-n CI + x ) ,  -n 

I.,:= m a x ( O , ~ o , ~ l  ,..., Ln- lyLn+ Y ) .  

I t  f o l l o w s  immedia te ly  t h a t  

( 1 . 7 )  (zn+lY!Lntp(znYIn) * 

We i n t r o d u c e  for n O,l,..., and  f o r  

lPll 4 1, 

t h e  j o i n t  g e n e r a t i n g  

because  x 

w e l l  d e f i n e d .  

0 ,  y, 2 0 ,  c f .  ( 1 . 3 ) ,  -n t h e  r i g h t h a n d  s i d e  o f  ( 1 . 8 )  i s  

From ( 1 . 3 )  and ( 1 . 8 )  it follows for n 0,1,2.,,, t h a t  
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where ( A )  s t a n d s  for t h e  i n d i c a t o r  f u n c t i o n  of t h e  e v e n t  A .  

Because x E {0,1,2,...} and f n E  {-1,0,1,2,...} w i t h  prob- -n 
a b i l i t y  one ,  it follows t h a t  

(zn+fnkO) 1-  ( x  + 5 < O )  = 1 -  (zn+Ln= -1) 

= 1- (x = O ) ( I n =  -11, 
-n -n 

-n 

(1.10) 

and s i m i l a r l y  f o r  (yn+gn> 0). I n s e r t i n g  

n o t i n g  t h a t  (zn,yn) and (snyr)n) are independen t  s t o c h a s t i c  vec- 

t o r s ,  it follows, o m i t t i n g  t h e  l e n g t h y  b u t  s i m p l e  a l g e b r a  t h a t  

(1.10) i n  (1.9) and 

Remark 1.1 

f u n c t i o n s  oXy 
Note t h a t  for g i v e n  x ,y  and  g i v e n  Y(p1,p2) t h e  

( n )  
( . , . , . , . I  are u n i q u e l y  de t e rmined  by (1.11) and 
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(1.12) and that 

Consequently, 

is uniquely determined for given x,y and Y(p1,p2) by the 

set of recurrence relations (1.11) and (1.12). 

From (1.111, (1.12) and (1.15) it follows for 

that 

-r(l- pl) y ( 0  ,p2q2) o (r ,O ’p2 ’ql ¶q2). XY 

From the derivations above it is evident that the function 

@ 

properties: 

(r,p1yp2yq1yq2) as defined in (1.15) has the following 
XY 

(1.17) i. it satisfies the relation (1.16); 
t 

ii. it is regular in p1 for p1 E c1 0 Cpl: lpll < 11 
and continuous in p1 for p1 E Clt U C1 {pl: Ipl I Q 11 with all 

the other variables being kept fixed; and similarly for the 
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2; v a r i a b l e  p 

iii. 

o t h e r  v a r i a b l e s  b e i n g  k e p t  f i x e d .  

t it i s  r e g u l a r  i n  r f o r  r E C { r : l r ] < l } y  a l l  t h e  

Pu t  f o r  Irl < I, lp l l  G 1, Ip21 G 1, 

t h e n  0 x y ( r y p 1 , p 2 )  s a t i s f i e s ,  c f .  ( 1 . 1 6 ) ,  

f o r  1 1 ' 1  < 1, lpll  Q 1, Ip21 G1, and it h a s  t h e  p r o p e r t i e s  ( 1 . 1 7 ) .  

The b a s i c  problem i n  t h e  a n a l y s i s  o f  t h e  random walk 

{ c q , y n ) ,  n 0,l y . . . }  i s  t h e  d e t e r m i n a t i o n  o f  t h e  f u n c t i o n  

Oxy( r ,p1 ,p2 )  s a t i s f y i n g  ( 1 . 1 7 )  and ( 1 . 1 9 ) .  

I n  t h i s  a n a l y s i s  a n  e s s e n t i a l  r o l e  i s  p l a y e d  by t h e  zeros 

( p l Y p 2 )  of  t h e  kerneZ 

because  t h e  r e g u l a r i t y  of 0 

p1 and p2 '  cf. ( 1 . 1 7 1 ,  r e q u i r e s  t h a t  such  z e r o s  s h o u l d  be  a l s o  

z e r o s  o f  t h e  e x p r e s s i o n  between s q u a r e  b r a c k e t s  i n  ( 1 . 1 9 ) .  

( r , p 1 , p 2 )  i n  each  of i t s  v a r i a b l e s  
XY 
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11.1.2. The component random walk {,xn, n=0,1,2 ,... } 

By t a k i n g  p 2  1 i n  ( 1 . 1 9 )  it r e a d i l y  f o l l o w s  t h a t  

f o r  Irl < 1, lPl l  Q 1, 

Because on l p l l  = 1, c f . ( 1 . 1 3 ) ,  

and  Y(p 

it f o l l o w s  f rom Rouche"s theo rem,  cf. [ l l p . 9 7 ,  t h a t  for Irl 1 

t h e  k e r n e l  Z ( r , p l y l ) ,  cf. ( 1 . 2 0 1 ,  h a s  e x a c t l y  one  z e r o  

1) i s  r e g u l a r  i n  lpll  < 1, con t inuous  i n  Ip I Q 1, 1' 1 

+ The r e g u l a r i t y  of ~ x y ~ r , p l , l ~  i n  p1 E C1, c f .  ( 1 . 1 7 ) ,  re-  

q u i r e s  t h a t  p (r) s h o u l d  be  a z e r o  o f  t h e  term between s q u a r e  1 
b r a c k e t s  i n  ( 2 . 1 1 ,  i . e .  

x+  1 

Remark 2 . 1  The p o s s i b i l i t y  Y ( 0 , l )  0 ( and  a l s o  Y ( 1 , O )  = 0 )  

s h a l l  always be  d i s c a r d e d ,  because  o t h e r w i s e  t h e  f e a t u r e  t h a t  

t h e  random walk { ( q , , y n ) ,  n = 0 , 1 , 2 , . . . ~  can  move t o  t h e  West 

( t o  t h e  Sou th )  i s  l o s t ,  

T h e r e f o r e ,  it w i l l  a lways  be  assumed t h a t  
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It i s  r e a d i l y  proved  ( c f .  a l s o s e c t i o n  2 . 1 3 )  t h a t  p l ( r )  

i s  c o n t i n u o u s  i n  Irl < 1 and t h a t  f o r  r + 1, r E C’, 

Moreover p l ( l )  i s  a z e r o  o f  Z ( l y p l y l )  w i t h  m u l t i p l i c i t y  one 

i f  E{x) * 1, w i t h  m u l t i p l i c i t y  two i f  E{x) = 1. 

The component random walk { x n , n = O , l  ,... i s :  

( 2 . 7 )  non - r e c u r r e n t  i f  EIx} - > 1, 

n u l l - r e c u r r e n t  i f  1, 

p o s i t i v e  r e c u r r e n t  i f  c 1, 

and a p e r i o d i c  i f  and o n l y  i f  

( 2 . 8 )  p l - l Y ( p l , l )  * 1 for ( p l l  = 1, p1 * I. 
F u r t h e r  it i s  n o t e d  t h a t  u l ( r )  i s  t h e  g e n e r a t i n g  f u n c t i o n  

of t h e  r e t u r n  t i m e  d i s t r i b u t i o n  ( i n  d i s c r e t e  t i m e )  of  t h e  

z e r o s t a t e a n d  f o r  ( p l l  1, ( P I  < 1, 

( 2 . 9 )  Q x y ( r ’ P 1 ’ l )  = p l -  r Y ( p l , l )  1 -  p1 1- u l ( r )  

x + l  x+l 
1 - P 1  P1 V l ( r )  

{-- I. 

If E ( x }  < 1 and ( 2 . 8 )  h o l d s  t h e n  t h e  component random 

walk { x n , n =  O , l , Z  , . . . I  p o s s e s s e s  a un ique  s t a t i o n a r y  d i s t r i -  

b u t i o n  o f  which t h e  g e n e r a t i n g  f u n c t i o n  is g i v e n  by 

( 2 . 1 0 )  
1 -  P1 

l i m ( 1 -  r ) ~ x y ( r y p l y l )  [ I -  E{xIl ,  ( p l , l )  - p1 Y l P l l  Q 1. 
r+ 1 

The r e s u l t s  s t a t e d  above a r e  e l e m e n t a r y  r e s u l t s  i n  t h e  

t h e o r y  of  Markov c h a i n s .  

Remark 2 . 2  . Obvious ly  f o r  0 < r <: 1, 
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and the l a s t  term is for r f 1 finite if and only i f  EIzl > 1, 
or equivalently E{Jn} > 0. Consequently, the random walk  

{(x,,y,),n- o ,lY2,...1 is non-recurrent if 

(2.11) EIlfI > 1 andlor ECyI > 1. 
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11.2. THE SYMMETRIC RANDOM WALK 

11.2.1. Introduction 

The s t o c h a s t i c  v a r i a b l e s  (z,y), cf. (l.l.l), a r e  c a l l e d  

exchangeab le  i f  f o r  a l l  n o n n e g a t i v e  i n t e g e r s  k and h 

I n  t h i s  c h a p t e r  it w i l l  be assumed t h a t  and  y are ex- 

changeable  v a r i a b l e s .  Consequen t ly ,  cf. (1.1.11, i t  f o l l o w s  t h d t  

{sn,gn} are exchangeab le  v a r i a b l e s  f o r  e v e r y  n O,l, ..., i . e .  

The r e l a t i o n  (1.2) l e a d s  t o  many symmetry p r o p e r t i e s  of  t h e  

random walk {(_x_,,yn),n= 0,1,2, ... 1 .  E . g .  it i m p l i e s  

s u b s e t  A o f  t h e  s t a t e  s p a c e  o f  t h e  random walk w i t h  ( 0 , O )  A 

t h a t  t h e  d i s t r i b u t i o n  o f  t h e  f i r s t  e n t r a n c e  t i m e  i n t o  A from 

o u t  (0,O) i s  i d e n t i c a l  w i t h  t h a t  from o u t  (0 , O )  i n t o  B w i t h  t h e  

s e t  B d e f i n e d  by 

f o r  any 

The a s sumpt ion  a l s o  c o n s i d e r a b l y  s i m p l i f i e s  t h e  d e t e r -  

m i n a t i o n  of t h e  f u n c t i o n  @ (r,p1,p2), cf. (1.1.19), as it c a n  

be e x p e c t e d ;  however,  t h e  b a s i c  p r i n c i p l e  o f  t h e  a n a l y s i s  f o r  

t h e  p r e s e n t  case does  n o t  d i f f e r  e s s e n t i a l l y  from t h a t  f o r  

t h e  g e n e r a l  case, see c h a p t e r  1 1 . 3 .  

XY 

We introc' iuce some n o t a t i o n  and f u r t h e r  a s s u m p t i o n s .  
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s o  t h a t  (1.1) i m p l i e s  

a = a  
i j  j i '  ( 1 . 4 )  

Assumptions: 

m m 

i. Y ( o , I ) =  C a > o ,  Y ( ~ , O ) =  2 a i O > O ;  
i = O  j = o  O j  

( 1 . 5 )  

ii. for lp l l  1,  Ip21 1: 

x-1 y-1 
IE{pl- p2  11 = 1 i f  and o n l y  i f  p1 1, p 2  = 1; 

The assumpt ion  ( 1 . 5 ) i  h a s  a l r e a d y  been d i s c u s s e d  i n  t h e  

p r e v i o u s  c h a p t e r  , c f .  ( 1 . 2 . 5  1 ; 

( 1 . 5 ) i i  i s  e q u i v a l e n t  w i t h  s t r o n g  a p e r i o d i c i t y  o f  t h e  random 

walk c f .  [ 1 2 ] ,  p.L12,75, it i m p l i e s  t h a t  f o r  nonnega t ive  i n t e -  

g e r s  i , j , h  and k a nonnega t ive  i n t e g e r  n e x i s t s  such  t h a t  

Pr{x = h y y n =  k l l f O =  i y y o =  j )  > 0, -n (1.6) 

and t h a t  

Remark 1.1 L a t e r  on for t e c h n i c a l  r e a s o n s ,  cf. ( 5 . 1 0 ) ,  t h e  

f o l l o w i n g  assumpt ions  are  i n t r o d u c e d :  

(1.8) y(0,p2) * o f o r  Ip21 I ,  p 2  * 0, 
1, p1 * 0; ' Y ( P ~ , O )  * o f o r  lp l l  

and  ( w i t h  s e c t i o n s  1 1 . 3 . 1 0 ,  ..., 11 .3 .12  excepted)  cf. remark 2 . 1 :  

( 1 . 9 )  Y ( 0 , O )  > 0 .  



11.2.2. The symmetric random walk 87 

11.2.2. The kernel 

The k e r n e l  Z ( r y p 1 , p 2 )  o f  t h e  random walk 

{(xr ,yyn) ,n= 0 , 1 , 2  . . . I  h a s  been  d e f i n e d  i n  ( 1 . 1 . 2 0 ) :  

( 2 . 1 )  Z ( r , p l  p2) p1p2 - r y ( p 1 , p 2 )  p1p2 - 11 E { P ~ - P ~ ~ ~ ,  X 

f o r  Irl < 1, Ipl G 1, Ip21 G 1. 

Cons ide r  t h e  k e r n e l  f o r  

w i t h  

I t  f o l l o w s  

( 2 . 4 )  Z ( r , g s , g s - ' )  g 2  - r E{g s 1 
X+Y Z-Y 

It is r e a d i l y  s e e n  t h a t  
-1 

-1 "00 + alOgs + a01gs  
(2.5) Z ( r , g s , g s  ) = o *+ g 2 = r  m m  k+h-2sk-h 

akhg l - r z  Z: 
k=O h=O 
k+h  > 2 

Note t h a t  ( 2 . 3 )  i m p l i e s  t h a t  

k+h- 2 k-h m m 

s l G ( r ( C 1 - a O 0 -  alO- aO1) < I ,  ' akhg ( 2 . 6 )  (r X 
K-0 h=O 

k t h  2 

so  t h a t  t h e  denomina to r  i n  ( 3 . 5 )  n e v e r  v a n i s h e s .  

Lemma 2. I F o r  I r1 < 1 and for 
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( 2 . 7 )  

i. t h e  k e r n e l  Z ( r , g s , g s  ) ,  I s 1  = 1, h a s  i n  I g l g l  e x a c t l y  

a o O  = Y ( 0 , O )  > 0: 

-1 

two z e r o s ;  

ii. i f  g(r,s) i s  a z e r o  so  i s  - g ( r , - s ) ;  

iii. g = 0 i s  a zero i f  and o n l y  i f  r = 0 and t h e n  i t s  m u l t i p l i -  

c i t y  i s  two; 

i v .  

p o s i t i v e ,  t h e  o ther ,  i s  n e g a t i v e .  and bo th  a r e  con t inuous  

f u n c t i o n s  of  Q. w i t h  s = e iQ ,  0 < Q < 2 ~ .  

F o r  0 < r < 1 and e v e r y  I s l = l  b o t h  z e r o s  a r e  r e a l ,  one i s  

lf+Y 5-Y 
Proof  Because 5 and y are b o t h  nonnega t ive  E{g s 3. i s  f o r  

e v e r y  f i x e d  I s 1  1 r e g u l a r  i n  lgl  < 1, COntinUOUS i n  Igl < 1 
and f o r  Igl = 1: 

11+Y 5-Y 
lg21 I >  Irl 2 IrECg s 1 1 ,  

t h e  f i r s t  s t a t e m e n t  f o l l o w s  by a p p l y i n g  Rouche"s theorem.  

The second s t a t e m e n t  f o l l o w s  f rom ( 2 . 5 )  by t a k i n g  i n  t h e  

denominator  t h e  sum f i r s t l y  o v e r  t h o s e  k and h f o r  which k t h 

and k - h are  b o t h  even and  t h e n  f o r  which t h e y  are b o t h  odd .  

The t h i r d  s t a t e m e n t  f o l l o w s  d i r e c t l y  from ( 2 . 5 )  and  ( 2 . 7 ) .  

To  p rove  t h e  f o u r t h  s t a t e m e n t  it i s  n o t e d  t h a t  t h e  ex- 

c h a n g e a b i l i t y  o f  ( 5 , ~ )  , cf. (1.1) i m p l i e s  

The f i r s t  s t a t e m e n t  i m p l i e s  

lf+L 
( 2 . 9 )  g2 - r E{g c o s  ( 2  

h a s  two z e r o s ,  so  t h a t  ( 2 . 7 )  t o g e t h e r  w i t h  t h e  p r o p e r t i e s  o f  

t h e  graphs  of each  term i n  ( 2 . 9 )  shows immedia te ly  tlie v a l i d i t y  

o f  t h e  f o u r t h  s t a t e m e n t .  0 
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Remark 2 . 1  We s h a l l  n o t  c o n s i d e r  h e r e  t h e  case a 0 ,  

cf. ( 2 . 7 ) ,  because  as i t  w i l l  be s e e n  i n  s e c t i o n s  11.3.10, ..., 
1 1 . 3 . 1 2  t h e  a n a l y s i s  f o r  t h e  case a 0 r e q u i r e s  a s l i g h t -  

l y  d i f f e r e n t  approach.  

00 

00 
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11.2.3. S1(r) and Sz(r) for \k(O,O) > 0, 0 < r < 1 

Denote by g ( r , s ) ,  Is\ 1 t h e  p o s i t i v e  z e r o ,  by g 2 ( r , s ) ,  

1 t h e  n e g a t i v e  zero mentioned i n  lemma 2 . 1  o f  t h e  p r e -  I s1  

c e d i n g  s e c t i o n .  Obviously i f  s t r a v e r s e s  t h e  u n i t  c i r c l e  t h e n  

g ( r , s )  t r a v e r s e s  t w i c e  a f i n i t e  l i n e a r  segment l1 o f  t h e  

p o s i t i v e  a x i s  and g 2 ( r , s )  does t h e  same b u t  on t h e  n e g a t i v e  

a x i s ,  on ,  s a y ,  12. 

Define  f o r  f i x e d  r w i t h  0 < r < 1, 

Remark 3.1 

and S2(r) do n o t  change i f  i n  ( 3 . 1 )  s g ( r , s )  and  s - ' g ( r , s )  a r e  

r e p l a c e d  by s g 2 ( r y s )  and s 

From lemma 2 . 1  ii it i s  s e e n  t h a t  t h e  se t s  S 1 ( r )  

-1 g 2 ( r , s ) ,  r e s p e c t i v e l y .  

Lemma 3.1 

smooth c o n t o u r  and p1 0 E S1 ( r ) ,  t h e  i n t e r i o r  of S l ( r ) ;  

ana logous ly  f o r  S 2 ( r ) .  

For f i x e d  r w i t h  0 < r  < 1 t h e  s e t  S l ( r )  is a 
t 

P r o o f  

u n i t  c i r c l e  t h e  c o n t i n u i t y  o f  g ( r , s )  immedia te ly  shows t h a t  

Sl(r) i s  a c l o s e d  c u r v e ;  g ( r , s )  > 0 i m p l i e s  t h a t  p1 = 0 i s  an  

i n t e r i o r  p o i n t  of  S 1 ( r ) .  From lemma 2 . 1  it f o l l o w s  f u r t h e r  t h a t  

g ( r , s ) ,  s ei', 0 Q @ < 2 ~ r  p o s s e s s e s  a d e r i v a t i v e  

Because g ( r , s )  t r a v e r s e s  l1 t w i c e  when s t r a v e r s e s  t h e  

t 

F u r t h e r  l e m m a  2 . 1  i m p l i e s  t h a t  for eve ry  s w i t h  I s 1  = 1 
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the zeros g ( r , s )  and g2(r,s) both have multiplicity one, so 

that the denominator in (3.2) is never zero for Is1 = 1. Hence 
a - a s  g ( r , s ) ,  Is/ = 1 is bounded and continuous, i.e. S ( r )  is a 

1 

smooth contour. 0 

Remark  3.2 It is readily verified that 

so that S l ( r )  and S 2 ( r )  are congruent contours. 
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11.2.4. X(r,z) and L(r) 

We consider the following q u e s t i o n  for Y ( 0 , O )  > 0, 
0 r 1. Does there exist in the complex z-plane a smooth 

contour L ( r )  and a real function A ( r , z )  defined on L ( r )  such 

that f o r  z E L ( r ) :  

is the boundary value of a function p,(r,z) which is regular 

for z E L ( r ) ,  the interior of L ( r ) ,  and continuous for 

z E L+(r) u L ( r ) ;  

t 

is the boundary value of a function p2(r,z) which is regular 

for z E L - ( r ) ,  the exterior of L ( r ) ,  and continuous for 

z E L - ( r )  U L(r)? 

As posed the question is somewhat too general because the 

orientation of L(r) with respect to the points z = 0 and z m 

needs specification, and so does pl(r,z) at z 0 and at 

if relevant. The theorem below provides an answer to the question 

posed for the symmetric random walk ~(~,,y,),n= Oyl,2,,..] for 

the case Y(0,O) > 0, 0 < r < 1. It turns out that L ( r )  exists 

and is in fact a circle. 

z = m y  

By noting that the righthand sides of (4.1) and (4.2) are 

finite and never zero for z E L(r) it may be assumed without 

restricting the generality that for every 0 < r < 1, 
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From ( 4 . 1 )  and  ( 4 . 2 )  it f o l l o w s  for z E L ( r ) :  

t p1 ( r , z )  - 
( 4 . 6 )  l o g  - l o g  zp2 ( r , z )  E 2 i X ( r , z )  - 2 log z ;  

where t h e  b ranch  of l o g  g ( r , e  i X ( r y z ) )  i s  t a k e n  such  t h a t  i t s  

v a l u e  i s  r e a l ,  n o t e  g ( r , s )  > o f o r  I s 1  E 1. 

Z 

By r e q u i r i n g  t h a t  p l ( r , z ) / z  for z + 0 and z p 2 ( r , z )  for 

I z [  + m 

l e a d s  t o  t h e  f o l l o w i n g  boundary v a l u e  problem.  

b o t h  have  f i n i t e  l i m i t s ,  t h e  q u e s t i o n  posed above 

Determine a smooth c o n t o u r  L(r), s a t i s f y i n g  ( 4 . 3 )  and  

( 4 . 4 1 ,  and  a r e a l  f u n c t i o n  X ( r , z )  d e f i n e d  on L ( r )  such  t h a t :  

( 4 . 7 )  

( 4 . 8 )  

( 4 . 9 )  

Remark 

i. pl(r,z) i s  r e g u l a r  f o r  z E L + ( r ) ,  c o n t i n u o u s  for 

z E L + ( r )  u L ( r ) ,  

p , ( r , z )  has  a s i m p l e  z e r o  a t  z = 0 and i t .  

i. p 2 ( r , z )  i s  r e g u l a r  for z E L-(r), c o n t i n u o u s  for 

z E L - ( r )  U L(r), 

p 2 ( r , l )  h a s  a s i m p l e  z e r o  a t  z E 0 and 

m > l l i m  z p 2 ( r , z ) I  > 0; 

p1 ( r , z )  and p 2 - ( r , z )  s a t i s f y  (4.11, (4.2) o r  

e q u i v a l e n t l y  ( 4 . 5 )  and (4.6), i . e .  t h e y  c o n s t i t u t e  

a z e r o  o f  t h e  k e r n e l .  

ii. 

lz I - fm 
t 

d . 1  I t  w i l l  be  r e q u i r e d  t h a t  
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t h i s  does n o t  r e s t r i c t  the g e n e r a l i t y ,  it mere ly  p o s i t i o n s  

t h e  f u n c t i o n  h ( r , z ) ,  z E L(r). 

Lemma 4 . 1  I f  t h e  boundary v a l u e  problem d e s c r i b e d  by ( 4 . 3 ) ,  

( 4 . 4 ) ,  ( 4 . 7 ) , . . . , ( 4 . 1 0 )  h a s  a s o l u t i o n  t h e n  it i s  t h e  un ique  

s o l u t i o n .  

Proof 

A ( r )  a re  two s o l u t i o n s .  Denote by p l 0 ( r , p 1 ) ,  p1 E S1 ( r ) ,  t h e  

i n v e r s e  mapping of p l ( r , z ) ,  ana logous ly  f o r  

I 1 2 0 ( r y p 2 ) .  Then, from 

Suppose p l ( r y z ) ,  p 2 ( r y z ) ,  L ( r )  and I ' f l ( r , z ) y  X 2 ( r y z ) ,  
t 

i l lO(r ,p1) ,  

( 4 . 7 ) i  and ( 4 . 8 ) i ,  

i s  r e g u l a r  f o r  z E At(r) U A - ( r )  and  con t inuous  f o r  

z E At(r) U A ( r )  as w e l l  as for z E A - ( r )  U A ( r ) .  Hence by 

a n a l y t i c  c o n t i n u a t i o n  Z ( z )  i s  r e g u l a r  i n  t h e  whole z -p l ane .  

For  p2  E S 2  ( r )  i t  i s  s e e n  t h a t ,  cf. ( 4 . 8 ) i i y  t 

;Z(z) 1 = I ~ ~ f l ~ ~ ( r , p ~ ) l  -1 p 2 p 2 0 ( r , p 2 )  f o r  z = 1120( r ,p2 ) .  

Because ( 4 . 8 ) i i  i m p l i e s  t h a t  

it f o l l o w s  t h a t  Z ( z )  h a s  a s i m p l e  p o l e  a t  i n f i n i t y .  

Consequently t h e  ( e x t e n d e d )  L i o u v i l l e  theorem i m p l i e s  t h a t  

Z ( z )  A t Bz, 

w i t h  A and B i ndependen t  o f  z .  From ( 4 . 7 ) i i  it i s  s e e n  t h a t  

A 0 and from ( 4 . 4 )  t h a t  B 0 1. Consequent ly  I I i ( r , z )  P i ( r y z )  

and hence A ( r )  = L ( r ) .  61 
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Note t h a t  i n  t h e  p roof  o f  lemma 4 . 1  t h e  e x c h a n g e a b i l i t y  

o f  5 and y i s  n o t  u s e d .  

The f o l l o w i n g  theorem d e s c r i b e s  t h e  s o l u t i o n  o f  t h e  

boundary v a l u e  problem f o r m u l a t e d  above .  

T h e o r z m  4 , l  

w i t h  Y ( 0 , O )  > 0, 0 < r < 1 t h e  boundary v a l u e  problem ( c f .  

( 4 . 7 )  ,..., ( 4 . 1 0 ) )  h a s  a un ique  s o l u t i o n :  

For t h e  symmetr ic  random walk { (zn,yn) , n  = 0 , 1 , 2 , . . . I  

i .  L ( r )  i s  a c i r c l e  w i t h  r a d i u s  one and  c e n t e r  a t  z = 0 ;  

ii. X ( r , z )  w i t h  0 < X ( r , z )  < 271, IzI a 1, i s  t h e  un ique  

s t r i c t l y  i n c r e a s i n g  s o l u t i o n  of  t h e  i n t e g r a l  e q u a t i o n  ( n o t e  

c o n t o u r  i n t e g r a t i o n  i s  a n t i c l o c k w i s e )  

and X ( r , z )  i s  c o n t i n u o u s  i n  z ei', 0 4 < 2 ~ ;  

iii. p 1 ( r , z )  i s  a confo rma l  mapping of  C+ = {z: IzI <: 11 o n t o  

+ S1 ( r ) ,  

p 2 ( r y z )  i s  a confo rma l  mapping o f  C -  = Cz: 

S 2  (11); 

( z (  > 1 I  o n t o  
+ 
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Proof  The c o n d i t i o n  t h a t  L ( r )  s h o u l d  be a smooth c o n t o u r  

and  t h e  r e q u i r e m e n t s  ( 4 . 7 )  and ( 4 . 8 )  t o g e t h e r  w i t h  t h e  

p r i n c i p l e  of  c o r r e s p o n d i n g  b o u n d a r i e s ,  cf. s e c t i o n I . 4 . 2  

and lemma 3 . 1  l e a d  immedia te ly  t o  t h e  c o n c l u s i o n  t h a t  

p l ( r , z )  maps L ( r )  confo rma l ly  o n t o  S1 ( r ) ,  and s i m i l a r l y  

p ( r , z )  i s  t h e  conformal map of L - ( r )  o n t o  S 2  (r). 

+ + 

t 
2 

From ( 3 . 1 )  it f o l l o w s  t h a t  

1 + Next obse rve  t h a t  t h e  mapping z -+ z o f  C o n t o  C - ,  i . e .  t h e  

" i n v e r s i o n "  w i t h  r e s p e c t  t o  C i s  a conformal  map which maps 

z 0 o n t o  z = m and z o n t o  z i f  I z I  = 1. 

Hence i f  L ( r )  i s  t h e  u n i t  c i r c l e  t h e n  remark 3 . 2 ,  ( 4 . 1 5 1 ,  

t h e  p r o p e r t i e s  o f  t h e  " i n v e r s i o n "  and  Riemann's mapping t h e o r e m ,  

c f .  s e c t i o r  1 . 4 . 2 ,  imply ( 4 . 1 4 )  and s t a t e m e n t  iii. Consequen t ly ,  

lemma 4 . 1  g u a r a n t e e s  t h a t  L ( r )  i s  t h e  u n i t  c i r c l e .  Hence ( 4 . 1 4 )  

and t h e  s t a t e m e n t s  i and iii of  t h e  theorem have  been p roved .  
t + The c o n s t r u c t i o n  of  t h e  conformal  map o f  C o n t o  S1 ( r )  

h a s  a c t u a l l y  been d i s c u s s e d  i n  s e c t i o n  1.4.4 because  t h e  smooth 

c o n t o u r  S ( r )  i s  r e p r e s e n t e d  by, c f ,  s e c t i o n  3 ,  

( 4 . 1 6 )  P I =  g ( r , s ) s ,  s = ei', o < 4 < 2a. 

1 

From s e c t i o n  1.4.4 it i s  r e a d i l y  s e e n  t h a t  t h e  r e l a t i o n  ( 4 . 1 1 )  

r e p r e s e n t s  Theodorsen ' s  i n t e g r a l  e q u a t i o n  f o r  t h e  p r e s e n t  case 

( r e p l a c e  i n  (4 .11 )  5 by eiw, z by e i('-'O) and X(Z) by e ( @ )  

w i t h  

I s 1  1 d i s c u s s e d  i n  t h e  p r e c e d i n g  s e c t i o n s , t o g e t h e r  w i t h  

e ( $ o )  0,  w ,  $ a n d $ o  r e a l ) .  The p r o p e r t i e s  o f  g ( r , s ) ,  
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theorem 4.1 of section 1.4.4 show that the integral equation 

(4.11) has a unique, strictly monotonic continuous solution. 

g(ryei'), 0 G C$ < 27~, a 
In particular the existence of 

cf. (3.2), and its higher derivatives leads by using (4.11) 

and the remarks in section 1.1.10 to the conclusion that X(r,z) 

is differentiable along I z I  1, sothatX(r,z) and g(r,e iX(r,z) 

and hence also log g(r,e iX(ryz)) satisfy a H6lder condition 

on I z [  w I. 

1 

The validity of the relations (4.12) can be obtained by 

applying the results of section 1.4.4. A direct proof proceeds 

as follows. Because log g(r,e i X ( r y z ) )  satisfies a H6lder con- 

dition on I z I  = 1 it follows directly that pl(r,z) as represen- 

ted by (4.12) satisfies (4.7)i, and as it is readily seen also 

(4.7)ii, analogously for p2(r,z) in (4.12). 

The Plemelj-Sokhotski formulas, cf. (1.1.6.4) , may now be 
applied to the expressions in (4,121, and it results that 

p1 ( r , z )  and p2-(r,z) for I z I  = 1 satisfy (4.5) and (4.6). The 

conditions (4.7),(4.8) and (4.10), see also statement iii of 

the presenttheorem, together with Riemann's mapping theorem 

guarantee that the relations (4.12) are unique. 

t 

Finally, the validity of (4.13) follows from 

iX(r,z)) < 1 on 1 2 1  = I, Ipl (r,z)I = Ip2-(r,z)l g(r,e 

by applying the maximum principle, cf. [ 3 ] ,  p.119 for functions 

regular in a simply connected domain. 0 

t 

Remark 4 . 2  The boundary value problem (4.7),...,(4.10) is 

rather characteristic for the analysis of the general random 

walk {(znYyn),n= 0,1,2,...~ as it will be seen later, cf. 

section 3.6. It is for this reason that we discuss here a slight- 

ly different approach (with L(r) the unit circle). 
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Define, cf. (4.8)iiy 

(4.17) d:= lim zp2(r,z), 
I z l -  

and rewrite ( 4 . 5 )  as 

pi+ ( r , z ?  zp2-  (r , z )  2(r ,,ih ( r , z )  ) 

Assume that log g(r,e ih(ryz)) satisfies a Hijlder condition 

, z E L(r) log ’ log d = 10gg d (4.18) 

on L ( r ) .  The conditions on L ( r )  and the conditions (4.7) and 

(4.8) together with (4.18) then formulate a boundary value 

problem as discussed in section 1.1.7. 

From the results in that section it follows immediately 

that 

From (4.11, (4.4), (4.10) and (4.19) by applying the Plemelj- 

Sokhotski formula it follows 

t 
log p1 ( r , l ) =  log g(r,l) 

i.e. 
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Insertion of (4.21) into (4.19) and (4.20) leads to the 

relations (4.12). From (4.12) pl+(ryz) and p2-(r,z!, z E L ( r )  

are obtained by using the P-S formulas, substitution of these 

expressions into (4.6) yields the integral equation (4.11). 

Next start from (4.6), cf. (4.17), i.e. from 
- 

P1+ (r , 2 )  zp2 ( r , z )  
d = 2ih(r,z)- 2 log z +  l o g  d, (4.22) l o g  - log 

Assume thatze satisfies a Halder condition on L(r) 

then again a boundary value problem of  the type as discussed 

in section 1.1.7 is obtained. Its solution reads 

As below (4.20) it fo l lows  that, cf. (4.14), 

(4.25) 

Substitution of (4.25) into (4.23) and (4.24) yields 
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By a p p l y i n g  t h e  P-S f o r m u l a s  i t  follows from ( 4 . 2 6 )  t h a t  

( n o t e  t h a t  log{z - le iA(r’z) l  s a t i s f i e s  a H6 lde r  c o n d i t i o n  on 

L(r)) for z E L ( r ) ,  

( 4 . 2 7 )  p l + ( r , z )  = g ( r , l )  e g E L ( r )  
1 i X ( r , z )  t I [ C i h ( r , < )  - log 5 1  x 

.{5+z- 5+l)dg], 
5-z 5 -1  5 

S u b s t i t u t i o n  of t h e  r e l a t i o n s  ( 4 . 2 7 )  i n t o  ( 4 . 5 )  y i e l d s :  for 

z E L ( r ) ,  

From t h e  r e s u l t s  of s e c t i o n  1 . 1 . 8  i t  i s  r e a d i l y  s e e n  t h a t  

( 4 . 1 1 )  and ( 4 . 2 8 )  are e q u i v a l e n t ,  and  t h e  e q u i v a l e n c e  of ( 4 . 1 2 )  

and (4.26) f o l l o w s  r e a d i l y .  
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11.2.5. The functional equation 

w e  c o n s i d e r  t h e  r e l a t i o n  ( 1 . 1 . 1 9 ) y  i . e .  f o r  l p l l  Q 1, I P 2 (  Q 1, 

Y(Pl , O )  ? ( O  ,p2) 

1 -  P2 -r 1 - p1 Qxy(”PIYO) - r O x y ( r , 0 , ~ 2 ) .  

The d e f i n i t i o n  of O x Y ( r , p l y p 2 )  i m p l i e s  t h a t  Oxy( r ,p1 ,p2 )  s h o u l d  

be  for f i x e d  Irl < 1 r e g u l a r  i n  lp l l  < 1, c o n t i n u o u s  i n  lp l l  

f o r  e v e r y  f i x e d  p w i t h  Ip  1 
p2 i n t e r c h a n g e d .  Hence a z e r o  (p1 ,p2 )  o f  t h e  k e r n e l  Z ( r y p 1 , p 2 )  

i n  ( p l l  < 1, l p 2 [  < 1 s h o u l d  b e  a z e r o  of t h e  r i g h t h a n d  s i d e  

i n  (5.2). 

1 

1, and a n a l o g o u s l y  w i t h  p1 and  
2 2 

Hence i f  w e  t a k e  f o r  z E L ( r )  = { z : I z I  = 11, 

cf. ( 4 . 1 )  and (4.2), t h e n  it f o l l o w s  from lemma 2 . 1  because  h(r,z), 

IzI 1 i s  rea l  t h a t  for ( 2 1  1: 

( 5 . 4 )  r + ~ ~ ~ ( r ~ p , + ( r , z ) , o )  + r - 
Y(pl + ( r Y z ) , O )  Y ( O , ~ ~ - ( ~ , Z ) )  

1 -  p1 ( r , z )  1 -  p 2  ( r , z )  

where 
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From t h e  d e f i n i t i o n  of  @ 

f o l l o w s  r e a d i l y  t h a t  

( r , p 1 , p 2 )  and  from theorem 4 . 1  it 
XY 

( 5 . 6 )  

f o r  I z I  1, and 

i .  ~ ~ ~ ( r , p ~ ( r , z ) , O )  i s  r e g u l a r  f o r  I z I  c I ,  con t inuous  

ii. Q ( r , O , p 2 ( r , z ) )  i s  r e g u l a r  f o r  I z I  > I ,  c o n t i n u o u s  
XY 

for I z I  2 1, and 

S i n c e  t h e  f u n c t i o n  YY(p1,p2), I p l (  Q 1, I p 2 (  4 1, c f .  ( 1 . 1 . 1 3 )  

s h o u l d  be c o n s i d e r e d  as a known f u n c t i o n  it i s  s e e n  t h a t  t h e  

r e l a t i o n s  ( 5 . 4 )  and ( 5 . 6 )  r e p r e s e n t  a Riemann boundary v a l u e  

problem of a t y p e  as f o r m u l a t e d  i n  s e c t i o n  1 . 2 . 1 .  A c t u a l l y ,  

t h e r e  i s a m i n o r  d i f f e r e n c e  because  of t h e  o c c u r r e n c e  of 

Q ( r , O , O )  i n  t h e  r i g h t h a n d  s i d e  of ( 5 . 4 ) .  However, n o t e  t h a t  

( 4 . 8 ) i i  i m p l i e s  t h a t  
XY 

For t h e  a n a l y s i s  o f  t h i s  Riemann boundary v a l u e  problem w e  

have  t o  i n v e s t i g a t e  t h e  index  r e l a t e d  w i t h  t h e  boundary con- 

d i t i o n  ( 5 . 4 1 ,  c f .  s e c t i o n s  1 . 2 . 1 ,  ..., 1.2.4, i . e .  t h e  i n d e x  x 

of 
+ 

I- p1 ( r , z )  y ( o , p 2 - ( r , z ) )  

1 - p 2  (r,z) y ( p l  (r,z),O) 
- on I z I  = 1. + ( 5 . 8 )  
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Note t h a t  
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and t h a t  Y(pl,O) i s  r e g u l a r  for p1 E S 1 + ( r )  U Sl(r), and 

Y ( 0 , p 2 )  i s  r e g u l a r  f o r  p2  E S 2 + ( r )  u S 2 ( r ) ;  b u t  Y ( 0 , p 2 - ( r , z ) ) ,  

and s i m i l a r l y  Y ( p l t ( r Y z ) , O ) , c a n  b e z e r o  f o r  a 

t h e  i n d e x  of  (5.8) i s  t h e n  n o t  d e f i n e d .  

z w i t h  IzI = 1, 

F u r t h e r  i f  Y ( 0 , p 2 )  w i t h  Ip21 Q 1 a n d / o r  Y(pl,O) w i t h  

lp l l  < 1 h a s  z e r o s  t h e n  Y ( 0 , p 2 ( r , z ) )  and  Y(p ( r , z ) , O )  can  have  

z e r o s  i n  { z : l z 1 > 1 }  and i n  { z : l z l  <l}, r e s p e c t i v e l y ,  and  t h e  

i n d e x  x may t h e n  d i f f e r  from z e r o .  Then t h e  g e n e r a l  s o l u t i o n  

of t h e  Riemann problem f o r m u l a t e d  above c o n t a i n s  a ,  on x 
dependen t ,  number o f  c o n s t a n t s ,  c f . .P  ( . I  i n  s e c t i o n  1.2.4. 

However, i f  (p1 ,p2 )  = ( 0 , q 2 )  i s  a z e r o  of Z ( r , p 1 , p 2 ) ,  

1 

X 

lpll  

c a l l y  z e r o  and  t h e n  t h e  r e l a t i o n  ( 5 . 2 )  i m p l i e s  t o g e t h e r  w i t h  

t h e  c o n t i n u i t y  of  @ 

1, Ip21 Q l t h e n  t h e  r i g h t h a n d  s i d e  i n  ( 5 . 2 )  becomes i d e n t i -  

( r , p l , p 2 )  t h a t  
XY 

which r e l a t i o n  r e p r e s e n t s  n e x t  t o  ( 5 . 4 )  ,..., ( 5 . 1 )  a n  e x t r a  con- 

d i t i o n  t o  be s a t i s f i e d  by Q X y ( r Y p 1 , p 2 ) .  I t  i s  n o t  d i f f i c u l t  t o  

see t h a t  t h e  number o f  t h e s e  e x t r a  c o n d i t i o n s  and  t h e  i n d e x  x o f  

t h e  f u n c t i o n  i n  ( 5 . 8 )  are l i n e a r l y  dependen t .  A c t u a l l y  t h e s e  

e x t r a  c o n d i t i o n s  l e a d  t o  t h e  d e t e r m i n a t i o n  o f  t h e  c o e f f i c i e n t s  i n  

t h e  polynomia l  P ( . ) ,  see above and  see a l s o  s e c t i o n  1.2.4. 
X 
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To s i m p l i f y  t h e  a n a l y s i s  i t  w i l l  h e n c e f o r t h  b e  assumed 

t h a t ,  c f .  a l s o  ( 5 . 1 1 ,  

T h i s  a s sumpt ion  does  r e s t r i c t  somewhat t h e  g e n e r a l i t y  o f  

o u r  d i s c u s s i o n .  However, by u s i n g  t h e  t e c h n i q u e s  as  exposed  

i n  s e c t i o n  1 . 2 . 4  and  t h e  t y p e  o f  r e a s o n i n g  t o  be  exposed  i n  t h e  

f o l l o w i n g  s e c t i o n s  i t  w i l l  n o t  be  d i f f i c u l t  t o  pe r fo rm t h e  

a n a l y s i s  i f  t he  a s sumpt ion  ( 5 . 1 0 )  i s  n o t  v a l i d  ( t h e n  due a c c o u n t  

s h o u l d  be g i v e n  t o  t h e  e x t r a  c o n d i t i o n s  as d i s c u s s e d  a b o v e ) .  



11.2.6. The symmetrik random walk 

11.2.6. The solution of the boundary value problem 

Lemma 6 . 1  For Y ( 0 , O )  > 0 ,  0 < r < 1 and w i t h  t h e  a s sumpt ion  

105 

( 5 . 1 0 ) :  

( 6 . 1 )  

( 6 . 2 )  

( 6 . 3 )  

Proof By a p p l y i n g  t h e  r e s u l t s  o f  s e c t i o n  1 . 2 . 4  t h e  s t a t e m e n t s  

of t h e  lemma a re  e a s i l y  o b t a i n e d ;  however,  w e  s h a l l  g i v e  h e r e  

a d i r e c t  p r o o f .  

Because p l ( r , z )  and Y ( p l ( r Y z ) , O )  are b o t h  r e g u l a r  f o r  

Iz I  < 1, c o n t i n u o u s  f o r  I z (  G 1 and f o r  121 

Y ( p 1 ( r , z ) , O )  * 0 ,  c f .  theorem 4 . 1  and  ( 5 . 1 0 ) ,  i t  i s  s e e n  

t h a t  t h e  r i g h t h a n d  s i d e  of ( 6 . 1 )  i s  r e g u l a r  f o r  I z I < 1 and also 

con t inuous  f o r  IzI G 1 i f  t h e  s i n g u l a r  i n t e g r a l  

1, I p l ( r , z ) l  < 1, 

i s  w e l l  d e f i n e d .  To show t h i s  n o t e ,  c f .  t h e  p roof  o f  t heo rem 4 . 1 ,  

t h a t  g ( r , e  i A ( r , z ) ) e i A ( r y z )  and g ( r , e i X ( r , z ) ) e - i h ( r , z )  satisfy 

a HGlder c o n d i t i o n  on  I z (  CI 1, and hence  H ( z ) ,  IzI 1 sa t i s -  

f i e s  such  a c o n d i t i o n .  
XY 

Ana logous ly ,  t h e  r i g h t h a n d  s i d e  of ( 6 . 2 )  i s  r e g u l a r  for 

l z 1 > 1 ,  c o n t i n u o u s  for I z I  21. 

Because p 2 ( r , z )  + 0 for I z I - + m ,  c f .  ( 4 . 1 2 ) ,  i t  i s  e a s i l y  
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s e e n  t h a t  (6.3) i s  a d i r e c t  consequence  of (6.2). 

By a p p l y i n g  t h e  P l e m e l j - S o k h o t s k i  f o r m u l a s  t o  (6.1) and  

( 6 . 2 )  f o r  z a p p r o a c h i n g  a p o i n t  on C from o u t  Ct and f rom o u t  

C-Y r e s p e c t i v e l y ,  i t  i s  r e a d i l y  s e e n  t h a t  (6,1)y...,(6.3) s a t i s f y  

t h e  boundary c o n d i t i o n  ( 5 . 4 ) .  

Hence, it h a s  been  p roved  t h a t  (6.1)y...,(6.3) i s  a s o l u t i o n  

of t h e  boundary  v a l u e  problem f o r m u l a t e d  i n  t h e  p r e c e d i n g  s e c t i o n .  

That it is t h e  un ique  s o l u t i o n  i s  p roved  by t h e  same a rgumen t s  

as used  i n  t h e  p r o o f  of t h e  u n i q u e n e s s  of t h e  s o l u t i o n  of t h e  

Riemann boundary  v a l u e  p rob lem i n  c h a p t e r  1 . 2 .  n 
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11.2.7. The determination of CP (r,pl ,p2) 
XY 

+ 
In theorem 4.1 it has been shown that pl(ryz) maps C con- 

+ 
formally onto S 1 ( r ) .  Denote by 

+ 
(7.1) z = ~ ~ ~ ( ~ ~ p ~ ) ~  p1 E S1 ( r ) ,  

+ 
the inverse mapping, that is the confor.mal map of S1 (r) onto 

C+ ; analogously 

+ 
shall represent the conformal map of S2 ( r )  onto C-. 

Because S ( r )  and S 2 ( r )  are smooth contours, cf. lemma 3.1, 1 

the theorem of corresponding boundaries implies that pl0(r, . )  

maps S ( r )  onto C, and 

1.4.2. 

maps S 2 ( r )  onto C, cf.section 1 

Lemma 7.1 F o r Y ( 0 , O )  > 0 ,  0 < r < 1 and assumption (5.10) it 

h o l d s  for Oxy(r,p1,p2) with p1 E S1 ( r ) ,  p2 E S 2  (11): 
+ + 
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Proof  The r e l a t i o n  ( 7 . 3 )  f o l l o w s  d i r e c t l y  from ( 6 . 1 )  and ( 7 . 1 ) ,  

ana logous ly  f o r  ( 7 . 4 ) ;  ( 7 . 5 )  has  been proved i n  l e m m a  6 . 1  . The 

r e l a t i o n  ( 7 . 6 )  f o l l o w s  by s u b s t i t u t i o n  o f  ( 7 . 3 ) , , . . , ( 7 . 5 )  i n t o  

( 5 . 2 ) .  n 

Remark 7.1 By l e t t i n g  i n  (6.1) z approach  a p o i n t  t on I z I  1 

from o u t  IzI< 1 and by a p p l y i n g  t h e  P leme l j -Sokho t sk i  fo rmula  it 

i s  p o s s i b l e  t o  o b t a i n  an  e x p r e s s i o n  f o r  0 

p1 E S l ( r ) ,  s i m i l a r l y  ( 7 . 4 )  can  be ex tended  for p2  E S 2 ( r ) ,  and 

( 7 . 6 )  f o r  p1 E S l ( r ) ,  p2  E S2(r), We s h a l l  n o t  do so  h e r e  b u t  

d e r i v e  such  r e l a t i o n s  i n  s e c t i o n  8 .  

( r , p l y O )  w i t h  
XY 

Remark 7.2 The r e s u l t s  s t a t e d  i n  lemma 7 . 1  e x p r e s s  p r o p e r t i e s  

which t h e  f u n c t i o n  @ x y ( r y p 1 , p 2 )  s h o u l d  p o s s e s s .  However, n o t e  
t h a t  S1 t ( r )  U S1( r )  C { p l : [ p l l < l l ,  S2+(r) u S2(r) c { p 2 : I p 2 1 < 1 1 ;  

it has  n o t  y e t  been  shown t h a t  @ x y ( r , p 1 y p 2 )  as e x p r e s s e d  by ( 7 . 6 )  

i s  f o r  f i x e d  r, 0 < r < 1 and for f i x e d  Ip21 < 1 r e g u l a r  i n  

lpll  < 1, con t inuous  i n  lp l l  < 1, a n a l o g o u s l y  w i t h  p1 and  p 2  i n -  

t e r c h a n g e d ;  n e i t h e r  t h a t  f o r  f i x e d  lpll  < 1, Ip21 < 1 it i s  a 

g e n e r a t i n g  f u n c t i o n  i n  r of t h e  sequence  0 ( n )  ( p l , p 2 , 1 , 1 )  , n =  

0 , 1 , 2  ,..., as d e f i n e d  i n  ( 1 . 1 . 8 ) .  Note t h a t  t h i s  sequence  i s  

u n i q u e l y  de t e rmined  by t h e  r e l a t i o n s  (1.1.11) and ( 1 . 1 . 1 2 ) .  

XY 
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11.2.8. Analytic continuation 

From lemma 2.1 and from (3.1) it is readily seen that 

-0 

(p1,p2) is a zero of the kernel Z(r,plYP2), lpll 

1.e. there exists a bijection 

every p1 E Sl(r) corresponds a unique p2 E S2(r) such that 

1, Ip21 Q 1. 

with P1(ryp2) and p2(r,p1) each other’s inverses and 

(8.3) (P1(r,p2),p2), p2 E S2(r) is a zero of Z(r,p1,p2)y 

[pll Q 1, Ip21 Q 1, analogously for p1 E sl(r). 

Because Z(r,P1’P2)Y lPll < 1, P21 < 1 is for fixed Irl i l  

regular in each of its variables p1 and p2 it follows readily 

that the following derivatives exist 

and that the denominator 

because p2(r,p1) as a zero of Z(r,pl,p2) at p1 E Sl(r) has 

multiplicity one; similarly for the denominator in (8.5). 

in (8.4) is never zero for p2 E S2(r), 

These facts allow the application of the implicit function 

theorem, cf. [l] p.101. It implies 

p2 E S2(r) a neighbourhood N(ryp2 

function p1(rYq2), q2 E N(r,p2) C 

atp2 (cf. section 1 . 4 . 2 )  and which 

( 8 . 6 )  z(r, P1 (r,q2 1 ,q2 1 0, 

that there exist f o r  every 

of p2 and a uniquely determined 

{p2: Ip21 < l )  which is regular 

satisfies f o r  all q2 E N(r,p2), 
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Consequent ly ,  P 1 ( r , p 2 ) ,  p2 E S ( r )  p o s s e s s e s  an  a n a l y t i c  2 

c o n t i n u a t i o n  i n t o  p2 E U N ( r , q 2 ) ,  and h e r e  ( P l ( r , p 2 ) , p 2 )  i s  a 
q2ES ( r )  

ze1-0 of Z ( r , p 1 , p 2 ) ,  lpll  1, lp21 1. 

The f u n c t i o n  P 1 ( r , p 2 ) ,  p 2  E S2(r) i s  o b v i o u s l y  a “ f u n c t i o n  

e l emen t” ,  cf. [I] , p .53 ,  of t h e  f u n c t i o n  P l ( r , p 2 ) ,  Ip21 G 1 which 

r e p r e s e n t s  t h e  z e r o s  o f  Z ( r , p 1 , p 2 ) ,  1p21 G 1 i n  lpll  G 1. Because 

Z ( r , p 1 , p 2 ) ,  lpl l  

each  o f  i t s  v a r i a b l e s ,  t h i s  f u n c t i o n  P l ( r , p 2 )  , I p2 I 
a n a l y t i c  ( p o s s i b l y  manyvalued)  f u n c t i o n  of p2 i n  (p21  < 1, con- 

t i n u o u s  i n  Ip21 < 1 and w i t h  a t  most a f i n i t e  number o f  s ingu-  

l a r i t i e s ,  t h e  s i n g u l a r i t i e s  b e i n g  b ranch  p o i n t s .  S i n c e  w e  know a 

f u n c t i o n  element  o f  P 1 ( r , p 2 ) ,  Ip21 G 1, v i z .  f o r  p2 E S2(r), 

t h e  w h o l e f u n c t i o n  P l ( r , p 2 ) ,  Ip21 G 1 can be o b t a i n e d  by a n a l y t i c  

c o n t i n u a t i o n  from t h i s  f u n c t i o n  e l emen t .  Above such an  a n a l y t i c  

c o n t i n u a t i o n  has  been i n i t i a t e d  and it can be con t inued  i n  

Ip21 < 1 as long  as IP1(r,p2)1 

w e  fo rmula t e  t h e  f o l l o w i n g  l e m m a  f o r  

one a p p l i e s  for P ( r , p l ) .  2 

1, lp21 < 1 i s  f o r  f i x e d  ) r \  < 1 r e g u l a r  i n  

1 i s  an  

i s  bounded by 1. I n  t h i s  r e s p e c t  

P l ( r , p 2 ) ,  t h e  analogous 

Lemma 8.1  

f i x e d  p2 wi th  Ip2 I CI 1 e x a c t l y  one z e r o  P 1 ( r , p 2 )  i n  lpl l  G 1, i t s  

The k e r n e l  Z ( r , p 1 , p 2 )  h a s  f o r  f i x e d  Ir l<l and eve ry  

m u l t i p l i c i t y  i s  one. 

Proof  For f i x e d  Irl < 1 and 

lP1l = 1: 

IP1P21 l P l l  = 1 ’ I r l  23 Ir 

p I 2 = 1 we have f o r  eve ry  p1 w i t h  

so t h a t  by n o t i n g  t h a t  E{p1zp2y.), Ip21 a 1 i s  r e g u l a r  for 

lpll  < 1, con t inuous  f o r  lpl l  G 1 t h e  s t a t e m e n t  fo l lows  from 

Rouchk’s theorem, c f . [ 3 ]  p .128.  0 
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{P,: 

E2 ( r  

Denote 

The symmem? random walk 111 

t 
by E2(r) the set of points p in C 

2 2 U C2 = 

p21 < 1 for which Z(r,p1,p2) has a zero in Ip I < 1, then 1 

is a connected set, cf.[3] p . 2 ,  i.e. any two points of 

E ( r )  can be connected by a polygonal line belonging completely 

to E2(r), because P1(r,p2), (p21 Q 1 is an analytic function 

of p2 

2 

E int E2(r). Obviously, 

and C2 is the outer boundary of E2(r);denote its inner boundary 

by R2(r), so that 

Completely analogous definitions and properties hold when 

in the discussion above the roles of p1 and p2 are interchanged; 

in the relevant symbols the indices rrlrr and i r 2 r r  should then be 

interchanged. 

It then follows from lemma 8.1 and the definition of 

P1(r,p2) that 

( 8 . 9 )  

(8.10) 

R1(r) {pl:pl= P1(ryp2),Ip21 = l j  , 
El(r) Cpl:pl= P1(r,p2), p2EE2(r)). 

Next we shall investigate the analytic continuation of 

p2(rYzly I z I  2 1 into I z I  < I, cf. (4.12). 

Lemma 8.2 

and S2(1?) are both analytic contours. 

For Y ( 0  ~ 0 )  > 0 and c) i r < 1 the contours S1 (11) 

Proof  

s ei'y 0 

any order f o r  every 4€[0,2n). The lemma now follows from 

From lemma 2.1 and (3.2) it is readily seen that g(r,s), 

4 < 2a, possesses derivatives b7?.th respect t o  @ of 
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t h e  d e f i n i t i o n  o f  a n a l y t i c  c o n t o u r ,  c f . s e c t i o n  1 . 1 . 2 .  0 

Because p 2 ( r , z ) ,  I z I  1 maps C - =  { z : l z 1 > 1 }  confo rma l ly  
t o n t o  S2 (r), c f . t h e o r e m  4 . 1  and because  C =  { z : l z l n  1) and S2(r) 

are bo th  a n a l y t i c  c o n t o u r s  i t  f o l l o w s  t h a t  p 2 ( r , z )  can  be  

c o n t i n u e d  a n a l y t i c a l l y  a c r o s s  IzI 1, i . e .  i n t o  a domain con- 

t a i n e d  i n  Ct = { z :  IzI < 11, cf [ 3 1  , p.  1 8 6 .  T h i s  a n a l y t i c  c o n t i n u -  

a t i o n  w i l l  b e  r e p r e s e n t e d  by t h e  same symbol,  i . e .  p 2 ( r y z ) .  

Le t  z1 w i t h  l z l l  < 1 be  a p o i n t  such  t h a t  p2 ( r , z1 )  w i t h  

l p 2 ( r , z 1 ) 1  < 1 i s  d e f i n e d  by a n a l y t i c  c o n t i n u a t i o n  a c r o s s  

IzI = 1, i . e .  t h e r e  e x i s t s  a c o n t i n u o u s  s imple  cu rve  between 

z1 and a p o i n t  on IzI 1 a l o n g  which p 2 ( r , z )  i s  d e f i n e d  by ana- 

l y t i c  c o n t i n u a t i o n .  Because { p l ( r , z )  , p 2 ( r y z ) j  i s  f o r  e v e r y  I zI = l 

a z e r o  of  Z ( r , p 1 , p 2 )  and because  Z ( r , p 1 , p 2 )  i s  f o r  f i x e d  

0 < r < 1 r e g u l a r  i n  each  o f  i t s  v a r i a b l e s  w i t h  lpll  

[ p 2 1  < 1 it f o l l o w s  from t h e  p r i n c i p l e  o f  permanence, c f .  131, p .  

1 0 6 ,  1 0 7 ,  (or by u s i n g  r e p e a t e d l y  t h e i m p l i c i t  f u n c t i o n  theo rem,  

see above i n  t h i s  s e c t i o n )  t h a t  

1, 

( 8 . 1 1 )  ~ p l ~ r y z l ~ , p 2 ~ r , z l ~ ~  i s  a z e r o  of Z ( r , p 1 , p 2 ) .  

Denote by F 2 ( r )  t h e  s e t  o f  p o i n t s  i n  IzI < 1 where p 2 ( r , z )  

can  be con t inued  a n a l y t i c a l l y  a c r o s s  IzI = 1 and such  t h a t  

Ip2(r,z)I < 1 ,  n o t e  t h a t  p 2 ( r , z )  so  d e f i n e d  i s  n o t  n e c e s s a r i l y  

s i n g l e  va lued  i n  F2(r). It  f o l l o w s  from ( 8 . 1 1 )  t h a t  

n o t e  t h a t  Z ( r , p l y p 2 3  i s  c o n t i n u o u s  i n  [ p 2 1  < 1 for 
lp l l  Q 1, p1 f i x e d .  

1, 
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Completely analogous definitions and properties hold for 

p (r,z) and its analytic continuation in IzI > 1 across [zI 1. 

Its domain of analytic continuation into I z I  > 1 and such that 
Ipl(r,z)l G 1 is analogously indicated by Fl(r). 

1 

+ The function z = p20(r,p2), cf. ('7.2), maps S2 (r) U S2(r) 

one-to-one onto IzI 2 1, and its inverse is p ( r , z ) ,  I z I  2 1. 

From lemma 8.2 it follows that ( r )  u S 2 ( r )  

can be continued analytically across S (r) into a region con- 

tained in S 2 - ( r )  n {p2:Ip21 < l}. This analytic continuation 
will be denoted by the same symbol i.e. by 

2 

p2 E S2 
+ 

2 

Lemma 8.3 Pl(r,p2) and p2"(r,p2) are both regular in 

p2 E {S2(r) u S2-(r)l fl {p2:Ip21 < 1) and continuous in the clo- 

sure of this set; similarly for P2(r,pl) and plo(r,pl). 

Proof Let a2 be a point on S2(r), the line through p? = 0 and 

p2 = o2 intersects C2 = {p2: Ip2 I = 11 at, say, y 2 ;  denote by T2 

the linear 

exists a neighbourhood N(02) of u2 such that 

segment (a2,y2). p20(r,02) is regular at a2 so there 

E N(u j is regular, so it is single valued for p E N(a2)flT2 p2 2 2 

and for such a p2: 

Consequently 

and by the principle of permanence 
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Hence from the definition of Pl(r,p2) it follows that 

If the above defined analytic continuation of P1(r,p2)from 

out p2 E S2(r) is considered along T2 starting at p 2 =  u2 then 

this branch is single valued on T2 if T2 does not contain a 

singularity of P1(r,p2); but if P1(r,p2) is on T2 single valued, 

then p2u(r,p2) should here also be single valued because pl(r,z) 

is univalent for I z I  <I; it is a conformal map of I z I  <I onto 

S1 (r). 
t 

2 
So it suffices to prove that T2 cannot contain a point p 

which is a singularity for the analytic continuation of P1(r,p2) 

starting from p 2 =  a2 and with IPl(r,p2)1 G 1. Suppose that 

6 E T is such a singularity and that it is the only singularity 

on T2. Because Z(r,p1,p2), lpll 6 1, Ip21 < 1 is regular in each 
of its variables p1 and pa, the singularity p 2 =  6 is then ne- 

cessarily a branch point of p1(r,p2); suppose it is a second or- 

der branch point. Because the branch points of P (r,p2), 

p2 E E2(r) have no limiting point in Ip21 < 1, see below ( 8 . 6 ) ,  

it is possible to construct a small circle with center at p2= 6 

and radius E > 0 so that in this circle p 2 =  6 is the 

branch point of P 1 ( c , p 2 ) .  

2 

1 

only 

Consider the two arcs l1 and l2 obtained from T 2  by re- 

placing the linear segment inside thecircle with center 6, 

radius E ,  by the semi-circular arcs of this circle. Then P1(r,p2) 

when continued analytically along these arcs becomes two valued 

for p2 E T2 and between 6 t E and Y2. This leads, however, to a 

contradiction. 
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To s e e  t h i s  n o t e  f i r s t  t h a t  P ( r , p 2 )  a t  p 2  P y2 i s  u n i q u e l y  1 

d e f i n e d  by lemma 8 . 1  as t h e  un ique  z e r o  o f  Z ( r , p 1 , y 2 )  i n  

lp l l  Q 1. So P 1 ( r , p 2 ) ,  w i t h  P2 = e 

r e s p e c t  t o  &I o f  any o r d e r ,  hence  ( u s e  t h e  i m p l i c i t  f u n c t i o n  t h e o -  

r e m )  P 1 ( r , p 2 )  i s  r e g u l a r ,  i . e .  s i n g l e  v a l u e d ,  i n  t h e  i n t e r -  

s e c t i o n  o f  T2 w i t h  a ne ighbourhood o f  y2. So t h e  c o n t r a d i c t i o n  

h a s  been shown i f  i t  h a s  been  shown t h a t  f o r  each  b ranch  

I P l ( r , p 2 )  I G 1 

i s  t r u e  i s  proved  as f o l l o w s .  From ( 8 . 1 3 )  it i s  s e e n  t h a t  i n i -  

t i a l l y  IF1 r , p 2 ) 1  < 1 f o r  p 2  E T:, and c l o s e  t o  u2, b e c a u s e  

S 1 + ( r )  C C + .  If I P l ( r , p 2 ) (  would r e a c h  t h e  v a l u e  one ,  i . e .  

P l ( r , p 2 )  E C1, when c o n t i n u e d  a n a l y t i c a l l y  a l o n g l l  a n d / o r 1 2  

t h e n  t h e  g raph  o f  P 1 ( r y p 2 )  must have c r o s s e d  S l ( r ) ,  i . e .  t h e r e  

e x i s t s  a p o i n t  q 2  # o2 on 1 

T h i s  i s  i m p o s s i b l e  by t h e  d e f i n i t i o n  o f  ll and l2 and b e c a u s e  

P 1 ( r , p 2 )  i s  a one-to-one mapping o f  S2(r) o n t o  Sl(r). 

iw , p o s s e s s e s  d e r i v a t i v e s  w i t h  

w i t h  P2 E T 2  and  between 6 + E and y2. Tha t  t h i s  

o r  on l2 f o r  which P 1 ( r , q 2 )  E S l ( r ) .  1 

Consequent ly  t h e  a n a l y t i c  c o n t i n u a t i o n  o f  P l ( r y p 2 )  c a n n o t  

have  one s i n g u l a r i t y  on T2; t h a t  it c a n n o t  have  t w o  o r  more is 

proved  a n a l o g o u s l y .  Hence t h e  d i s c u s s i o n  above i m p l i e s  t h a t  

P l ( r , p 2 )  and p 2 0 ( r , p 2 )  are r e g u l a r  i n  p 2 E { S 2 ( r ) U S 2 - ( r ) } O C 2  . + 

The c o n t i n u i t y  s t a t e m e n t  f o l l o w s  f rom t h e  f a c t  t h a t  

Z ( r , p 1 , p 2 ) ,  lp l l  1 ,1p21 < 1 i s  c o n t i n u o u s  i n  each  o f  i t s  va- 

r i . a b l e s  p1 , p 2 .  0 

I n  f i g u r e  6 we have  i l l u s t r a t e d  t h e  v a r i o u s  mappings which 

have  been  i n t r o d u c e d  above .  

L ( r )  is h e r e  a c t u a l l y  t h e  u n i t  c i r c l e  { z : l z l  E 11, L + ( r )  
+ and L - ( r )  i t s  i n t e r i o r  and e x t e r i o r ,  r e s p e c t i v e l y .  L ( r )  i s  con- 

f o r m a l l y  mapped by p l ( r , z )  o n t o  S l + ( r )  and ,  s i m i l a r l y ,  L - ( r )  by 
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pl-plane p2-plane 

11.2.8. 

z-plane 

Figure 6 
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t p 2 ( r , z )  o n t o  S2 (11); t h e m a p p i n g s o f  t h e  b o u n d a r i e s  L(r) -+ S 1 ( r )  

and L ( r )  + S (r) are b i j e c t i v e .  Note t h a t  i n  f i g u r e  6 a l l  c u r v e s  

have  been drawn as c i r c l e s  f o r  t h e  s a k e  o f  s i m p l i c i t y ,  however,  

o n l y  Ci {p i : /  pi[ 

h e r e  because  t h e  random walk i s  symmetr ic ,  c f .  for t h e  g e n e r a l  

c a s e  s e c t i o n  3 . 3 .  

2 

= 1) i s  a c t u a l l y  a c i r c l e ,  w h i l e  L(r) i s  i t  

P 2 ( r , p 1 ) ,  w i t h  i n v e r s e  P l ( r , p 2 ) ,  i s  t h e  one- to-one  map o f  

S l ( r )  o n t o  S2(r) and El(') i s  t h e  s e t  where t h e  a n a l y t i c  con- 

t i n u a t i o n  o f  P 2 ( r , p 1 )  i n  lp l l  < 1 w i t h  I P 2 ( r , p 1 ) 1  < 1 i s  de f ined .  

F2(r) i s  t h e  s e t  of p o i n t s  i n  L ( r )  where t h e  a n a l y t i c  con- t 

t i n u a t i o n  of p 2 ( r , z )  w i t h  I p 2 ( r , z ) l <  1 can  be  d e f i n e d ,  i t s  bound- 

a r y  F (r) i n  L + ( r )  ha s  a g a i n  been  drawn as a c i r c l e ,  s i m i l a r l y  2 

f o r  F 1 ( r ) ,  Rl(r) and R2(r). Note t h a t  it h a s  n o t  been  shown t h a t  

t h e s e  c u r v e s  a r e  n o t  s e l f - i n t e r s e c t i n g .  
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11.2.9. The expression for Q, (r,p1,p2) with 
\~(o,o) > 0, o < r < 1"' 

By using the analytic continuations discussed in the pre- 

ceding section the expression f o r  the function Qxy(r,p1,p2) 

defined by (1.1.15) and (1.1.18) can now be derived. 

Theorem 9 . 1  For Y ( 0 , O )  > 0, 0 < r < 1 and with the assumptions 

(5.10): 

(9.2) rQ 
XY 

+I 
27ll 

with 

and for lpll 1, Ip21 1 and (p,,p,) not a zero of the kernel 

Z(r,Pl'P2): 
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with 

E (pl):= for p f S1(r) , ~ ~ ( p ~ ) : =  for p2 E S2(r) , 
1 1 

note that terms with E~(.) = 0 should be deleted in the formulas 

above; OXy(r,p1,p2) as given by (9.5) is the unique solution of 

(1.1.19) satisfying (1.1.17)ii and iii. 

Remark 9 . 1  

of Z(r,p1,p2) can be obtained from (9.5) by an appropriate 1imi-c- 

ing procedure, i.e. by letting p 2  -+ P2(ryp1); the resulting 

expression will not be given here, see for a similar case sec- 

tion 15. 

The expression for OXy(r,p1,p2) if (p1,p2) is a zero 

t 
Proof  

(7.3). By letting p1 approach from out SIt(r) a point on S 1 ( r ) ,  

by applying the Plemelj-Sokhotski formulas, cf. (1.1.6.4), to 

( 7 . 3 )  and by noting that 

p1= ~ l + ~ ~ , ~ l o ~ ~ y ~ l ~ ~ y  p2(rYp1) = P ~ - ( ~ , P ~ ~ ( ~ , P ~ ) ) .  pl.e sl(r), 

The relation (9.1) for p1 E S1 (r) is identical with 

together with (5.5) it is seen that the limit in the righthand side 

of (7.3) is given by (9.1) with E (p ) =  $ ;  so that (9.1) for 1 1  
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p1 E S l ( r )  has  been proved  because  Q, 

t i n u o u s  f o r  lpll Q 1. 

( r , p l y O )  shou ld  be  con- 
XY 

Because p lo ( r ,p1 )  and P2(r ,p1)  a r e  r e g u l a r  f o r  p1 E S 1 - ( r ) n  
t t 

C1 , c f .  lemma 8 . 3 ,  and P 2 ( r , p 1 )  E S 2  ( r )  and because  H 

s a t i s f i e s  a H8lder  c o n d i t i o n  on IzI = 1 it f o l l o w s  t h a t  t h e  

r i g h t h a n d  s i d e  of  ( 9 . 1 )  i s  r e g u l a r  f o r  p1 E S1 ( r )  

t i n u o u s  f o r  p 

c l u d e d .  Th i s  r i g h t h a n d  s i d e  has  a l i m i t  f o r  p1 t e n d i n g  t o  a 

p o i n t  on S 1 ( r )  from o u t  S 1 - ( r ) .  T h i s  l i m i t ,  b e i n g  e v a l u a t e d  by 

a p p l y i n g  t h e  P leme l j -Sokho t sk i  fo rmulas  , is  r e a d i l y  s e e n  t o  be 

e q u a l  t o  t h e  r i g h t h a n d  s i d e  o f  ( 9 . 1 )  w i t h  ~ ~ ( p ~ ) n  4. Hence t h e  

r i g h t h a n d  s i d e  of  ( 9 . 1 )  f o r  p1 E S l - ( r )  n C1 i s  con t inuous  a t  

i t s  i n n e r  boundary S ( r ) .  @ 

l p l l  < 1, con t inuous  f o r  lpll  

a n a l y t i c  c o n t i n u a t i o n  and t h e  assumpt ion  ( 5 . 1 0 )  p rove  ( 9 . 1 )  f o r  

p1 E S 1 - ( r )  n tc, 

( z )  
XY 

- t 
C1 , con- 

t 
E S 1 - ( r )  n {Cl u C1}, t h e  p o i n t  p1 1 b e i n g  ex- 

t 

( r y p l y O )  shou ld  be  r e g u l a r  f o r  

1, and so  i s  Y(p1,0).  Hence 
1 XY 

t 
U c1I. 

The r e l a t i o n  ( 9 . 2 )  i s  proved  s i m i l a r l y ,  w h i l e  ( 9 . 3 )  i s  

i d e n t i c a l  w i t h  ( 7 . 5 ) .  The r e l a t i o n  ( 9 . 5 )  f o l l o w s  by s u b s t i t u t i n g  

t h e  r e l a t i o n s ( 9 . 1 ) ,  ( 9 . 2 )  and ( 9 . 3 )  i n t o  ( 1 . 1 . 1 9 ) .  

To prove  t h a t  @ x y ( r , p 1 , p 2 )  f o r  f i x e d  0 < r < 1 i s  regular  

1 i n  Ip 1 < 1 for f i x e d  Ip21 G 1 and s i m i l a r l y  in Ip21 < 1 f o r  

f i x e d  ( p l l  < 1, it i s  s u f f i c i e n t  t o  show t h a t  e v e r y  z e r o  

(P1’P2) i n  lP l l  Q 1, IP21 1 of Z(rYPlYP2) = P 1 2  P - PV(P1YP2)Y 

0 < r < 1, is  a z e r o  of t h e  term between s q u a r e  b r a c k e t s  i n  t h e  

r i g h t h a n d  s i d e  of  ( 9 . 5 ) .  I f  p1 E { p l : I p l l  < 1) t h e n  (p1 ,P2( r ,p1 ) )  

i s  a z e r o  of  Z ( r ,p1 ’p2)  i n  lpll  G 1, Ip21 Q 1 because  t h e  d e f -  

i n i t i o n  of  P 2 ( r y p 1 ) ,  which i s  based  on a n a l y t i c  c o n t i n u a t i o n ,  

i m p l i e s  t h a t  t h e  p r i n c i p l e  of  permanence, cf. [31,P. 1 0 6 ,  is 
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valid, see preceding section. Further P2(ryp1) E S2(r) if 

p1 E S1(r) and then 

and again this relation remains true under analytic continuation 

by using the principle of permanence. 

It follows that for every zero (plyP2(rypl)) of Z(r,plyp2) 

constructed by analytic continuation starting from out S ( r )  in- 

deed the term between square brackets in (9.5) is zero. For p 

varying along S1(r) all zeros of Z(r,plyp2) in Ip21 < 1 are 

located on S2(r), i.e. P2(r,p1), p1 E Sl(r) is a function ele- 

ment of the zeros P (r,pl) of Z(r,plyp2) in Ip21 Q 1, as a func- 

tion of p with lpll Q 1. Hence it follows that all zeros of 

Z(r,p1,p2) in Ip21 < 1 are obtained by analytic continuation 
from out S l ( r ) .  

1 

1 

2 

1 

It should be noted that the arguments above also apply if 

P2(r,p1) is a zero of multiplicity two of Z(r,p1,p2), then it is 

also a zero of the same multiplicity of the term between square 

brackets in (9.5). 

The continuity of OxY(ryp1,p2) in lpll < 1 for fixed 
Ip21 Q 1 follows readily from that of Z(r,p1,p2) in lpll 

f o r  fixed Ip21 Q 1 and the defined analytic continuations. Also  

the continuity of @xy(r,p1yp2) in r E ( 0 , l )  f o r  fixed lpll Q 1, 

Ip21 < 1 and the existence of its derivatives with respect to r 
can be proved by noting first that f o r  0 

1 

r < 1: 
X+Y 5-41 ] 

Y I s 1  1 ,  
1 a g ( r , s )  - 1 ~ { g  ( r , s ) s  

('s6) g~ a r  r X +Y 5-41 
E{(?-x-y)g ( r , s ) s  . 1 



I22 Analysis of two-dimensional random walk 11.2.9. 

as t h e  d e f i n i t i o n  o f  g ( r , s ) ,  c f .  s e c t i o n  2 ,  i m p l i e s .  Because 

o f  lemma 2 . 1 ,  i v  t h e  denomina to r  i n  ( 9 . 6 )  i s  n o n z e r o .  Hence 

g ( r , s )  p o s s e s s e s  w i t h  r e s p e c t  t o  P d e r i v a t i v e s  o f  any o r d e r .  By 

s t a r t i n g  from t h i s  o b s e r v a t i o n  it may be  shown t h a t  t h e  r i g h t -  

hand s i d e  o f  ( 9 . 5 )  p o s s e s s e s  d e r i v a t i v e s  o f  any o r d e r  w i t h  r e -  

s p e c t  t o  r. However, t h e  f o l l o w i n g  argument i s  more s i m p l e  t o  

comple t e  t h e  p r o o f .  

The c o n s t r u c t i o n  o f  t h e  e x p r e s s i o n  ( 9 . 5 )  f o r  @ x y ( r , p 1 y p 2 )  

w i t h  f i x e d  r E ( 0 , l )  h a s  been  shown t o  be  u n i q u e ,  i . e .  it i s  

t h e  un ique  s o l u t i o n  s a t i s f y i n g  ( 1 . 1 . 1 7 ) i i  and  iii. On t h e  o t h e r  

hand ,  c f .  remark  1.1.1, t h e  f u n c t i o n  ~ , ~ ( r , p ~ , p ~ )  as d e f i n e d  by 

( 1 . 1 . 1 5 )  and  ( 1 . 1 . 1 8 )  i s  u n i q u e ,  hence  it i s  e x p r e s s e d  by ( 9 . 5 ) . 0  

Remark  9 . 2  The theorem above  p r o v i d e s  t h e  s o l u t i o n  o f  t h e  prnb-  

l e m  f o r m u l a t e d  i n  s e c t i o n  1.1 f o r  t h e  c o n d i t i o n s  ment ioned  i n  

t h e  theorem.  The meaning o f  t h e  c o n d i t i o n s  ( 5 . 1 0 )  h a s  been  a l -  

r e a d y  d i s c u s s e d  in s e c t i o n  5 .  Concern ing  t h e  o t h e r  c o n d i t i o n s  

it i s  f i r s t l y  remarked t h a t  i f  Y(0,O) = 0 t h e n  t h e  a n a l y s i s  o f  

t h e  problem becomes s l i g h t l y  d i f f e r e n t ,  t h i s  c a s e  w i l l  b e  d i s -  

c u s s e d  i n  s e c t i o n s  3 . 1 0 ,  . . . ,  3 . 1 2 .  Second ly ,  c o n c e r n i n g  t h e  con- 

d i t i o n  0 < r < 1  i t  s h o u l d  be n o t e d  t h a t  by a n a l y t i c  c o n t i n u a -  

t i o n  o f  @ 

Irl < 1 can  i n  p r i n c i p l e  be o b t a i n e d .  F u r t h e r ,  i f  t h e  a s sumpt ion  

0 < r < 1 i s  n o t  made s o  t h a t  Irl < 1 t h e n  t h e  a n a l y s i s  o f  t h e  

problem posed i n  s e c t i o n  4 becomes more i n t r i c a t e  b e c a u s e  

L(r) w i l l  i n  g e n e r a l  n o t  be a c i r c l e ,  and  f o r  a n  a n a l y s i s  

cop ing  w i t h  s u c h  a s i t u a t i o n  t h e  r e a d e r  i s  r e f e r r e d  t o  c h a p t e r  3 .  

( r , p 1 , p 2 )  as g i v e n  by ( 9 . 5 )  t h e  e x p r e s s i o n  f o r  
XY 
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The function Qxy(r,p1,p2,q1,q2) defined in (1.1.15) has 

to satisfy the functional relation (1.1.16). By considering 

the function 0 

Ip2/q21 

(1.1.16) that the latter function satisfies a functional equa- 

tion of exactly the same type as Oxy(r,p1,p2) does, cf. (1.1.19). 

p1 p2 
XY 91’42 

(r,- -,ql,q2) with Irl < 1, Ipl/qll Q 1, 

1, lqll = 1, 1q21 1, it is readily seen from 

Proceeding in this way it is readily found from the 

results of the preceding sections with Y(0,O) > 0, 0 < r < 1, 

and assumptions (5.10) that for lqll 1,1q21 = 1, p1 E Sl+(r), 

p2 E S2 (r): 
+ 

p1 p2 
Qxy(r,- q1’q2’ - q 1’42) (10.1) 

and similar results as in theorem 9.1 may be obtained for other 

p1 and p2 with lpll < 1, Ip2( Q 1; we shall omit here such ex- 

pressions. 
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R e m a r k  1 0 . 1  Define for n=O,l,..., 

(10.2) U : =  min(O,go, ...,a n), -n 

V : =  min(Oy~o,...y~ -n 1; -n 

it follows readily that for n=O,l,..., 

and the latter relation provides for zo=O, y = O  another prob- 

abilistic interpretation of (10.1). 

0 
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11.2.1 1. The ,andom walk {(gn,zn), n = 0,1,2 ,... } 

From the relation (10.1) it follows that, note p 0 E 1 
t + 

S1 (r), p2= 0 E S2 (r), cf. lemma 3.1, (with Y ( 0 , O )  > 0 and 

assumptions (5.10)) 

f o r  o < r < 1, lqll 1q21 = 1. 

To discuss this relation it is first noted that, cf. 

section 4 ,  

Consequently it is found by simple contour integration that 

for k = O,l,...;h=O,l,..., 

To interpret the lefthand side of (11.3) it is noted that 

6 -n 

(1-1.5)and (1.1.6)imply that for n = 1,2,..., 

2 -1, gn b -1, n 0,l ,... , cf. section 1.1, and consequently 



Analysis of twodimensional random walk 11.2.11. 126 

Hence from (1.1.7), 

k = 0,l ,...; h = 0,1,..., 

(1.1.8), (1.1.15) and (11.31, f o r  0 < r < 1, 

m 

(11.5) rY(0,O)Z rnPr{gn-l= - k , ~ ~ - ~ =  -h,xn= O,yn= 01 
n-0 

xo yo = 0 1  
m 

n =rY(O,O)Z r Pr{gn-l= -k,Ln-l= -h,sn-l= O,yn-ln 01 
n=O 

x = y o =  0 1  -0 

Observe that 

(11.6) tgn-l= -n1 = n tu. = -(jtl)I, 
n- 1 

j - 0  -1 
n- 1 

{ L ~ - ~ =  -n} (7 { L ~  = -(jtl)}. 
j = O  

Hence from (11.5), (11.6) and (4.1),(4.2), f o r  k O,l,..., 

(11.7) rY(0,O)Z rnPr{gn-l=Ln-l= -k,xn= 0,Y -n = O I x o = y o =  - 0) 
w 

n=k 

By using the relations (1.1.1), (1.1.61, ( 2 . 4 )  and the def- 

inition of g ( r , s ) ,  cf. first sentence, section 3 ,  the latter 

relation may be written as: 
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f o r  k = O , l , . . . ,  O<r < 1, Y ( 0 , O )  > 0 and ( 5 . 1 0 ) ;  summing 

( 1 1 . 7 )  o v e r  k u O , l , . . . ,  and n o t i n g  ( 1 1 . 4 )  i t  i s  found t h a t  

The r e l a t i o n s  ( 1 1 . 8 )  and ( 1 1 . 9 )  have  a n  i n t e r e s t i n g  i n t e r -  

p r e t a t i o n  f o r  t h e  symmetr ic  random walk { ( i n y v n )  , n  = 0 , l  ,.. . } , 
d e f i n e d  by:  for n = 0 , l  ,..., 

w i t h  

of  which t h e  s t a t e  s p a c e  i s  o b v i o u s l y  t h e  l a t t i c e  i n  R 2 .  

For  t h i s  random walk 

r e p r e s e n t s  t h e  e v e n t  of s t a r t i n g  i n  { O , O )  and o f  n o t  l e a v i n g  

t h e  t h i r d  q u a d r a n t  d u r i n g  t h e  f i r s t  n s t e p s ,  n = 1 , 2 , . . . ;  t h e  

e v e n t  {on-l= L ~ - ~ )  o b v i o u s l y  i s  the e v e n t  t h a t  a t  t i m e  n the  

random walk i s  a t  a p o i n t  s i t u a t e d  on t h e  main d i a g o n a l  i n  R 2 .  

E v i d e n t l y ,  t h e  r e l a t i o n s  ( 1 1 . 8 )  and  ( 1 1 . 9 )  p r e s e n t  t h e  

g e n e r a t i n g  f u n c t i o n  of t h e  p r o b a b i l i t y  of n o t  l e a v i n g  t h e  third 

quadran t  d u r i n g  t h e  f i r s t  n t r a n s i t i o n s  and b e i n g  a f t e r  t h e  l u s t  
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t r a n s i t i o n  a t  a p o i n t  of t h e  main diagonaZwhen s t a r t i n g  a t  

s t a t e  ( 0 , O ) .  

For r = 1, E{&} = E{y} < 1 it i s  no t  d i f f i c u l t  t o  show 

by u s i n g  l e m m a s  1 3 . 2  and 1 3 . 3  t h a t  t h e  e x p e c t a t i o n  i n  t h e  

r i g h t h a n d  s i d e  of ( 1 1 . 8 )  i s  bounded by one. Hence t h e  r i g h t -  

hand s i d e  of ( 1 1 . 8 )  i s  f i n i t e .  Consequently ( 1 1 . 8 )  i m p l i e s  

by u s i n g  t h e  B o r e l - C a n t e l l i  lemma [ 1 4 1  p. 2 2 8  t h a t  for eve ry  

k E O , l ,  ..., 

f o r  t h e  random walk { ( k n , v n ) , n =  O y l  y . . . }  w i t h  Y ( 0 , O )  > 0 and 

( 5 . 1 0 ) .  

By u s i n g  lemmas 2 . 1 ,  1 3 . 2  and 1 3 . 3  and t h e  a sympto t i c  

r e l a t i o n s  ( 1 4 . 5 )  and (14.6) it i s  n o t  d i f f i c u l t  t o  show t h a t  

t h e  r i g h t h a n d  s i d e  of  ( 1 1 . 9 )  becomes i n f i n i t e  for r I .  1. 
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11.2.12. The return time 

We introduce for the random walk {(zn,yn),n= 0,1 ,... 1 
the return time of the "zero" state (0 ,O) , 

n : = min{n:xn yn 0 lzo = yo 0 1 .  - (12.1) 
n=l, 2 ,. . . 

It follows from renewal theory that for Irl 1, lql( 1, 

1421 = 1: 

m U T 

n= 1 

-n-1 -n-1 
(12.2) z rnE{ (xn yn O)ql 9 2  1x0- Yo= 0) 

n u  T - -n-1 -n-1 Ecr q1 - q2 - 1 

1- EIr-ql - q2 - 3 
n u  T -n-1 -n-1 

Hence from (11.1) for 0 < r < 1, lqll 1, 1q21 1: 

with Y(0,O) > 0 and (5.10). 
The relations (11.4) and (11.6) imply that the lefthand 

side of (12.3) is regular in Iq, I > 1, continuous in lqll 
f o r  fixed 1q21 = 1, and similarly with q1 and q2 interchanged. 

The same holds f o r  the righthand side of (12.3), cf. (4.1) and 

( 4 . 2 ) ,  so by analytic continuation (12.3) holds for 0 

1 

r < 1, 

lqll 2 1, 1q21 2 1. 
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By d e f i n i t i o n  o f  n i t  f u r t h e r  f o l l o w s  t h a t  t h e  l e f t h a n d  

s i d e  o f  ( 1 2 . 3 )  i s  d e f i n e d  by c o n t i n u i t y  for 0 < r Q 1, and con- 

s e q u e n t l y  t h e  r i g h t h a n d  s i d e  o f  ( 1 2 . 3 )  must have  a l i m i t  f o r  

r .f 1. 

Theorem 1 2 . 1  F o r  t h e  two-dimens iona l  symmetr ic  random 

walk { ( ~ ~ , y ~ ) , n =  0,l , . . . I  w i t h  Y(0,O) > 0 and a s sumpt ions  ( 5 . 1 0 )  

t h e  g e n e r a t i n g  f u n c t i o n  o f  t h e  r e t u r n  t i m e  o f  t he  z e r o  s t a t e  

(0,O) and o f  t h e  "d i sp lacemen t"  u i n  t h e  x - d i r e c t i o n  and  

'I i n  t h e  y - d i r e c t i o n  i s  f o r  0 < r < 1, lqll  2 1, 1q21 1 
-n- 1 
g i v e n  by ( 1 2 . 3 1 ,  and 

-n- 1 - 

- 
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P r o o f  The s t a t e m e n t  c o n c e r n i n g  ( 1 2 . 3 )  h a s  been  proved  above .  

By l e t t i n g  ) q i l  -+ - t h e  r e l a t i o n s  ( 1 2 . 4 )  and ( 1 2 . 5 )  follow 

d i r e c t l y  f rom ( 1 2 . 3 )  and  t h e  r e g u l a r i t y  i n  q1 and  q 2 ,  ) q l l  > 1, 

1q21 > 1; ( 1 2 . 6 )  f o l l o w s  f rom ( 1 2 . 4 ) ,  s i m i l a r l y  ( 1 2 . 7 )  f rom 

( 1 2 . 5 ) .  

Remark 1 2 . 1  The l e f t h a n d  s i d e  of  ( 1 2 . 7 )  r e p r e s e n t s  for 

t h e  random walk { ( g n , i n ) , n =  O , l ,  ... 1 ,  c f . . p reced ing  s e c t i o n ,  

t h e  p r o b a b i l i t y ,  when s t a r t i n g  i n  s t a t e  (O,O),of a r e t u r n  

t o  (0 ,O)  and o f  n o t  l e a v i n g  t h e  f i r s t  q u a d r a n t  (x- and y-  

a x i s  i n c l u d e d )  d u r i n g  t h i s  e x c u r s i o n .  

T o  prove  t h i s  n o t e  t h a t  ( 1 0 . 3 )  and gn-l-O, 5 ~ - 0  imply  U 

s o  t h a t  

0 

-0, -n- 1 

and s i m i l a r l y  
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11.2.13. The kernel withr = 1 ,  E{x_} = E{z} < 1 

To i n v e s t i g a t e  t h e  b e h a v i o u r  o f  t h e  e x p r e s s i o n  f o r  

@ x y ( r , p 1 , p 2 )  o b t a i n e d  i n  s e c t i o n  9 i t  i s  n e c e s s a r y  t o  know 

t h e  b e h a v i o u r  o f  P 1 ( r , p 2 ) ,  P 2 ( r , p 1 )  a n d  g ( r , s )  for r 1. 1. The 

f o l l o w i n g  lemmas p r o v i d e  t h e  i n f o r m a t i o n  needed  ( c f .  a l s o  

lemma 8 . 1 ,  a s s u m p t i o n s  ( 5 . 1 0  ) 1. 

Lemma 1 3 . 1  

i. !p21  = 1, p 2  * 1 e x a c t l y  one  z e r o  P l ( 1 , p 2 ) ,  i t s  m u l t i -  

p l i c i t y  i s  one  and  0 < IP1(1 ,p2) I  < 1 (cf. ( 1 . 5 ) i i ) ;  

The k e r n e l  Z ( 1 , p 1 , p 2 )  h a s  i n  I p l (  G 1: for 

ii. p 2  = 1 and  ECx) - < 1 e x a c t l y  one  z e r o  P l ( l 9 l ) ,  i t s  mul- 

t i p l i c i t y  i s  one  and  P 1 ( l , l )  1; 

and  

iii. P 1 ( r , p 2 )  h a s  for r 1. 1 a l i m i t  which  i s  P 1 ( 1 , p 2 ) .  

P r o o f  For Ip21 = 1, p2 + 1 it i s  s e e n  f rom ( 1 . 5 ) i i  t h a t  f o r  

lP,l = 1: 

lP1l IP1P21 1 > I aP1xP2% 

so  t h a t  by a p p l y i n g  Rouche"s t h e o r e m  and a s s u m p t i o n s  ( 5 . 1 0 )  t h e  

f i r s t  s t a t e m e n t  follows. 

To p r o v e  t h e  second  s t a t e m e n t  i t  is r e a d i l y  s e e n  t h a t  

P 1 ( l , l )  1 i s  a z e r o  i n  lp l l  G 1; t h a t  i t  i s  t h e  u n i q u e  z e r o  

i n  -1 G p1 G 1 for E { x )  < 1 and h a s  m u l t i p l i c i t y  o n e .  To show 

tha t  it i s  t h e  o n l y  z e r o  i n  lp l l  G 1 t h e  "argument  p r i n c i p l e "  

w i l l  be  u s e d ,  cf, [ 3 l , p . 1 2 8 .  

Because E{p i s  r e g u l a r  i n  IpI < 1 , c o n t i n u o u s  i n  IpI 1 

it f o l l o w s  f rom t h e  a rgumen t  p r i n c i p l e  t h a t  t h e  number o f  

z e r o s  o f  Z ( l , p , l )  i n  IpI Q 1 coun ted  a c c o r d i n g  t o  t h e i r  m u l t i p l i -  
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1 
2n c i t y  i s  e q u a l  t o  t h e  inc remen t  of  - a r g  Z ( l , p , l )  when p 

t r a v e r s e s  t h e  u n i t  c i r c l e  once  i n  t h e  p o s i t i v e  d i r e c t i o n ,  i . e .  

i t  i s  e q u a l  t o  ( w i t h  ' A '  s t a n d i n g  f o r  i n c r e m e n t )  

1 
l o g  Z ( l , p ,  1) A l o g  P 

1 - A  2 l l l  ( 1 3 . 1 )  
IPI =1 IP l ' l  

p r o v i d e d  Z ( l , p , l )  does  n o t  c o n t a i n  z e r o s  on IpI 1. If i t  

does  t h e  argument p r i n c i p l e  can  s t i l l  be used  i f  such  z e r o s  

a r e  coun ted  w i t h  h a l f  t h e i r  m u l t i p l i c i t y .  

By n o t i n g  t h a t  for E{x} < 1, 

x- 1 
( 1 3 . 2 )  E{p- 1 -  E { x - l ] ( l - p )  f o r  p % 1, 

and t h a t  Z ( l , p , l )  h a s  no o t h e r  z e r o s  on IpI = 1 t h a n  p 1, 

c f .  ( 1 . 5 ) i i y  i t  f o l l o w s  f rom ( 1 3 . 1 )  t h a t  

L A  l o g  Z ( l , p , l )  = 1- 4 ;. 
I p l - 1  

2x1 

Hence P 1 ( l , l )  i s  t h e  o n l y  z e r o  of Z ( l , p , l )  i n  IpI Q 1, t h i s  

p roves  t h e  second s t a t e m e n t .  

The t h i r d  s t a t e m e n t  f o l l o w s  d i r e c t l y  f rom t h e  c o n t i n u i t y  

of Z ( r , p 1 , p 2 )  w i t h  f i x e d  p2  i n  each  o f  i t s  v a r i a b l e s  r E [0 ,11  

and  p1 w i t h  lp l l  1. 0 

Lemma 1 3 . 2  For r = 1, Y ( 0 , O )  > 0 ,  E{x] E{y} < 1: 

i .  t h e  k e r n e l  Z( l ,gs ,C;s  ) ,  I s 1  1 h a s  i n  ( g l  1 e x a c t l y  

two z e r o s  each  w i t h  m u l t i p l i c i t y  one ;  

ii. i f  g ( 1 , s )  i s  a z e r o  s o  i s  - g ( l , - s ) ;  

iii. b o t h  z e r o s  a re  r ea l ,  o n e ,  s a y  g ( l  , s )  , 1s ] 1 , i s  a lways  

p o s i t i v e ,  t h e  o t h e r  i s  a lways  n e g a t i v e  and 0 < g ( l , s )  < 1 for 

Is1 = 1, s * 1, whereas  g ( 1 , l )  1; 

-1 
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i v .  g ( r , s )  h a s  f o r  eve ry  f i x e d  I s [  1 a l i m i t  for r .f 1 which 

i s  g ( 1 , s ) .  

The p roof  o f  t h i s  lemma i s  o m i t t e d  because  it u s e s  t h e  

same t y p e  of  arguments as  used  i n  t h e  p roof  o f  lemmas 2 . 1  

and  1 3 . 1 .  

With t h e  f u n c t i o n  g ( l , s ) , I s l  1, as d e s c r i b e d  i n  t h e  

lemma above w e  c o n s t r u c t ,  a n a l o g o u s l y  w i t h  ( 3 . 1 1 ,  t h e  c o n t o u r s  

S (1) and S 2 ( 1 ) .  The d i s c u s s i o n s  i n  s e c t i o n s  3 and 4 

may be now r e p e a t e d  l i t e r a l l y  f o r  t h e s e  c o n t o u r s  S , ( 1 )  and 
1 

S (1) and l e a d  t o  t h e  same r e s u l t s ,  in p a r t i c u l a r  

h o l d s  f o r  t h e  conformal  mappings p ( 1 , ~ ) :  C o n t o  

p g ( l , z ) :  C- o n t o  S 2  ( 1 1 ,  b u t  n o t e  t h a t  

2 
t 

1 
t 

I 

heorem 4 . 1  
t S1 (1) and  

= 1, z * 1, 

Remark 13 .1  Tha t  S 1 ( l )  and  S 2 ( 1 )  are indeed  smooth f o l l o w s  

d i r e c t l y  f rom ( 3 . 2 )  f o r  I s [  = 1, s * 1; and a l s o  for s 1 

by n o t i n g  t h a t  g ( l , l )  = 1 and E{lfI < 1, E{y) < 1 i n  t h e  p r e s e n t  

case. 

The f a m i l y  of confo rma l  mappings { p l ( r , z ) , O  < r 1 )  of  
t C 

because  Ipl(r,z)l 

t h a t  eve ry  sequence ,  s a y ,  { p l ( r m , z ) , m =  1 , 2 ,  . . .  1 w i t h  rm f 1, 

which i s  a s u b s e t  o f  t h i s  f a m i l y ,  c o n t a i n s  a conve rgen t  sub-  

sequence ,  s a y ,  f o r  m = m 1, m 2 ,  ..., w i t h  mk + m €or k + m .  More- 

o v e r ,  t h e  l i m i t i n g  f u n c t i o n ,  s a y ,  lI,(z) o f  t h i s  subsequence  i s  

a r e g u l a r  and a l s o  a u n i v a l e n t  f u n c t i o n  on {z: I z I < 1 )  , u n l e s s  

i t  i s  a c o n s t a n t  on { z : I z 1 < 1 ] ,  cf. [ 3 ] ,  p.143 and  2 1 7 .  I t  

i s  a f a m i l y  o f u n i v a l e n t  and un i fo rmly  bounded mappings,  

1 f o r  I z [  < 1. A s  such  it h a s  t h e  p r o p e r t y  
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t canno t  be a c o n s t a n t ,  because  p ( r  0) 0 and p1 ( rmys)  = 1 m y  
0 ,  cf. lemma 2 . 1 ,  g ( r m , s ) s ,  Is1 = 1, and g ( r m , s )  * 0 f o r  rm * 

iii. 

From lemma 1 3 . 2  above i t  f o l l o w s  t h a t  ,g(r 
mk 

f o r  e v e r y  f i x e d  s w i t h  I s (  = 1, i . e .  S ( r  

t h a t  p1 0 E S1 ( r )  f o r  e v e r y  r E ( 0 , 1 ]  it f o l l o w s  from Cara- 

t h e o d o r y ' s  theorem for convergen t  s equences  of confo rma l  mappings 

o f  t h e  u n i t  c i r c l e  o n t o  a conve rgen t  sequence  o f  s imply  connec- 

t e d  domains,  cf. [ E l ,  p . 4 6 ,  t h a t  lI1(z) maps 

o n t o  S1 (1) .  Because S1 (1) i s  a s imply  connec ted  domain bounded 

by t h e  smooth c o n t o u r  S1(l) it f o l l o w s  t h a t  ITl(z) i s  c o n t i n u o u s  

i n  { z : l z 1 < 1 )  and  t h a t  it maps C one-to-one on S 1 ( l ) ,  c f .  

theorem of c o r r e s p o n d i n g  b o u n d a r i e s ,  s e c t i o n  1.4.2. 

+ S l ( l ) .  By n o t i n g  
mk 

t 

C +  confo rma l ly  
+ t 

By n o t i n g  t h a t  ITl(0) = 0, IT,(l) = 1 it f o l l o w s  from t h e  

un iqueness  a s s e r t i o n  o f  Riemann's mapping theorem t h a t  IT ( . I  and  

p l ( . )  are i d e n t i c a l .  Analogous r e s u l t s  h o l d  for t h e  c lass  of 

conformal  mappings ~ p 2 ( r , z ) , ~ ~ r < 1 ~ .  

1 

Because e v e r y  subsequence  of  p ( r  z )  and of p 2 ( r m , z ) ,  1 m y  
m = 1 , 2 ,  ... converges  t o  p l ( l , z )  and  p 2 ( l , z ) ,  r e s p e c t i v e l y ,  i t  

f o l l o w s  r e a d i l y  t h a t  
t t 

P1 ( r m , z )  P i  ( 1 , z )  

P2 ( r m , z )  P* ( 1 , z )  
2 i X ( r m , z )  = log - + l o g  - 2 i X ( l , z )  

f o r  m + m and e v e r y  z w i t h  I z l  = 1, and r .f 1. m 
Hence t h e  v a l i d i t y  o f  t h e  f o l l o w i n g  lemma has  been  shown. 

Lemma 1 3 . 3  

i. f o r  r .f 1, 0 < r < 1, t h e  f o l l o w i n g  l i m i t s  e x i s t ,  and  

For Y ( 0 , O )  > 0, ECz} = E{y} < 1: 
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ii. the statements of theorem 4.1 all hold with pl(r,z), 

p2(r,z), g(r,s) and A(r,z) being replaced by pl(l,z), p2(l,z), 

g(l,s) and A(l,z). 

The validity of lemma 8.2 is based on the existence and 

finiteness of the derivatives of any order of g(r,ei'), 0 

with respect tO Cp. For  the present case, i.e. r = 1 these deri- 

vatives do exist and are finite except possibly for Cp 0. Be- 

cause ~ 1 x 1  = E { ~ I  < I, 
but the existence and finiteness of the higher derivatives re- 

quires the finiteness of the higher moments E{x 1 = E{y },k=2,3, ... 

Cp d 2n, 

d g(l,ei') exists for all 4 E [0,2r(1 

k k 

To simplify the analysis (cf. also remark 13.2 below) it w i l l  

be  assumed h e n c e f o r t h  that 

-1 (13.4) Y(gs,gs ) is for g 1 regular at s 1, and for 

s 1 regular at g = 1. 

This assumption implies that Z(l,gs,gs-l) is for g 1 

regular at s 1, and for s 1 regular at g 1; in particular 

it follows that 

(13.5) S1(l) and S2(1) are both analytic contours, 

The existence of the analytic continuations in section 

8 is based on lemma 8.3. From (13.5) it is now readily seen 

that the arguments used in section 8 in establishing the 
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various analytic continuations can be used also for the present 

case, i.e. r 1, and they lead to analogous results for 

pl(l,z), p20(1,p2)y P1(1,p2) and so on, i.e. pl(l z) is de- 

fined by analytic continuation for z E F1(l); p20 1,p2) and 

P1(1,p2) are defined by analytic continuation for p E {S2(1) U 2 

s2-(l)) 0 Ip2:Ip21<11. 

It follows further from (13.5 

(13.6) p,(r,z) and p2(ryz) are 

for every fixed r E (0,lI. 

that 

both regular for I z I  1. 

(13.7) h(r,z) is regular for every z with IzI = 1, re (0,lI. 

Combined with (9.6) a further consequence of the assumption 

(13.4) is that the derivatives of any order of g(r,s), Is] = 1 

with respect to r exist, particularly at s 1. By noting that 

h(r,z) satisfies the integral equation (4.11) for r E (0,lI it 

is now readily proved by using the remarks in section 1.1.10 

that 

a (13.8) - ar  X(r,z) exists for r E (0~11, ( z I  = 1; 

actually also the higher derivatives of A(r,z) with respect 

to r exist at IzI = I. 

Remark 1 3 . 2  Actually the assumption (13.4) is not needed to 

establish the analytic continuations of pl(l,z), and 
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P1(1,p2) because the point z = 1 and similarly p2 1 are at 

the boundaries of these domains of analytic continuation. The 

assumption is much more relevant f o r  the validity of (13.6), . . . ,  
(13.8), which assertions are actually too strong for the pur- 

pose for which they are used, cf. sections 14 and 16. The 

d2 

d h  
requirement that 7 g(l,ei@) exists at @ = 0 is already suf- 

ficiently strong as it may be seen by using Kellogg's theorem, 

cf. [81,p.374. For the details of such an approach the reader is 

referred to [IS], where a similar problem is discussed. 
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11.2.14. The case E{x} = E{y} < 1 - - 
In this section we shall investigate the random walk 

{(zn,yn),n= 0,l , . . . I  for n -+ m for the case that Y ( 0 , O )  > 0 ,  that 

(5.10) and (13.4) hold and 

(14.1) E(x} - Efy} < 1. 
The starting point is the integral in (12.4) for which the 

following relation holds, cf. (4.1) and (4.21, for 0 < r < 1: 
+ 

p1 (r, 5)p2- (r, 5 )  

11- p1 (ryc)}{l- p2-(r,<)j 
1 dc - J  - + 

2Tl 151-1‘ 
(14.2) 

To investigate the integral in (14.2) for r + 1 we first 
analyze the terms in the integrand of (14.2) f o r  0 <: r < 1 with 

E > 0 but small. 
As it has been remarked in ( 9 . 6 1 ,  the following derivative 

exists, and for 0 < r < 1, 1st 1: 

Consequently it follows from (3.2), lemma 13.2 and (1.1) that 

f o r  r + I, I s1  I, s Q 1: 
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Note that (1.1) implies the absence of order terms 

O(1-s) and O((1-r)(l-s)) in (14.4). 

From (4.11), lemma 13.3 and the implications (13.6),..., 

(13.8) of (13.4) and by noting that (4.10) implies 

{- A(ryz)}z=l= 0 it follows that for r I .  1, IzI 1, z + 1: 

(14.5) 

a 
ar 

a a2 
az A(r,z) = - (  l-z)C-A(r,z) IZ=f (1-r) (1-z) { m A t r y z )  lz =1 

r=l r =1 

Consequently, (14.4) and (14.5) yield that f o r  r I .  1, z + 1 with 

IZI = 1: 

Define for 0 < r < 1: 

For E > 0 but sufficiently small it follows from (14.6) and 
(14.7) with r 1, 0 < r < 1 that 
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w i t h  

n o t e  k ( l , e i 9 ) ,  0 Q 4 <: 2?r i s  r ea l  and s t r i c t l y  i n c r e a s i n g ,  c f .  

( 4 . 1 0 )  and theorems 1 . 1 . 4 . 1  and 4 . 1 .  

For  r = 1 t h e  two f i r s t  terms i n  ( 1 4 . 8 )  b o t h  l e a d  t o  a 

s i n g u l a r  i n t e g r a l .  By 3pplying t h e  P leme l j -Sokho t sk i  f o r m u l a s ,  

c f .  ( 1 . 1 . 6 . 4 )  and remark 1 . 1 . 6 . 1 ,  o r  by a d i r e c t  c a l c u l a t i o n  as i n  

s e c t i o n  1 . 1 . 5 ,  i t  f o l l o w s  t h a t  t h e  r i g h t h a n d  s i d e  i n  ( 1 4 . 8 )  h a s  

a l i m i t  f o r  r 1. 1 and 

i t  f o l l o w s  r e a d i l y  t h a t  f o r  E > 0 :  

( 1 4 . 1 1 )  l i m  (1- r) I 1 ( r , ~ )  = 0. 
r1. 1 

The r e s u l t s  o b t a i n e d  above l e a d  t o  t h e  f o l l o w i n g  theorem. 

Theorem 1 4 . 1  For Y ( 0 , O )  > 0, E{xI = E{y} < 1 and a s sumpt ions  
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( 5 . 1 0 )  and ( 1 3 . 4 ) :  

i .  P r { n  < m I =  1, 

ii. E { n )  = ~ 

iii. The random walk {(x , y n ) , n =  O , l ,  . . . I  i s  p o s i t i v e  r e c u r r e n t .  

Y(O,O)[c{l- E { ~ } ~ ] - ' ,  Y ( 0 , O )  1 
X+Y 

1- E{T) 

-n 

Proof From ( 1 2 . 4 1 ,  ( 1 4 . 2 ) ,  (14.71, ( 1 4 . 1 0 )  and  ( 1 4 . 1 1 )  t h e  

f i r s t  s t a t e m e n t  f o l l o w s  immedia t e ly .  Again by u s i n g  t h e s e  

r e l a t i o n s  and  by n o t i n g  t h a t  

t h e  second s t a t e m e n t  r e s u l t s .  Because t h e  s t a t e  s p a c e  o f  t h e  

Markov cha in{ (X_ , ,yn )>n=  0 , l  ,... 
t h i r d  s t a t e m e n t  f o l l o w s  f rom t h e  a l r e a d y  p roved  f i r s t  asser- 

t i o n .  

i s  i r r e d u c i b l e ,  cf. ( 1 . 6 1 ,  t h e  
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11.2.15. The stationary distribution with \k(O,O) > 0 

Theorem 1 5 . 1  F o r  Y ( 0 , O )  > 0, E{E) = E{yI<l  and the assumptions 

(5.101, 

is positive recurrent and it possesses a unique stationary dis- 

tribution of which the joint generating function is given by 

(13.4) the symmetric- random walk  {(xn,yn), n =  O y l  ¶ . . .  1 

x = x y y o =  y l  -0 

(15.2) lim (1 
r+l 

1 
2 x fY 

(1 - p p 1  -p2) c E f 1 - 7  - - .-* 

x+y x Y ’ {l- P10(1YPl)}{P20(1YP2)- E{(1- T)pl - p 2  -1  

t 
here plo(lYp1) is the conformal mapping of S1 (1) onto the unit 

circle, pl0(1,p1) for Ipl( < 1 is the analytic continuation of 

P10(1YP1)’ P1 E sl+(l) u ~ ~ ( 1 )  into {pl:~pll GI); analogously, 

is the conformal mapping of S 2  (1) onto {z: Izl >ll, 
t 

and for Ip2( Q 1 it is the analytic continuation of this confor- 

mal mapping,cf. (7.1) and (7.2); the inverse mappings, i.e. 

pl(l,z) of C 

described in theorem 4.1. 

t t 4. 
onto S1 (1) and p2(l,z) of C- onto S2 (1) are 
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Proof That the random walk is positive recurrent has already 

been asserted in theorem 14.1, hence it possesses a unique 

stationary distribution, so that 

PrCx -n k,yn= h[xo = x,yom yl 

has a limit for n + m y  and a wellknown Abelian theorem con- 

cerning generating functions leads to the first part of (15.1). 

To calculate the limit in (15.1) the relation (9.5) is used. 

Multiplying it by 1 - r and letting r + 1 it is seen that the 
only limit which is not zero is (assuming that p1p2- Y(p1,p2)* 0) 

An analysis of (15.3) completely analogous to that of (14.2) 

then leads to (15.1) for lpll < 1, 
it then follows for l p l l  < 1, (p21 < 1; (pl,p2) not being a zero 

[p21 < 1 and by continuity 

of P1P2- Y(P,YP,). 

If it is a zero then (15.2) follows from (15.1) by a proper 

continuity argument and the properties of the kernel Z(r,p1,p2). 0 

Remark 1 5 . 1  Note that (7.1), ( 7 . 2 )  and (4.14) imply 

t 
for p2 E S2 ( r )  and by analytic continuation also for p E 

2 

{p2:1p21 11. 

Denote by 5 ,  Y_ a pair of stochastic variables with joint 

distribution the stationary distribution of the random walk 

{(zn,yn) ,n 0 , 1 , ..  . I  , see the theorem above then f o r  [ p1 1 Q 1 , 

IP21 Q 1: 
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w i t h  t h e  r i g h t h a n d  s i d e  r e p l a c e d  by i t s  a p p r o p r i a t e  l i m i t  i f  

(p1 ,p2 )  i s  a zero  o f  p 1 p 2 -  'u(PlYP2). 

Because  

p l o ( 1 y 0 )  0 ,  p20(1Yo)  , 

it  f o l l o w s  t h a t  for ( p i  1: 
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11.2.16. Direct derivation of the stationary distribution with 
9 (0,O) > 0 

I n  s e c t i o n  7 t h e  s o l u t i o n  o f  t h e  f u n c t i o n a l  e q u a t i o n  f o r  

@,y( r ,p1 ,p2)  h a s  been  p r e s e n t e d ,  it h a s  been  o b t a i n e d  by 

f o r m u l a t i n g  t h e  problem as a Riemann boundary v a l u e  problem.  To 

i l l u s t r a t e  t h i s  approach  a g a i n  we s h a l l  app ly  t h i s  t e c h n i q u e  

f o r  a d i r e c t  d e r i v a t i o n  of t h e  s t a t i o n a r y  d i s t r i b u t i o n  o b t a i n e d  

i n  t h e  p r e c e d i n g  s e c t i o n .  

I f  t h e  random walk p o s s e s s e s  a s t a t i o n a r y  d i s t r i b u t i o n  t h e n  

i t s  g e n e r a t i n g  f u n c t i o n  @ ( p 1 , p 2 )  i s  g i v e n  by 

Assume a g a i n  t h a t  ( 5 . 1 0 )  h o l d s  and t h a t  

By t a k i n g  p2 = 1 and t h e n  p1 + 1, and s i m i l a r l y  w i t h  p1 and p 2  

i n t e r c h a n g e d  ( 1 6 . 2 ) , . . . , ( 1 6 . 4 )  l e a d  t o  

A s  i n  s e c t i o n  5 it s h o u l d  h o l d  t h a t  
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f o r  e v e r y  (p1,p2) which i s  a z e r o  of 

From t h e  d e f i n i t i o n  o f  p ( 1 , ~ )  and p2(l,z), cf. s e c t i o n s  4 
1 

and 13, it  follows t h a t  (16.6) s h o u l d  h o l d  f o r  

t 
(16.8) p1 = p1 (l,z), p2 P2-(l,z), IZI = 1. 

Because o f  theorem 4.1, lemmas 13.2 and 13.3 and o f  (4.1), 

(4.21, (4.91, (14.6) and (16.5) it  f o l l o w s  t h a t  

t - 
(16.9) p1 (1,l) = 1, p 2  (1,l) = 1, 

Hence t h e  c o n d i t i o n s  (16.6) and (16.7) imply t h a t  f o r  e v e r y  

z w i t h  121 = 1: 

t + 
Y(p, (l,Z),O) @(pl (l,Z),O) 

1 - 2  
t 

(16.10) 
1- p1 (1,z) 

-(l-z) Y(0,O) @(O,O) 

Because pl(l,z) i s  r e g u l a r  for lzl< 1, c o n t i n u o u s  for 

IzI G 1 and p2(l,z) i s  r e g u l a r  f o r  IzI > 1, c o n t i n u o u s  for 

I z l  2 1, i t  f o l l o w s  t h a t ,  cf. (16.91, 
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analogously for 'i'(pl(l,z),0) and Y(0,P2(l,z)). 

The relations (16.10) and (16.11) formulate again a 

Riemann boundary value problem for the contour {z':IzI 1). 

By using the assumptions (5.10) (cf-the discussion in 

section 5 )  and by noting that 

a direct application of Liouville's theorem leads to, cf. (16.10) 

and (16.111, 

(16.14) - 

(1-z) c l t  c2 

where C1 and C 2  are constants. 

Because 

for z E C- , 

it follows from (16.13) that 

(16.16) c1 + c* 0 0 ,  
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For [ z (  * m ,  (16.14) implies that 

(16.17) - C1 Y ( 0 , O )  O ( 0 , O ) .  

It remains to determine C C and @ ( O , O ) .  By letting z + 1, 

IzI < 1 it is seen from (16.51, (16.9), (16.13), (16.16) and 

(16.17) that 

1) 2 

Hence 

+ 
Z E C ,  

+ 
By noting that pl(l,z) maps C conformally onto S1+(l), that 

(1) it follows that the inverse mapping is pl0(1,p1), p1 E S1 
+ 

p1 Sl+(l). 

By analytic continuation the latter expression is seen to 

ho ld  for p1 with lpll 

note (5.10). 

1, and by continuity a lso  for lpll 1, 

Consequently it follows that 

(16.20) 
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( t h e  second 1 -e l a t ion  i n  ( 1 6 . 2 0 )  is d e r i v e d  a n a l o g o u s l y ) .  

S u b s t i t u t i o n  o f  ( 1 6 . 2 0 )  i n  ( 1 6 . 2 )  l e a d s  t o ,  for 

IP1 

(16 

< 1, Ip21 < 1, and (p1 ,p2)  n o t  a z e r o  of  t h e  k e r n e l :  

1 (1- p l ) ( l -  p 2 )  1 1 
2 1) 0 ( p 1 4 2 )  = Y(p1,p2) - P1P2 I 1- Pl0(1 ,P1)  - 1- P 2 0 ( 1 , P 2 7  

E+Y 
c E { l -  7 1 ,  

which i s  t h e  r e s u l t  a l r e a d y  o b t a i n e d  i n  t h e  p r e c e d i n g  s e c t i o n .  

Remark 1 6 . 1  T o  prove  d i r e c t l y  t h a t  ( 1 6 . 2 1 )  r e p r e s e n t s  t h e  

g e n e r a t i n g  f u n c t i o n  o f  the  s t a t i o n a r y  j o i n t  d i s t r i b u t i o n  o f  t h e  

random walk for t h e  assumed c o n d i t i o n s  it i s  f i r s t l y  remarked 

t h a t  t h e  random walk can  have  o n l y  one s t a t i o n a r y  d i s t r i b u t i o n  

because  o f  ( 1 . 1 . 1 5 ) .  Secondly  it s h o u l d  s a t i s f y  ( 1 6 . 2 )  and  ( 1 6 . 3 )  

its and p o s s e s s  t h e  r e g u l a r i t y  p r o p e r t i e s  stemming from 

d e f i n i t i o n .  

I n  t h i s  s e c t i o n  it h a s  been  shown t h a t  @(p1,p2  

de te rmined  by t h e s e  c o n d i t i o n s .  

i s  u n i q u e l y  
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11.3. THE GENERAL RANDOM WALK 

11.3.1. Introduction 

In this chapter we shall investigate the functional equation 

(1.1.19) f o r  the general random walk, i.e. the nonsymmetric case, 

which means that the assumption expressed by (2.1.1) shall not be 

made. 

F o r  the same reasons as in the preceding chapter it will in 

the present chapter always be assumed that, cf. (2.1.5), for 

lPJ 1, 1P21 = 1 : 

11 = 1 if and only if p1 1, p2 1. x-1 y-1 
(1.1) IEIpi ~2 

The generality of the discussion is hardly influenced by 

taking r in (1.1.19) real and nonnegative, i.e. 

because if ~xy(r,p1,p2) is known for r E (0,l) it can be found 

for Irl < 1 by analytic continuation. 

F o r  the same reasons as in section 2.5 it will in the present 

chapter be assumed that (cf, (2.5.10) and (2.1.5) i) 

The two cases 

need separate discussions. Therefore in sections 2, . . . ,  9 it 
will be assumed that 
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whereas the case 

(1.5) Y ( 0 , O )  = 0, 

will be discussed in sections 10, . . . ,  12. 
The analysis of the nonsymmetric random walk presents some 

new aspects, which are reflected in possible singularities of the 

curves Sl(r) and S2(r), cf. section 2 .  

do occur the analysis becomes more complicated, i.e. we encounter 

Riemann boundary value problems with singularities on the contour, 

cf. [E],chapter VI, and [ 7 1  , chapter IV. In the present monograph 

we shall not enter a discussion of the functional equation (1.1.19) 

if such complications arise, and shall therefore exclude them by 

introducing an additional assumption, see ( 2 . 2 6 ) .  

If such singularities 

it will be always assumed that Finally , 

(1.6) E Is 

Although (1.6 

< 1 and E{y} .< 1. 

is not needed in the analysis with r E (0,l) it 

is important if r .f 1. The cases with E{x} 2 1 and/or EIy} 2 1 

and r f 1 will not be discussed in the present monograph, cf. 

[ 1 6 1  for a discussion of such cases in an analogous problem. 
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11.3.2. The kernel with \k(O,O) > 0 

F o r  t h e  k e r n e l  

(2.1) Z(r,plYp2) p1p2 - r ~(p,,p,), /r( Q 1, [plI ~ > I P ~ I  4 1, 

w e  have  t h e  f o l l o w i n g  

Lemma 2 . 1  For 0 r Q 1, Y(0,O) > 0, E{z) < 1, E{y} < 1 : 

i .  The k e r n e l  Z ( r , g s , g s  ) ,  1 s )  1 h a s  i n  lg/ < 1 e x a c t l y  two -1 

z e r o s ,  which are  b o t h  r e a l  f o r  s ?l; 

ii. if g ( r , s )  i s  a z e r o  s o  i s  - g ( r y - s )  w i t h  Is1 1; 

iii. g 0 i s  a z e r o  i f  and o n l y  i f  r 0 .  

Proof  The proof i s  i d e n t i c a l  w i t h  t h o s e  of t h e  ana logous  s t a t e -  

ments o f  lemmas 2.2.1 and 2.13.2 and i t  i s  t h e r e f o r e  o m i t t e d .  0 

P u t  for Is/ I, Igj < I :  

From t h e  lemma above  it f o l l o w s  r e a d i l y  w i t h  g(r,s),* Is] = 1 a z e r o  

o f  Z(r,gs,gs ) i n  lgl G 1, t h a t  i f  -1 

t h e n ,  c f .  a l s o  (2.3.2), 

(2.4) 

and 

(2.5) 
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a n d  m o r e o v e r ,  g ( r , s )  i s  a z e r o  w i t h  m u l t i p l i c i t y  o n e  
i 4 ,  P u t  w i t h  s = e 

I t f o l l o w s  from ( 2 . 4 )  ( i f  ( 2 . 3 )  a p p l i e s )  t h a t  

With a i j  as d e f i n e d  i n  ( 2 . 1 . 3 )  ( n o t e  t h a t  i n  t he  p r e s e n t  case 

( 2 . 1 . 4 )  d o e s  n o t  h o l d )  p u t  

c u m  

y Ig l  1, 1.1 = 1, kth-  2sk-h ( 2 . 8 )  D ( g , s )  : =  z z akhg 
k=O kO 

k t h 2 2  

so t h a t  

i s  e q u i v a l e n t  w i t h  : f o r  l g l  1, I s (  = 1, 

The l a t t e r  r e l a t i o n  shows t h a t  t he  zeros ,  s a y ,  g i ( r Y s ) , i  = 1 , 2  

i n  t h e  lemma a b o v e  s a t i s f y  ( n o t e  1. D ( g , s ) l  < 1, c f . ( 2 . 2 . 6 ) ) ,  

r ( a s t a. ls- )+ [ ( a s t a. 1 2r * t4raoo I l-rD(gi(ry s 1 ,s 111 1 
( 2 . 1 0 )  g . ( r , s )  = 

1 2 U - r  D ( g i ( r , s l , s ) l  
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To distinguish the zeros gi(r,s) for all I s 1  1, we choose 

for s = 1 the indices so that, cf. lemma 2.1.iy 

Suppose that (2.3) holds for all s with I s (  = 1, then it is 

readily seen, because Z(r,gs ,gs-l) possesses derivatives with 

respect to g of any order, that to 

a neighbourhood Is-sol < E 

small such that g(r,s) can be expanded into a power series of 

powers of s - s o  with coefficients depending on the derivatives w.r.t. 

s of g(r,s) at s = s o y  and this power series is uniquely determined. 

every s o , I s o (  1 corresponds 

on Is1 1 with E > O  but sufficiently 

Consequently if (2.3) holds f o r  all Is1 1, so that the 

zeros gi(r,s) have multiplicity one, it fo l lows  from (2.10),..., 

( 2 . 1 2 )  , by noting that the +It  sign in (2.10) corresponds to 

gl(r,s), that for 1.1 = 1: 

(2.13) gl(ry s )  = -g2(r, - s )  , 
sgl(r,s) = g2(r,-s)(-s). 

Because Y(0,O) > 0 implies that gl(ry-l) and g2(ry-l) have 

opposite signs it is seen from (2.12) and (2.13) that 

From now on we shall write 

and for 1s [ =1 : 

(2.16) pl(r,s) : =  g(r,s)s, 

-1 p2(rys) : =  g(r,s)s , 
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so that (p1(r,s), p2(r,s)) is a zero of Z(r,p1,p2) with IplI 6 1 ,  

1 ~ 2  1 6 1. 

It follows from (2.61, (2.7) and (2.16) that for 0 < $ < 2n, 

with 

if, cf. ( 2  .3), 

and suppose that for a l l  r! 6 @ <  IT, 

It then follows that 

i.e. (2.22) implies that ( 2 . 3 )  holds for all $ ,  
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and (2.17) implies that for j = 1,2: 

(2.24) arg p. (ryei') is monotonic in $ on [ O  ,2n). 
3 

Remark 2 . 1  The condition (2.22) can be weakened somewhat, i.e. 

for instance E ( r , $ ) n  0 for some @ can be admitted if for such 

a $  

I A ( O ) I  * IB(0)l; 

then (2.23) and (2.24) still hold. 

Put, cf. (2.3.1), 

-1 S2(r):= Ip2:p2= g(r,s)s , [sl=lI. 

Remark 2 . 2  

then the curves S 1 ( r )  and S2(r) do not change, cf. (2.13). 

S (r),it is seen 

from (2.121, (2.14) and (2.15) and from (2.24) that S 1 ( r )  

is a s t a r s h a p e d  

i.e. all points of S ( r )  can be seen from pl= 0. The analogous 

conclusion holds f o r  S2(r). 

If in (2.25) g ( r , s )  is replaced by g2(r,s)= - g ( r , - s )  

Because Y ( 0 , O )  > 0, so that pl= 0 1 

curve with respect to pl= 0, cf. [3],p.220, 

1 

We formulate the following 

For  Y ( 0 , O )  > 0, Etx} - < 1, E{y) < 1 and fixed r with Lemma 2 . 2  

O < r < l :  

if, cf.(2.21), (and remark 2.2) f o r  all $ E[0,2?~) : 

(2.26) E ( r , $ )  > 0 o r  E ( r , $ )  < 0, 

then Sl(r) and S2(r) are both smooth, and analytic contours, 

except perhaps for r 1 at p1 = 1 and p2 = 1; 
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t t 
(2.27) p1 = 0 E S1 (r), p 2  0 E S 2  (r). 

P r o o f  

h o l d s  has  a l r e a d y  been shown above ,  see below ( 2 . 2 5 ) ,  s i m i l a r l y  

f o r  ( 2 . 2 7 ) .  T o  show t h a t  t h e y  are a n a l y t i c  c u r v e s ,  c f .  s e c t i o n  

1 . 1 . 2 ,  it s u f f i c e s  t o  remark t h a t  (2.3) i s  i m p l i e d  by ( 2 . 2 6 )  

and Z(r,gs,gs-’), I s 1  1, p o s s e s s e s  d e r i v a t i v e s  of  any o r d e r  

w i t h  r e s p e c t  t o  s i f  0 < r <I, and a l s o  f o r  r = 1 i f  g * 1. 0 

That Sl(r) and S2(r) are  bo th  Jo rdan  c u r v e s  i f  ( 2 . 2 6 )  

Lemma 2.3 For t h e  c o n d i t i o n s  o f  lemma 2 . 2  t h e r e  e x i s t  func-  

t i o n s  P1( r ,p2 )  and P2( r ,p1 )  such  t h a t  

P l ( r , p 2 )  maps S2(r) one-to-one o n t o  Sl(r), 

P 2 ( r , p 1 )  maps S 1 ( r )  one-to-one o n t o  S2(r), 

( P 1 ( r , p 2 ) , p 2 ) ,  p2  E S2(r), and s i m i l a r l y  ( p l Y P 2 ( r , p l ) ) ,  

p1 E s (r), a r e  z e r o s  of Z ( r , p l , p 2 )  i n  lp l l  1, Ip21 1. 1 

Proof 

because  it i s  con t inuous  i n  $ and a l s o  monotone, $ ,  i . e .  s, 

f o l l o w s  u n i q u e l y ,  so  t h a t  

I f  p2  E S2(r) i s  g i v e n  i t s  argument q2(rY$) i s  known; 

P l ( r , p 2 )  : =  p 2 s L  

i s  un ique ly  d e f i n e d .  T h i s  p roves  t h e  lemma. 0 

Lemma 2.4 F o r  t h e  c o n d i t i o n s  of lemma 2 . 2  , 

( 2 . 2 8 )  - a P 2 ( r , p 1 )  * o f o r  p1 E sl(r), 
ap1 

and  P 2 ( r , p 1 )  i s  r e g u l a r  f o r  p1 E S (r) w i t h  t h e  p o s s i b l e  

e x c e p t i o n  o f  t h e  p o i n t  p1 = 1 i f  r 1, s i m i l a r l y  f o r  P l ( r , p 2 ) ,  

p2  E S2(r). 

1 

P r o o f  From (2.8.5) and ( 2 . 2 )  it i s  s e e n  t h a t  for ( s I  = 1 

w i t h  p1 = g ( r , s ) s ,  
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Note t h a t  p1 g ( r , s ) s  * 0 f o r  I s 1  l a n d  t h a t  (2.261, which 

i m p l i e s  ( 2 . 2 3 ) ,  l e a d s  t o ,  c f . ( 2 . 1 7 ) ,  ( 2 . 2 4 ) ,  

I t  i s  s e e n  t h a t  ( 2 . 2 8 )  f o l l o w s .  

Z ( r , p 1 , p 2 )  i s  r e g u l a r  i n  p1 w i t h  \ p l l  < 1 f o r  f i x e d  

Ip21G 1, and s i m i l a r l y  w i t h  p1 and  p 2  i n t e r c h a n g e d ,  s o  t h a t  

t h e  i m p l i c i t  f u n c t i o n  theorem,  cf.  [ 11 p .101 ,  t o g e t h e r  w i t h  

( 2 . 3 0 )  i m p l i e s  t h a t  P 2 ( r , p I )  is r e g u l a r  for p1 E S l ( r ) ,  

0 < r < 1, and a l s o  f o r  r z 1 i f  p1 1 i s  e x c e p t e d .  Note t h a t  

P 2 ( r , p 1 )  has  f o r  r 1, p1 1 a d e r i v a t i v e  w i t h  r e s p e c t  t o  p1 

because  E{x) < 1, E{y) < 1, t h e  e x i s t e n c e  o f  i t s  h i g h e r  d e r i v a -  

t i v e s  r e q u i r e s  t h e  f i n i t e n e s s  o f  h i g h e r  moments o f  5 and x. 0 

Remark 2 . 3  I f  g ( r , s ) ,  I s 1  1 i s  a z e r o  o f  t h e  k e r n e l  t h e n  

o b v i o u s l y ,  

For E{x) < 1, E{y) < 1 it i s  r e a d i l y  s e e n  by a p p l y i n g  

Rouch6's theorem t h a t  f o r  I s 1  = 1: 

h a s  e x a c t l y  two z e r o s  i n  lg I G 1. It may happen t h a t  such  

z e r o s  are  a l s o  z e r o s  o f  t h e  k e r n e l ,  t h e n  t h e  d e f i n i t i o n  o f  

t h e  c u r v e s  S 1 ( r )  and S 2 ( r )  becomes more c o m p l i c a t e d .  They 
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may c o n t a i n  p o i n t s  a t  which t h e y  a r e  n o t  smooth,  moreover 

it i s  p o s s i b l e  t h a t  t h e y  a r e  s e l f i n t e r s e c t i n g  ( n o t e  t h a t  t h i s  

s i t u a t i o n  i s  exc luded  if ( 2 . 3 )  h o l d s ) .  T h i s  o c c u r s  e . g .  if 

5 1  5 6 7  1 6 0  32 
a O O  = 810’ 9 0  810’ a O 1  = 810, a 2 2  810’ 

and a l l  o t h e r  akh 0 ;  t h e  c r i t i c a l  p o i n t s  a r e  s = *i w i t h  

g (1 , l t . i )  = *+i. 

I f  such  c r i t i c a l  p o i n t s  do o c c u r ,  t h e  a n a l y s i s  t o  be 

d i s c u s s e d  i n  t h e  n e x t  s e c t i o n s  can  p o s s i b l y  be ex tended  by 

u s i n g  t h e  t h e o r y  of boundary v a l u e  problems for more com- 

p l i c a t e d  b o u n d a r i e s ,  cf. [ 6 ]  and [ 7 1 ;  however,  w e  s h a l l  n o t  

e n t e r  such  a d i s c u s s i o n  i n  t h e  p r e s e n t  monograph. 
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11.3.3. A conformal mapping of S; (r) and of Si(r)  

We c o n s i d e r  t h e  f o l l o w i n g  problem.  D o  t h e r e  e x i s t  i n  

t h e  complex z-p lane  a smooth c o n t o u r  L ( r )  and a p a i r  o f  

f u n c t i o n s  p l ( r , . )  , p2(r,.) such t h a t  

+ 
(3.1) i .  p l ( r , z )  i s  r e g u l a r  and u n i v a l e n t  f o r  z E L ( r ) ,  

con t inuous  f o r  z E L + ( r )  u L ( r ) ,  

p 2 ( r , z )  i s  r e g u l a r  and u n i v a l e n t  for z E L - ( r ) ,  

c o n t i n u o u s  f o r  z E L - ( r )  u L ( r ) ,  

h e r e  L+(r) and L - ( r )  a r e  t h e  i n t e r i o r  and e x t e r i o r  o f  L ( r ) ;  

t ii. p , ( r , z )  maps L + ( r )  con fo rma l ly  o n t o  s1 (r), 

p,(r,z) maps L - ( r )  con fo rma l ly  o n t o  S, ( r ) ;  
- 

+ 

iii. f o r  eve ry  z E L ( r ) ,  cf.lemma 2 . 3  ( f o r  t h e  n o t a t i o n  

see (1.1.6.2)), 

p l + ( r , z )  ~ ~ ( r , p ~  ( r , z ) ) ,  

p2 ( r , z )  = P 2 ( r , p 1  ( r , z ) ) ,  

i . e .  (p l  ( r , z ) , p 2  ( r , z ) ) ,  z E L ( r )  i s  a z e r o  of  

- 

- + 

+ - 

Z(rYPl 'P2 ) ;  

p l ( r ' , o )  c l ,  a p l ( r , z ) l z = o  > o for a c1 E s l + ( r ) ,  i v .  

p 2 ( r , m )  = 0, o < l i m j z p , ( r , z )  j < m. 

Izl-tm 

Note t h a t  w e  can  a lways  choose  t h e  o r i g i n  o f  t h e  z -p l ane  so  

t h a t  it be longs  t o  L + ( r )  i f  L ( r )  e x i s t s .  Because of ( 2 . 2 7 )  w e  

may and do assume t h a t  

( 3 . 2 )  c1 = 0 .  

Remark 3.1 

v i o u s l y  A ( r ) ,  I II(ry.) ,  J12(ry.) w i t h  

I f  L ( r ) ,  p l ( r , . ) ,  p 2 ( r , . )  i s  a s o l u t i o n  t h e n  ob- 
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where A i s  a f i n i t e  nonze ro  c o n s t a n t ,  i s  a l s o  a s o l u t i o n .  

The answer t o  t h e  q u e s t i o n  posed above i s  p rov ided  by 

t h e  f o l l o w i n g  

Theorem 3.1 For 0 < r  < 1  and assuming t h a t :  

( 3 . 3 )  i . \ Y ( o , O )  > 0,  

ii. EExI < 1, E{y) < 1, 

iii. E ( r , @ )  > 0 or E ( r , @ ) < O  for a l l  @ E [0,21~), 

i v .  t h e  c o n d i t i o n s  (1.1) and ( 1 . 3 )  h o l d ,  

t h e r e  e x i s t  a p a i r  of f u n c t i o n s  p ( r , z ) ,  p 2 ( r , z )  and a J o r d a n  

c o n t o u r  L ( r )  s a t i s f y i n g  ( 3 . 1 ) i Y , . . , i v ;  a p a r t  from a f i n i t e  non- 

z e r o  c o n s t a n t ,  c f .  remark 3 . 1  above ,  p l ( r , . ) ,  p 2 ( r Y . )  and  L ( r )  

are  un ique ly  d e t e r m i n e d ,  and L(r) i s  a n  a n a l y t i c  c o n t o u r .  

1 

The s t a t e m e n t  a l s o  h o l d s  for r = 1 w i t h  t h e  a d d i t i o n a l  

c o n d i t i o n  

t h e  k e r n e l  Z ( 1 , p l , p 2 )  i s  f o r  p 

and for p2  1 

1 r e g u l a r  a t  p2  1, 1 ( 3 . 4 )  

r e g u l a r  a t  p1 = 1. 

For t h e  proof  of  t h i s  theorem s e e  s e c t i o n  5 .  

+ 
Remark 3 . 2 .  z = p l 0 ( r , p 1 ) ,  p1 E S1 (r) and z ~ ~ ~ ( r , p ~ ) ,  

p2  E S 2  ( r )  s h a l l  deno te  t h e  i n v e r s e s  o f  p , ( r , z )  and  p 2 ( r y z ) ,  

r e s p e c t i v e l y .  

t 



11.3.3. The general random walk 163 

Remark 3.3 The condition ( 3 . 4 )  is equivalent with the same 

condition f o r  Y(pl,p2). 
L h 

It actually implies that all moments E{x'.}, - E{y 1 ,  

k P 0 , l  ,...; h 2: 0,l ,..., are finite. The condition is in 
fact too strong. It suffices already that E{x 1 0 0 ,  

E{y } < =, and this can be further weakened, see section 5 ,  

remark 5.1. Concerning the elimination of condition (3.3)iii 

see remark 8.2. 

2 

2 
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11.3.4. Boundary value problem with a shift 

For t h e  p r o o f  o f  t heo rem 3 . 1  we need  a r e s u l t  con- 

c e r n i n g  a boundary  v a l u e  problem w i t h  a s h i f t .  The fo rmula -  

t i o n  o f  t h i s  problem r e a d s  as f o l l o w s .  For D t h e  u n i t  c i r c l e  

i n  t h e  complex w-plane d e t e r m i n e  two f u n c t i o n s  R l ( w )  and  R 2 ( w )  

s u c h  t h a t  

t 
(4.1) i .  n l ( w )  i s  r e g u l a r  f o r  w E D , c o n t i n u o u s  f o r  

w E D t U D ;  

ii. n 2 ( w )  i s  r e g u l a r  f o r  w E D-, c o n t i n u o u s  f o r  

w E D- u D and  

h e r e  yo and y1 a r e  f i n i t e  c o n s t a n t s  w i t h  Y1 * 0 ,  

t 
i l l  (w) lim R l ( v ) ,  R 2 - ( w )  l i m  R 2 ( v ) ,  w E D ,  

v+w v+w 
vED vED- 

and  a(w) i s  a f u n c t i o n  d e f i n e d  on D ,  mapping D one- to-one  

o n t o  i t s e l f ,  s u c h  t h a t  t h e  d i r e c t i o n  i s  p r e s e r v e d ,  and  a(w) 

p o s s e s s e s  a d e r i v a t i v e  which s a t i s f i e s  a H6 lde r  c o n d i t i o n  and  

which v a n i s h e s  nowhere on U. 

The c o n s t r u c t i o n  of t he  s o l u t i o n  o f  t h i s  boundary  v a l u e  

problem i s  d i s c u s s e d  i n  [61 ,p .126 ;  w e  q u o t e  t h e  r e s u l t s  t h e r e  

o b t a i n e d  ( s e e  a l s o  remark  4 . 2 ) .  

n2-(w) i s  d e t e r m i n e d  as t h e  u n i q u e  s o l u t i o n  o f  t h e  

Fredholm i n t e g r a l  e q u a t i o n ,  for w E D :  
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The solution of (4.2) is given by, for w E D :  

where R(w,o) is the resolvent of the integral equation (4.2). 

The solution of the boundary value problem is represented 

by, 

(4.4) 
R2-(ao(w)) 

2Trl wED w -  w 

R 2  ( w )  

2 2 T r l  oED w -  w 

Rl(W) - J dw , w E D+, 

w E D-, R (w)=-- J - 
- 

do + y o +  ylw, 
1 (4.5) 

where a o ( . )  is the inverse of a ( . )  on D; and it is the unique 

solution of (4.1) i, . . . ,  iii. 
Obviously Q,(w) as given by (4.4) satisfies (4.l)iy simi- 

larly R2(w) as represented by ( 4 . 5 )  fulfills (4.1)ii. To show 

that (4.l)iii is also satisfied let v + a(w) with v E D+ and 

w E D. By using the Plemelj-Sokhotski formulas it then follows 

that f o r  w E D, 

+ R~ (a(w)) = lim Q1(v) 
v+ a$w 3 

= f R2 ( w ) + m  J 

vED - - 1 n2 ( a o ( w ) )  

R2- ( W 
0 f R2-(w)+-r 1 J 

2n’ W€D a ( w )  - a(w) 

do o-a(w) 
d 

( w ) 
dw . 

Hence by using (4.2) and again the Plemelj-Sokhotski for- 

mulas applied to ( 4 . 5 )  it is seen that f o r  w E D: 
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t h i s  p r o v e s  ( 4 , l ) i i i .  
t I n  [ 6 I y p . 1 3 1 , 1 3 3  it i s  shown t h a t  R 1 ( . )  maps D c o n f o r m a l l y  

t o n t o  a domain L , t h a t  n 2 ( .  
main M-, t h a t  L 

M- u L-. F u r t h e r , b e c a u s e  D i s  t h e  u n i t  c i r c l e ,  i t  i s  shown 

tha t  L i s  a smooth c o n t o u r  o f  which t h e  a n g l e  formed by t h e  

t a n g e n t  t o  t h e  c o n t o u r  and  a f i x e d  d i r e c t i o n  s a t i s f i e s  a 

H s l d e r  c o n d i t i o n , t h a t  i s  L i s  a Lyapounov c o n t o u r .  

maps D- c o n f o r m a l l y  o n t o  a do- 
t and M- have  a common boundary  L and  t h a t  

Remark 4 . 1  The i n t e g r a l  e q u a t i o n  ( 4 . 2 )  may be  r e w r i t t e n  a s ,  

f o r  w E D: 

Then ( 4 . 6 )  l e a d s  t o ,  f o r  $ E ) 0 , 2 n ) :  

Assume t h a t  a ( w ) ,  w E Il i s  r e g u l a r  f o r  e v e r y  w E D ,  

i . e .  f o r  e v e r y  $ E [ 0 , 2 n )  t h e r e  e x i s t s  a ne ighbourhood 

N($,,)C[0,2.ir)of $o  such  t h a t  ' ( $ 1  w i t h  @ E N ( + O )  p o s s e s s e s  

a c o n v e r g e n t  s e r i e s  e x p a n s i o n  i n  powers o f  $-$,,. I t  t h e n  

f o l l o w s  r e a d i l y ,  because  a ( w )  * 0 ,  w E D ,  s o  t h a t  - & ( $ I  * 0 

f o r  $ E [0,2n), t h a t  t h e  d e r i v a t i v e s  o f  t h e  i n t e g r a l . i n  ( 4 . 8 )  

c a n  be  e x p r e s s e d  by t h e  i n t e g r a l  of t h e  d e r i v a t i v e s  s i n c e  t h e  

0 

d d 
d$ 
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i n t e g r a n d  and i t s  d e r i v a t i v e s  are  c o n t i n u o u s .  Hence by n o t i n g  

t h a t  r ( $ )  i s  bounded f o r  9 E [0,2n) i t  i s  n o t  d i f f i c u l t  t o  

show t h a t  C l , - ( w ) ,  w E D i s  r e g u l a r  f o r  e v e r y  w E D ( a  f a c t  

t o  be used  i n  t h e  n e x t  s e c t i o n ) .  

Remark  4 . 2  The d e r i v a t i o n  o f  t h e  i n t e g r a l  e q u a t i o n  ( 4 . 2 )  

p roceeds  as f o l l o w s .  The c o n d i t i o n s  ( 4 . 1 ) i y i i  t o g e t h e r  w i t h  

t h e  r e l a t i o n s  o f  s e c t i o n  1 . 1 . 9  imply t h a t  f o r  w E D :  

i f  f l l + ( w )  and n 2 - ( w )  b o t h  s a t i s f y  a Hijlder c o n d i t i o n  on D. 

Define  

By a p p l y i n g  t h e  P leme l j -Sokho t sk i  fo rmulas  t o  ( 4 . 1 0 )  it i s  

s e e n  t h a t  f o r  w E D :  

+ 
A ( w )  = 1 

n 2 - ( w )  
dw - y o -  ylw 0 .  1 -  - R 2  ( w )  +I J ~ 

w -  w 2n1 CifD 2 

I t  f o l l o w s  t h a t  f o r  w E D :  

and by u s i n g  ( 4 . l ) i i i  i t  i s  s e e n  t h a t  ( 4 . 1 2 )  is e q u i v a l e n t  

w i t h  ( 4 . 2 ) .  The a s sumpt ion  

a Hglder  c o n d i t i o n ,  which i s  i n t r o d u c e d  above ,  i s  a c t u a l l y  

i r r e l e v a n t ,  cf. [ 6 1 , p . 1 2 4 ,  1 2 7 .  

+ t h a t  R1 ( w ) ,  R 2 - ( w ) , w  E D s a t i s f y  
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11.3.5. Proof of theorem 3.1 

To p r o v e  theo rem 3 . 1  w e  i n t r o d u c e  t h e  confo rma l  mappings 
+ I I l o ( r , ~ l ) ,  p1 E S 1 + ( r )  and  n 2 0 ( r , ~ 2 ) ,  p 2  E S 2  ( r )  s u c h  t h a t  

D b e i n g  t h e  u n i t  c i r c l e  i n  t h e  w-plane .  

The e x i s t e n c e  and  u n i q u e n e s s  o f  t h e  mappings II lo(r , .)  

and  n20(r,.) f o l l o w  from lemma 2 . 2 ,  Riemann's mapping theo rem 

and  t h e  c o n d i t i o n s  (5.1). Because S ( r )  and S (r) a r e  smooth 

c o n t o u r s ,  c f .  lemma 2 . 2 ,  and  D i s  a l s o  s m o o t h , t h e  c o r r e -  

spond ing  b o u n d a r i e s  t heo rem i m p l i e s  t h a t  t h e  mappings 

S l ( r )  + D and S 2 ( r )  + D a r e  b o t h  one - to -one ;  S 1 ( r )  and D 

a r e  t r a v e r s e d  i n  t h e  same d i r e c t i o n ,  w h i l e  S 2 ( r )  and  D a r e  

t r a v e r s e d  i n  o p p o s i t e  d i r e c t i o n s .  

For p1 E S 1 ( r )  p u t  

1 2 

w i t h  P 2 ( r , p 1 ) ,  p1 E S 1 ( r )  as c o n s t r u c t e d  i n  lemma 2 . 3 .  

Because n l o ( r , p l ) ,  p1 E S 1 ( r )  and  I 1 2 0 ( r , p 2 ) ,  p2  E S 2 ( r )  

a r e  b o t h  u n i v a l e n t  it f o l l o w s  from lemma 2 .3  t h a t  ( 5 . 2 )  de- 

f i n e s  a one- to-one  c o r r e s p o n d e n c e  be tween w1 and  w 2 .  Hence 

w e  may p u t  

( 5 . 3 )  w1 = a ( w 2 ) ,  w 2  E D ,  w1 E D ,  
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and a(. ) p o s s e s s e s  a n  i n v e r s e  , s a y ,  cxo ( . . 
By n o t i n g  t h a t  p2  P 2 ( r , p 1 )  t r a v e r s e s  S (r) c lockwise  2 

i f  p1 t r a v e r s e s  S 1 ( r )  a n t i c l o c k w i s e ,  cf. ( 2 . 1 6 1 ,  

( 2 . 2 6 1 ,  it i s  s e e n  from what h a s  been  s t a t e d  below ( 5 . 1 )  

t h a t  i f  p1 t r a v e r s e s  S ( r )  a n t i c l o c k w i s e  t h e n  w 2  and  w1 bo th  

t r a v e r s e  D a l s o  a n t i c l o c k w i s e .  

( 2 . 2 5 )  and 

1 

For t h e  p r e s e n t  we t a k e  

t h e n ,  cf.lemma 2 . 2 ,  S l ( r ) ,  S 2 ( r ) ,  and  aLso t h e  c i r c l e  D a r e  

a n a l y t i c  c o n t o u r s .  I t  f o l l o w s  t h a t  I I l o ( r , p l )  i s  r e g u l a r  and 

u n i v a l e n t  f o r  p1 E Sl(r), s i m i l a r l y  f o r  n 2 0 ( r y p 2 ) y  p 2  E S 2 ( r ) ,  

s o  t h a t  f o r  p1 E S l ( r )  and p2  E S2(r), 

Hence f o r  t h e  c o n d i t i o n s  ( 3 . 3 )  it f o l l o w s  from lemma 2 . 4  and 

( 5 . 2  ) , . . . , ( 5 . 5  1 t h a t  a ( w )  , w ei@ p o s s e s s e s  d e r i v a t i v e s  

of  any o r d e r ,  t h a t  i t  i s  r e g u l a r  f o r  w E D and  t h a t  

d  IT^ a(w) * 0 f o r  w E D .  ( 5 . 6 )  

We may now a p p l y  t h e  r e s u l t s  o f  t h e  p r e c e d i n g  s e c t i o n ,  

i . e .  f o r  a r b i t r a r y  y o  and yl, y 1  f 0 ,  and  a ( . )  as d e f i n e d  i n  

( 5 . 3 )  t h e r e  e x i s t  a smooth c o n t o u r  L(r) and two f u n c t i o n s  

C l l ( r , w ) ,  w E D+, S 1 2 ( r , w ) ,  w E D- which s a t i s f y  ( 4 . l ) i  and 

( 4 . 1 ) i i y  r e s p e c t i v e l y ,  which map 

o n t o  L - ( r )  c o n f o r m a l l y ,  and  for which h o l d s ,  f o r  a l l  p1 E S l ( r ) ,  

D+ o n t o  L + ( r )  and D- 
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P u t  

I t  t h e n  f o l l o w s  t h a t  p l 0 ( r , p 1 )  maps S l + ( r )  c o n f o r m a l l y  o n t o  

L (r), t h a t  p 2 0 ( r y p 2 )  maps S2  (r) c o n f o r m a l l y  o n t o  L - ( r )  and  

t h a t  f o r  ( p 1 , p 2 )  w i t h  p1 E Sl(r), p2  P 2 ( r , p 1 )  a z e r o  o f  t h e  

k e r n e l  Z ( r , p 1 , p 2 ) :  

+ + 

( 5 . 9 )  PIO(rYP1) = P 2 0 ( ' ¶ P 2 ) '  

Obv ious ly ,  ( 4 . l ) i i  and ( 5 . l ) i i  imply  t h a t  

+ Denot3e by p 1 ( r y z ) ,  z E L (r) and by p 2 ( r , z ) ,  z E L-(r) 
+ t h e  i n v e r s e  mappings o f  p l O ( r , p l ) ,  p1 E S1 (r) and of 

p2 , , ( r ,p2) ,  p 2  E S 2  (r), r e s p e c t i v e l y .  + 

These conformal  mappings depend on Y o  and Y 1 .  The con- 

d i t i o n  p l ( r y O )  = 0 l e a d s  t o  a r e l a t i o n  between Yo and Y l Y  

so  t h e r e  remains  o n l y  one  f ree  c o n s t a n t ;  t h i s  i s  i n  agreement  

w i t h  remark 3 . 1 .  Note t h a t  n 2 ( r , . )  depends  l i n e a r l y  on y o  and 

Y19 c f .  (4.3), and s o  do p l O ( r , . )  and pzO(r,.). 

Hence it h a s  been  shown f o r  t h e  c o n d i t i o n s  o f  theorem 

3 . 1  w i t h  0 < r < 1, c f . ( 5 . 4 ) ,  t h a t  t h e  c o n t o u r  L ( r )  and 

t h e  f u n c t i o n s  p l ( r , z )  and p ( r , z )  s a t i s f y i n g  ( 3 . 1 ) i  ,..., i v  2 
c a n  be  c o n s t r u c t e d .  That  t h e y  are  u n i q u e l y  de t e rmined  i n  t he  

s e n s e  o f  remark 3 . 1  f o l l o w s  by a s imi l a r  r e a s o n i n g  as used  i n  

t h e  proof  o f  lemma 2 . 4 . 1 .  

To show t h a t  L(r) i s  a n  a n a l y t i c  c o n t o u r  n o t e  t h a t  i t  

h a s  been  proved  a l r e a d y  t h a t  c L ( w ) ,  w E D i s  r e g u l a r ,  s e e  
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below ( 5 . 5 ) ,  and  hence  remark 4 . 1  i m p l i e s  t h a t  L ( r )  i s  

a n a l y t i c  . 
For r = 1 t h e  p roof  i s  ana logous  because  t h e  c o n d i t i o n  

( 3 . 4 )  i m p l i e s  t h a t  S 1 ( l )  and  S 2 ( 1 )  are  b o t h  a n a l y t i c  c o n t o u r s ,  

so  t h a t  I l l 0 ( l , p l ) ,  p1 E S 1 ( l )  and  I 1 2 0 ( l , p 2 ) y  p2  E S 2 ( 1 )  are  

b o t h  r e g u l a r  and u n i v a l e n t .  The c o n d i t i o n  ( 3 . 4 )  i m p l i e s  t h a t  

t h e  e x c e p t i o n a l  case i n  lemma 2 . 4  does n o t  o c c u r ,  s o  t h a t  t h e  

p roof  c o n t i n u e s  as f o r  0 < r < 1. 0 

Remark 5.1 The p roof  o f  t h e  r e g u l a r i t y  o f  a (w)  and t h e  non- 

v a n i s h i n g  o f  - a ( w ) ,  w E D w i t h  0 < r < 1 a l s o  h o l d s  f o r  r = 3 

w i t h  t h e  e x c e p t i o n  o f  t h e  p o i n t  w w o  c o r r e s p o n d i n g  t o  p1 = 1. 

I t  i s  f o r  t h i s  p o i n t  t h a t  t h e  c o n d i t i o n  ( 3 . 4 )  h a s  been  i n t r o -  

duced ,  c f .  i n  t h i s  r e s p e c t  a l s o  remark 2 . 1 3 . 1 .  

d 
dw 

A c t u a l l y ,  it may be c o n j e c t u r e d  t h a t  t h e  c o n d i t i o n  ( 3 . 4 )  

c a n  be weakened. Suppose t h a t  i n s t e a d  o f  ( 3 . 4 )  it i s  assumed 

t h a t  g ( l , s )  s a t i s f i e s  f o r  s ei ' , -  $,<$ f $ o  a H6 lde r  

c o n d i t i o n  w i t h  $o > 0 b u t  smal l .  I t  i s  t h e n  r e a d i l y  proved  

t h a t  g ( 1 , s )  s a t i s f i e s  a H6lder  c o n d i t i o n  on I s1  1, because  

g ( l , s ) ,  1st 1, s * 1 i s  c o n t i n u o u s l y  d i f f e r e n t i a b l e , c f .  ( 3 . 3 )  

iii which i m p l i e s  ( 2 . 2 3 ) .  I t  may now be  shown t h a t  S 1 ( l )  and 

S 2 ( 1 )  are b o t h  Lyapounovcontours ,  and  by a p p l y i n g  K e l l o g g ' s  

theorem,  cf. [ l ]  ,p .265  or 1 8 1  ,p.374 i t  t h e n  f o l l o w s  r e a d i l y  

t h a t  - I l l o ( l , p l )  e x i s t s ,  i s  f i n i t e  and  nonzero  f o r  pi 1, 

and  s a t i s f i e s  on S1(l) a H6lder  c o n d i t i o n ;  s i m i l a r l y  f o r  

Because (5.5) h o l d s  f o r  r 

d 

d 

d p l  

- I 1 2 0 ( l , p 2 ) .  
dp2 

1 and a l l  p1 E S 1 ( l )  

t h e  r e l a t i o n  ( 5 . 6 )  f o l l o w s  a g a i n .  
d A f u r t h e r  a n a l y s i s  o f  ( 2 . 2 9 )  t h e n  shows t h a t  ;ii; a(w) 

s a t i s f i e s  a H6lder  c o n d i t i o n  on w , E  D i n  a ne ighbourhood 

o f  t h e  p o i n t  w a wo c o r r e s p o n d i n g  t o  t h e  p o i n t  p1 = 1. Then,  
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because as before dw), w E D\{wO) is regular, it is proved 

by the same argumentation as used in the proof of theorem 3.1 

that L(1) exists and that it is an analytic contour except 

possibly at the point corresponding to w = won 

R e m a r k  5.2 The proof given above contains the information to 

calculate pl(r,.), p2(r,.) and L(r). Viz. first determine the 

conformal mapping of S1 ( r )  onto {w:lwl< 1) and that of S 2  (r) 

onto {w:Iwl>l},cf. (5.l)i,ii. Next a(w) can be determined and 

then 0 ( . I  and s2 ( . I  according to the construction discussed 

in section 4. 

t t 

1 2 

In the next section we shall present another approach 

for the determination of pl(r,.), p2(r,.) and L(r), it leads 

to a set of integral equations which seem to be more 

attractive from a numerical point of view. 
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11.3.6. The integral equations 

The p r o b l e m  f o r m u l a t e d  i n  s e c t i o n  3 h a s  a u n i q u e  s o l u t i o n ,  

cf .  theorem 3 . 1 ,  i n  t he  s e n s e  of r e m a r k  3 . 1 .  T h i s  s e c t i o n  w i l l  

b e  c o n c e r n e d  w i t h  t h e  d e t e r m i n a t i o n  of L ( r ) .  

For z E L ( r ) ,  ( p l + ( r , z ) , p 2 - ( r , z ) )  i s  a z e r o  3f Z ( r , p 1 , p 2 ) ,  
t 

l p l l  Q 1, Ip2( 

cf. ( 3 . 1 ) .  

1 w i t h  p1 (r,z) E S 1 ( r ) ,  p 2 - ( r , z )  E S2(r), 

Hence w e  may w r i t e ,  cf. ( 2 . 2 5 1 ,  f o r  z E L(r): 

w i t h  f o r  e v e r y  f i x e d  r E ( 0 , 1 1  , 

( 6 . 2 )  X ( r , z )  a r ea l  f u n c t i o n  of z E L ( r ) .  

B e c a u s e  p ( r , z )  has a s i n g l e  z e r o  a t  z = 0 ,  p ( r , z )  a s i n g l e  

z e r o  a t  z m y  b e c a u s e  p , ( r , z )  i s  r e g u l a r  f o r  z E L ( r ) ,  

p 2 ( r , z )  i s  r e g u i a r  f o r  z E L-(r) a n d  b e c a u s e  L(r) i s  a 

c o n n e c t e d )  c o n t o u r  w i t h  O E L  (r), cf. ( 3 . 1 ) ,  it f o l l o w s  from 

( 6 . 3 )  t h a t  

1 2 
+ 

( s i m p l y  
+ 

( 6 . 4 )  X(r,z) i n c r e a s e s  m o n o t o n i c a l l y  i f  z t r a v e r s e s  L ( r )  a n t i -  

clockwise,  t h e  i n c r e a s e  i s  e q u a l  t o  2n i f  z t r a v e r s e s  L ( r )  o n c e .  

By n o t i n g  r e m a r k  3 . 1  i t  i s  s e e n  t h a t  w e  s t i l l  h a v e  some 

f r e e d o m  i n  t he  d e t e r m i n a t i o n  of L(r). T h i s  f r e e d o m  i s  e q u i v a l e n t  

w i t h  t h e  s p e c i f i c a t i o n  of o n e  v a l u e  of A ( r , z ) ,  s a y  f o r  z = 

z o  E L ,  e . g .  
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( 6 . 5 )  X ( r , z o )  = 0 for zo € L ( r ) .  

Again remark 3 . 1  shows t h a t  w e  may t a k e  

( 6 . 6 )  20 1, 

as we s h a l l  do from now o n .  

11.3.6. 

From lemma 2 . 2  

be bo th  s t a r s h a p e d  

z t r a v e r s i n g  L ( r ) :  

it i s  s e e n  t h a t  S l ( r )  and S 2 ( r )  shou ld  

c o n t o u r s ,  so  t h a t  ( 6 . 1 )  i m p l i e s  t h a t  for 

( 6 . 7 )  X ( r , z )  i s  s t r i c t l y  monotonic on L ( r ) .  

For r E ( 0 , l )  S l ( r )  a n d L ( r )  a r e  bo th  a n a l y t i c  c o n t o u r s ,  

t h i s  i m p l i e s  t h a t  p , ( r , z >  i s  r e g u l a r  for z E L(r), s o  t h a t  

t h e  e x i s t e n c e  o f  

t h a t  A(r,z) s h o u l d  have o n  L ( r )  a d e r i v a t i v e  w i t h  r e s p e c t  

t o  t h e  a r c  c o o r d i n a t e  on L ( r ) .  Consequent ly  f o r  f i x e d  r E ( 0 , l ) :  

a g ( r y e i @ ) ,  0 < @ <  IT, cf. ( 2 . 4 1 ,  i m p l i e s  

( 6 . 8 )  g ( r , e  i A ( r y z ) )  and  X ( r , z )  s a t i s f y  on L ( r )  a H8 lde r  

c o n d i t i o n .  

Note t h a t  

( 6 . 9 )  g ( l , l )  = 1, 

so  t h a t  c f . ( 6 . 1 ) ,  ( 6 . 5 )  and  ( 6 . 6 1 ,  

+ ( 6 . 1 0 )  p1 (1,l) = p 2 - ( l , l )  1. 

For  r = 1 as above, ( 6 . 8 )  remains  t r u e  for eve ry  a r c  on L ( 1 )  

which does n o t  c o n t a i n  t h e  p o i n t  z = 1. 

Rewri te  ( 6 . 1 )  as :  f o r  z E L ( r ) ,  f i x e d  r E ( 0 , 1 1 :  
+ - g 2  ( , , i A  ( r , z )  ) 

( 6 . 1 1 )  l o g  + l o g  d = l o g  - Y 

P1 ( F Y Z )  z p 2  ( r y z )  

d 
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t - 
P1 ( r , z )  z p2 (r,z) 

= 2ih(r,z)- 2 log z- log d, d (6.12) log z - log 

where, cf. (3.1)iv, 

(6.13) d:= lim z p2(r,z) * 0. 
I Z l -  

The relation (6.11) together with the conditions that 

t 
i. p (r,z) is regular for z E L ( r ) ,  continuous for z E L ( r )  U 

L ( r )  and ii. p2(r,z) is regular for z E L - ( r ) ,  continuous 

for z E L ( r )  U L - ( r )  and the existence of the limit formulate 

a boundary value problem with boundary L ( r ) .  It is of the 

type as discussed in section 1.1.7. Its solution reads, for 

fixed r E (0,lI: 

1 
t 

- 1 J {logg(r,eiX(”S))}{Lz - -}- 5+1 d< 
2 ~ r i  G - r ;  5-1 5 

z E L + ( r ) ,  
(6.14) p ( r , z ) =  z e 1 3 

For details about the derivation of (6.14) cf. remark 2.4.2; 

the relation (6.15) follows by applying the Plemelj-Sokhotski 

formulas to the relations (6.14) and substituting the relations 

so obtained in (6.12). 

Similarly, by starting from (6.12) as 

it is found, (cf. remark 2.4.2 for details 

boundary condition 

for fixed r E (Oyl]: 
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z E L ( r ) .  

+ Because p ( r y z )  maps t h e  c o n t o u r  L ( r )  one- to-one  o n t o  t h e  con- 

t o u r  S l ( r ) ,  and  because  p l ( r y z )  as  g i v e n  by ( 6 . 1 4 )  i s  r e g u l a r  

f o r  z E L ( r )  U L + ( r ) ,  it f o l l o w s  f rom t h e  p r i n c i p l e  of  c o r -  

r e s p o n d i n g  b o u n d a r i e s  t h a t  p l ( r , z )  as g i v e n  by ( 6 . 1 4 )  maps 

1 

L t ( r )  c o n f o r m a l l y  o n t o  S 1 ( r ) .  t S i m i l a r l y  f o r  p 2 ( r y z ) .  

For g i v e n  L ( r )  t h e  r e l a t i o n s  ( 6 . 1 4 )  r e p r e s e n t  t h e  u n i q u e  

s o l u t i o n  of t h e  boundary  v a l u e  problem c h a r a c t e r i z e d  a b o v e ,  i . e .  

w i t h  boundary  c o n d i t i o n  ( 6 . 1 1 ) ;  a n a l o g o u s l y  f o r  t h a t  w i t h  bound- 

a r y  c o n d i t i o n  ( 6 . 1 2 ) .  

For t h e  boundary  v a l u e  problem w i t h  boundary  c o n d i t i o n  

( 6 . 1 1 )  t h e  r e l a t i o n  ( 6 . 1 2 )  p r e s e n t s  a s i d e  c o n d i t i o n ,  and  it 

l e a d s  t o  t h e  c h a r a c t e r i z a t i o n ,  cf. ( 6 . 1 5 ) ,  o f  t h e  ( s i m p l y  

c o n n e c t e d )  c o n t o u r  L ( r ) ,  i . e .  for r E ( 0 , 1 ] :  

Note t h a t  ( 6 . 1 5 )  l e a d s  t o  two s i m u l t a n e o u s  i n t e g r a l  e q u a t i o n s  

f o r  t h e  r e a l  f u n c t i o n s  p ( r , J , ) , $ E  [ 0 , 2 a )  and  X ( r , z ) ,  z E L ( r ) ,  

cf. ( 6 . 5 1 ,  ( 6 . 6 1 ,  by s e p a r a t i n g  i n  ( 6 . 1 5 )  r e a l  and  i m a g i n a r y  

p a r t s .  

S i m i l a r  a rguments  a p p l y  f o r  t h e  boundary  v a l u e  p rob lem 

w i t h  boundary  c o n d i t i o n  ( 6 . 1 2 )  and  s i d e  c o n d i t i o n  ( 6 . 1 1 ) .  By 

i n v e r s i o n  of t h e  i n t e g r a l  e q u a t i o n  ( 6 . 1 5 1 ,  cf. s e c t i 0 . n  1 . 1 . 8  

i t  i s  r e a d i l y  seen t h a t  ( 6 . 1 5 )  and  ( 6 . 1 7 )  are e q u i v a l e n t ;  

i t  r e s u l t s  t h a t  a l s o  ( 6 . 1 4 )  and  ( 6 . 1 6 )  are e q u i v a l e n t .  



11.3.6. The general random walk 177 

Remark 6 . 1  Theorem 3.1 g u a r a n t e e s  f o r  t h e  c o n d i t i o n s  t h e r e  

s t a t e d  t h a t  t h e  i n t e g r a l  e q u a t i o n  (6.15) p o s s e s s e s  a u n i q u e  

s o l u t i o n  A ( r , z ) ,  L ( r )  such  t h a t  A ( r , z )  s a t i s f i e s  (6.2), 

(6.4), ..., (6.7) and t h a t  L ( r )  i s  a s i m p l y  c o n n e c t e d ,  smooth 

c o n t o u r .  The i n t e g r a l  e q u a t i o n  (6.15) c a n n o t  have  two o f  

s u c h  s o l u t i o n s  which d i f f e r  f rom e a c h  o t h e r .  To p r o v e  t h i s  

suppose  two o f  s u c h  s o l u t i o n s  e x i s t .  Then f o r  e a c h  o f  them t h e  

f u n c t i o n s  (6.14) may be  c o n s t r u c t e d .  By u s i n g  t h e  same argument  

as t h a t  i n  t h e  p r o o f  o f  t heo rem 3.1 and lemma 2 . 4 . 1  it i s  r e a d i -  

l y  s e e n  t h a t  a c o n t r a d i c t i o n  i s  o b t a i n e d .  

Remark 6 . 2  The d e f i n i t o n  o f  t h e  p r i n c i p a l  b r a n c h e s  o f  t h e  l o g -  

a r i t h m  o c c u r r i n g  i n  t h e  i n t e g r a l  e x p r e s s i o n s  above  i s  

a c t u a l l y  i r r e l e v a n t ,  i t  does  n o t  i n f l u e n c e  t h e  v a l u e s  of t h e  

r i g h t h a n d  s i d e s  o f  (6.14), ..., (6.17). 
F u r t h e r  i t  i s  s e e n ,  c f . b e l o w  (6.10), t h a t  t h e  i n t e g r a l s  

i n  (6.14),,..,(6.17) are  a l l  w e l l  d e f i n e d  f o r  z = 1, i r r e -  

s p e c t i v e  o f  t h e  f a c t  w h e t h e r  X(l,z) s a t i s f i e s  a H6lde r  c o n d i t i o n  

on a n  a r c  o f  L ( 1 )  c o n t a i n i n g  t h e  p o i n t  z 1. 

1 1 
5 

Remark 6 . 3  By r e p l a c i n g  i n  (6.14) z by --,< by -, X(r,5) 
by - X ( r , L )  i t  i s  s e e n  t h a t  t h e  e x p r e s s i o n s  f o r  p ( r , z )  and  5 1 

p 2 ( r , z )  i n t e r c h a n g e , o f  c o u r s e  t h e  c o n t o u r  L ( r )  i s  t h e n  r e -  

p l a c e d  by a n o t h e r  c o n t o u r ,  which i s  e x a c t l y  t h e  one  o b t a i n e d  

f rom L(r) by i n v e r s i o n  w i t h  r e s p e c t  t o  t h e  u n i t  c i r c l e  I z I  = 1. 

The t r a n s f o r m a t i o n  men t ioned  amounts t o  t h e  i n t e r c h a n g e  o f  t h e  

r o l e  of 5 and  y. 

Conc2usion:Theorem 3.1 s t a t e s  f o r  t h e  c o n d i t i o n s  f o r m u l a t e d ,  

t h a t  t h e  problem posed  i n  s e c t i o n  3 h a s ,  i n  t h e  s e n s e  o f  r e -  

mark 3.1, a u n i q u e  s o l u t i o n ,  which i s  c h a r a c t e r i z e d  by (6.14) 

and (6.15),cf. (6.18), or e q u i v a l e n t l y  by (6.16) and  (6.17). 
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11.3.7. Analytic continuation 

For t h e  p r e s e n t  case, i . e .  t h e  nonsymmetr ic  random wa lk ,  

w e  s h a l l  d i s c u s s  s h o r t l y  t h e  a n a l y t i c  c o n t i n u a t i o n s  a n a l o g o u s  

t o  t h o s e  i n  s e c t i o n s  2 . 8  and  2 . 1 3 .  

I t  i s  f i r s t  o b s e r v e d  t h a t  l e m m a s  2 . 8 . 1  and  2 . 1 3 . 1  a l s o  

h o l d  f o r  t h e  p r e s e n t  c a s e ,  n o t e  t h a t  P l ( r , p 2 ) ,  Ip21 = 1, and 

P 2 ( r , p 1 ) ,  lp l l  = 1 a re  h e r e  d e f i n e d  s i m i l a r l y .  

A s  i n s e c t i o n  2 . 8  it i s  proved  t h a t  f o r  f i x e d  r E (0,11 
t p l ( r , z ) ,  z E L ( r )  u L ( r )  can  b e  c o n t i n u e d  a n a l y t i c a l l y  

a c r o s s  L ( r )  i n t o  a r e g i o n  F 1 ( r )  C L - ( r ) ,  a n a l o g o u s l y  f o r  

p 2 ( r , z ) .  P l ( r , p 2 )  can  be  c o n t i n u e d  a n a l y t i c a l l y  s t a r t i n g  f rom 

S2(r) i n t o  a r e g i o n E 2 ( r ) ,  and p20(r,p2) can  be  c o n t i n u e d  

a c r o s s  S 2 ( r )  i n t o  Ip21 < 1. 
These  a n a l y t i c  c o n t i n u a t i o n s  a r e  b a s e d  on t h e  f a c t  t h a t  

S 1 ( r ) ,  S 2 ( r )  and  L ( r )  are a n a l y t i c  c o n t o u r s  f o r  f i x e d  r E (0,ll 

w i t h  t h e  p o s s i b l e  e x c e p t i o n  o f  t h e  p o i n t s  p1 = 1 E S1(l), 

1 E S (1) and z 1 E L ( 1 )  if r 1; cf. ( 2 . 1 3 . 4 )  and  t h e  p2 2 

d i s c u s s i o n  below i t .  

Because p l ( r , z )  and p 2 ( r , z )  s o  d e f i n e d  are b o t h  r e g u l a r  i n  

z E F 2 ( r )  U L ( r )  U F l ( r )  and  

it f o l l o w s  t h a t  X ( r , z )  c a n  be c o n t i n u e d  a n a l y t i c a l l y  from 

z E L ( r )  i n t o  F 2 ( r )  U L ( r )  U F l ( r ) ,  note p 2 ( r , z )  * 0 f o r  

z E F l ( r ) ,  because  i t  i s  u n i v a l e n t  i n  L - ( r ) .  

S i m i l a r l y ,  it f o l l o w s  from 
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into F 2 ( r )  U L(r) U F 1 ( r ) .  

Denoting these analytic continuations by the same symbols 

it follows that for z E F2(r) U L(r) U F l ( r ) :  

(7.1) Y 
pl(r,z) = g(r,e iA(r,z))eiA(r,z) 

and that (pl(r,z), p2(r,z)) is a zero of Z(r,pl,p2), l p l l  G 1, 

Ip21 G 1 f o r  every z E F 2 ( r )  U L(r) U F (r), r E (0,11. 
1 



180 Analysis of two-dimensional random walk 11.3.8. 

11.3.8. The functional equation with \k (0,O) > 0,O < r < 1 

A s  i n  s e c t i o n  2.5 it f o l l o w s  t h a t  for f i x e d  r E (0,l) and 

z E L ( r ) :  
t - 

+ Y(0,p2 (r,z)) 

1- p 2  (r,z) 

Y(p, (r,z),O) 

1- p1 (r,z) 
(8.1) r t QxY(r,pl (r,z) , O )  + r - 

where 

I t  i s  f i r s t  n o t e d  t h a t  t h e  maximum modulus p r i n c i p l e  i m p l i e s  

t h a t  

+ t because  p (r,z) i s  r e g u l a r  i n  L (r), c o n t i n u o u s  i n  L ( r ) U  L ( r )  and 

(pl(r,z)l < 1 for z E L ( r ) ,  a n a l o g o u s l y  f o r  p2(r,z). 
1 

From t h e  d e f i n i t i o n  o f  QXy(r,p1,p2) i t  f o l l o w s  t h a t  for 

f i x e d  r E (0,l): 
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The c o n d i t i o n s  ( 8 . 1 1 ,  (8.4) and ( 8 . 5 )  f o r m u l a t e  a 

Riemann boundary v a l u e  problem of t h e  t y p e  as f o r m u l a t e d  i n  

s e c t i o n  1 . 2 . 1 ,  n o t e  t h a t  ( 3 . l ) i v  i m p l i e s  

To  s i m p l i f y  t h e  a n a l y s i s  i t  w i l l  a g a i n  be  assumed, c f .  

( 1 . 3 1 ,  t h a t  

c f .  t h e  d i s c u s s i o n  i n  s e c t i o n  2 . 5  which h a s  l e d  t o  t h e  same 

assumpt ions .  

A s  i n  l e m m a  2 . 6 . 1  i t  i s  now e a s i l y  d e r i v e d  t h a t ,  for 

r E ( 0 , l ) :  

(8.8) 
1 - pl ( r ,z )  

r Q x y ( r , p l ( r , z ) , O )  = Im 1 i dg cEL(rlc - z H x y ( ' ) ' y ( p l ( r , z ) , o >  3 

z E L + ( r ) ,  

Remark 8.1 The s o l u t i o n  ( 8 . 8 ) , . . . , ( 8 . 1 0 )  i s  comple t e ly  ana logous  

w i t h  t h a t  d i s c u s s e d  i n  s e c t i o n  2 . 6 ,  t h e  o n l y  d i f f e r e n c e  b e i n g  

t h a t  t h e  c o n t o u r  of i n t e g r a t i o n  i n  s e c t i o n  2 . 6 ,  i . e .  t h e  c i r c l e  

/zI 1 i s  now r e p l a c e d  by t h e  c o n t o u r  L(r). 
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The same h o l d s  f o r  t h e  r e s u l t s  i n  s e c t i o n s  2 . 7 ,  2 . 9  a n d  

i t  i s  for t h i s  r e a s o n  t h a t  t h e  a n a l o g o u s  c o n s i d e r a t i o n s  of 

t hese  s e c t i o n s  for t h e  p r e s e n t  n o n s y m m e t r i c  case are all 

o m i t t e d .  I n  p a r t i c u l a r  t h e o r e m  9 . 1  w i t h  t h e  i n t e g r a t i o n  

c o n t o u r  161 1 r e p l a c e d  by  L ( r )  y i e l d s  t h e  e x p r e s s i o n  f o r  

S i m i l a r l y  t h e  d i s c u s s i o n s  i n  s e c t i o n s  2 . 1 0 ,  . . . ,  2 . 1 2  a r e  

n o t  r e p e a t e d .  

Remapk 8 . 2  The s o l u t i o n  ( 8 . 8 1 ,  ..., ( 8 . 1 0 )  i s  b a s e d  on  t h e  

c o n d i t i o n  ( 3 . 3 ) i i i  of t h e o r e m  3 . 1 .  A c t u a l l y  t h i s  c o n d i t i o n  

may b e  e l i m i n a t e d  as f o l l o w s .  From ( 2 . 8 )  a n d  ( 2 . 2 . 6 )  it i s  

s e e n  t h a t  ID(g(r,s),s)l < 1 for Ir( < 1, I s 1  1. Hence it 

f o l l o w s  r e a d i l y  f r o m  ( 2 . 9 )  o r  ( 2 . 1 0 )  w i t h  0 < r < 1 t h a t  f o r  

I s 1  = 1 a n d  r .1 0 ,  

From ( 8 . 1 1 )  i t  i s  r e a d i l y  s e e n  for r E (O,ro) w i t h  ro > 0 b u t  

s u f f i c i e n t l y  small t h a t  f o r  s1 # s 2 ,  lsll = 1, I s 2 (  = 1: 

-1 -1 ( 8 . 1 2 )  g(r,sl)sl # g ( r  , s 2 ) s 2 ,  g ( r , s l ) s l  # g ( r , s 2 ) s 2  . 

C o n s e q u e n t l y ,  S l ( r )  a n d  S 2 ( r )  are b o t h  c o n t o u r s ,  w i t h  

p l ~ O  E S1 (r), p 2 =  0 E S2 (r). Hence f o r  r E ( O , r , , )  t h e  

r e l a t i o n s  ( 8 . 8 ~ , . , . , ( 8 , 1 0 )  are  v a l i d  w i t h o u t  c o n d i t i o n  ( 3 . 3 ) i i i .  

S o  we may d e t e r m i n e  O x y ( ~ , p 1 , p 2 ) y  l p l l  G 1, Ip21 G 1 f o r  

r E ( O , r o ) .  B e c a u s e  t h e  s o l u t i o n  so c o n s t r u c t e d  i s  u n i q u e  

a n d  b e c a u s e  OXy(r ,p1 ,p2) ,  l p l l  

t t 

1, Ip21 < 1 i s  r e g u l a r  f o r  
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1I-l < 1, cf. (1.1.17)iii and (1.1.181, it may be obtained from 
Q (r,p1,p2) with r E ( 0 , r  ) by analytic continuation. This 

proves that we can do without condition (3.3)iii. However, an 

explicit construction of that analytic continuation requires 

quite some analysis, because if condition (3.3)iii does not 

hold S1 (r) and/or S Z t ( r )  may be not simply sheeted domains, 

but multiply sheeted domains. It is a l so  possible that the 

curves S l ( r )  and/or S 2 ( r )  have cusps, or,even worse, have loops. 

If S1 ( r )  and S 2  ( r )  are multiply sheeted domains it is 

XY 0 

+ 

+ + 

strongly conjectured that theorem 3.1 without condition 

(3.3)iii holds provided in (3.l)i the univalency and in 

(3.l)ii the "schlicht" conformality are not required. 



184 AmIysis of two-dimensional random walk 11.3.9 

11.3.9. The stationary distribution with \k (0,O) > 0, 
{E ,XI < {1,E y 1 < 1 

I n  s e c t i o n  2 . 1 5  t h e  s t a t i o n a r y  d i s t r i b u t i o n  f o r  t h e  

symmetric c a s e  has  been o b t a i n e d  by i n v e s t i g a t i n g  

(1- r )  @ 

( 2 . 1 3 . 4 )  h o l d s .  

( r , p 1 , p 2 )  f o r  r + 1, assuming t h a t  t h e  c o n d i t i o n  
XY 

Such a n  approach  i s  h e r e  a l s o  p o s s i b l e ;  however,  i t  i s  

more i n t r i c a t e  because  i n  t h e  e x p r e s s i o n s  o f  theorem 2 . 9 . 1  

t h e  i n t e g r a t i o n  c o n t o u r  has  t o  be r e p l a c e d  by L ( r ) ,  c f .  remark 

8 . 1 ,  so  t h a t  a l s o  t h e  c o n t o u r  of i n t e g r a t i o n  depends on r ;  

a f a c t  which makes t h e  i n v e s t i g a t i o n  o f  (1- r )  Q x y ( r , p 1 , p 2 )  

more compl i ca t ed .  We s h a l l  n o t  d i s c u s s  h e r e  t h i s  problem; 

f o r  t h e  d i s c u s s i o n  o f  a n  ana logous  problem s e e  [161 .  

I n s t e a d  of  such  an  approach  w e  s h a l l  f o l l o w  h e r e  t h e  

l i n e s  of  s e c t i o n  2 . 1 6 .  A s  i n  t h a t  s e c t i o n  i t  w i l l  h e r e  a l s o  

be assumed t h a t ,  c f .  ( 2 . 1 3 . 4 1 ,  

-1 ( 9 . 1 )  Y(gs ,gs  ) i s  for g 1 r e g u l a r  a t  s = 1, and 

f o r  s 1 r e g u l a r  a t  g 1. 

Th i s  c o n d i t i o n  i s  e q u i v a l e n t  w i t h  ( 3 . 4 ) .  I t  is a c t u a l l y  

r a t h e r  s t r o n g  a l t h o u g h  i n  most a p p l i c a t i o n s  it w i l l  be 

f u l f i l l e d ,  s e e  a l s o  s e c t i o n  2 . 1 3  and remark 3 .3 .  

A s  i n  s e c t i o n  2.13 t h e  c o n d i t i o n  ( 9 . 1 )  i m p l i e s ,  c f .  t heo -  

rem 3 . 1 ,  t h a t  f o r  t h e  p r e s e n t  c a s e  t h e  c o n t o u r s  S 1 ( l ) ,  S 2 ( 1 )  

and L ( 1 )  are a l s o  a n a l y t i c  a t  p1 = 1, p2  1 and z = 1. Hence 

p l ( l , z )  and p 2 ( l , z )  are  bo th  r e g u l a r  a t  z =  1, PlO(LP1)  and 

a r e  r e g u l a r  a t  p l =  1 and p z =  1, r e s p e c t i v e l y .  

I t  f o l l o w s  as i n  s e c t i o n  2 . 1 4  t h a t  X ( l , z )  h a s  a t  z 2: 1 

a d e r i v a t i v e ,  c f .  ( 2 . 1 4 . 9 ) ,  
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The derivation o f  the expression for the generating func- 

tion 0(p1,p2), lpll G 1, Ip21 G 1 of the stationary joint 

distribution is now completely analogous with that in section 

2.16, the sets I z I  < 1, I z I  1, [ z I  > 1  have to be replaced 

by L'(1) , L(1) and L-(l). The proof of the existence and 

uniqueness of that distribution does not differ from that 

in section 2.16. 

The result is as follows. 

For E{x} - < 1, E{y} < 1, lU(0,O) > 0 with the assumptions 

(8.7) and (9.1): f o r  lpll G 1, [p21 G 1, 

i. 
X Y  

if (p1,p2) is not a zero of p1p2- E{pl p2 1 then 

1 (1- p l m -  p2) 1 1 
(9.3) 

x+ J! . c E(1- - 2 

X 
ii. if (pl,p2) is a zero of p 1 2  p - E{p1-p2y} then 

(1- p l m -  p2) 

@(P1YP2) { 1- Plo(1,P1)1{1- P20(1YP2)) 
(9.4) 

here pl0(1,p1), lpll G 1 is the analytic continuation of 

the inverse mapping of pl(l,z) , z E Lt (1) onto SIt(1) , and 

p20(1yp2)y 1p21 G 1 is the analytic continuation of the inverse 
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+ 
mapping  of p 2 ( l , z ) ,  z 

s e c t i o n  7 ;  f u r t h e r  

L-(l) o n t o  S 2  (l), c f .  r e m a r k  3 . 2  a n d  

Remark  9 . 1  I f  5, a n d  2, are  i n d e p e n d e n t ,  s o  

( 9 . 7 )  Y ( p l , p 2 )  = Y ( p l , 1 ) Y ( l y p 2 )  E{pl-I X 

IP1 

t h e n  o b v i o u s l y  f o r  Ipl  

( 9 . 8 )  U P 1 ' P 2 )  = 0 

1 - P I  

Q 1, ( p 2 (  G 1 , c f .  (l.Z.lO), 

1 - P 2  
E { l -  E { 1 -  y } .  

- E{plLi} - p1 E{p2y} - p 2  

By e q u a t i n g  t h e  r i g h t h a n d  s i d e s  of ( 9 . 3 )  a n d  ( 9 . 8 )  it f o l l o w s  

r e a d i l y  t h a t  

I f +  Y 
( 9 . 9 )  c E { l - ~ } : E { l - z }  E { l - Y } ,  

O b v i o u s l y  b o t h  members in ( 9 . 1 0 )  s h o u l d  b e  e q u a l  t o  a c o n s t a n t  

w h i c h  i s  e v i d e n t l y  z e r o ,  t a k e  p l =  0 ,  a n d  n o t e  t h a t  Y ( 0 , O )  = 

Y ( O , l ) Y ( l , O )  > 0 .  

I t  f o l l o w s  t h a t  
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P 2 0 ( 1 , P 2 )  ~ y 

p2 

Because for l z l l  Q 1 t h e  f u n c t i o n  

IP2l Q 1. 

h a s  e x a c t l y  one z e r o  P ( z  1, c f .  ( 1 . 2 . 2 )  it f o l l o w s  by n o t i n g  

t h a t  p l ( l , z )  i s  t h e  i n v e r s e  o f  z =  p l 0 ( 1 , p 1 ) ,  ( z (  1 t h a t  

1 1  

t h e  second  r e l a t i o n  o f  ( 9 . 1 2 )  b e i n g  p roved  a n a l o g o u s l y .  

I t  s h o u l d  be o b s e r v e d  t h a t  f o r  I z I  = 1, 

and ( 9 . 1 2 ) ,  

p r e s e n t  a z e r o  ( p 1 , p 2 )  o f  t h e  k e r n e l  

- X 41. 
Z ( ~ , P ~ Y P ~ ) = P ~ P ~ - E I P ~  1 E { P ~  1 ,  

i f  ~f and are i n d e p e n d e n t .  Because  p l ( z )  i s  

( 2 1  < 1, c o n t i n u o u s  for I z I  Q 1, and  ana logoi  

c f .  ( 9 . 1 1 )  

w i t h  I z I  > 1 (> l ) , t h i s  p a r a m e t r i z a t i o n  o f  t h e  z e r o s  of  t h e  

k e r n e l  may be  used  f o r  t h e  a n a l y s i s  of  0 ( p 1 , p 2 )  a l o n g  t h e  same 

l i n e s  as i n  s e c t i o n  2 . 1 6 .  
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11.3.10. The case * (0,O) = aO0 = 0 

I n  t h e  a n a l y s i s  o f  t h e  p r e c e d i n g  s e c t i o n s  i t  h a s  a lways  

been  assumed t h a t  W ( 0 , O )  > O .  I n  t h i s  and t h e  f o l l o w i n g  s e c -  

t i o n s  it w i l l  be  assumed t h a t ,  c f .  (2.1.31, 

( 1 0 . 1 )  a o O -  Y ( 0 , O )  0 0, 

and 

( 1 0 . 2 )  a10 + aO1 # 0 .  

Note t h a t  aO0 = a10 = aO1 = 0 i m p l i e s  t h a t  E ( x +  y}  2 2, s o  t h a t  

E{x] - 2 1 a n d / o r  E{y} 2 1. 

The a s sumpt ion  ( 1 0 . 1 )  i n s t e a d  o f  Y ( 0 , O )  > 0 l e a d s  t o  

some r a t h e r  e s s e n t i a l  d i f f e r e n c e s  i n  t h e  a n a l y s i s  o f  t h e  

random walk {(xn,&,),n = 0,1,2,...~. 

We s t a r t  w i t h  t h e  f o l l o w i n g  

Lemma 1 0 . 1  F o r  Y ( 0 , O )  = 0 and 0 < r < 1: 
i. t h e  k e r n e l  Z ( r , g s , g s  1, I s 1  = 1 h a s  i n  lg l  Q 1 e x a c t l y  -1 

two z e r o s  g ( r , s )  and  g ( r , s ) ;  

g 2 ( r , s )  = o for e v e r y  s ,  I s 1  I ;  
2 

ii. 

iii. g ( r , s )  s a t i s f i e s  

i v .  g ( r , s )  # 0, I s1  1, i f  and o n l y  i f  a # a and i f  I @  0 1  
a10 aO1 t h e n  f o r  I s 1  1: 
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Proof The f i r s t  s t a t e m e n t  f o l l o w s  by a d i r e c t  a p p l i c a t i o n  of 

Rouchk ' s theorem.  The second  and  t h i r d  s t a t e m e n t s  f o l l o w  d i r e c t -  

l y  from ( 2 . 2 . 5 )  and ( l O . l ) ,  whereas  t h e  l a s t  one  f o l l o w s  from 

( 2 . 2 . 6 1 ,  ( 1 0 . 4 )  and  0 < r < 1. 0 

From ( 1 0 . 4 )  it f o l l o w s  f o r  1s)  = 1, 0 -C r < 1, t h a t  

2 ( 10 .5 )  l o g  g ( r , s )  = logCalOs + a 0 1  I -  l o g  s +  l o g  r 

m m k+h-2 k-h 

On 151 1 t h e  mgument  o f  t h e  l a s t  l o g a r i t h m  i n  ( 1 0 . 5 )  neve r  

o1 and s are b o t h  v a n i s h e s ,  c f .  ( 2 . 2 . 6 ) ;  f u r t h e r  alOs + a  

r e g u l a r  i n  I s 1  Q 1. I t  f o l l o w s ,  c f .  s e c t i o n  1 . 2 . 2  t h a t  

2 

( 1 0 . 6 )  i n d  g ( r , s )  -1 
Isl.1 

f o r  aO1 > a l O ;  

= o  f o r  aO1 = a l O ;  

= 1  f o r  aO1 < a lO.  

Hence 

0 1  > 9 0 ;  
(10.7) i. ind  g(r,s)s = 0 ,  i n d  g ( r , s ) s - l  - 2  f o r  a 

15(=1 ( s J = l  

= -1 f o r  a - 0 1  - ii. = 1, 

01 5 0 -  
iii. 2 ,  = 0 for a 

From ( 1 0 . 3 )  i t  i s  seen  t h a t  f o r  t u sei', I s 1  u 1, 

and c o n s e q u e n t l y  e a c h  o f  t h e  c u r v e s  
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i s  t r a v e r s e d  t w i c e  i f  s t r a v e r s e s  t h e  u n i t  c i r c l e  I s 1  = 1 

once .  

I n  s e c t i o n  2 c o n d i t i o n s  have been  i n v e s t i g a t e d  which 

g u a r a n t e e  t h a t  i n  t h e  case Y ( 0 , O )  > O ,  c f .  (2.221, t h e  

c l o s e d  cu rves  S l ( r )  and S2(r) are  n o t  s e l f i n t e r s e c t i n g .  

I n  t h e  p r e s e n t  c a s e  t h e  s i t u a t i o n  can  be more compl i ca t ed  be- 

c a u s e  of  t h e  v a r i e t y  of  t h e  p o s s i b l e  l o c a t i o n s  o f  p1 = 0 and  

p2 = 0 w i t h  r e s p e c t  t o  S 1 ( r )  and S 2 ( r ) ,  r e s p e c t i v e l y .  

T h e r e f o r e  w e  s h a l l  assume h e n c e f o r t h  t h a t  

(10 .10  S l ( r )  and S 2 ( r )  are bo th  J o r d a n  c o n t o u r s .  

Lemma 1 0 . 2  I f  a o o  - - 0 ,  aO1 a10 # 0 ,  0 < r < 1 and i f  S 1 ( r )  

and S 2 ( r )  are bo th  J o r d a n  c o n t o u r s  t h e n  t h e y  are b o t h  

smooth c o n t o u r s ,  t h e y  a r e  a n a l y t i c  c u r v e s ,  each  i s  t r a v e r s e d  

twice i f  s t r a v e r s e s  t h e  u n i t  c i r c l e  once and:  

t iii. aO1 ( a l 0  * p1 = 0 E s1 ( r ) ,  p2  = o E s 2 - ( r ) .  

-1 Proof  Because g - l Z ( r , g s , g s  

e x a c t l y  one z e r o  g ( r , s )  it f o l l o w s  t h a t ,  c f .  (2.4) , 

( 1 0 . 1 1 )  E { ( 2 - ~ - y ) g  ( r , s ) s  1 # 0 f o r  a l l  s w i t h  I s1  = 1. 

) h a s  f o r  I s 1  1 i n  lgl  G 1 

5+Y 5-41 

The assumpt ion  t h a t  S 1 ( r )  i s  a J o r d a n  c o n t o u r  i m p l i e s  

because  of  ( 1 0 . 1 1 )  and (2.4) t h a t  i t  i s  a smooth c o n t o u r ;  

t h a t  it i s  an  a n a l y t i c  c o n t o u r  r e s u l t s  from ( 1 0 . 1 1 )  s i n c e  

t h e  f o l l o w i n g  h o l d s  f o r  t h e  r e l e v a n t  z e r o  g ( r , s ) :  
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+ [ g ( r , s ) l  < I f o r  r E ( 3 , 1 ) ,  I s [ =  1. Hence t h e  i n t e r i o r  S1(r) and 

e x t e r i o r  S (r) o f  S (r) are  w e l l  d e f i n e d .  Analogous ly  f o r  

S2(r). Tha t  S1(r) i s  t r a v e r s e d  t w i c e  i f  s t r a v e r s e s  t h e  u n i t  

c i r c l e  once  h a s  been  shown above ,  see below ( 1 0 . 8 ) .  

- 
1 1 

Suppose a o1 < a10 t h e n  from ( 1 0 . 7 ) i i i  i t  f o l l o w s  t h a t  

log p1 f o r  p1 E Sl(r) i n c r e a s e s  by 4.rri i f  s t r a v e r s e s  t h e  

u n i t  c i r c l e  Is( = 1 o n c e ,  w h i l e  S l ( r )  i s  t h e n  t r a v e r s e d  

t w i c e ,  s o  t h a t  i t  f o l l o w s  t h a t  p1 = 0 E Sl+(r). The o t h e r  

s t a t e m e n t s  i ,  ii and iii a r e  proved  a n a l o g o u s l y .  0 

R e m a r k  1 0 . 1  I t  i s  r e a d i l y  s e e n  t h a t  i f  s t r a v e r s e s  t h e  u n i t  

c i r c l e  t h e n  S 1 ( r )  and S2(r) are  t r a v e r s e d  i n  o p p o s i t e  d i r e c -  

t i o n s ,  c f .  ( 1 0 . 7 1 ,  r e l a t i v e  t o  e a c h  o t h e r .  

R e m a r k  1 0 . 2  A s  i n  lemma 2 . 3  it  may be shown t h a t  t h e r e  e x i s t  

f u n c t i o n s  P 1 ( r , p 2 )  and P 2 ( r y p 1 )  such  t h a t  

P l ( r , p 2 )  maps S2(r) one-to-one o n t o  S1(r)¶ 

P 2 ( r , p 1 )  maps Sl(r) one-to-one o n t o  S2(r); 

( P 1 ( r , p 2 ) , p 2 ) ,  p2  E S2(r) and s i m i l a r l y  (pl,P2(r,pl)), p1 E S 1 ( r )  

are  z e r o s  o f  Z ( r . p l , p 2 )  i n  lpll  1, lp21 Q 1. 

Next we s h a l l  c o n s i d e r  f o r  each  o f  t h e  t h r e e  c a s e s  

mentioned i n  l e m m a  1 0 . 2  t h e  problem f o r m u l a t e d  i n  s e c t i o n  3 :  

Do t h e r e  e x i s t  a smooth c o n t o u r  L ( r )  and f u n c t i o n s  

p l ( r y z ) , z  E L (r) t 
U L ( r ) ,  p 2 ( r y z ) y z  E L - ( r )  U L ( r ) ,  such  t h a t  

+ ( 1 0 . 1 2 )  i. p l ( r , z )  i s  r e g u l a r  and u n i v a l e n t  f o r  z E L (r), 

c o n t i n u o u s  f o r  z E L+(r) u L(r), 

p 2 ( r , z )  i s  r e g u l a r  and  u n i v a l e n t  f o r  z E L - ( r ) ,  

c o n t i n u o u s  f o r  z E L - ( r )  u L ( r ) ;  
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t t ii. p l ( r , z )  maps L (r) confo rma l ly  o n t o  S1 (r), 

p 2 ( r , z )  maps L - ( r )  con fo rma l ly  o n t o  s 2  (r); t 

iii. f o r  eve ry  z E L ( r ) :  
t 

p1 (r,z) = P l ( r , p 2 - ( r , z ) ) ,  

p g  ( r , z )  P 2 ( r , p 1  ( r , z ) ) ,  
- t 

t i . e .  (p l  ( r , z ) , p 2 - ( r , z ) ) ,  z E L(r) i s  a z e r o  o f  Z ( r , p 1 , p 2 ) .  

Note t h a t  i n  ( 1 0 . 1 2 )  t h e  ana logue  o f  c o n d i t i o n  ( 3 . l ) i v  

h a s  n o t  y e t  been  f o r m u l a t e d .  I t  w i l l  be f o r m u l a t e d  when d i s -  

c u s s i n g  t h e  t h r e e  c a s e s  o f  lemma 1 0 . 2  i n  more d e t a i l ,  see 

s e c t i o n s  11 and 1 2 .  

Fo r  t h e  p r e s e n t  suppose  t h a t  t h e r e  e x i s t  a n  L ( r )  and 

f u n c t i o n s  p l ( r , z ) ,  p 2 ( r , z )  s a t i s f y i n g  t h e  c o n d i t i o n s  

( 1 0 . 1 2 ) i ,  ..., iii. 
From ( 1 0 . 9 )  it i s  t h e n  s e e n  t h a t  a r e a l  f u n c t i o n  A ( r , z )  

d e f i n e d  on L ( r )  e x i s t s  such  t h a t  f o r  z E L ( r ) :  
t 

e i A ( r , z )  : =  ~ 1 ( ~ > ~ )  

?; ( r  , z ) 
( 1 0 . 1 3 )  

and 
( 1 0 . 1 4 )  p l ( r , z )  t = g ( r , e  i i A ( r , z ) ) e J i A ( r y z )  

Y 

Y 

p;(r,z) g ( r , e  J i A ( r , z ) ) e - & i A ( r y z )  

Note t h a t  (10 .14 )  d i f f e r s  s l i g h t l y  from ( 6 . 1 ) $  t h i s  d i f f e r e n c e  

b e i n g  due t o  t h e  f a c t  t h a t  f o r  t h e  p r e s e n t  c a s e  aO0  0 

c o n t o u r s  S (r) and S (r) a r e  t r a v e r s e d  t w i c e  if s t r a v e r s e s  

Is] 1 once ,  so  i f  z t r a v e r s e s  L(r) once t h e n  A ( r , z )  changes  

w i t h  2 ~ .  

t h e  

1 2 

I t  f o l l o w s  from ( 1 0 . 7 )  t h a t  
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ii. 2 )  = -;, i f  a 0 1  
- 1  - -  

0, i f  aO1 < aI0. iii. 1, 

Note i n  case ii. p1 = 0 E S l ( r ) .  Fo r  such  a case t h e  concep t  

of  i n d e x  h a s  n o t  been  d e f i n e d  i n  s e c t i o n  1.2.2 b u t  i t s  

d e f i n i t i o n  can  be s t r a i g h t f o r w a r d l y  ex tended  f o r  s m o o t h  

cupves .  

T o  p r e p a r e  t h e  d e r i v a t i o n  o f  t h e  i n t e g r a l  e q u a t i o n  f o r  

t h e  t h r e e  cases, see t h e  n e x t  two s e c t i o n s ,  w e  w r i t e ,  c f .  

(10.14), f o r  z E L ( r ) :  

( 1 0 . 1 6 )  i .  f o r  aO1 > alO: 

w i t h  t h e  main b ranches  o f  t h e  l o g a r i t h m s  a p p r o p r i a t e l y  d e f i n e d  

( l a t e r  o n i t  w i l l  be s e e n  t h a t  i t  i s  i r r e l e v a n t  which b ranch  

i s  t a k e n ,  see remark 1 1 . 2 ) .  



194 Analysis of twodimensional random walk 11.3.10. 

The argument f o r  e x p r e s s i n g  t h e  r e l a t i o n s  ( 1 0 . 1 4 )  i n  t h e  

forms  o f  ( 1 0 . 1 6 )  f o r  t h e  t h r e e  c a s e s  i s  t h e  f o l l o w i n g .  

By t a k i n g  t h e  o r i g i n  i n  t h e  z -p l ane  so  t h a t  
t z = 0 E L  ( r )  i n  t h e  c a s e s  i and iii, and z 0 L ( r )  i n  

t h e  c a s e  ii, a l l  t h e  r i g h t h a n d  s i d e s  o f  t h e  r e l a t i o n s  ( 1 0 . 1 6 )  

have  a " z e r o  i n c r e a s e "  i f  z t r a v e r s e s  L ( r ) ,  and also each  

o f  t h e  t e rms  i n  t h e  l e f t h a n d  s i d e s  t h e n  h a s  a " z e r o  i n c r e a s e " .  

These p r o p e r t i e s  are needed t o  d e r i v e  t h e  i n t e g r a l  

e q u a t i o n  for t h e  d e t e r m i n a t i o n  o f  L ( r )  and X ( r , z )  by a 

t e c h n i q u e  ana logous  t o  t h a t  used  i n  s e c t i o n  6 ,  see a l s o  t h e  

a n a l y s i s  o f  t h e  Riemann problem w i t h  i n d e x  > 0 ,  s e c t i o n  

1 . 2 . 3 ,  c a s e  B .  
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11.3.1 1. The case aO0 = 0, aO1 f alo, 0 < r < 1 

Next t o  t h e  c o n d i t i o n s  ( 1 0 . 1 2 ) < ,  ..., iii t o  be s a t i s f i e d  

by L ( r ) ,  p ( r , z )  and p 2 ( r , z )  i t  i s  r e q u i r e d  t h a t :  1 

(11.1) f o r  aO1 < alO: 

z =  0 E L+(r), 

y : =  l i m  p2(ryz) E s2+(r); 
I l+m 

( 1 1 . 2 )  f o r  aO1 > alO: 

Again L ( r )  w i l l  be chosen  such  t h a t ,  c f .  remark 3 . 1 ,  

( 1 1 . 3 )  z 1 E L(r) and X(r,l) 0 .  

C o n s i d e r  t h e  case aO1 < alO. Then t h e  c o n d i t i o n s  ( 1 0 . 1 2 ) i y  ii, 

iii, and (11.1) t o g e t h e r  w i t h  t h e  a s sumpt ion  ( 1 0 . 1 0 )  f o r m u l a t e  

for L ( r ) ,  p l ( r , z )  and p 2 ( r , z )  a problem of a s i m i l a r  t y p e  

as t h a t  posed  i n  s e c t i o n  3 .  By a s imilar  t e c h n i q u e  as used  

f o r  t h e  p roof  of theorem 3 .1  it may be shown t h a t  t h e  smooth 

c o n t o u r  L ( r )  and t h e  f u n c t i o n s  p ( r , z ) ,  p2(r,z) do e x i s t  and  

are  unique  i f  ( 1 1 . 3 )  h o l d s ,  moreover L ( r )  i s  a n  a n a l y t i c  

c o n t o u r  f o r  r E ( 0 , l ) .  

1 

A s  i n  ( 6 . 8 )  it  i s  proved  f o r  t h e  p r e s e n t  case t h a t  
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( 1 1 . 4 )  g ( r , e i i h ( r , z )  ) a n d  A ( r , z )  s a t i s f y  on  L(r) a 

H6lder c o n d i t i o n .  

O b v i o u s l y ,  t h e  f u n c t i o n ,  c f .  ( 1 0 . 1 2 ) ,  ( 1 0 . 1 4 )  a n d  ( l l . l ) ,  
t 

P 1  ( r , z )  = l o g  z -1 g ( r , e ~ i X ( r ~ z ) )  + $ i i ( r , z ) ,  
( 1 1 . 5 )  l o g  

t s h o u l d  b e  t h e  b o u n d a r y  v a l u e  of a f u n c t i o n  r e g u l a r  i n  L ( r ) ,  

w h e r e a s  

s h o u l d  b e  t he  b o u n d a r y  v a l u e  of a f u n c t i o n  r e g u l a r  i n  L - ( r )  

a n d  w h i c h  i s  f i n i t e  a n d  n o n z e r o  a t  i n f i n i t y ,  c f .  (11.1). By 

u s i n g  s e c t i o n  1 . 1 . 9  these c o n d i t i o n s  l e a d  t o ,  f o r  z E L(r): 

Hence by a d d i t i o n  a n d  s u b t r a c t i o n  of t h e s e  r e l a t i o n s ,  
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p1 (r, z )  + w i t h  l o g  r e g u l a r  f o r  z E L (r), c o n t i n u o u s  f o r  
+ z E L ( r )  U L (r), a n d  l o g  p 2 ( r , z )  r e g u l a r  f o r  z E L - ( r ) ,  con-  

t i n u o u s  f o r  z e L ( r )  U L - ( r )  and  f i n i t e  a t  i n f i n i t y  i s  now 

g i v e n  by:  

The i n t e g r a l  e q u a t i o n  f o r  t h e  d e t e r m i n a t i o n  o f  L ( r )  and 

A ( r , z )  r eads ,  c f .  ( l l . E ) ,  f o r  z E L ( r ) :  
iiA(r,c) 

[ { l o g  g C r y e  ' I X  
2 - f  

c.EL(r) fi iA(r,z) = . 2 n i  (11.11) 
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a n d  a n  e q u i v a l e n t  i n t e g r a l  e q u a t i o n  i s ,  c f .  ( 1 1 . 8 1 ,  ( 1 1 . 9 ) ,  

f o r  z E L(r): 

From ( 1 1 . 1 0 )  i t  is s e e n  by  a p p l y i n g  t h e  P l e m e l j - S o k h o t s k i  

f o r m u l a s  t h a t  f o r  z E L(r): 

Hence t h e  r e l a t i o n s  ( 2 1 . 1 0 )  r e p r e s e n t  f o r  t h e  case aO1 C: a10 , 

0 < r < 1 a s s u m i n g  ( 1 0 . 1 0 )  t o  h o l d ,  t h e  s o l u t i o n  of t h e  prob- 

l e m  f o r m u l a t e d  by  (10.12), ( l O . l 6 ) i i i ,  (11.1) a n d  ( 1 1 . 3 ) ,  

w i t h  L(r) a n d  A(r,z), z E L(r) d e t e r m i n e d  by  (11.11). A s  i n  

s e c t i o n  6 it i s  a r g u e d  t h a t  t h e  s o l u t i o n  of the  i n t e g r a l  

e q u a t i o n  (11.11) i s  u n i q u e .  

I n  e x a c t l y  t h e  same way it i s  shown t h a t  for t h e  case 

> ale, 0 < r < 1 a n d  ( 1 0 . 1 0 )  t h e  s o l u t i o n  of t h e  p r o b l e m  1 
f o r m u l a t e d  by  ( 1 0 . 1 2 ) ,  ( 1 0 . 1 6 ) i y  ( 1 1 . 2 )  a n d  ( 1 1 . 3 )  i s  g i v e n  b y :  

f o r  aO1 > alO: 
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L(r) a n d  X(r,z) are u n i q u e l y  d e t e r m i n e d  b y :  

Remark 12.1 The f o r m u l a s  ( l l . l O ) ,  a n d  a l s o  ( 1 1 . 1 5 1 ,  are  o f  

t h e  same s t r u c t u r e  as ( 6 . 1 4 ) .  S i m i l a r l y ,  t h o s e  c o r r e s p o n d i n g  

t o  ( 6 . 1 6 )  c a n  b e  d e r i v e d  h e r e .  

Remark 1 1 . 2  Note  t h a t  i n  all t h e  r e l a t i o n s  a b o v e  t h e  d e f i n i t i o n  

o f  t h e  main  b r a n c h  o f  t h e  v a r i o u s  l o g a r i t h m s  i s  i r r e l e v a n t ,  

b e c a u s e  i f  a n o t h e r  b r a n c h  i s  t a k e n  t h e n  t h e  e x p o n e n t  o f  e i n ,  

s a y  ( 1 1 . 1 5 ) ,  i n c r e a s e s  w i t h  a m u l t i p l e  o f  2 ~ i .  

To d e t e r m i n e  @ x y ( r , p 1 , p 2 ) y  c f .  ( 1 . 1 . 1 9 )  w e  w r i t e ,  n o t e  

Y ( 0 , O )  = 0 i n  t h e  p r e s e n t  case, 

( 1 1 . 1 8 )  @ 
XY 

- 2 -  

'2 y 2 ( o , p 2 ) o  ( r , 0 , p 2 )  I - r -  
XY 1 -  P2 

for 0 < r < 1, l p l l  Q 1, (p21 

( 1 1 . 1 9 )  

1, w i t h  

Y1(p1 ,0) :=  - 1 Y(p1,0) ,  Y*(0 ,p2) :=  - 1 Y ( 0 , p 2 ) .  
P l  p2 
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Note t h a t  Y l (p l ,O) ,  lp l l  < 1 and Y 2 ( 0 , p 2 ) ,  Ip21 < 1 a r e  

b o t h  r e g u l a r  b e c a u s e  Y ( 0 , O )  = 0 .  

A s  b e f o r e ,  c f .  s e c t i o n  2 . 5 ,  it s h o u l d  h o l d  f o r  e v e r y  

z E L ( r ) :  

Obv ious ly  t h e  f i r s t  term i n  ( 1 1 . 2 0 )  s h o u l d  be  r e g u l a r  

f o r  z E L t ( r ) ,  c f .  ( 1 1 . 1 9 1 ,  and c o n t i n u o u s  for z E L(r) U L t ( r ) ,  

s i m i l a r l y  t h e  second  t e r m  i n  ( 1 1 . 2 0 )  s h o u l d  be  r e g u l a r  f o r  

z E L - ( r ) ,  c o n t i n u o u s  f o r  z E L ( r )  U L - ( r ) .  

By n o t i n g  t h e  a s sumpt ions  ( 1 . 3 )  it i s  s e e n  t h a t  t h e  

d e t e r m i n a t i o n  o f  @ x y ( r , p l ( r , z ) , O )  and  @ 

q u i r e s  t h e  s o l u t i o n  of a Riemann boundary  v a l u e  problem w i t h  

boundary c o n d i t i o n  ( 1 1 . 2 0 ) .  

( r , 0 , p 2 ( r , z ) )  re- 
XY 

To s o l v e  it n o t e  t h a t  

p 2 ( r , z )  
( 1 1 . 2 2 )  r Y 2 ( 0 , p 2 ( r , z ) ) @  ( r , 0 y p 2 ( r , z ) )  

h a s  f o r  Iz1+ 03 a f i n i t e  l i m i t  A ( r ) ,  and  c f .  (11.1) and ( 1 1 . 2 ) ,  

1-  P 2 ( r Y z )  XY 



11.3.1 1. The general random walk 201 

o b s e r v e  t h a t  t h e  maximum modulus p r i n c i p l e  i m p l i e s  t h a t  

By t a k i n g  z = 0 i n  ( 1 1 . 2 5 )  i t  f o l l o w s  t h a t  

Hence from ( 1 1 . 2 5 1 ,  ..., ( 1 1 . 2 7 ) ,  and  by u s i n g  ( 1 1 . 1 0 )  w i t h  

z + 0: f o r  aO1 alO, 
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a n d  

w i t h  p , ( r , z )  a n d  p 2 ( r , z )  g i v e n  by  ( 1 1 . 1 5 ) ,  ( 1 1 . 1 6 ) .  

The f u n c t i o n  O 

from ( 1 1 . 1 8 )  a n d  ( 1 1 . 2 8 ) ,  ( 1 1 . 2 9 )  i f  aO1 rC a10 a n d  ( 1 1 . 3 0 ) ,  

( 1 1 . 3 1 )  i f  aO1 > alO, a n d  t h e  f u r t h e r  a n a l y s i s  p r o c e e d s  as i n  

s e c t i o n s  7,2.7-9. A l s o  f o r  r = 1, E { x )  < 1, E{y} < 1 t h e  a n a l y s i s  

of t h e  s t a t i o n a r y  d i s t r i b u t i o n  c a n  b e  g i v e n  a l o n g  t h e  l i n e s  of 

s e c t i o n  9 ;  it i s  o m i t t e d  h e r e  a n d  l e f t  as a n  e x e r c i s e  f o r  t h e  

i n t e r e s t e d  r e a d e r .  

( r , p l ( r , z ) ,  p 2 ( r y z ) )  c a n  now b e  d e t e r m i n e d  
XY 
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11.3.12. ThecaseaO0 = 0,aO1 = a l 0 # 0 , O < r < 1  

The c a s e  

( 1 2 . 1 )  a o O  E Y ( 0 , O )  = 0 ,  aol  = a10 # 0, 

r e q u i r e s  an  a n a l y s i s  s l i g h t l y  d i f f e r e n t  f rom t h a t  i n  t h e  

p r e c e d i n g  s e c t i o n  because  of  t h e  o c c u r r e n c e  o f  a s i n g u l a r i t y  

of  t h e  i n t e g r a n d  on t h e  c o n t o u r  L ( r ) ,  n o t e  t h a t  ( 1 0 . 1 5 ) i i  

i m p l i e s  z = 0 E L ( r ) .  

I n  t h e  p r e s e n t  case, c f .  lemma 1 0 . 2 ,  w e  have  

p1 = 0 E Sl(r), p 2  = 0 E S 2 ( r ) ,  so  i t  i s  s e e n  t h a t  

( 1 2 . 2 )  l o g  p l ( r , z )  i s  r e g u l a r  f o r  z E L t ( r ) ,  

p1 ( r , z )  = 0 f o r  z 0 E L ( r ) ,  t 

and 

(12.4) o < l l i m  p 2 ( r , z ) l  < a ;  
Izl +.m 

t t o b s e r v e  t h a t  p 2 ( r , z )  E S 2  ( r )  f o r  z E L - ( r )  and t h a t  S2 ( r )  

is a bounded domain n o t  c o n t a i n i n g  p - 0 .  2 -  

Again ( n o t e  t h a t  z = 0 h a s  t o  be  e x c l u d e d )  c f .  (10.14), 

t s h o u l d  be t h e  boundary v a l u e  o f  a f u n c t i o n  r e g u l a r  i n  L (r), 

and 
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s h o u l d  be  t h e  boundary  v a l u e  o f  a f u n c t i o n  r e g u l a r  i n  L - ( r ) ,  

s a t i s f y i n g  ( 1 2 . 4  1.  

To h a n d l e  t h e s e  c o n d i t i o n s  r e s u l t s  as d e r i v e d  i n  s e c t i o n  

1 . 1 . 9  a r e  needed .  However, t h e s e  r e s u l t s  c a n n o t  be  a p p l i e d  

d i r e c t l y ,  b e c a u s e  g ( r , e i i A ( r y z ) )  h a s  a z e r o  on L ( r )  ( c f .  l e m m a  

1 O . l . i v  f o r  s = t i ,  or ( 1 0 . 1 5 ) i i )  s o  t h a t  i t s  l o g a r i t h m  h a s  

a s i n g u l a r i t y  on L ( r ) .  We s h a l l ,  t h e r e f o r e ,  f i r s t  p r o c e e d  

r a t h e r  f o r m a l l y ,  i . e .  we d o  assume t h a t  ( 1 . 1 . 9 . 2 )  and  ( 1 . 1 . 9 . 4 )  

a p p l y ,  and we s h a l l  l a t e r  on  d i s c u s s  t h e  v a l i d i t y  o f  t h e  

r e s u l t s  d e r i v e d .  

So  f rom ( 1 . 1 . 9 . 2 ) ,  ( 1 . 1 . 9 . 4 1 ,  ( 1 2 . 5 )  and  ( 1 2 . 6 )  we are  

l e d  t o ,  for z E L ( r ) \ { O ] :  

w i t h  

y : =  l i m  p 2 ( r y z ) .  
I z b m  

By a d d i n g  and  s u b t r a c t i n g  t h e  r e l a t i o n s  ( 1 2 . 7 )  it f o l l o w s ,  f o r  

z E L ( r ) \ { O } :  
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To d i s c u s s  t h e  v a l i d i t y  of t h e  r e l a t i o n s  (12.8) and 

(12.9) it  i s  f i r s t  obse rved  t h a t  (12.1) and lemma 10.1 imply  

t h a t  

s econd ly  (10.14),(12.10) and t h e  f a c t  t h a t  h ( r , z )  s h o u l d  change 

w i t h  2n i f  z t r a v e r s e s  L ( r )  once ,  c f .  (6.4), l e a d s  t o  ( c f .  

a l s o  (11.3)), 

w i t h  X ( r , O - ) ( X ( r , O t ) ) t h e  v a l u e  o f  X(r,z) a t  z = 0 i f  z 

t r a v e r s e s  L ( r )  from z 1 t o  z 0 clockwise(antic1ockwise); 

n o t e  t h a t  z = 0 can  be  t h e  o n l y  d i s c o n t i n u i t y  p o i n t  o f  X ( r , z ) .  

By u s i n g  t h e  same t e c h n i q u e ,  w i t h  o n l y  minor m o d i f i c a t i o n s ,  

as a p p l i e d  i n  c o n s t r u c t i n g  t h e  p roof  o f  theorem 3.1, c f .  

s e c t i o n  5, it can  be shown t h a t  t h e  c o n t o u r  L(r) and t h e  func -  

t i o n s p l ( r , z ) ,  p2(r,z) s a t i s f y i n g  (10,12), (12.2),...,(12.4) 

and z 1 E L ( r )  e x i s t  and are  un ique  ( c f .  remark 3.1), 

(assuming t h a t  (10.10) h o l d s )  and t h a t  L ( r )  i s  a n  a n a l y t i c  

c o n t o u r .  A s  i n  s e c t i o n  6 ,  c f .  (6.81, it i s  shown f o r  t h e  

p r e s e n t  case t h a t  g ( r , e 5  ' i * ( r ' z ) )  and  X ( r , z )  s a t i s f y  t h e  H(1)- 

c o n d i t i o n  on L ( r )  b u t  l o g  g ( r , e ' i A ( r y z ) )  

on L ( r ) \ { O } ,  because  o f  (12.10) t h e  p o i n t  z 0 E L ( r )  s h o u l d  

be e x c l u d e d .  

s a t i s f i e s  i t  o n l y  

I t  can  now be  shown, c f .  [ S I ,  p . 5 5 ,  p . 4 0 7 ,  and  [ 7 1 ,  p . 7 4  

t h a t  t h e  i n t e g r a l  i n  t h e  r i g h t h a n d  s i d e  of (12.8) i s  w e l l  de- 

f i n e d  f o r  z E L ( r ) ,  z # 0 ,  and  t h a t  f o r  z + 0 ,  z E L ( r ) ,  
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where R ( z )  is a function bounded in the vicinity of z = 0 

and tending to a definite limit if z approaches the point "0" 

along any path, and where by log z is to be understood any 

branch, one-valued near z = 0 in the z-plane cut from z = 0 

to m; 

0 

ii. the integral in (12.12) as a function of z is regular for 

z E L t ( r )  as well as for z E L - ( r )  and for z + t E L ( r ) \ { O l  

the Plemelj-Sokhotski formulas, cf.(I.1.6.4), apply. 

The integrand of the integral in (12.9) is also not con- 

tinuous at< = O +  and at5 = 0-. To define this integral write 

for z f 0: 

It is not difficult to show by using (10.4) and the same 

type of arguments as applied in section 6 that 

log{g(r,e aiXcry5 I / < }  has a limit if 5 tends to 0- along L(r) 

as well as that it has a limit if 5 tends to O t  along L ( r ) ;  

and it is readily proved, because g(r,e ) satisfies the 

H(l)-condition on L ( r )  that the singular integral 

1 
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e x i s t s ,  c f .  f i g .  7 ,  where 

C - p e  

D = P ,  

; i n  

A pe-$i.ir . 

F o r  p J. 0 :  C -+ O t ,  A + 0-; f i g .  7 

f o r  t h e  l o g a r i t h m  i n  ( 1 2 . 1 4 )  t a k e  any b ranch  i n  t h e  z -p l ane  

c u t  from 0 t o  m. 

F u r t h e r  i t  i s  e a s i l y  v e r i f i e d  t h a t  

l o g  z b e i n g  d e f i n e d  i n  t h e  p l a n e  as c u t  i n  f i g .  7 .  

Consequent ly  

t where i l l ( . )  is r e g u l a r  for z E L ( r ) ,  f i 3 ( . )  i s  r e g u l a r  f o r  

z E L - ( r )  and Q 2 ( z )  i s  bounded on L ( r )  and h a s  a l i m i t  i f  

z -+ 0 a l o n g  L ( r ) ;  it i s  r e a d i l y  v e r i f i e d  t h a t  i f  i n  ( 1 2 . 1 6 )  
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z + t E L(r) \{O)  from o u t  L t ( r )  or L - ( r )  t h e n  t h e  P leme l j -  

Sokho t sk i  formulas  ( 1 . 1 . 6 . 4 )  a p p l y .  

The i n t e g r a l s  i n  ( 1 2 . 8 )  and ( 1 2 . 9 )  t h u s  have  been 

d e f i n e d  and as i n  s e c t i o n  1 . 1 . 9  it i s  s e e n  t h a t  t h e  r e l a t i o n s  

( 1 2 . 8 )  and ( 1 2 . 9 )  f o r m u l a t e  t h e  n e c e s s a r y  and s u f f i c i e n t  con- 

d i t i o n s  i n  o r d e r  t h a t  t h e  r i g h t h a n d  s i d e s  o f  ( 1 2 . 5 )  and ( 1 2 . 6 )  

are boundary v a l u e s  of  r e g u l a r  f u n c t i o n s .  T h i s  r e s u l t  can 

a l s o  be  r eached  by a n  a p p l i c a t i o n  of  Pr iwalow's  t heo rem,  

c f .  [ e l ,  c h a p t e r  X .  

Because z 0 E L ( r ) ,  t h e  c o n s t a n t  A i n  remark 3 . 1  needed 

t o  f i x  t h e  p o s i t i o n  of  L ( r )  ha s  s t i l l  t o  be de t e rmined ,  it i s  

chosen so  t h a t  

( 1 2 . 1 7 )  X(r,l) = 0 

I t  t h e n  f o l l o w s  from ( 1 2 . 8 )  and ( 1 2 . 9 )  t h a t  

The Riemann boundary v a l u e  problem f o r m u l a t e d  by 

( 1 2 . 2 ) , . . . , ( 1 2 . 4 )  w i t h  boundary c o n d i t i o n ,  f o r  z E L ( r ) \ { O l :  

c f .  a l s o  ( 1 0 . l 6 ) i i y  i s  now r e a d i l y  s o l v e d  and i t s  s o l u t i o n  

r e a d s  as f o l l o w s ,  s e e  a l s o  t h e  p r e c e d i n g  s e c t i o n .  

For aO1 aI0  (assuming ( 1 0 . 1 0 )  h o l d s ) :  
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The integral equation for the determination of L(r) and 

A(r,z) reads, for z E L ( r ) \ { O l :  

L ( r )  and X(r,z) are uniquely determined by (12.21) with X(r,z) 

strictly increasing on L(r), h(r,l) 0, A(r,O-) = - 7 1 ,  

h(r,O+) = T I .  

The integral equation equivalent with (12.21) reads,for 

z E L ( r ) \ { O l  , 

Further 
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To determine @xy(ryp1,p2)y cf. (1.1.19) and also (11.181, 

we have to solve the Riemann boundary value problem described 

by (11.20) as boundary condition with pl(r,z) and p2(ryz) 

given by (12.20). In the same way as (11.25) and (11.26) have 

been derived, using the assumptions (1.3) it follows that 

P1 (r, 2 )  
Yl(pl(r,z),~)@ (rypl(r,z),O) - T p z J  XY 

(12.24) 

t 
By letting z -+ 0, z E L (r) the lefthand side in (12.24) 

tends to zero, and the righthand side yields by applying 

the Plemelj-Sokhotski fol?mula, cf. (1.1.6.41, 

H (0) = 0, 
XY 

(12.27) 

it follows that 
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T h i s  result i s  also obtained if we start from (12.25) 

by letting z +. 0, z E L - ( r ) .  

It follows: 

Pi (11 , 2 )  
r Yl(pl(ryz),O)Q (r,pl(r,z),0) 
1 - pl(r,z) XY 

(12.29) 

To determine Q ( r , O , O )  let in (12.29) z +. 0 ,  z E L+(r) 
XY 

and apply the Plemelj-Sokhotski formula, then 

Because of (11,21), (12.2) and (12.3) and because pl(r,z) is 

regular on the analytic contour L ( r )  it follows that 

hence 



212 Analysis of two-dimensional random walk 11.3.12. 

From ( 1 2 . 1 1 ,  ( 1 2 . 2 0 ) ,  ( 1 2 . 2 1 )  and l e m m a  1 0 . 1  and  because  o f  t h e  

c o n t i n u i t y  o f  p l ( r , z )  i n  z E L (r) U L ( r )  it f o l l o w s  

( 1 2 . 3 4 )  l i r n  l i m  
z+o z+o 

z E L + ( r )  z € L ( r )  

t 

P l ( P , Z )  P;(P , Z )  

n o t e  t h a t  { a h ( r  a,’ ’) j z = o  e x i s t s ,  i s  f i n i t e  and nonzero  because  

p , ( r , z )  and h e n c e X ( r , z )  i s  r e g u l a r  a t  z 0 ( a p p l y  t h e  same 

argumemt as i n  s e c t i o n  6 ) .  We s h a l l  n o t  c o n t i n u e  h e r e  t h e  

a n a l y s i s  o f  t h e  p r e s e n t  c a s e ,  i t  p roceeds  ana logous ly  t o  t h a t  

i n  s e c t i o n  9 .  

Remark 1 2 . 1  I f  i n  t h e  p r e s e n t  case x and 41. are exchangeable  

v a r i a b l e s ,  c f .  s e c t i o n  2 . 1 ,  t h e n  L ( r )  i s  t h e  c i r c l e  w i t h  r a d i u s  

$ and c e n t e r  a t  z 4 ( f o r  O < c r < l ) .  To prove  t h i s  p u t  

t and deno te  by I I l ( r , z )  t h e  mapping which maps K 

o n t o  S1 (r), such  t h a t  

confo rma l ly  
t 

Riemann’s mapping theorem i m p l i e s  t h a t  t h i s  map e x i s t s  and  

t h a t  i t  i s  unique  because  S (r) i s  symmetric w i t h  r e s p e c t  t o  

t h e  r e a l  a x i s .  
1 
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Defire f o r  o > 0: 

+ Then f l l ( r , < ( z ) )  maps K- c o n f o r m a l l y  o n t o  S1 (r) . Because  

t h e  e x c h a n g e a b i l i t y  o f  5 and  y i m p l i e s  t h a t  g(r,s),)s/ 1 is 

r e a l ,  so t h a t  

p 2  = P 2 ( r , p l )  PI f o r  p1 E sl(r), 

t it f o l l o w s  t h a t  I 1 1 ( r , 5 ( z ) )  maps K- c o n f o r m a l l y  o n t o  S2 (r). 

F u r t h e r  ( p l , p 2 )  w i t h  

i s  a z e r o  o f  t h e  k e r n e l  Z ( r , p 1 , p 2 )  

C o n s e q u e n t l y  by t a k i n g  

it i s  s e e n  t h a t  p l ( r , z )  a n d  p ( r , z )  s a t i s f y  t h e  c o n d i t i o n s  

(12.2), . . .  , ( 1 2 . 6 ) .  A s  b e f o r e  t h e  u n i q u e n e s s  o f  p l ( r , . ) ,  p 2 ( r , . )  

and  L(r) is e s t a b l i s h e d ,  s o  t h a t  L(r) = K .  

2 
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11.4. RANDOM WALK WITH POISSON KERNEL 

11.4.1. Introduction 

In queueing models quite often the arrival process of the 

customers is characterized by a Poisson process. For such models 

with a two-dimensional state space the kernel is of a very specfal 

type, and this allows a type of analysis which is somewhat less 

intricate than that for the general case described in the 

preceding chapters. 

We shall discuss one thing and another in this chapter. 

Let B(.) be a probability distribution with support ( 0 , ~ ) ~  it is 

always assumed that B(.) is not a lattice distribution. 

Put 

(1.1) 
W 

B ( p )  : =  J e-PtdB(t), Re p 0, 
0 

m 

B : =  J tdB(t). 
0 

In the following X will be a positive number, rl and r2 will 

be such that 

(1.2) rl t r2 1, 0 < ri < 1, i = 1,2. 

Further 

(1.3) ai:= riAB , i 1,2, 

a:= al t a2. 

The kernel Z(r,p1,p2), cf.(1.1.20), is said to be a Poisson 

kernel if the joint distribution of ( 5 , ~ ) ~  cf. (l.l.l), is given 

by : for k = 0,1,2, ...; h = 0,1,2,..., 
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then 

R e m a r k  1 . 1  

continuation for 

Note that Z(r,p1,p2) can be defined by analytic 

rlRe p1 + r Re p2 Q 1. 
2 

R e m a r k  1 . 2  By putting 

(1.6) 

q1 : =  2FlP1Y 92 : =  2r2P2, 

the kernel (1.5) can be written as 

and it is seen that this form is symmetric in q1 and q , so 
that the technique developed in chapter 11.2 may be applied. 

2 
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11.4.2. The Poisson kernel 

Denote by 

a g a i n  f o r  0 < r < 1 t h e  z e r o  of 

i n  lgl < 1 which s a t i s f i e s ,  c f .  lemma 2.3.1, 

P u t  

and 

-1 
(2.5) 

From (2.2) and (2.4) f o r  6 E D and I s 1  = 1: 

D : =  { 6 :  6 = (r 1~+r2s ) g ( r , s ) ,  I s 1  = 1). 

Because f o r  161 + m ,  Re 6 < 1: 

it  follows t h a t  for rE(0,l) and (p1sfr2s-'l G 1, t h e  e q u a t i o n  

(2.6) has  e x a c t l y  one r o o t  i n  Re 6 Q 1; app ly  Rouchk's theorem t o  the,  

con tour  c o n s i s t i n g  of R e 6  = 1 and t h e  s e m i c i r c l e  6 = P  e i @ , p  3- 1, 

- $ T  =G c$ G in and n o t e  t h a t  on t h i s  con tour  I~{A(l-cS)}l < 1, 
8{X(1-6)] be ing  r e g u l a r  for R e  6 < 1, con t inuous  f o r  R e  6 =Z 1; 

so t h a t  
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h a s  e x a c t l y  two z e r o s  i n  R e  6 G 1. 

Cons ide r  ( 2 . 6 )  for R e  6 1 as a q u a d r a t i c  e q u a t i o n  i n  s t h e n  

i t s  r o o t s  s l ( 6 )  and s 2 ( 6 )  are g i v e n  by: for R e  6 G 1 and 

B I X ( l - 6 ) l  # 0: 

where 

Without r e s t r i c t i n g  t h e  g e n e r a l i t y  of t h e  a n a l y s i s  we may  

and do  assume t h a t ,  c f .  ( 1 . 2 ) ,  

t h e n  it fo l lows  from ( 2 . 6 1 ,  ( 2 . 8 )  and ( 2 . 9 )  t h a t  

2 
1 

r 
( 2 . 1 1 )  s1(6(1) )  1, s 2 ( 6 ( 1 ) )  = 7 , 

where 6 ( 1 )  i s  t h a t  z e r o  of ( 2 . 6 )  i n  R e  6 < 1 c o r r e s p o n d i n g  t o  S = 1 .  

By c o n t i n u i t y  s ( 6 )  i s  t h e  i n v e r s e  of t h e  map g ive i i  by ( 2 . 4 ) , ( 2 . 5 ) :  . 1  

( 2 . 1 2 )  l s 1 ( 6 ) 1  1 f o r  6 E D. 

Note t h a t  i n  g e n e r a l  

( 2 . 1 3 )  l s 2 ( 6 ) 1  # 1 for 6 E D. 

By u s i n g  ( 2 . 4 1 ,  ( 2 . 6 ) ,  ( 2 . 8 )  and ( 2 . 1 2 )  it f o l l o w s  for 6 E D: 
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Consequent ly  for 6 E D: 

and 

From ( 2 . 9 )  it i s  r e a d i l y  seen  t h a t  t h e  r i g h t h a n d  s i d e s  o f  

( 2 . 1 4 )  a r e  w e l l  d e f i n e d  for R e  6 Q 1. By a n a l y t i c  c o n t i n u a t i o n  

w e  s h a l l  n e x t  e x t e n d  t h e  domain of  ~ ~ ( 6 )  and o f  ~ ~ ( 6 ) .  

Cons ide r ,  t h e r e f o r e ,  t h e  f u n c t i o n  

( 2 . 1 7 )  

f o r  R e  6 < 1 w i t h  0 < r < 1, 0 Q + Q 271. 

By a p p l y i n g  Rouchg’s theorem,  s e e  below ( 2 . 6 1 ,  it i s  d i r e c t l y  

s e e n  t h a t  ( 2 . 1 7 )  h a s  e x a c t l y  one z e r o ,  s ay  6 6 ( r , $ ) , i n  R e  6 < 1. 

Put  

( 2 . 1 8 )  G : =  {S: 6 6 ( r , c $ ) ,  0 Q 4 Q 2711, 

and 

(2.19) E : =  I S :  R e  6 1, 6 @ GI, 
- 
E : =  t h e  c l o s u r e  of  E .  

Obvious ly ,  t h e  r i g h t h a n d  s i d e s  o f  ( 2 . 1 4 )  a r e  r e g u l a r  i n  6 E E ,  

c o n t i n u o u s  i n  F ,  and hence  d e f i n e  t h e  a n a l y t i c  c o n t i n u a t i o n s  

of ~ ~ ( 6 )  and o f  ~ ~ ( 6 )  i n t o  E .  These a n a l y t i c  c o n t i n u a t i o n s  w i l l  

b e  r e p r e s e n t e d  by t h e  same symbols,  i . e .  ( 2 . 1 4 )  i s  d e f i n e d  f o r  

6 E E ,  so i n  t h e  se t  R e  6 Q 1 w i t h o u t  t h e  ” s l i t ”  G .  Obv ious ly ,  
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( 2 . 1 5 )  and ( 2 . 1 6 )  now h o l d  f o r  6 E E .  

Remark 2.1 Cons ide r  t h e  Riemann s u r f a c e  c o n s i s t i n g  o f  two 

6 -p lanes  connec ted  i n  t h e  u s u a l  way a l o n g  t h e  common s l i t  G ,  

c f .  ( 2 . 1 8 ) .  

On t h i s  Riemann s u r f a c e  ~ ~ ( 6 )  and ~ ~ ( 6 )  w i t h  R e  6 Q 1 and 

d e f i n e d  a c c o r d i n g  t o  (2.14) s a t i s f y  ( 2 . 1 5 )  and 

( 2 . 1 6 ) ,  i . e .  f o r  e v e r y  6 w i t h  R e  6 

z e r o  of Z ( r , p 1 , p 2 ) .  

1, ( ~ ~ ( 6 ) , ~ ~ ( 6 ) )  i s  a 

Conver se ly ,  w e  have  

Lemma 2.1 

I p 2  I Q 1 , 0 < r <  1 , h a s  a r e p r e s e n t a t i o n  as i n  ( 2 . 1 4 )  w i t h  

R e  6 6 1. 

Every  z e r o  ( p l , p , )  of Z ( r , p 1 , p 2 ) ,  l p l l  a; 1, 

P r o o f  L e t  ( p l , p 2 )  be such  a z e r o  t h e n  ( 1 . 2 )  i m p l i e s  t h a t  

w i t h  

and 

r l p l . r 2 p 2  = r r l r 2 b { A ( l - d ) } ;  

so  t h a t  r l p l  and r 2 p 2  are t h e  z e r o s  o f  t h e  q u a d r a t i c  f u n c t i o n  

p2-dp+rrlr2f3{X( 1 - d ) )  , 

and hence  t h e  s t a t e m e n t  f o l l o w s .  0 

For  f u t u r e  u s e  w e  i n t r o d u c e  h e r e  t h e  mapping 

( 2 . 2 0 )  M : =  {S * W :  w 6 + m, 6 E E l .  



2 20 Analysis of two-dimensional random walk 11.4.2 

From ( 2 . 2 0 )  and t h e  d e f i n i t i o n  o f  6(ry@)y c f .  below ( 2 . 1 7 ) ,  

i t  i s  r e a d i l y  s e e n  t h a t  t h e  s l i t  G i s  mapped by M o n t o  

t h e  c u r v e  F w i t h :  

I t  i s  r e a d i l y  v e r i f i e d  t h a t  F is a smooth c o n t o u r ,  c o n t a i n e d  

i n  t h e  u n i t  c i r c l e  {w: IwI < 1 )  and i f  w E F t h e n  w E F .  

Remark 2 . 2  I t  f o l l o w s  from ( 2 . 1 7 )  t h a t  

Lemma 2 . 2  

t h e  u n i t  d i s k  C f  = { z :  

w i t h  f o ( 0 )  0 ,  w = f O ( z ) ’  i s  g i v e n  by: for I z I  < 1, 

For 0 < r < 1 t h e  confo rma l  mapping w f o  ( z  1 of 

I z I  < 1) o n t o  F’, t h e  i n t e r i o r  o f  F ,  
- 

Q o ( Z )  

f o ( z )  = z e  Y 

w i t h  O ( @ ) ,  0 < @ < 2 n ,  b e i n g  u n i q u e l y  de t e rmined  as t h e  c o n t i n u o u s  

s o l u t i o n  of  t h e  Theodorsen  i n t e g r a l  e q u a t i o n :  f o r  0 G @ Q 21r ,  

6(ryD(w))} c o t  $(w-$)dw, 1 2 T  O ( @ )  = @ - I { l o g  
0 cos O ( w )  

O ( @ )  i s  a s t r i c t l y  i n c r e a s i n g  and c o n t i n u o u s  f u n c t i o n  of Q and 

O ( @ )  = - @ ( - @ I .  



11.4.2. Random walk with Poisson kernel 221 

t 
P r o o f  From (2.21) it is seen that w = 0 E F , and by using 

(2.22) the statement of the lemma follows directly from the 

results of section 1.4.4. 0 
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11.4.3. The functional equation 

Because (~~(6),~~(6)) wi th  ~ ~ ( 6 )  and ~ ~ ( 6 )  a s  given by 

(2.14) i s  a z e r o  of Z ( r , p 1 , p 2 ) ,  lpll  

eve ry  6 E D ,  i t  f o l l o w s  from t h e  f a c t  t h a t  OXy(r,p1,p2) 

should be r e g u l a r  f o r  lpll  < 1, 

t h a t  for 0 < r < 1 and 6 E D: 

1, Ip21 1 for 

Ip21 < 1, c f .  ~1.1.17~,~1.1.19~, 

I n  t h e  p reced ing  s e c t i o n  i t  has been shown t h a t  ~ ~ ( 8 )  

and E (6) posses s  a n a l y t i c  c o n t i n u a t i o n s  i n t o  E ,  and t h e s e  2 

c o n t i n u a t i o n s  a r e  r e p r e s e n t e d  by (2.14) for 6 E E .  Consequent ly ,  

t h e  r i g h t h a n d  s i d e  of ( 3 . 1 )  has  an a n a l y t i c  c o n t i n u a t i o n  i n t o  E .  

Because (2.14) i m p l i e s  t h a t  f o r  6 E E :  

so t h a t ,  n o t e  0 < r < 1, 

it fo l lows  t h a t  f o r  6 E E:  

(3.2) I E ~ ( ~ ) I  < 1 for a t  l eas t  one i = 1,2. 

Consequently,  because @ ( r , p , O )  and @ ( r , O , p )  a r e  r e g u l a r  for 
XY XY 

IpI < 1, f o r  eve ry  6 E E one of t h e  two terms i n  t h e  r i g h t h a n d  

s i d e  of (3.1) i s  r e g u l a r  a t  such a 6 ;  s o  t h a t  t h e  r i g h t h a n d  s i d e  

of ( 3 . 1 )  be ing  r e g u l a r  for 6 E E ,  t h e  o t h e r  t e r m  i n  t h e  r igh thand  

s i d e  of (3.1) i s  a l s o  r e g u l a r  for such a 6 .  Hence Ip (r,~~(6),0) 
XY 



Random walk with Poisson kernel 223 11.4.3. 

and @ 

E, these analytic continuations are represented by the same 

symbols, and (3.1) holds for 6 E E. 

(r,0,E2(6)), 6 E D possess analytic continuations into 
XY 

Next let 6 E E approach a point 6 ( r , $ )  of the slit G, 

cf. (2.18); then it is readily seen from (2.9), (2.14), 

(2.17) that 

Hence for 0 < r < 1 it is seen from (2.211, (2.22) and (3.1) 

that for w E F: 
x + l  ; y+l 

1 2r2 

W 
(-) (-) 

W XY (1 - -)(l- -) 
2r1 2r2 - + rB{il@ ( r , O , O )  

W 
(3.4) 

2r 

if w # 2r2, i.e. if 

(3.5) 2r2 E F. 

Note that 2r1 1, cf. (2.101, so that, cf. (2.21), always 

(3.6) 2rl 4 F; 

the condition (3.5) will be discussed below, see remark 3.2 

and section IV.1.5. 

From (2.21) it is seen that 

(3.7) wo : =  sup IwI Q 2Jrrlr2 G J r  < 1; 
w E F  

+ 
so that @xy(r,q, 0) is regular for w E F , the interior of F. 
Further it is seen that the first three terms in (3.4) are all 

finite f o r  w E F and hence its last term is finite, 2.e. 
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and this implies, because 0 (r,O,p) with 0 < r < 1 has a 
XY 

power series expansion in p with nonnegative coefficients,that 

0 ( r , O , - )  is regular f o r  w E F . Similarly, CD ( r , p , O )  has 

such a power series expansion. 

Define f o r  w E F u F+: 

W + 
XY 2r2 XY 

and 

(3.10) K (w) = 
XY 

this leads to 

, w E F; 

T h e o r e m  3 . 1  F o r  0 < r < 1, r1 2 r2:  

(3.11) Re w,(w) Re K (w) + rf3{A}0xy(r,0,0), 
XY 

(3.12) Im w 2 ( w )  Im K (w), 
XY 

f o r  w E F and w #2r2 if 2 r 2  E F; 

+ 
i. if 2 r 2  F u F+ then wl(w) and w,(w) are both regular f o r  w E F , 

continuous f o r  w E F u F+, 
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+ ii. i f  2 r 2  E F 

c o n t i n u o u s  f o r  w E F U F 

t h e n  w l ( w )  and w 2 ( w )  are bo th  r e g u l a r  f o r  w E F + ,  
+ e x c e p t  f o r  a s i m p l e  p o l e  a t  w = 2r2 , 

iii. i f  2 r 2  E F t h e n  w l ( w )  and  w 2 ( w )  a r e  b o t h  r e g u l a r  f o r  w E F+, 

c o n t i n u o u s  f o r  w E F U F e x c e p t  f o r  a s i m p l e  p o l e  a t  t h e  

boundary ,  i . e .  a t  w = 2 r  

i. 

2' 

Proof Because f o r  0 < r < 1, 0 ( r , p , O ) ,  0 ( r , O , p )  have  power 

se r ies  expans ions  i n  p w i t h  nonnega t ive  c o e f f i c i e n t s  it f o l l o w s  

t h a t  

XY XY 

a l s o ,  c f .  (1.1), 

and ( 3 . 1 1 )  and (3.12) f o l l o w  d i r e c t l y  from ( 3 . 4 1 ,  ( 3 . 9 )  and  ( 3 . 1 0 ) .  

The s t a t e m e n t s  i ,  ii and iii are  a d i r e c t  consequence  o f  t h e  

r e g u l a r i t y  o f  Q (r,-,O), Q (r,O,-), B{X(l-$w)] for w E F , W W + 
XY 2 r l  XY 2r2 

and t h e i r  c o n t i n u i t y  f o r  w E F U F+. 0 

Remark 3. 1 For t he  case tha t  2r2 E F U F+ the theorem above formulates for 

W,(W) as w e l l  as f o r  02(w) a simple Riemann-HilberT boundary value problem , 

c f .  s e c t i o n  1 . 3 . 2 ,  a c t u a l l y  i t  i s  a D i r i c h l e t  p roblem.  T h i s  i s  r e a d i l y  

s o l v e d  and hence  Q x y ( r y 2 r l , 0 ) ,  0 

de te rmined  from ( 3 . 9 ) .  Because w = 0 E F , Q x y ( r y p l , O ) ,  lp l l  

and 0 ( r , 0 , p 2 ) ,  l p 2 ]  G 1 can be found and hence  from 

Q x y ( r , p l Y p 2 )  f o l l o w s  f o r  lp l l  G 1, Ip21 G 1 and 0 < r < 1; by 

a n a l y t i c  c o n t i n u a t i o n  w i t h  r e s p e c t  t o  r t h e  l a t t e r  f u n c t i o n  i s  

de te rmined  f o r  Irl < 1. 

W W ( r , O , - )  f o r  0 < r < 1 can  be  

1 
XY 2 r 2  + 

( 1 . 1 . 1 9 )  
XY 

If 2r2 E F+ t h e  d e t e r m i n a t i o n  o f  w , ( w )  and w 2 ( w )  l e a d s  t o  

t h e  t y p e  o f  p rob lem d i s c u s s e d  i n  s e c t i o n  1 . 3 . 3 .  I n  t h e  c a s e  t h a t  

2 r 2  E F t h e  boundary v a l u e  problem s h o u l d  be f o r m u l a t e d  s l i g h t l y  
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- 
W W d i f f e r e n t l y ,  v i z .  by f i r s t  m u l t i p l y i n g  ( 3 . 4 )  by ( l - - ) ( l - - ) ,  

t h e  r e s u l t i n g  r e l a t i o n  l e a d s  e a s i l y  t o  a Riemann- 

H i l b e r t  boundary  v a l u e  problem of  a t y p e  as d i s c u s s e d  i n  

s e c t i o n  I .  3 . 5 .  

2rl 2r2 

By u s i n g  t h e  confo rma l  t r a n s f o r m a t i o n  z f ( w )  o f  Ft o n t o  

t h e  u n i t  d i s k ,  which i s  t h e  i n v e r s e  o f  t h e  confo rma l  t r a n s f o r m a t i o n  

w = f o ( z ) ,  ment ioned  i n  lemma 2 . 2 ,  t h e  boundary v a l u e  problems 

j u s t  ment ioned  can  b e  s o l v e d ;  see [ 1 5 1 ,  where a queue ing  model 

w i t h  a P o i s s o n  k e r n e l  i s  d i s c u s s e d  i n  d e t a i l ,  and  where t h e  

n u m e r i c a l  a n a l y s i s  i s  exposed ;  f o r  t h e  n u m e r i c a l  a n a l y s i s  s e e  

a l s o  c h a p t e r  I V . 1 .  I n  t h e  n e x t  two s e c t i o n s  t h e  s t a t i o n a r y  

c a s e  w i l l  b e  a n a l y z e d .  

R e m a r k  3 . 2  From t h e  above ,  c f .  t heo rem 3 . 1 ,  it i s  s e e n  t h a t  

t h e  l o c a t i o n  of t h e  p o i n t  w 2 r 2  

c o n t o u r  i s  r a t h e r  c r i t i c a l  f o r  t h e  t e c h n i q u e  t o  b e  a p p l i e d  t o  

s o l v e  t h e  v a r i o u s  boundary  v a l u e  p rob lems .  A c t u a l l y  a l l  t h r e e  

c a s e s ,  i . e .  2 r 2  E F', 2 r 2  E F and 2 r 2  E F- c a n  o c c u r ,  t h e i r  

o c c u r r e n c e  b e i n g  dependen t  on t h e  v a l u e s  o f  X B ,  r l ,r2 and r; 

f o r  r s u f f i c i e n t l y  c l o s e  t o  z e r o  2 r 2  E F- ,  whereas  2 r 2  E F+ 

f o r  r s u f f i c i e n t l y  c l o s e  t o  o n e ,  al < 1 and r2  < f ;  f o r  

r 4 and 0 < r < 1 a lways  2 r  E F-, c f .  f o r  f u r t h e r  d e t a i l s  

t h e  end of t h e  n e x t  s e c t i o n ,  s e e  a l s o  s e c t i o n  I V . 1 . 5 .  

w i t h  r e s p e c t  t o  t h e  F 

2 2 

R e m a r k  3 . 3  Due t o  t h e  s p e c i a l  s t r u c t u r e  o f  ( 3 . 4 )  a n o t h e r  

somewhat more d i r e c t  a p p r o a c h  i s  p o s s i b l e  f o r  i t s  a n a l y s i s .  

For such  a n  approach  s e e  t h e  n e x t  s e c t i o n ,  f o r m u l a s  

( 4 . 2 0 )  and  ( 4 . 2 1 ) .  

R e m a r k  3 . 4  Note  t h a t  i f  r1 r2  f t h e n  by symmetry 
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so that if x = y then 

w (w) = 0; 2 (3.14) 

note that 5 and y are exchangeable variables 

section 2.1. 

if r1 r2 = J Y  cf. 
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11.4.4. The functional equation for the stationary case 

In this section we shall analyze the functional equation 

for the stationary situation of the random walk {(xn,yn),n = 0,l , . . .  }.  

It will be assumed that, cf. (1.31, 

for a more general discussion (transient analysis) the reader is 

referred to [ 161. 

As in section 2.16 it is seen thatthe joint generating 

function (P(p1,p2), lpll Q 1, Ip21 Q 1, of the stationary 

distribution should satisfy 

( 1-PI) ( l-p2) 
(4.2) @(P1’P2) = {BIXI@(O,O)  

P ~ P ~ - B { ~ ( ~ - ~ ~ P ~ - P ~ P ~ ) )  

B{A(l-rlpl)l B I  X( l-r2p2 11 
@(p1,0) - ,P,H ¶ 

1-p1 1-p2 

( 4 . 3 )  @(1,1) = 1, 

and cf. (2.16.5), 

With, cf. (2.9), 

( 4 . 5 )  b ( 6 )  : =  b(1,6) = 62 - 4rlr2 @IX(1-6)}, Re 6 Q 1, 

we introduce again, c f .  (2.14), for Re 6 Q 1: 
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E 2 ( 6 )  = 2 C6 - m3, 
2r2 

and assume,  c f .  ( 2 . 1 0 ) ,  t h a t  

( 4 . 7 )  r1 2 r2. 

Note t h a t  

(4.8) E l ( l )  = 1, E 2 ( 1 )  1. 

A s  i n  ( 2 . 1 7 )  6($) i s  d e f i n e d  as t h e  un ique  z e r o  i n  R e  6 Q 1 

o f  t h e  f u n c t i o n  

Note t h a t  

(4.10) -1 < 6 ( @ )  Q Z J I ' l r 2 ,  
and 

( 4 . 1 1 )  6(0) < 2% i f  rl + r 2 ,  

- 1  = 1  i f  r1 = r2 - 2. 

The s l i t  G i s  a g a i n  d e f i n e d  by 

(4.12) G : =  {S: 6 = 6($), 0 < $ < 2 ~ 1 ,  

and f u r t h e r  

( 4 . 1 3 )  E : =  {6: Re 6 < 1, 6 4 GI. 

Note t h a t  

- 1  ( 4 . 1 4 )  6 = 1 E G if and o n l y  i f  r1 = r2 - 2 .  
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The d e f i n i t i o n  of t h e  con tour  F i s  analogous t o  t h a t  i n  

(2.211, i . e .  

c o s  0 

and 

(4.16) I w I  < 1 for w E F; 

t h e  e q u a l i t y  s i g n  i n  (4.16) a p p l i e s  o n l y  i f  rl = r2 = 

w 1. 

and 

A s  i n  t h e  p reced ing  s e c t i o n ,  c f .  (3.41, it i s  d e r i v e d  t h a t  

f o r  w E F ,  w = 2 r 2  excluded i f  2r2 E F .  

A s  i n  t h e  p reced ing  s e c t i o n  it i s  shown t h a t :  

W W + 
(4.18) @ ( - , O )  and O ( O , - )  are r e g u l a r  f o r  w E F and 

2rl 2 r 2  
+ con t inuous  for w E F U F , 

To a n a l y z e  (4.17) and (4.18) t h e  conformal mapping z = f ( w )  

o f  F+ o n t o  t h e  u n i t  d i s k  i s  needed. I t s  i n v e r s e  mapping w = f o ( z )  

i s  d e s c r i b e d  i n  lemma 2.2 w i t h  6 ( r , + )  r e p l a c e d  by 6 ( Q ' ) ,  c f .  ( 4 . 9 ) .  

Note t h a t  fO( ; ) ,  I z I  > 1 maps t h e  e x t e r i o r  o f  I z I  1 o n t o  

F+, and t h a t  

1 

P u t  
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t h e n  from (4.17) and (4.19) it i s  s e e n  t h a t  

f o r  IzI 1, w i t h  t h e  e x c e p t i o n  o f  t h a t  p o i n t  z f o r  which 

f (1) = 2r2 i f  2r2 E F .  From (4.18) and (4.20) it i s  s e e n  by u s i n g  

t h e  c o r r e s p o n d i n g  b o u n d a r i e s  theorem,  c f .  s e c t i o n  1.4.2 t h a t  
o z  

A ( z )  is r e g u Z a r  f o r  IzI < 1, continuous f o r  I z I  Q 1, 

A ( z )  is reguZar  f o r  IzI > 1, continuous f o r  IzI > 1. 
1 

2 

(4.22) 

The r e l a t i o n s  (4.21) and (4.22) a g a i n  r e p r e s e n t  a boundary 

v a l u e  problem; it w i l l  be a n a l y z e d  i n  t h e  n e x t  s e c t i o n .  T h i s  

boundary v a l u e  problem i s  a c t u a l l y  o f  t h e  same s t r u c t u r e  as 

t h a t  d e s c r i b e d  i n  t h e  p r e c e d i n g  s e c t i o n ,  c f .  a l s o  remark  3.3. 

Next i t  w i l l  be  shown t h a t  (2.10) and (4.1) imply  t h a t  

r2 ' if r > $ >  
1 

(4.23) 2r2 E F+ 

(4.24) 2r2 = 1 E F i f  r1 = r2 - 1  - z .  

The r e l a t i o n  (4.24) is r a t h e r  o b v i o u s ,  c f .  (4.11) and (4.15). 

Before  w e  p rove  '(4.23) it i s  o f  some i n t e r e s t  t o  c o n s i d e r  t h e  

f o l l o w i n g  argument .  

With w ( w )  and  w ( w )  as d e f i n e d  i n  (3.9) b u t  now f o r  r = 1 1 2 

it  f o l l o w s  from (4.17) t h a t  

+ and:  w ( w )  and w2(w) are bo th  r e g u l a r  f o r  w E F , c o n t i n u o u s  f o r  

w E F U F + , i f  2r2 E F U F+. I t  f o l l o w s  immedia t e ly  from s e c t i o n  

I .  3.2 t h a t  

1 
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w i t h  C1 and C2 rea l  c o n s t a n t s .  Because 

i t  f o l l o w s  from ( 4 . 2 6 )  t h a t  O ( 0 , O )  = 0. Th i s  i m p l i e s  t h a t  

no s t a t i o n a r y  d i s t r i b u t i o n  e x i s t s ,  which  i s  a c o n t r a d i c t i o n  

b e c a u s e  of  (4.1), hence  2r2 E F U F'. 

To p rove  2r E F+ n o t e  t h a t  , c f .  ( 4 . 9 )  , for r1 # r2: 2 

( 4 . 2 8 )  2r2 g F+ =+ 2 r 2  > 2~rlr26;1~(1-2r~)1 

Because XBrl a l  < 1, c f .  (4.1) and f o r  rl # r2, 

it i s  s e e n  t h a t  t h e  last i n e q u a l i t y  i n  ( 4 . 2 8 )  c a n n o t  be t r u e .  

T h i s  p roves  (4.23). 
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11.4.5. The stationary distribution 

Denote by z o  t h e  p o i n t ,  c f .  ( 4 . 2 3 )  and ( 4 . 2 4 ) ,  

zo  : =  f ( 2 r 2 ) ,  2r2 = f ( z  ) ,  0 0  ( 5 . 1 )  

so t h a t  

( 5 . 2 )  z o  E C+ i f  r1 > r2, 
- 1  z o  = 1 i f  rl = r2  - z .  

To a n a l y z e  t h e  boundary v a l u e  problem ( 4 . 2 1 ) ,  ( 4 . 2 2 )  f i r s t  

n o t e  t h a t  

( 5 . 3 )  A 1 ( 0 )  = f 3 { X ) O ( O , O )  = l i m  A 2 ( z ) .  

Next m u l t i p l y  ( 4 . 2 1 )  by 7 and i n t e g r a t e  o v e r  1.z = 1, t h e n  

I z l-  
1 

z t  

Accord ing  t o  ( 5 . 2 )  two cases have t o  be c o n s i d e r e d .  

t i. z o  E c , 

By n o t i n g  t h a t  t h e  i n t e g r a n d  of t h e  second i n t e g r a l  i n  ( 5 . 4 )  h a s  

a s i m p l e  p o l e  a t  z - i t  f o l l o w s  from ( 4 . 2 2 1 ,  ( 5 . 3 )  and (5.4) 

t h a t  f o r  (ti < 1: 

1 
z O  

and  for It( > 1: 



234 Analysis of twodimensional random walk 11.4.5. 

, A , ( t )  
1 ( 5 . 6 )  

l - f 0 ( t ) / 2 r 2  

From f 4 . 2 2 ) ,  ( 5 . 3 ) ,  ( 5 . 5 )  and (5.6) i t  f o l l o w s  t h a t  f o r  

rl > r2: 
1 A (-) 

z o  ( 5 . 7 )  f i I x ) ~ t o , o )  2r2 

- 1  ii. zo  = 1, so  t h a t  r 

I n  t h i s  case b o t h  i n t e g r a n d s  i n  t h e  f i r s t  two i n t e g r a l s  o f  

( 5 . 4 )  have a s imple  p o l e  a t  z 1, hence  f o r  It1 < 1: 

r2 - a .  

and f o r  It1 > 1: 

By n o t i n g  t h a t  t h e  symmetry i m p l i e s  t h a t  

( 5 . 1 0 )  A l ( l )  A 2 ( 1 )  , 

it f o l l o w s  from ( 5 . 3 )  t h a t  
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l-fo( l / t )  
A ( t )  = - L3IXI@(O,O), It/ 2 1; 

1-l/t 2 

a r e s u l t  which a g r e e s  w i t h  ( 5 . 7 )  by t a k i n g  t h e r e  z o  = 1, 

rl = r2 i .  
From (4.20), ( 5 . 7 )  and ( 5 . 1 1 )  it f o l l o w s  f o r  rl > r2 

t h a t  

The r e s u l t s  o b t a i n e d  above l e a d  t o  t h e  f o l l o w i n g  

Theorem 5 . 1  For  a < 1, a < 1 t h e  j o i n t  g e n e r a t i n g  f u n c t i o n  

@ ( p 1 , p 2 ) ,  Ipll  < 1, lp21 < 1 o f  t he  s t a t i o n a r y  d i s t r i b u t i o n  

of t h e  random walk {kn,yJ,  n = 0 , 1 , 2 ,  . . . I  w i t h  P o i s s o n  k e r n e l  

1 2 

(5.13) z (p1 ,p2 )  := p1p2-B(X(1-r lp1- r2p2)~ ,  r1+r2 1, ;< rl 1, 

i s  g i v e n  by: 
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t 
z = f ( w )  i s  t he  c o n f o r m a l  mapping o f  F o n t o  t h e  u n i t  c i r c l e ,  

by t h e  boundary  F o f  Ft i s  g i v e n  

e i $  
F =  {w: w = -  6 c o s  $ 

w i t h  6 ( $ )  t h e  u n i q u e  z e r o  i n  

( 5 . 1 7 )  

61 G 1 o f  

f ( w )  h a s  a r e g u l a r  a n a l y t i c  c o n t i n u a t i o n  i n  0 < w < 2rly t h e  i n v e r s e  

mapping w f (z) i s  g i v e n  by 0 

O o ( Z )  

( 5 . 1 9 )  f o ( z )  zse > 1zI < 1, 

w i t h  O ( + )  a s t r i c t l y  i n c r e a s i n g  and  c o n t i n u o u s  f u n c t i o n  on  

[0 ,2n r ] ,  u n i q u e l y  d e t e r m i n e d  as t h e  c o n t i n u o u s  s o l u t i o n  o f  t h e  

Theodorsen  i n t e g r a l  e q u a t i o n :  f o r  0 < < 2n, 

Proof P u t t i n g  i n  ( 5 . 1 2 )  
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Because F is an analytic contour f(2r p ) ,  2rlp1 E Ft U F 

possesses an analytic continuation from out F u F into a domain 

contained in F-.  By noting that the lefthand side of (5.21) is 

regular for lpll Q 1, it is seen that f(2rlp1) has an analytic 

continuation for p E F-n {p :[PI < 11,  which is regular for all 

those p1 E [0,1) for which @{A(l-rlpl)~@(pl,O) f 0. The series 

expansions in p1 of B{X(l-r p 

coefficients and B { X ) @ ( O , O )  > 0 so that f(2rlpl) is regular for 
0 < p1 < 1, i.e. f(w) is regular for 0 < w < 2rl. 

Further @{X(l-rl)}@(l,O) > 0 so that by continuity f(2rl) = zil 

and hence (5.15) follows, cf. also (5.1). 

1 1  
t 

1 

and @(pl,O) have nonnegative 
1 1  

The relation (5.14) is a direct result of (4.2) and (5.21), 

(5.22) if (p1,p2) is not a zero of Z(p1,p2); if it is a zero then 

O(pl,p2) is given by the appropriate limit, cf. theorem 2.15.1. 

The relation (5.16) is a direct consequence of (4.4). The 

relations (5.17),...,(5.2U) result from (4.9), (4.15) and the 

immediate extension of lemma 2.2 for r = 1. 

That @(p1,p2) as represented by (5.14) is unique follows from 

the fact that the random walk possesses a unique stationary 

distribution if al < 1, a2 < 1 and from the fact that all arguments 

used in deriving (5.14) lead to a unique determination of @(p1,p2).n 

Remark 5 . 1  Because F and C = {z: IzI = 1) are both analytic 

contours, cf. section 1.1.2, f(w) can be continued analytically 

from F 

cf. (5.17) and (5.181, 

t 
U F into a domain belonging to F-. F o r  6 E G we have, 
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w 0 6 t m, w 6 - m, 

and from (4.19) it f o l l o w s  t h a t  f o r  6 E G :  

By u s i n g  t h e  p r i n c i p l e  of permanence and a n a l y t i c  c o n t i n u a t i o n  

t h e  r e l a t i o n  ( 5 . 2 3 )  i s  s e e n  t o  h o l d  f o r  e v e r y  6 w i t h  Re 6 4 1. 

Because a t  l e a s t  one of  t h e  terms S t m ,  6 - m  h a s  a norm 

less  t h a n  o r  e q u a l  t o  one  t h e  r e l a t i o n  ( 5 . 2 3 )  may be  used  t o  

c a l c u l a t e  this a n a l y t i c  c o n t i n u a t i o n  of  f ( w ) .  
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111.1. TWO QUEUES IN PARALLEL 

111.1.1, The model 

T h e s e r v i c e  f a c i l i t y  c o n s i s t s  of two s e r v e r s .  Customers 

a r r i v e  a c c o r d i n g  t o  a Po i s son  p r o c e s s  w i t h  a r r i v a l  r a t e  1 

at t h e  s e r v i c e  f a c i l i t y .  The s e r v i c e  t i m e  o f  a cus tomer  s e r v e d  

by s e r v e r  j , j  = 1 , 2 ,  i s  n e g a t i v e  e x p o n e n t i a l l y  d i s t r i b u t e d  

w i t h  mean B , .  An a r r i v i n g  cus tomer  j o i n s  t h e  s h o r t e r  queue  

i f  a t  h i s  a r r i v a l  t h e  queues  i n  f r o n t  of t h e  two s e r v e r s  are 

u n e q u a l ,  i f  t h e y  are e q u a l  h e  chooses  s e r v e r  j w i t h  p r o b a b i -  

l i t y  n j , j  1 , 2 ,  

J 

(1.1) x1 -t 112 = 1. 

Once a cus tomer  h a s  e n t e r e d  a queue h e  s t a y s  i n  t h a t  queue  

and waits h e r e  f o r  s e r v i c e .  I t  w i l l  be assumed t h a t  t h e  

s e r v i c e  times o f  t h e  cus tomers  are  independen t  v a r i a b l e s  and 

t h a t  t h e s e  v a r i a b l e s  a r e  a l s o  independen t  of t h e  i n t e r a r r i v a l  

times. 

PU t 

Obvious ly  t h e  s e r v i c e  r a t e  a t  s e r v e r  j i s  e q u a l  t o  1/B s o  j '  
t h a t  1/B, + 1 / B ,  i s  t h e  

f a c i l i t y .  Consequen t ly ,  

i . e .  

g u a r a n t e e s  t h a t  t h e  two 

t o t a l  s e r v i c e  r a t e  of t h e  s e r v i c e  

s e r v e r s  can  h a n d l e  t h e  a r r i v a l  stream. 
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Denote by x ( j )  t h e  number of cus tomers  p r e s e n t  a t  t i m e  t -t 
a t  s e r v e r  j, i . e .  t h e  number of w a i t i n g  cus tomers  p l u s  t h e  one 

b e i n g  s e r v e d .  Because i n t e r a r r i v a l  times and s e r v i c e  t i m e s  are 

a l l  n e g a t i v e  e x p o n e n t i a l l y  d i s t r i b u t e d  and independen t  i t  fo l lows  

t h a t  t h e  p r o c e s s  { z t ( ' )  , x t (2 )  , t € [  0 ,m)  3 i s  a b i r t h -  and  d e a t h  pro-  

c e s s  w i t h  s t a t e  s p a c e  {Oyly2y...}x{0,1y2,...}; t h e  s t a t e  s p a c e  be- 

i n g  i r r e d u c i b l e .  

I t  w i l l  b e  assumed t h a t  t h i s  p r o c e s s  i s  s t a t i o n a r y  and  by 

x x s h a l l  be  denoted  two s t o c h a s t i c v a r i a b l e s  of which t h e  j o i n t  -1 '-2 
d i s t r i b u t i o n  i s  t h e  s t a t i o n a r y  d i s t r i b u t i o n  o f  t h e  

It i s  e a s i l y  d e r i v e d  t h a t  f o r  lp l l  G 1, I p 2 [  G 1: 

1 3  1 1 x x  -1 -2 
( 1 . 4 )  E I P l  P2 (xl ' X2)}{P2 + - 

a2P2 a l P l  al a 2  

1 1  (xl < z 2 ) } { p 1  + - + - - - - - - 1 1 x x  -1 -2 
+ E{pl p2  

a l P l  a2P2 a2 al 
1 1 x x  -1 -2 + 

p2 (zl x 2 ) ) { n 2 p 2  t nlpl t - + - - 1 - 1 - 1 
a l P l  a2P2 al a 2  

+ E{p2 -2 (xl = 0)} - (1  1 - -1 1 + E{Pl -1 (x2 O ) } a ( l  1 - -1 1 0. 
X X 

1 P1 2 p2 a 

By t a k i n g  i n  ( 1 . 4 )  p1 = p2 = p  w i t h  ( p (  Q 1 it fo l lows  t h a t  

Hence f o r  p 1: 

Consequen t ly ,  t h e  c o n d i t i o n  ( 1 . 3 )  i s  n e c e s s a r y  f o r  t h e  p r o c e s s  

{xt(1) ,xt(2)  ,t€[O,m)} t o  p o s s e s s  a s t a t i o n a r y  d i s t r i b u t i o n .  
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111.1.2. Analysis of the functional equation 

To a n a l y z e  t h e  f u n c t i o n a l  e q u a t i o n  ( 1 . 4 )  p u t  

: =  P1’ P 2 U  : =  P 2 ’  p 1  

p 1  

I 

U 
( 2 . 1 )  

I P 2 U I  1. IT1 6 1 ,  

Then from ( 1 . 4 )  

p 1  I 1 2 h  
x x  -1 -2 

t E { p l  p 2  ( x  = x  )){II, Ir + - - - 
-1 -2 a l P l  dl 

-[E{P1 p 2  u ( ~ l > x 2 ) H u p 2  +-+ -- -- -- llu 1 x x x - x  
-1 -2 -2 -1 

a 2 U P 2  a l P l  a2 

For p1 and  p 2  f i x e d  w i t h  I p l l  6 1, I p 2  I 6 1 it is s e e n  

t h a t  t h e  second member i n  ( 2 . 2 )  i s  r e g u l a r  for IuI < 1, con- 

t i n u o u s  f o r  IuI < 1, whereas  t h e  l a s t  member i n  ( 2 . 2 )  i s  re- 

g u l a r  for ( u (  > i ,  c o n t i n u o u s  for J u I  > I. Consequen t ly  

P ( p 1 , p 2 , u )  i s  r e g u l a r  i n  t h e  whole u -p lane  and because  t h e  l as t  

member i n  (2.2) behaves  as 1 u (  f o r  1 u (  -+ m it  f o l l o w s  f rom 

L i o u v i l l e ’ s  t heo rem t h a t  P ( p 1 , p 2 , u )  i s  a po lynomia l  o f  t h e  

second d e g r e e  i n  u ,  i . e .  f o r  1 P1 I 1, I P2 I 6 1: 
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(.?) Q 

(-2) Q 
( P 1 P 2 )  :f 

( P 1 P 2 )  : = 

( P 1 P 2 )  : = 

( p 1 p 2 ) :  = 

x t x  )/i 

( x  + x  ) / 2  

( x  + x  1 1 2  

)(-I -2 ( x  -x = l ) } y  -2 -1 

) -l -2 

) -1 -2 

(x -x =1)1, -1 -2 

(z2-lf,=2) 1 ¶ 

( x  + x  ) / 2  
( x  -x = 2 ) 1 .  ) -1 -2 
-1 -2 

C o n s i d e r  now i n  t h e  second  and  t h i r d  member o f  ( 2 . 2 )  t h e  s e r i e s  

e x p a n s i o n s  i n  powers o f  u and o f  u - l ,  r e s p e c t i v e l y .  E q u a t i n g  

c o e f f i c i e n t s  o f  e q u a l  powers l e a d s  t o  

1 1 
~ ( p  ,p ) ~ ~ ( p  p )(-tnl) - --Pr{x = x  = o l  ( 2 . 6 )  1 2  1 2 a2 a2  -1 -2 

P 1 1 
c ( p  , p  1.- Q ( p  p )- + p r { X  = x  = o )  - a - h { x  -1 = 1 , x  -2 = O I  

1 2  0 1 2 d 2 P 2  d 2 P 2  -1 -2 2 
( 2 . 7 )  

1 1  P 1  Ol1(P p )(-+-+l) - --Q12(P P ) ( P  +L) 
+ (y 1 2 a1 a2 p 2  1 2 2 a l p 1  

= n lP  p 0 ( P  1P 2 ) .  
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From (2.6) it follows that 

(2.8) 2 B(p1,p2) Q ( p  p ){---+Il 1 1  -TI } - (---)Pr{x 1 1  0 1 2  a 2 a 1  1 2  =X = O I  -1 -2 a2 dl 

so we may define 

Divide (2.2) by u then it follows from ( 2 . 2 ) ,  ( 2 . 3 )  and 

(2.9) by taking p 1  rlu, p2  = r2/u, IuI = 1 that for lrIl Q 1, 

Ir21 G I: 

x x  (2.10) E{rl -1 r2  -2 (x2>x )}{r +-+------ 1 1 1 1 1 }  
-1 

1 1  

1 alrl a2r2 al a2 
X -2 + E { r 2  (x =O)}-(l--) 

+ 

1 '1 -1 a 

(r r ){I[ r +---- I n 2 }  - B(rlr2) 0 ,  0 1 2 2 2 alr l  a l  
x x  -1 -2 1 1 1 1 1 }  (2.11) E{rl r2 (xl>x )}{r +-+------ 

-2 

1 1  

2 a 2 r 2  alrl al a2 
X -1 + E{rl (x =O)}-(l---) 

2 r 2  -2 a 

1 1  + 0 ( r  r ) { n  r +---- Ill} + B(rlr2) = 0. 
0 1 2 1 1 a2r2 a2 

Note that 

(2.12) al = a2, 111 112 = f * B(r r ) 5 0. 1 2  

To investigate (2.10) and (2.11) put 

2 a 1 
a '  

(2.13) ql:= - 
2 1 

a 
a ' 92:- - 

and 
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f ( r  r I : =  alr12 - { l t a l t ( l - T ) q l ) r l + l ,  1 
1 1' 2 

2 1' 2 

( 2 . 1 4 )  
f ( r  r ) : =  a 2 r 2 2  - { l + a 2 + ( 1 - r ) q 2 ) r 2 + 1 ,  l2 

1 
and f u r t h e r  - ( 1 - q ) q 1 P p l  1 

R e I 1 - T )  1 > 0 ,  
1 ,  

1 ,  

2 
1 Re{l--) 2 0 ,  

( 2 . 1 5 )  6 1 ( r 2 ) : =  E I e  1 -(1-,)q2p2/8, 

rl 
6 2 ( r l ) : =  E { e  1 

where p 

t r a f f i c  l o a d  a I t  i s  w e l l  known, c f . [ 2 2 ]  p .190 ,  t h a t  61(r2) 

i s  t h e  unique z e r o  of ( 2 . 1 4 )  i n  1 r1 I d 1 i f  ReC1-F)  > 0 ,  and 

( 2 . 1 6 )  ( 61 ( r2 )1  < 1 

162(r1)1 < 1 

s t a n d s  f o r  t h e  busy p e r i o d  o f  an M / M / 1  queue w i t h  
j 

1 
j' 

2 

f o r  Rell-,! 1 2 0 ,  r2*l, 

f o r  Rell--l 12 2 0 ,  r l*l .  
r1 

Because 

it i s  seen  t h a t  t h e  l e f t h a n d  s i d e  o f  ( 2 . 1 7 )  i s  r e g u l a r  i n  
/ 1  r l  f o r  lrll -. 1 ~ 1  f o r  f i x e d  r2 w i t h  Ir21 1. 

2 
Consequently it f o l l o w s  from (2.10) t h a t  for Ir21 < 1, 
1 Re {l--l 2 0 :  

r 2  

(2.18) 

1 1  - { n 2 r 2  + ---- 

1 Re{l--) 2 0 :  and ana logous ly  for lrll < 1, 
'1 

1 1  
- { n l r l +  a2'2- 5- 

The d i s c r i m i n a n t  o f  f l ( r l r 2 )  becomes z e r o  f o r  

r2 = r2( ')  and r = r 2 ( l )  w i t h  
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Define the slits G and G2 by: 
1 

(0) (2.22) G ~ : =  {r2:r2 E [r2 ( 0 )  ,r2 (1) I ) ,  G ~ : =  {rl:rl E [rl yrl(l)~~, 

then the Riemann surface for 6 (r 1 con- 

sists of two sheets connected along the slit G2’ analogouslv 

for that of 62(r1). At the slit G 
2 1 2  

have con jugate values. 

1 2  

the two branches of  6 (r 1 

For Irl<1 it is seen from (2.4), (2.8) and (2.9) that 
X --2 O0(r) and B(r) are regular for ) r )  < 1. A l s o  E{r2 

is regular f o r  Ir21 < 1, which implies that the righthand side 

of (2.18) can be continued analytically into Ir21 < 1, 

Re(1-T) G 0. Because Q (r) and B(r) exist f o r  Ir 1 
Re{l--} G 0 it follows that 90(r261(r2)) and B(r261(r2)) should 

have analytic continuations into Ir2 I < 1, Rejl-,) < 0 , and 
similarly for 90(r162(r1))y B(rlti2(rl)) for Irl( < 1, Reil--} 0. 

Note that if Qo(r) exists for some r R > 0 then it exists 
for every T with 1.1 R. 

(zl=O)} 

1 < 1, 0 
l2 
r 

1 

1 2 

‘1 

Because E{r2X2(xl=O)} is real for real r2 it follows from 

(2.18) that for r2 E G2: 

and analogously for rl E G1: 

Because 
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( a l r l - l )  
1-r2 a 2 r 2  

1-rl alrl 
* - = -  f ( r r ) = 0  1 1 2  ( 2 . 2 5 )  

t h e  r e l a t i o n  ( 2 . 2 3 )  may be r e w r i t t e n  as :  

f o r  r E G2: 

and s i m i l a r l y  ( 2 . 2 4 )  f o r  r1 E G1: 

) + {II (a r - l ) a l r l - l } @ o ( r  = O .  
1 2 2  ( 2 . 2 7 )  

Put  for j 1 , 2 ,  

t h e n  n 4 4  
I I  

L + V  (1+-+-) 
J;i;T a 2  

I '  1 1 r 6 ( r ) = -  2 1  2 ( 2 . 2 9 )  

(1+-+-) -- 

- i -1, 

1 1 r 6 ( r  = - 1 2  1 

- i -1. 

Define t h e  e l l i p s e s  E, and E 2  by 
* 

w i t h  

2 -1 
4 }  Y 

1 1  { ( l t - + - )  - -  
al a2 a 3 -  j 

2 x : =  - 
1 2  

j a a  ( 2 . 3 1 )  

1 1 2  (1+-+-) 
3 -  j a2 a . -  2 

1 1 2 4 ] 2 Y  s j  * - (a1a2P c (1+-+-) 
dl a~ '3- j  
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1 a 2 3- j 
2 1 1 2 4  - Y =  (a1a2) (I+-+-) -- 

a~ a 2  a3-j 

Next i n t r o d u c e  t h e  mappings H j = 1,2, 
j ’  

d e f i n e d  by 

H1 : r1 + z ,  z x + i y  = r 6 (13 ) ,  rl E G1, 
1 2  1 

(2.32) 

H2 : r2 -t z, z = x + i y  r 6 ( r  ) ,  r2 E G2. 2 1  2 

I t  fo l lows  from (2.28) and (2.29) t h a t  f o r  j = 1,2, 

2 x +  2.- 
a 

(2.33) ’j - 1+l/al+l/a2 jY 

and 

(2.34) H.(G.) E 
j ’  3 1  

The r e l a t i o n  (2.26) t r a n s f o r m s  under  H i n t o :  
2 

1 Im.~~1(z)B(z)+~-l+~2Pl(z)}Oo(~) r E 0 f o r  z E El, 
L 

(2.35) 

and (2.27) u n d e r H 1  i n t o :  

(2.36) - z Q 2 ~ z ~ B ~ z ~ + ~ - l + ~ l P 2 ~ z ) } ~ o ~ z ~  3 0 f o r  z E E2, 

where f o r  j 1,2, and z E E . 
j’ 

2 -Rez (1+-+-) z - - - 1 1  
a1 a2 a1a2 a .  

j (1+-+-)- 
dl a2 ala2 

1 1  1 ? ( z ) : =  9 (2.37) 

1 1  I+-+ - 

2 1 1 1  * 

dl a2 Qj(z) : =  
L + - R e z  - -( 1+-+-)z 
a1a2 aj j a~ a2 a 

Because O o ( z )  and B(z) shou ld  b e  f i n i t e  f o r  z 

fo l lows  t h a t  oo(z) and B(z) a r e  r e g u l a r  f o r  I z I  

c f .  (2.4), (2.8) and (2.91, and con t inuous  for 121 < max (Z1,Z2); 

xj + Sj, it  
j 

max (z12Z2), 
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iiote t h a t  z i s  t h a t  p o i n t  o f  E w i t h  l d r i g e s t  d i s t a n c e  
t o  z 0 0 .  

j j 

C o n s e q u e n t l y  t h e  d e t e r m i n a t i o n  of 0 ( z )  a n d  B ( z )  r e q u i r e s  0 

s o l v i n g  t h e  s i m u l t a n e o u s  b o u n d a r y  v a l u e  p r o b l e m  d e s c r i b e d  by 

t h e  b o u n d a r y  c o n d i t i o n s  ( 2 . 3 5 )  a n d  ( 2 . 3 6 )  a n d  t h e  r e g u l a r i t y  

c o n d i t i o n s  for Iz1 <: max ( z l , z 2 ) .  

The p r e s e n t  b o u n d a r y  v a l u e  p r o b l e m  f o r  al  * a2  i s  a r a t h e r  

i n t r i c a t e o n e  and we s h a l l  n o t  c o n t i n u e  h e r e  w t t h  i t s  a n a l y s i s .  The 

r e a d e r i s  referred t o  [ 201 f o r  f u r t h e r  i n f o r m a t i o n ;  f o r  t h e  g e n e r a l  

t h e o r y  of  s i m u l t a n e o u s  b o u n d a r y  v a l u e  p r o b l e m s  see 1 7 1  a n d  [ 2 3 1 .  

The b o u n d a r y  v a l u e  p r o b l e m  s i m p l i f i e s  e s s e n t i a l l y  if a 1 = a 2 ,  

b e c a u s e  t h e n  b y  a d d i n g  a n d  s u b s t r a c t i n g  ( 2 . 3 5 )  a n d  ( 2 . 3 6 )  t h e  

b o u n d a r y  v a l u e  p r o b l e m  d e g e n e r a t e s  i n t o  two b o u n d a r y  v a l u e  

p r o b l e m s  e a c h  i n  o n e  unknown, see a l s o  t h e  n e x t  s e c t i o n .  

F o r  comments o n  a n o t h e r  a n a l y t i c  a p p r o a c h  of t h e  p r e s e n t  

model see s e c t i o n  5 .  
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111.1.3. Thecaseal = a2 = a, 111 = Il - 1 
2 - 2  

I n  t h i s  s e c t i o n  w e  shall a n a l y z e  t h e  case 

( 3 . 1 )  a : =  a, = a 2  < 2 ,  n, = n2 = ;. 

From ( 2 . 1 2 )  and  ( 2 . 3 5 )  it f o l l o w s  t h a t  (by  d ropp ing  t h e  

i n d i c e s  "1" and 1 1 2 1 ' )  

ii. t Jo (s )  i s  r e g u l a r  f o r  z E E + ,  c o n t i n u o u s  f o r  

z E E +  U E ,  

2 2a 4t3a 
2 

P ( z )  - 2 : = a  z - - 
w i t h  

( 3 . 3 )  2ta Re - 2+a' 
(x-x ) 2 2  

E 2  11 

E : = { z = x t i y :  t 5 0 11Y 

2 , E 2 : =  1 2+a 1 2 ,  r12:= 1 
2 -  xl := a2,4 a $ 7 4  a(a  t 4 )  

To s o l v e  t h e  boundary v a l u e  problem ( 3 . 2 )  w e  need  t h e  

conformal  map t f ( a )  of t h e e l l i p s e  E + ( i n t e r i o r  o f  E) o n t o  t h e  

u n i t  c i r c l e  It1 < 1. We choose  t h i s  mapping s o  t h a t  

f ( z )  m. 2 
a + 4  

( 3 . 4 )  f(F) 0 ,  

T h i s  confo rma l  map i s  d e s c r i b e d  b y ,  c f . 1 3 1  p.296 or [lo] 

p.177,  f o r  z E E t :  

(3.5) 
2 2 K  z - 2 / ( a  +4) , k ) ,  t f(z) JIT sn( -  a r c s i n  

2 /  ( a 2 + 4 )  

where 

( 3 . 6 )  x = s n ( u , k )  

i s  t h e  J a c o b i  e l l i p t i c  f u n c t i o n ,  c f . [ 2 5 ]  p . 3 4 0 ,  
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w i t h  

-71- k' E-l l  2 {2+a-/a'+4)2 q : = e  K n { - }  Y 

5+rl r 
2 +a+ Ja t 4 

Remark  3.1  The r e p r e s e n t a t i o n  of t h e e l l i p s e  E i n  polar co- 

o r d i n a t e s  r e a d s  

2 i@ n e  
1 z = x  

ei@ 

(2+a)J--2a cosI$' 

it may b e  u s e f u l  f o r  t h e  n u m e r i c a l  e v a l u a t i o n  of t h e  c o n f o r m a l  

map of  It1 < 1 o n t o  E, v i a  T h e o d o r s e n ' s  p r o c e d u r e ,  

c f . s e c t i o n  1.4.4. 

+ 

Denote  by  

( 3 . 8 )  LT f o ( t ) ,  It1 < 1, 

the  i n v e r s e  of t h e  c o n f o r m a l  map t = f ( z ) ,  then  ( 3 . 2 )  t r a n s -  

f o r m s  i n t o  t h e  f o l l o w i n g  R i e m a n n - H i l b e r t  b o u n d a r y  v a l u e  p r o b l e m :  

ii. n ( t )  r e g u l a r  f o r  It1 < 1, c o n t i n u o u s  f o r  It1 Q 1, 

where f o r  I t I < 1: 
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The r e l a t i o n  ( 3 . 9 ) i  i s  e q u i v a l e n t  w i t h  

3 
( 3 . 1 1 )  Re{ [ i a  2 I r n f o ( t )  + 2+a a R e  f o ( t )  - 2+a] 4+3a  i n ( t ) }  = 0, It1 I .  

We now a p p l y  t h e  r e s u l t s  of s e c t i o n s  1 . 3 . 1  a n d  1 . 3 . 5 ,  c f .  

( 1 . 3 . 5 . 6 ) .  

For  t h e i n d e x  x w e  h a v e ,  as i t  w i l l  b e  shown b e l o w ,  c f . ( 3 . 3 5 ) ,  

i y ( t )  ( 3 . 1 3 )  Q ( t )  v O e  Y 

w i t h  v0 a n  a r b i t r a r y  r e a l  c o n s t a n t  a n d  

w i t h  for I T  I = 1: 

( 3 . 1 5 )  4 + 3 a  2 3 

2 t a  
a a(r):= - R e  f o ( r )  - =, b ( T ) : =  -a I m  f o ( r ) ,  

Hence  i t  follows from ( 3 . 1 0 ) ,  ( 3 . 1 3 )  a n d  ( 3 . 1 4 )  t h a t  f o r  

z E E + :  

t 
and b e c a u s e  @ , ( z )  i s  c o n t i n u o u s  for z E E u E , t h e  P l e m e l j -  

S o k h o t s k i  f o r m u l a  a p p l i e d  t o  ( 3 . 1 6 )  y i e l d s  f o r  z E E :  

To d e t e r m i n e  v o  n o t e  t h a t  t h e  d e f i n i t i o n  o f  6 1 ( r 2 ) ,  c f . ( 2 . 1 4 ) ,  

i m p l i e s  t h a t  w i t h  al = a2  a: 
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Hence from (2.121, (2.18) and (2.25) by c o n t i n u i t y  f o r  r2 -+ 1, 

From (1.6) it fo l lows  f o r  al a2 = a t h a t  

E{(x = O ) }  = -(2-a), (3.20) 1 
-1 2 

so t h a t  

Oo(l) - 1 f o r  a 1, l+a 

2 

(3.21) 

" 1 Q a < 2. Q0(;) 1 0 2-a 

An a n a l y s i s  o f  (2.10) w i t h  rl = 1 and t h e n  r2 = 1 y i e l d s  

P r  {z2 >zl 1 2aOo ( 1) , 
so t h a t  t h e  f i r s t  r e l a t i o n  o f  (3.21) also h o l d s  f o r  a <  2. 

I t  i s ,  cf.(3.3), r e a d i l y  v e r i f i e d  t h a t ,  

(3.22) z = l E E  i f  a < 1, 
E E  i f  a 1, 

t 

and 

Hence from (3.161, (3.171, (3.21) and (3.22) vo can be o b t a i n e d  

and it follows t h a t  

i f  a < 1, 

if 1 < a  < 2. 
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To a n a l y z e  t h e  e x p r e s s i o n  ( 3 . 1 6 )  f u r t h e r ,  i t  i s  n o t e d  

t h a t  for It/ = 1, 

1 ( l+a)fg( t ) -  f o ( t )  - ( 4 + 3 a ) / a 2  

2 1  ( l+a)f, ,( t)  - fgo- (4+3a)/a 2 .  =- log 

Hence for z E E ,  

2 
2 ,  

1 ( l + a ) T -  2 -  ( 4 + 3 a ) / a  
( l + a ) z -  Z -  ( 4 + 3 a ) / a  

( 3 . 2 5 )  E ( f ( Z ) )  l o g  

Note t h a t  f o r  z E E ,  c f . ( 3 . 3 ) ,  

- 4+3a - 2+a ( l + a ) z -  2 - -  - - { P ( z ) - 2 1 .  
a 2 

( 3 . 2 6 )  
a 

To i n v e s t i g a t e  t h e  a n a l y t i c  c o n t i n u a t i o n  o f  E ( f ( z ) )  r e p r e -  

s e n t  t h e  e l l i p s e  E as 

{z:z= x + 5 cos $ +  i q  s i n  $ ,  0 G $ < 2711. 1 ( 3 . 2 7 )  

I t  f o l l o w s  from 

t h a t  

( 3 . 2 8 )  s i n  $ - 2 { i n ( z - x l )  + v 2 -  (z-x,)  1 .  

Henee, by u s i n g  ( 3 . 3 )  for z E E: 

1 2 

5 -17 

- 
( 3 . 2 9 )  z -  z 2i17 s i n  $ 

S u b s t i t u t i o n  of ( 3 . 2 9 )  i n t o  ( 3 . 2 5 )  l e a d s  t o :  

f o r  z E E :  
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2 2 
(3.32) E n ( z ) : =  z(2ta)- (a tat2)zt (lta)& 

a +4 

2 
a = - -{P(Z) - 21. 

The analytic continuation of E (z) and E n ( z )  can now readily 
d 

be constructed on the Riemann surface Sconsisting of two sheets 

both cut along [O,-&] and crosswise joined along these cuts. 

At the upper sheet the analytic continuations of E~(z) and of 

E*(z) are determined by taking in (3.31) and (3.32) the 

value of the root of !z(Z-Q/(a tq)), at the lower sheet the 

negative value of this root. 

a t4 

positive 

2 

It is readily verified that E~(z) has two zeroz z1 and z2 

and ~ ~ ( 2 )  two zeros z3 and z4: 

at2 2 1 z3 0 -{$ , z = -. 
4 a' 

t h e s e  z e r o s  of ~ ~ ( 2 )  b e l o n g  t o  t h e  range  of .zd(z) a t  t h e  upper  

s h e e t ,  t h o s e  of E~(z) t o  t h e  range  of E~(z) a t  t h e  lower  s h e e t ;  

a fact which is verified by straightforward computation. It 

also follows that 

(3.34) z1 EE E u  E', z2 F E U Et. 

Next we show that (3.12) holds. By using the analytic con- 

tinuation of E~(z) on S it follows from(3.34) with the contour T 
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as shown i n  f i g .  8 and l o c a t e d  i n  t h e  uppe r  s h e e t  o f  S and  by 

n o t i n g  t h a t  l o g  ~ ~ ( 2 )  i s  r e g u l a r  i n  E \ T  
+ +  t h a t  

' Figure  8 

and hence  ( 3 . 1 2 )  h a s  been  v e r i f i e d .  

Fo r  t h e  a n a l y s i s  of 0 ( z )  w e  need  some p r o p e r t i e s  of  f ( z ) ,  
0 

c f .  ( 3 . 5 )  , which w i l l  be d e s c r i b e d  below. 

The J a c o b i  e l l i p t i c  f u n c t i o n  s n ( u , k ) ,  c f .  ( 3 . 6 )  i s  a doubly  

p e r i o d i c ,  meromorphic f u n c t i o n :  

f o r  m = 0 ,  2 1, 2 2 ,  . . . ;  n = 0 ,  - + 1, 5 2 , . . . :  

( 3 . 3 6 )  s n ( u +  4 m K +  2 i n K ' , k )  = s n ( u , k ) ,  

sn(2mK+ 2 i n K ' , k )  0 ,  

sn(2mK+ i ( 2 n +  l ) K ' , k )  m y  

t h e  z e r o s  and p o l e s  all have  m u l t i p l i c i t y o n e ,  c f . 1 2 5 1 ,  p .  3 4 1 .  
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It f o l l o w s  from (3.5) t h a t  f ( z )  h a s  s i m p l e  p o l e s  a t  

(3.37) z = -  22 { l t  i s i n h  
a t 4  

m = 0 ,  L 1, 2 2 ,  . . .  

and s imple  z e r o s  a t  

4 

a t4 
f u r t h e r  f ( z )  i s  r e g u l a r  a t  z 0 and z = 2, 

e l l i p s e  E .  Hence 

(3.38) f ( z )  i s  a merornorphic f u n c t i o n  o f  z 

t h e  foci o f  t h e  

Consequent ly  i t  f o l l o w s  from (3.161, ( 3 . 2 4 )  and (3.30) t h a t  f o r  

z E E': 

w i t h ,  cf.(3.23), 

By a p p l y i n g  t h e  P lemel j -Sokhotsk i  f o r m u l a ,  c f . ( I . l . 6 . 4 ) ,  

see a l s o  ( 3 . 5 1 )  below, it f o l l o w s  from ( 3 . 3 9 )  t h a t  f o r  z E E :  
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The r e l a t i o n s  (3.39),...,(3.41) d e t e r m i n e  @,(z) f o r  

z E E U E t .  However, 

(3.42) z n  1 EE' 0 a < 1, 

z = 1 E E  0 a 1, 

so  t h a t  i f  1 < a 

r e g u l a r  f o r  1zI < 1, c o n t i n u o u s  f o r  I z I  Q I, i s  n o t  y e t  f u l l y  

e x p r e s s e d  by (3.39),...,(3.41). To d e t e r m i n e  O ( 2 )  for t h i s  c a s e  

w e c o n s t r u c t  t h e  a n a l y t i c  c o n t i n u a t i o n  Of(3.41) f o r  z E E - .  Fo r  t h i s  
weneed  t h e  r e l a t i o n  be tween u and  v s a t i s f y i n g  

2 t h e n  O o ( z ) ,  which by d e f i n i t i o n  s h o u l d  b e  

n 

(3.43) f ( u )  f ( v ) .  

To o b t a i n  t h i s  r e l a t i o n  n o t e  t h a t  (3.5), ( 3 . 3 6 )  and  (3.43) imp ly  

2 
2 v -  - 2 

2 u- - 
2K a t4 - 

2 ,  
2 a t4 

2K a r c s i n  = 4 n K +  2 i m ~ '  t - a r c s i n  
~ 

2 TI 
2 a t 4  
- TI 

so t h a t  

2 
2 v -  - 2 

2 u -  - 
K' a + 4 } .  a " = s i n  (2 nT t i  m- TI t a r c s i n  2 

2 a t 4  
2 K 

2 a t 4  
- 

from which it f o l l o w s  f o r  m EI 0 , 21, 2 2  ,.. . , 

2 K' (3.44) "-2 = ( v - + )  c o s h  m- K IT 
a + 4  a t4 

t v w  s i n h  m-- K' TI , 
K 

a t 4  

or 

(3.45) K' 
K 22 a + 4  

1 c o s h  rn - n t 
2 2 

2 ( u -  +) -2Cu- - ) ( v -  - 
a t4 a t 4  
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t ( v - -  2 ) 2 t  A s i n h  2 m - K ’  IT- 0 .  
a t 4  ( a  +4) K 

From ( 3 . 4 4 )  i t  i s  s e e n  t h a t  f o r  eve ry  f i x e d  m = O , +  1, 

- t 2 ,  ..., u as a f u n c t i o n  of v can  be d e f i n e d  as a n  a n a l y t i c  func-  

t i o n  of v on t h e  Riemann s u r f a c e  S i n t r o d u c e d  above ( e . g .  t h e  

II .+ II s i g n  i n  ( 3 . 4 4 )  c o r r e s p o n d i n g  w i t h  t h e  uppe r  s h e e t ) ,  n o t e  

t h a t  u = v f o r  m 0 and t h a t  p o s i t i v e  and  n e g a t i v e  v a l u e s  

of m need n o t  t o  be d i s t i n g u i s h e d .  

Denote f o r  f i x e d  m t h i s  mapping by 

( 3 . 4 6 )  u = M m ( V )  

and p u t  f o r  m O,l,,..y 

( 3 . 4 7 )  E m : =  {u  : u =  Mm(v),  vEE}, E o  : =  E ,  

4 
a t 4  

T m : =  {U : u =  M ( v )  , VET= [ O  ,TI , coun ted  t w i c e } .  m 

Obvious ly ,  Mm(v) b e i n g  a n a l y t i c  on S maps t h e  s imply  con- 
t n e c t e d  s e t  E o n t o  a s imply  connec ted  domain on S, which con- 

t a i n s  Eu Et  and i s  bounded by Em;  by Em+ w e  s h a l l  deno te  t h a t  

p a r t  o f  Em which i s  l o c a t e d  a t  t h e  uppe r  s h e e t  of 

Tmt i s  d e f i n e d .  I t  follows from t h e  r e g u l a r i t y  and  u n i v a l e n c e  

o f  f (  z )  for z E E u Et  t h a t  Tmt ,Em+ , m 0 , 1 , .  . . 
s imply  connec ted  and d i s j o i n t  c o n t o u r s ,  n e s t e d  i n  t h e  f o l l o w i n g  

o r d e r ,  c f . ( 3 . 4 4 ) ,  

S ,  s i m i l a r l y  

are a l l  

By {Tmt, Emt} w e  s h a l l  deno te  t h e  i n t e r i o r  of  t h e  domain 

bounded by Tmt and E m + ,  ana logous ly  for {E(m-l)t ,  Tmt> and 

E ( m t 1 ) t ”  
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The analytic continuation of Q ( 2 )  can now be constructed 

as follows. By noting (3.38) it is readily seen that the inte- 

grand in (3.39), i.e. 

0 

is regular for every z except those z for which f(z) E E, 

cf.(3.43), which occurs if z E E for m = O y l ,  ... . 
m+ 

By applying the Plemelj-Sokhotski formula (cf.(1.1.6.4)) 

it results readily that the analytic continuation of Q o ( z )  

from z E E into { E ,  T1+) is given by, cf.(3.41), 

if z * zIy z * z 2 '  cf.(3.33). The relation (3.50) obviously 

represents also the analytic continuation of Q o ( z )  f o r  

z €{TI+ , E l + ) .  By passing from {T1+ 'El+) into E l +  and into 

{E1+yT2+} the Plemelj-Sokhotski formula 

and generally it follows f o r  the analytic continuation o f  O 0 ( z )  

has to be used again 
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m = l y 2 y . . . y  b u t  z * zlY z * z 2 y  c f . ( 3 . 3 3 ) .  A l l  c o n t o u r s  

Em+ are  l o c a t e d  a t  t h e  u p p e r  s h e e t  o f  S ,  so  t h a t  Q o ( z )  h a s  

a t  z z1 a p o l e  of m u l t i p l i c i t y  m i f  z 

f o r  z = z 

E E m ,  a n a l o g o u s l y  

2' 

With O o ( z )  b e i n g  d e t e r m i n e d  by  ( 3 . 4 0 )  a n d  ( 3 . 5 1 )  
X -2 E { r 2  

c f . ( 2 . 2 5 )  a n d  ( 3 . 3 1 ) ,  

(xl= 0)) c a n  now b e  f o u n d  from (2.18), i . e .  f rom, 

w i t h  

z = r 6 (r ) ,  2 1  2 
( 3 . 5 3 )  

so t h a t ,  c f . ( 2 . 1 4 ) ,  

Note t h a t  f o r  r2 = 1: 

z =  1 i f  a G 1, z = -  i f l G a C 2 .  a 

5 2  52 
I t  i s  r e m a r k e d  t h a t  E { r l  r2 ( X _ ~ > X ~ ) }  c a n  b e  f o u n d  

from ( 2 . 1 0 ) ,  (2.12) a n d  t h e  r e l a t i o n s  f o r  Q 0 ( z )  and 

E { r 2  (zl= 0 ) )  d e r i v e d  a b o v e .  
X -2 

From (1.5) w i t h  p r 2 ,  a n d  ( 3 . 5 2 )  t h e  g e n e r a t i n g  

f u n c t i o n  of  t he  d i s t r i b u t i o n  of t h e  t o t a l  number  of c u s -  

tomers i n  t h e  s y s t e m  c a n  b e  o b t a i n e d :  

X -2 x tx 
-1 -2 } = -  E { r 2  (xl= 0 1 1  

2 E { r 2  2-ar ( 3 . 5 5 )  
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2 . 3  
2 

- 2-ar 4 E d ( Z ) Q 0 ( Z ) ’  I4 Q 1, 

z =  r 6 (r  ) ;  hence  by u s i n g  ( 3 . 2 0 1 ,  2 1  2 w i t h  

E { x l + z 2 )  = 2E{x1) 2-a 2 E { x  ( x  0)) + -A. -2 -1 2 - a  ( 3 . 5 6 )  

P u t t i n g  r = 1, r e s p e c t i v e l y  r2 = 1 i n  ( 2 . 1 0 )  y i e l d s  

(3.57) E { r 2 - 2 ( & 2 > z 1 ) }  $ r2 Q O ( r 2 )  , Ir21 1 

-1 X Q a ( r 1 ) - i ( 2 - a )  

1 
X 

( 3 . 5 8 )  E { r l  ( z 2 > z l ) } =  ar -1 Y bll Q 1’ 
1 

Hence 

summation of ( 3 . 5 9 ) y . . . y ( 3 . 6 1 )  y i e l d s  

- -  
E I x 2 1  2 2 ( 1 - a )  ( 3 . 6 2 )  

2 ( 1 - a  

which  a g r e e s  w i t h  ( 3 . 5 6 ) .  
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111.1.4. Analysis of integral expressions 

For t h e  n u m e r i c a l  e v a l u a t i o n  o f  t h e  r e s u l t s  d e r i v e d  i n  

t h e  p r e c e d i n g  s e c t i o n  t h e  i n t e g r a l  

( 4 . 1 )  I(z):= - i dC 3 
1 

<EE 

h a s  t o  be c a l c u l a t e d .  I t  can  b e  per formed by d i r e c t  numer i ca l  

c o n t o u r  i n t e g r a t i o n .  However, as i t  w i l l  be  shown be low,  two 

o t h e r  e x p r e s s i o n s  f o r  I(z) can  be  o b t a i n e d  of which t h e  nu- 

m e r i c a l  e v a l u a t i o n  does  n o t  r e q u i r e  c o n t o u r  i n t e g r a t i o n .  We 

s h a l l  d e r i v e  h e r e  t h e s e  e x p r e s s i o n s .  

1. Remembering t h a t  E i s  l o c a t e d  in t h e  u p p e r  s h e e t  o f  t h e  

Riemann s u r f a c e  S t h e  i n t e g r a t i o n  c o n t o u r  i n  (4.1) can  be  re -  

p l a c e d  by t h e  c o n t o u r  T ,  see f i g . 8 .  For z i n  t h e  domain G 

bounded by E and  T t h e  i n t e g r a n d  i n  ( 4 . 1 )  h a s  a s i m p l e  p o l e  

a t  5 z because  - d f ( 5 )  i s  r e g u l a r  f o r  < E E t  and  d5 
l o g i c n (  c ) / E d (  5 )  1 i s  

Cauchy’s  theo rem it 

( 4 . 2 )  I ( z )  = l o g  

r e g u l a r  f o r  5 E G .  Hence by a p p l y i n g  

f o l l o w s  t h a t  for z E G :  
d f ( < )  

E n ( < )  - 

Because E ,  and  a l s o  T ,  is l o c a t e d  i n  t h e  uppe r  s h e e t  of S 

i n  t h e  f i r s t  t e r m  i n  t h e  r i g h t h a n d  s i d e  o f  ( 4 . 2 )  t h e  p o s i t i v e  

r o o t s  i n  t h e  e x p r e s s i o n s  ( 3 . 3 1 )  and  ( 3 . 3 2 )  have  t o  b e  t a k e n .  

I n  ( 4 . 2 )  t h e  p a t h  T can be r e p l a c e d  by t h e  p a t h  

0 ,+, 0 ,  t h e  c o n t r i b u t i o n s  a l o n g  t h e  small s e m i c i r c l e s  

t e n d  t o  z e r o  w i t h  t h e i r  r a d i u s  t e n d i n g  t o  z e r o .  Then 5 x 

a t  t h e  uppe r  p a r t  of T and  < xe2”  a t  t h e  lower  p a r t .  

a +4 
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By noting that T is located in the upper sheet of S 

and that /x(x- 
a +4 a + 4  

it f o l l o w s  from (3.31) and (3.32) and their analytic con- 

tinuation that: 

is purely imaginary for x E (0, 7 4 ,  

4 

En(Z) a 2 + 4  EII(X) Ed(X) 
(4.3) I(z)= log o+- J {log(- - 

Ed z 2 T l  E~(XJ ‘n(x) 

dx f o r  z E G ,  d x  
‘f(x) - f(z) 

for z E [ O  ,+I .  
a + 4  

The last equality in (4.3) is obtained f r o m  the first 
4 

a +4 
one by letting z with I m  z > 0 approach a point of (O,, -) 

and by applying the Plemelj-Sokhotski formula. 

It is noted that 

E d ( X )  qT Im E d(x) 

2i arctan Re E ~ ( x )  

Im E~(x) 

log(- -) qm En(X) 

-2i arctan Re E~(x)’ 
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d e f i n i n g  t h e  p r i n c i p a l  v a l u e  o f  t h e  l o g a r i t h m  i n  ( 4 . 3 )  i s  

h a r d l y  r e l e v a n t  because  I ( z )  e n t e r s  t h e  formula  ( 3 . 5 1 )  as 

a n  e-power; it i s  d e f i n e d  s o  t h a t  t h e  l o g a r i t h m  i s  r e a l  f o r  

r ea l  argument.  

2 .  Next w e  s h a l l  r e p l a c e  t h e  c o n t o u r  E i n  t h e  i n t e g r a l  

( 3 . 4 1 )  by a c o n t o u r  Fmy see f i g . 9  and below, Fm f o r  t h e  

g r e a t e r  p a r t  c o n s i s t i n g  o f  T m + '  
I n  o r d e r  t o  apply Cauchy's theorem when r e p l a c i n g  E by 

Fm i n  ( 3 . 4 1 )  w e  have  t o  c o n s i d e r  t h e  s i n g u l a r i t i e s  i n  

{ E , F  I o f  t h e  i n t e g r a n d  i n  (4.1). 

i. 

s h e e t  of S and h a s  h e r e  no z e r o s  , so  l o g  E ( z )  i s  h e r e  

r e g u l a r ;  E ~ ( z )  i s  h e r e  a l s o  r e g u l a r  b u t  has  f o r  m s u f f i c i e n t l y  

l a r g e  two z e r o s  z1 and z 2 ,  c f . ( 3 . 3 3 ) ,  so  t h a t  l o g  E d ( z )  h a s  

two s i n g u l a r i t i e s  a t  z =  z1 and z =  z 2  f o r  l a r g e  m.  F o r  t h i s  

r e a s o n  t h e  i n d e n t a t i o n s  i n  Fm have been  made, c f . f i g . 9 .  

ii . 
h a s  s imple  p o l e s ,  see ( 3 . 3 7 1 ,  i f  f ( 5 ) -  f ( z )  * 0 .  Denote t h e s e  

p o l e s  by p 

t h e  r e s i d u e s  a t  t h e s e  p o l e s  are a l l  e q u a l  t o  -1. These p o l e s  

do n o t  be long  t o  E U E and  hence  n e i t h e r  t o  {Tmt,Emt}, SO t h e y  

are l o c a t e d  i n  mYl{E(m-l) 

s h e e t  o f  S are concerned .  Because ( 3 . 4 4 )  and ( 3 . 4 6 )  imply 

m 
E , ( Z ) ,  c f . ( 3 . 3 2 ) ,  i s  r e g u l a r  i n  E u  E- on t h e  uppe r  

n 

f ( 5 ) i s  neromorph i c  , c f , ( 3 . 3  8 ) , hence -- d f ' % f ( C ,  - f ( z ) l  dC 

j = 0 ,  - +1, + 2 , . . .  , It i s  r e a d i l y  v e r i f i e d  t h a t  
j y  

+ 
m 

, Tmt} i n  s o f a r  p o l e s  i n  t h e  uppe r  

( 4 . 4 )  v E  {EOtyT1+I * M m ( ~ ) E ~ E m t , T ( m t l ) + I y  

it f o l l o w s  t h a t  

( 4 . 5 )  P j  ' { E j + J ( j + l ) + I  Y j = O , l , . .  . , 
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iii. 

5 -  Mh(z), h =  0,1, . . . ,  cf.(3.46). F o r  such a zero the residue 

of - df(S)/{f(c)- f(z)) is obviously equal to one. 

For  z E E+ the zeros of f(<) - f ( z )  are given by 

dr; 

Figure 9 

With Fm the contour A B Z1 C D Z2 A it follows from 

the above that f o r  z E E + ,  Im z * 0 (see below(4.10) for 
Im z =  O ) ,  

Let m + then for 5 E Em+ we have + - and we 
may put 

where c is a finite constant, cf.(3.31) and (3.32). Assuming 

for the present that the following limits exist then 
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Because f ( < )  i s  meromorphic t h e  l a s t  i n t e g r a l  i s  e q u a l  t o  

2 7 ~ i  t imes  t h e  d i f f e r e n c e  o f t h e  number o f  z e r o s  and  t h e  number 

of p o l e s  o f  f ( r ; ) - f ( z )  i n s i d e  Fm. F rom i i a n d  iii above it is 

s e e n  t h a t  f ( < ) - f ( z )  f o r  z E Et  has  e x a c t l y  one z e r o  i n  E , 
one z e r o  i n  I T  ,E 

m =  1 , 2 ,  ... . Because I m  z + 0 so  t h a t  no z e r o s  o f  f ( c ) - f ( z )  

are  l o c a t e d  i n  (-m,zl)  o r  ( z 2 , m ) ,  c f . ( 3 . 4 4 ) ,  it i s  s e e n  t h a t  

t 

} ,  one p o l e  i n  { E ( m - l ) + ,  T mt I for m t  m+ 

1 - 1 d l o g { f ( S ) - f ( z ) l =  0 ,  m =  1 , 2 ,  ... . 
27Tl 

(4.9) 

Fm 

If I m  z= 0 and ( z 2 , m )  c o n t a i n s  z e r o s  o f  f ( S ) - f ( z ) ,  

t h e n  it i s  r e a d i l y  s e e n  t h a t  

1 
(4.10) - 1 

2.rr’ DZ2AD 

i s  e q u a l  t o  t h e  sum 

t h e  number o f  z e r o s  

d i f f e r s  by 2 T i  from 

o f  t h e  r e s i d u e s  a t  t h e s e  z e r o s  added t o  

i n  DZ2AD because  l o g  ~ ~ ( 5 )  f o r  c E Z2A 

t h a t  f o r  5 DZ2. Note t h a t  i f  I m  z =  0 

t h e n  t h e  r e s i d u e s  of t h e  z e r o s  i n s i d e  DZ2AD do n o t  e n t e r  

i n  t h e  l a s t  sum o f  (4.6). 

I t  follows r e a d i l y  from ( 4 . 7 )  and ( 4 . 9 )  t h a t  t h e  

l i m i t s  i n  (4.8) e x i s t  f o r  I m  z * 0 .  So t h a t  because  I(z) 

i s  independen t  o f  m i t  is s e e n  t h a t  
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+ 
exists. Hence for z E E , Im z * 0, 

From what has been said above concerning the case 

Im z 0, z E E+, it is not difficult to deduce that (4.11) 

also applies for z E E , Im z 0. 
+ 

It remains to consider the analytic continuation of 

I(z) into E U E-. Because the branching points of E~(z), E~(z) 

and M.(z) are located at z 0 and z = 4/(a +4) it is readily 

seen that the analytic continuation of the righthand side of 

(4.11) across E into E U E- is possible. Providing E U E- 

with the appropriate cuts to take into account the logarithmic 

singularities stemming from the zeros of E~(M~+~(z)), the 

Riemann surface for such an analytic continuation can be 

constructed. 

2 
3 

Lt is seen that the relations ( 3 . 3 9 1 ,  (3.40) and (4.1) 

+ 
yield for z E E : 

I(z)- I(1) 
Q (z)n- e 0 l+a for a Q 1, 

so that by using the relations (4.3) and (4.11) expressions 

for a0(z) are obtained which are free of contour integrals; 

in particular from (4.11) and the remarks below (4.111, 

it is seen that for z E E+: 
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111.1.5. Some comments concerning another approach 

Rewrite for the case al = a = a, n, n2 = $ the relation 
2 

(2.lO),by noting (2.12), as 
2 1 1 

1 t y  

-1 x x  -2 rlr2 zrl 2 2 ,  
(5.1) E{rl r2 (x2 3 xl)){rlr2 - 2 

1 2  1 1 7{rlr2 t -r a 1  + -r a 2  
1 t- a 

(5,2) 

represents the joint generating 

vector (xyy) with distribution 

Consequently the relation (5.1) 

function of the stochastic 

has a kernel 

r r - 7{rlr2 1 2  + arl 1 + -r 1 1 ,  
a 2  ( 5 . 4 )  

1t- 
a 

which is of the same type as that encountered in the functional 

equation (II~l.l~19)o This observation suggests an analysis of 

the functional equation (5.1) similar to that used for the 

relation (11.1.1.19). Note that the kernel (5.4) is of the type 

discussed in section 11.3.11. It is also of interest to inves- 

tigate the simultaneous set of functional equations (2.10) and 

(2.11) from this viewpoint. 
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111.2. THE ALTERNATING SERVICE DISCIPLINE 

111.2.1. The model 

Customers of type i, i = 1,2, arrive according to a Poisson 

process at a single server, the arrival rate is indicated by Xi. 

The service times of all customers are independent stochastic 

variables, those of customers of type i are identically distrib- 

uted 

fully served (and leaves the system) then the next customer to be 

served is of type 2, if type 2 customers are then present, otherwise 

.i type 1. customer is served when present, if not the server becomes 

idle. Analogously, if a type 2 customer leaves the system. Hence 

the service sequence of type 1 and 2 customersis governed by an 

alternating service discipline. 

Define for i 1,2, 

with distribution Bi(.). If a customer of type 1 has been 

: =  hi + x2, r : =  Ai/X, 
i (1.1) 

m 

m 2  
m 

Bi : =  .f tdBi(t), Bi (2) : =  .f t dBi(t), 
0 0 

a : = a + a  1 2’ ai : =  Xi+ 

for the sake ofsimplicity it will be always assumed that 

and that Bi(.) is not a lattice distribution. 

Denote by gAi) the number of type i customers left behind 

in the system at the nth departure; and let hn characterize the 

type of the nth departing customer, so hn i if he is of type i. 
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Obviously, {zn , z(2),h ,n = 1,2 , . . .  1 is a discrete time -n n 

parameter Markov chain with stationary transition prob- 

abilities and state space {O,l , . . . I  x {O,l , . . . I  x {1,2}. The 

present model and the M/G/l queue with arrival rate X and 

service time distribution rlB1(.) + r2B2(.) obviously have the 

same distribution of the number of customers served in a busy 

period and also the same idle time distribution. Consequently, 

the process {zn 
stationary distribution if and only if 

, -n z'~), -n, h n = 1,2 ,... } possesses a unique 

(1.2) a < 1. 

F o r  the present it will be assumed that (1.2) holds. Note that 

if (1.2) does not hold it is still possible that the process 

{-n z(l), n = 1,2 ,... 1 possesses a stationary distribution. 

It will henceforth be assumed that the process 

(1) . ( 2 )  -n , h n 1,2 , . . .  is stationary so that we may and {zn 9 -n ' 
do define for i 1,2 and n = 1,2 , . . . ,  

By considering the various possible states of the system at 

two successive departure epochs and by using the assumed 

stationarity of the (') ,-n z ( ~ ) ,  -n, h n 1,2,...} process it 

follows, omitting the lengthy calculations,that for lpil < 1, 
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From (1.4) and its symmetrical analogue it follows readily that 

for ]pi] Q I, 
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111.2.2. The functional equation 

Define 

L 

(2.1) B ( t )  : =  .f Bl(t- 'C)dB2(T),  t 2 0, 
0 

= 0 ,  t < o ,  

and 

m 

( 2 . 2 )  B ( p )  : =  J e-pt d B ( t ) ,  Re p 2 0 ,  
0 

so t h a t  

and f o r  lpil < 1, 

( 2 . 3 )  B(p1,p2) : =  B{i(1-r lp1-r2p2)l  B 1 ( ~ 1 y ~ 2 ) B 2 ( ~ 1 y ~ 2 ) e  

(1) Because Il ( 1 . 3 1 ,  shou ld  be f o r  eve ry  f i x e d  p 2  

w i t h  Ip21 < 1 r e g u l a r  f o r  lpl l  < 1, con t inuous  f o r  lpll  G 1, 

and s i m i l a r l y  w i t h  p1 and p 2  i n t e r c h a n g e d ,  it f o l l o w s  t h a t  

( p 1 , p 2 ) ,  c f .  

e v e r y  z e r o  (p1 ,p2 )  o f  t h e  k e r n e l  

( 2 . Q )  Z(p1,p2).  : =  P1P2 - B(P1YP2) '  l P i l  

shou ld  be a z e r o  of t h e  t e r m  between s q u a r e  b r a c k e t s  i n  t h e  

r i g h t h a n d  s i d e  of ( 1 . 6 ) .  I t  w i l l  be shown below t h a t  t h i s  

c o n d i t i o n  l e a d s  t o  a f u n c t i o n a l  e q u a t i o n  f o r  u l ( p 1 )  and c r 2 ( p 2 ) .  

Th i s  e q u a t i o n  t o g e t h e r  w i t h  t h e  f a c t  t h a t  u i (p i )  shou ld  by 

d e f i n i t i o n  b e  r e g u l a r  f o r  lpil  < 1, con t inuous  for lpil < 1 

l e a d s  t o  a unique d e t e r m i n a t i o n  o f  u i ( p i ) .  A . s i m i l a r  argument 

a p p l i e s  f o r  n 
e q u a t i o n  i s  t h e  same. 

( 2 )  ( p l , p 2 ) ,  however, t h e  r e s u l t i n g  f u n c t i o n a l  
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The k e r n e l  Z(p1 ,p2)  i s  a P o i s s o n  k e r n e l  because  B ( . )  is a 

p r o b a b i l i t y  d i s t r i b u t i o n  w i t h  s u p p o r t  ( 0 , m ) .  T h i s  t y p e  o f  k e r n e l  

has  been a n a l y z e d  i n  c h a p t e r  1 1 . 4 ,  see s e c t i o n  1 1 . 4 . 2  and i n  

p a r t i c u l a r  s e c t i o n  1 1 . 4 . 4 ,  t h e  l a t t e r  s e c t i o n  c o n c e r n s t h e  P o i s s o n  

k e r n e l  f o r  t h e  s t a t i o n a r y  p r o c e s s .  

P u t , c f .  ( 2 . 2 )  and  ( 1 1 . 4 . 4 . 5 ) ,  ( 1 1 . 4 . 4 . 6 1 ,  

( 2 . 5 )  b ( 6 )  : =  6’ - 4r l r2B{X(1-6)} ,  R e  6 Q 1, 

1 1 
E 1 ( 6 )  :=---I 6 .+ m 1 ,  E 2 ( 6 )  :=  -{6 - rn], 

2rl 2 r 2  

2’  rl > r 

(1) t h e n  t h e  c o n d i t i o n  o f  r e g u l a r i t y  o f  Il 

y i e l d s ,  o m i t t i n g  some a l g e b r a  c f .  s e c t i o n s  1 1 . 4 . 2  and 1 1 . 4 . 4 ,  

t h a t  f o r  6 E E ( s e e  ( 1 1 . 4 . 4 . 1 3 )  for t h e  d e f i n i t i o n  o f  E ) :  

( p l , p 2 )  d i s c u s s e d  above  

w i t h  

n o t e  t h a t  Q ( 6 )  and P ( 6 )  are r e g u l a r  f o r  Re 6 < 1, c o n t i n u o u s  f o r  

R e  6 < 1, because  ( 1 . 2 )  i m p l i e s  t h a t  t h e  denominator  i n  ( 2 . 7 )  

h a s  no z e r o s  f o r  R e  6 < 1. 

If 6 E E approaches  t h e  s l i t  G ,  c f .  ( I I . 4 . 4 . 1 2 1 a  c o n t i n u i t y  

argument shows t h a t  ( 2 . 6 )  s h o u l d  a l s o  h o l d  on G .  With 6 ( $ )  as 

d e f i n e d  by ( 1 1 . 4 . 4 . 9 ) ,  2 . e .  6 ( @ )  i s  t h e  un ique  z e r o  i n  R e  6 1 

of 

I 

( 2 . 8 )  6 - 2% C O S $  Bz{X(1-6)}, 0 G $ 2 n ,  

it fo l lows  from ( 2 . 6 )  by p u t t i n g  
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that for w E F : 

where, cf. (11.4.4.151, 

Put 

W W 
(2.12) W,(W) : =  0 (-) + u 2 (-1, 2r2 1 2rl 

w (w) : =  u (-) - u (-), 2 1 2rl 2 2r2 
W W 

then, because P(Re w) and Q(Re w) are both real and ui(p) has 

in its series expansion in powers of p for IpI < I, cf. 

only nonnegative coefficients, it follows from (2.10), ...,(2.12) 

that for w E F : 

( 1 . 7 ) ~  

(2.13) Im w,(w) = (Im w) Q(Re w), 

(2.14) Re w2(w) = P(Re w). 

Because 

and X o  is the probability of the zero state in an Y/G/l queue 

with arrival rate X and service time distribution r B (.I t r2 B2(.) 

it follows from (1.1) and (1.5) that 

1 1  

(2.15) wl(0) 1-a. 

Further (2.12) implies that 
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w ( w )  i s  r e a l  f o r  r ea l  w .  2 ( 2 . 1 6 )  

We h a v e  w i t h  F+ t h e  i n t e r i o r  o f  F : 

T h e o r e m  2 . 1  

+ t i. 

sa t i s f i e s  ( 2 . 1 5 )  and  ( 2 . 1 3 )  f o r  w E F ;  

w l ( w )  i s  r e g u l a r  for w E F , c o n t i n u o u s  f o r  w E F U F and 

+ ii. w 2 ( w )  i s  r e g u l a r  f o r  w E F+, c o n t i n u o u s  f o r  w E F U F 

s a t i s f i e s  ( 2 . 1 6 )  and  ( 2 . 1 4 )  f o r  w E F .  

and  

Proof The s t a t e m e n t s  c o n c e r n i n g  ( 2 . 1 3 ) ,  . . . ,  ( 2 . 1 6 )  have  been  

m o t i v a t e d  above ,  it r e m a i n s  t o  p r o v e  t h e  r e g u l a r i t y  and  c o n t i n u i t y .  

The d e f i n i t i o n  o f  o i ( w ) ,  c f .  

for 1.1 < 1, c o n t i n u o u s  f o r  1.1 Q 1, h e n c e  t h e  r e g u l a r i t y  and  

c o n t i n u i t y  f o l l o w  

( 1 . 7 ) ,  i m p l i e s  t h a t  u i ( w )  i s  r e g u l a r  

f o r  r1 r2  = f by n o t i n g  t h a t  

( 2 . 1 7 )  1.1 < 1 f o r  w E F ,  r l  2 r2. 

I t  may and  w i l l  b e  assumed h e n c e f o r t h  t h a t  r1 > r 2 .  To c o n s i d e r  

t h e  c a s e  r1 > r 2  f i r s t  n o t e  t h a t  

+ + so t h a t  B (w) i s  r e g u l a r  f o r  w E F , c o n t i n u o u s  f o r  w E F U F . 
F u r t h e r  f rom ( 2 . 8 ) ,  

1 2 r l  

&(O) f o r  6 E [ 6 ( 0 ) , 1 1 .  1 
2 r  1 2 - { 6 t f i r n }  2 -- 

1 2rl 
( 2 . 1 9 )  

Because ( 2 . 6 )  h o l d s  f o r  6 E (6(0),1] C E t h e  f i n i t e n e s s  of 

u (60) i s  i m p l i e d  by c o n t i n u i t y  and  t h e  f i n i t e n e s s  o f  t h e  o t h e r  

t h r e e  terms i n  ( 2 . 6 ) .  The f a c t  t h a t  t h e  c o e f f i c i e n t s  i n  t h e  s e r i e s  

e x p a n s i o n  of B 2 ( w )  a r e  n o n n e g a t i v e  m o t i v a t e s  t o g e t h e r  w i t h  ( 2 . 1 8 )  

t h e  s t a t e d  r e g u l a r i t y  and  c o n t i n u i t y  of u 2 2 r 2 ) ) .  

2 2r2 

0 W 
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111.2.3. The solution of the functional equation 

The relation (2.12) and theorem 2.1 show that the determination 

of ui(p), i = 1,2 reduces to the determination of the solution 

of two Dirichlet problems both for the domain F bounded by the 

contour F. The solution of these Dirichlet problems proceeds as 

follows . 

t 

With z = f(w) the conformal mapping of Ft onto the unit circle 

I z (  < 1, with w fo(z) its inverse mapping, cf. (11.4.5.19) and 

(3.1) Qi(z) : =  ui(f0(z)), i = 1,2, 

it follows from theorem 2.1 that 

(3.2) i. Qi(z) is regular for 1.1 < 1, continuous f o r  Iz]< 1; 

ii.Im Q,(z) = {Im f o ( z ) }  Q(Re fo(z)), 121 = 1, 

Re Q2(z) = P(Re fo(z)), 121 = 1. 

Consequently from section 1.3.2 or section I.3.5.ii it follows that 

1 
2n1 (3.4) n2(z) = r 

where C1 and C2 are 

verified that the r 

real constants (note that it is readily 

ghthand sides in (3.2) ii satisfy the Hzlder 

condition on I z I  1). 

We now have 

Theorem 3 . 1  The functions u.(p), IpI 1 are uniquely determined 

by : 

1 

for w E F', 

(3.5) 
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with 

+ here z f(w) is the conformal map of F 

its inverse mapping and such that 

onto ) z I  < 1, w = fo(z) 

+ 
c an arbitrary real point of F . 

Remark  3 . 1  

the relations (11.4.5.19) and (11.4.5.20). Because frequently 

F can be extremely well approximated by a n e a r Z y  c i r c u l a r  curve 

in which case an excellent approximation for f (z) can be derived 

if c # 0, the relations (3.6),(3.7) have been formulated for generic 

real values of c. See for this nearly circular approximation of 

F section IV. 1.4. 

If we take in (3.8) c 0 then fo(z) is determined by 

0 

Note that (3.8) implies 

1 d< 
211 c 0 0 *L I m { I m  fo(<)) Q(Re fo(5)) = 0. 

151=1 
(3.9) 

Proof  

(3.10) -iul(w) = - I s+f(w) {Im fo(c)]Q(Re fo(C.))d< + iC1, 

From (3.1), (3.3) and (3.4) it follows for w E F+ that 

2ni 1 6 1 = 1 c m  c 

The real constants C1 and C 2  are determined by the conditions 

(2.15) and (2.16). By noting that f(w) is real for real w, cf.(3 
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it follows readily that the second term in (3.11) is real for real 

w hence 

(3.12) c2 = 0. 

From (2.15) and (3.10) for w = 0 

= -(1-a) if c = 0, 

because Im fo(ei') = -1m fo(e-i9), Re fo(ei') E Re fo(e -i$ ) ,  cf 

(3.9). From (3.10), ..., (3.13) combined with (2.12) the relations 

(3.51, . . . ,  (3.7) follow, 
W To prove that the expressions (3.5),. ..,(3.7) for u (-) 

determine the ui(p), defined in (1.7), it is noted that f(w) is 

regular for w E F and uniquely determined by (3.8), cf. Riemann's 

mapping theorem, hence U.(X) are regular for w E F 
1 2 r  

theorem 2 . 1 ) .  Hence ui(p) as given by ( 3 . 5 )  possess a unique series 

expansion in powers of p, note that w 0 EFt. Because the solution 

of the above Dirichlet problem is unique and because the Kolmogorov 

equations for the stationary distribution of the process 

(') z ( ' ) ,  h 
{zn ' -n -n' 

normalized), note that (1.4) and its symmetrical relation are 

equivalent with these Kolmogorov relations, it follows that (3.5), 

i 2ri 

t 

t 
(cf. also 

i 

n = 1,2,. . .} have a unique bounded solution (when 

t . .  ,(3.7) determine ui(p), i 1,2. 0 

The relations ( 3 . 5 )  hold for w E Ft and because 

F+ U F c {w : IwI 4 11 these expressions for ui(c) can only 

be used directly for the calculation of ui(p) if 2rip = w E F ; 

i.e. if rl > r2  then ul(l), and similarly for u2(1) if 2r2 F+, 

cannot be calculated directly from the righthand sides of (3.5). 

It is therefore necessary to determine the analytic continuation 

t 
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W of u (-1 into IwI < 2 r l  and of u (w) into Iw( < 2r2. That 

these analytic continuations exist follows from the definition 

(1.7) of ui(p). 

1 2rl 2 2r2 

Remark 3 . 2  For r1 > r2 it is indeed possible that 2 r 2  F F U Ft,cf. 

section IV.l.5. Note that ~ ~ ( $ 1  follows from (2.6) once 

The just mentioned analytic continuations may be constructed 

via the series expansions of u.(p) in powers of p, the coefficients 

in these series expansions can be found from (3.5) because w 0 E Ft. 

The following theorem provides explicit expressions for these 

analytic continuations ( f o r  r - - r2  = 4 see remark 3.4 below). 

Theorem 3 . 2  For rl > r2 with D1 and D2 being given by (3.6),(3.7): 

i. for w E F, f(w) is regular and 

t $[P(Re w) t i{Im wlQ(Re w)] , 

ii. for v E {v : IvI < 2r1} n F- ,  

with f(v), v E {v : 

analytic continuation of f(w), w E F U F . 
1.1 < 2rl} n F- uniquely determined as the 

t 
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Remark 3.3 For the numerical application of the theorem above 

it is necessary to calculate the analytic continuation of f(w) 

This can be effectuated by a series expansion of f(w) starting 

from a point w E F U Ft or by using remark 11.4.5.1. 

P r o o f  By applying the Plemelj-Sokhotski formula, cf. (1.1.6.4), 

it follows from (3.5) that for w E F : 

(-) W - D 2  =$[P(Re w) - i{Im w)Q(Re w)] 2 2r2 (3.18) 

By using (2.10) it results from (3.18) that for w E F, so w E F : 

- 
W 

0 (-) - D 4[P(Re w) - i{Im w)Q(Re w)] 1 2rl 2 (3.19) 

by noting that 

(3.19) leads to (3.14) and (3.15) is proved analogously. 

By definition, cf. (1.7), u l ( e )  is regular in 1wI < 2rl 

and continuous in 1wI 

(3.14) possesses an analytic continuation into IwI < 2rl which 

domain contains F ;note that 

2rl, and hence the lefthand side of 

t 

(3.21) Iwl < 1 for w E F if r1 > r2, 
for w E F, w # 1 if rl r2 $. 

Next we show that the righthand side of (3.14) can be continued 

analytically from out F. 

From the definition of F, cf. (2.11), it is seen that F is an 

analytic contour, cf. section 1.1.2, so that f(w1 is regular for 

w E F, cf. [ 31 p.186. Consequently, for every w E F exists a 
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neighbourhood N(w) into which f(w) can be continued analytically. 

For  v in such a neighbourhood N(w) the analytic continuation 

of f(w) will also be indicated by f(v). For every v in 

( 3 . 2 2 )  N~(w) : =  N(W) n F-, 

the function 

is regular in v. The Plemelj-Sokhotski formula,cf.(I.1.6.4), 

yields, cf. ( 3 . 2 0 ) ,  for w E F : 

Consequently it follows from (3.14), ( 3 . 2 3 )  and ( 3 . 2 4 )  that for 

v E {v : 1v/ < 2 r l } n  { u N,(w)) : 
wEF 

The lefthand side of ( 3 . 2 5 )  is regular for 1.1 < 2 r l  so the 

righthand has an analytic continuation into {v : 

further the integral in ( 3 . 2 5 )  is not singular and because f(w) 

is regular for w E F the domain of analytic continuation of 

f(w) will certainly contain {w : 

(v( < 2 r l )  n F- ;  

[wI < 2 r l } .  This proves ( 3 . 1 6 ) .  

The relation (3.17) is similarly proved, but for one 

aspect; viz. the just proved existence of the analytic continuation 

of f(w) into (w( < 2 r l y  which implies the regularity of the 
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integral of (3.17) in this domain, leads to the existence of the 

analytic continuation of 0 (v) into J v J  < 2r 0 
1' 2 2r2 

Remark 3 . 4  F o r  r1 = r 2  $ theorem 3.2 remains true if the regularity 

of f(w) at w=l is excepted; the regularity of f(w) at w=l depends 

on the finiteness of the higher moments of B(.). 
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111.2.4. The symmetric case 

It is of interest to consider the results obtained in the 

previous section for the case 

- 1  (4.1) rl = r2 - 2 ,  B1(.) B2(.). 

It follows from (2.7) that 

Hence from theorem 3.1 and the Plemelj-Sokhotski formula: 

t f o r  w E F 

note ( 3 . 9 ) ,  with , cf. (2.7), 

t 
From (4.3) it follows immediately that for w E F , 

Apply partial integration to the integral in ( 4 . 6 ) .  It follows, 

noting that the path of integration is closed and that the 

derivative of 

Im fo(ei4) Q(Re fo(ei4)) 

with respect to-+ satisfies the Holder condition, Gf. also 

theorem 1.1.5.2, that for w E Ft, 
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the derivative in the integrand is the derivative along the 

contour It1 = 1. 

To obtain d U1(w) f o r  w E F we can start from ( 4 . 7 )  and apply 

the Plemelj-Sokhotski formula or we can apply the relations in 

section 1.1.10. It follows that for w E F, 

d + d 
dw (- ~,(w)) :=  lim - u (x) dx 1 x+w 

( 4 . 8 )  

d 
dw with - the derivative along F. 

We specify the conformal map z = f(w) by taking c 0, 

cf. remark 3.1, so that fo(z), 

and (11.4.5.201, 

I z I  = 1,is given by, cf. (11.4.5.19) 

It follows from (2.81, (4.1) and ( 4 . 5 )  that 
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Because w f o ( z ) ,  

w E F U F w e  have  for w E F ,  z = e , 
IzI G 1 i s  t h e  i n v e r s e  mapping of  z = f ( w ) ,  

t i$ 

d f ( q - 1  L.. f (z) = -ie -i+ -{e d i e ( $ )  6(8( ) )  
dz  0 d$ 

(4.13){- dw 

1-a 
4 a i  t -  

a r e s u l t  which can  be d e r i v e d  d i r e c t l y  f o r  t h e  p r e s e n t  case 

from ( 2 . 5 )  and ( 2 . 6 )  by d i f f e r e n t i a t i n g  ( 2 . 6 )  w i t h  r e s p e c t  t o  

6 and l e t t i n g  6 approach  1 i n  t h e  r e s u l t i n g  e x p r e s s i o n .  
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111.3. A COUPLED PROCESSOR MODEL 

111.3.1. The model 

The following model has recently occurred in computer 

performance modeling. The system consists of two servers. 

Server i, i = 1,2, serves a Poissonian arrival stream of 

customers with arrival rate hi and required service times 

independent and identically distributed with distribution 

B.(.). The arrival processes 1 and 2 and the families of 

required service times in both streams are independent of 

each other. 

Whenever both servers are busy, server i serves with 

a service intensity r > 0, i.e. r. A t  is the amount of i 1 

work provided in t + t t At to a customer in service. How- 

ever, if server 2 is idle then the service intensity provided 

by server 1 is r1 , whereas if server 1 is idle server 2 acts 

with a service intensity r 

* 
* 

2 .  

This model has been investigated by Fayolle and 

Iasnogorodski [ Z 8 1  , seealso 1201 , [21] and by Konheim, 
Meilijson and Melkman 1 2 7 1 .  In both studies it is assumed that 

the service time distributions Bi(.) are negative exponential. 

This assumption makes it possible to formulate the 

involved stochastic process with state space characterized 

by the numbers of customers ppesent in each queue as a two- 

dimensional birth- and death process. Fayolle and Iasnogo- 

rodski handle the problem of the determination of the inherent 

generating function by reducing it to a Riemann-Hilbert bound- 

apy value problem, along lines similar to those exposed in 
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c h a p t e r  1. Konheim, M e i l i j s o n  and Melkman a p p l y  t h e  u n i -  

f o r m i s a t i o n  t e c h n i q u e .  

I f  t h e  s e r v i c e  t i m e d i s t r i b u t i o n s  are n o t  s p e c i f i e d  

t h e  queue l e n g t h  p r o c e s s  a t  b o t h  s e r v e r s  c a n n o t  be  d e s c r i b e d  

as a b i r t h -  and  d e a t h  p r o c e s s  n o r  does  t h e  p r o c e s s  c o n t a i n  

a n  imbedded p r o c e s s  which i s  s u f f i c i e n t l y  a c c e s s i b l e  t o  p e r m i t  

a f r u i t f u l  a n a l y s i s .  

I n  t h i s  c h a p t e r  w e  s h a l l  i n v e s t i g a t e  t h e  queue ing  

p r o c e s s  by c h a r a c t e r i z i n g  t h e  s t a t e  o f  t h e  p r o c e s s  by t h e  

(') and v ( 2 )  o f  s e r v e r  1 and o f  s e r v e r  2 a t  workloads  v 

t i m e  t .  T h i s  p r o c e s s  d e s c r i p t i o n  p e r m i t s  a n  i n t e r e s t i n g  ana-  

l y s i s  of t h e  model w i t h  g e n e r a l  s e r v i c e  t i m e  d i s t r i b u t i o n s .  

However, t h e  main r e a s o n  f o r  t h e  i n c o r p o r a t i o n  o f  t h e  p r e s e n t  

model i n  t h i s  monograph i s  t h e  t y p e  o f  f u n c t i o n a l  e q u a t i o n  

t o  be s o l v e d ,  i t s  a n a l y s i s  i s  o f  m e t h o d o l o g i c a l  i n t e r e s t .  

F o r  t h i s  r e a s o n  w e  s h a l l  a l s o  r e s t r i c t  t h e  d i s c u s s i o n  t o  

t h e  case t h a t  

-t -t 

* 
r /ri 2 1, i (1.1) 

a case which i s . a l s o  f rom t h e  p r a c t i c a l  p o i n t  of  view of 

t h e  g r e a t e r  i n t e r e s t .  
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111.3.2. The functional equation 

With yt ( i )  t h e  workload of  s e r v e r  i a t  t i m e  t it  

f o l l o w s  from t h e  model d e s c r i p t i o n  i n  t h e  p r e c e d i n g  s e c t i o n  

t h a t  f o r  A t  > 0 b u t  s u f f i c i e n t l y  small  

( 2 . 1 )  V t + A t  ( ' )  - - It (l)- r l A t  i f  l t ( ' ) > O ,  y t t 2 ) > 0  and no 

t y p e  1 a r r i v a l  i n  t t + A t ,  

t y p e  1 a r r i v a l  i n  t f t t A t ,  

= v  -t (11 r l A . t  +!')if yt(" > 0 ,  y t ( 2 )  > 0 and  a 

t y p e  1 a r r i v a l  i n  t t t A t ,  

= o  i f  y t ( l )m U and no t y p e  1 

a r r i v a l  i n  t t t A t ,  

h e r e  ~ ( l )  s t a n d s  f o r  t h e  r e q u i r e d  s e r v i c e  t ime  o f  a t y p e  1 

a r r i v a l .  
(1) 

- t t A  t Th i s  numera t ion  o f  t h e  p o s s i b l e  r e l a t i o n s  between v 

and v (') as g iven  i n  ( 2 . 1 )  i s  n o t  e x h a u s t i v e ,  b u t  from t h e  

ones  g iven  i n  ( 2 . 1 )  t h e  r e a d e r  can e a s i l y  comple te  t h e  l i s t .  
-t 

( 2 )  ( 2 )  Analogous r e l a t i o n s  h o l d  between yt+at and yt . 
We sha l l  s t u d y  t h e  e x p r e s s i o n  

t > 0 ,  d i )  z 0 ,  

which e x i s t s  f o r  

( 2 . 3 )  R e  s1 > 0 ,  Re s 2  0 .  

For t h e  s a k e  o f  n o t a t i o n  w e  s h a l l  i n  t h e  f o l l o w i n g  
(1)= J l )  ( 2 ) =  , ( 2 )  s u p p r e s s  t h e  c o n d i t i o n i n g  e v e n t  v 

-0 -0 



111.3.2. A coupled processor model 29 1 

Obvious ly ,  w e  have  f o r  R e  s1 2 0 ,  R e  s 2  2 0 ,  

(1) ( 2 )  -s v 
1 1-t + A t - '  z v t  + A t  

( 2 . 4 )  E{e 

Cons ide r  t h e  four terms i n  t h e  r i g h t h a n d  s i d e  of ( 2 . 4 )  

s e p a r a t e l y .  Because t h e  p r o c e s s  {v  (1) v ( 2 ) , t > 0 )  is a 

con t inuous  t i m e  p a r a m e t e r  Markov p r o c e s s  with s t a t e  s p a c e  

[0,-)x[O3m) it fol lows from (2.1) for A t +  0 and  n e g l e c t i n g  

terms o f  o ( A t )  t h a t  

-t 3 - t  

(1) ( 2 )  - s  l - t + A t - s 2 1 t + A t  v ( 1 ) > o , v t ( 2 ) >  o ) l  

- s  ( v  ( ')-rlAt)-s2(vt ( 2 )  

( 2 . 5 )  E{e ( Vt 

= E{e -' 
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where 

( 2 . 6 )  Bi(s):= 1 e-stdBi(t) , Re s 2= 0. 

It will always be assumed that for i = 1’2, 

m 

0 

m 

( 2 . 7 )  Bi(Ot) = 0, Bi:= I td Bi(t) < m y  

and that Bi(.) is not a lattice distribution. 
0 

(1- AIAt){l- A2At} 

. AIAtC1- A2AtI 

A2At{l- A,At) 
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By n o t i n g  t h a t  

(vt  (i) o ) ,  i = 1 , 2 , . . . ,  

i t  i s  r e a d i l y  proved  by i n s e r t i n g  ( 2 . 5 ) , ( 2 . 8 ) ,  ..., (2.10), 
i n t o  ( 2 . 4 )  and  t h e n  l e t t i n g  A t $  0 t h a t  

v ( 2 )  

1 2-t -s v d 1-t - ( 2 . 1 1 )  dt ECe 

v ( 2 )  - s  v 
1 1-t 2- t  . E{e 

f o r  t 2 0 ,  R e  s1 

t h e d i f f e r e n t i a l  e q u a t i o n  ( 2 . 1 1 )  r e a d s  

0, R e  s 2  > 0 .  The i n i t i a l c o n d i t i o n  f o r  

R e  s1 2 0 ,  R e  s 2  2 0 .  
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Put for i = 1,2, cf.(l.l), 

r.* 
(2.13) pi:= y 2 1 ,  

1 

then without restricting the generality of the discussion 

it may and will be assumed tnat 

(2.14) ri 1, i 1,2, 

actually this implies a rescaling of the distributions Bi(.). 

If the process {~t'1),~:2),t~ 0 )  possesses a stationary 

distribution, then by introducing the stochastic variables 

vl, v2 with joint distribution this stationary distribution, 
it is seen with 

-s v - s  v 
(2.15) Y(slys2):= E{e '-' 2-2), Re s1 2 0, Re s 2  2 0, 

that Y(slys2)  should satisfy for Re s1 2 0, Re s2 2 0: 

1 -  O1(s1) 1 - 6  ( s  1 
8 2  - s 2 )  Y ( S l , S 2 )  

sl+ a2 2 
(2.16) {a _-- - 

81 

where 

(2.17) a.:= xiBi > 0 ,  i = 1,2. 
1 

From (2.15) it i s  seen that 
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i. Y(sl,s2) shou ld  be r e g u l a r  i n  R e  s > 0 ,  con- (2 .18 )  

t i n u o u s  i n  R e  s1 2 0 f o r  f i x e d  s 2  w i t h  R e  s 2  2 0; s i m i l a r l y  

w i t h  s1 and s 2  i n t e r c h a n g e d ;  

1 

ii. '4 ( s  ) shou ld  be r e g u l a r  for R e  s 2  > 0 ,  con- 1 2  

t i n u o u s  for R e  s 2  2 0 ,  ana logous ly  f o r  Y2(s1); 

( 2 . 1 9 )  Y ( 0 , O )  = 1. 

Taking s1 0 i n  ( 2 . 1 6 1 ,  d i v i d i n g  t h e  r e s u l t i n g  ex- 

p r e s s i o n  by s 2  and l e t t i n g  t h e n  s 2  -+ 0 ,  ( s i m i l a r l y  w i t h  s1 

and s 2  i n t e r c h a n g e d )  l e a d s  w i t h  (2.19) t o  

(2.20) (p2-1){Y1(O)- Y o ) -  C Y 2 ( 0 )  - Y o }  Y o -  (l-a2), 

The l i n e a r  e q u a t i o n s  ( 2 . 2 0 )  shou ld  be dependent i f  
-1 -1 p1 t p 2  = 1 arid t h i s  y i e l d s  

F u r t h e r  i f  

1 1  ( 2 . 2 2 )  - t - * 1 ,  
p1 . p 2  

t h e n  
-1 1 1  {I- -- -1 { Y o -  (1- b 2 ) ) ,  1 

(2.23) --CY,(O)- Y o }  = - 
p1 0102 p 1  p 2  

where 

1 a2 

p2 p 2 )  
(2.24) bl:= al(l- -) t - 

a, 
1 b 2 : =  't a2(1- -1. 

p 1  p 1  
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Remark 2 . 1  Suppose a2  < 1 and p 2  = 1 , t h e n  o b v i o u s l y  t h e  

p rocess{v  ( 2 ' ,  t 

of t h e  M/G/I queue ing  model and it p o s s e s s e s  a unique  s ta-  

t i o n a r y  d i s t r i b u t i o n  and i n  t h i s  case a2 i s  t h e  s t a t i o n a r y  

p r o b a b i l i t y  t h a t  s e r v e r  2 i s  busy .  Consequent ly  

O }  i s  t h e  v i r t u a l  w a i t i n g  t i m e  p r o c e s s  -t 

1 P 1  

B l  Bl 
a -t (1-a 1 - 

i s  t h e n  t h e  a v e r a g e  s e r v i c e  ra te  which can  be p rov ided  by 

s e r v e r  1, t h i s  ra te  s h o u l d  be l a r g e r  t h a n  X1 i n  o r d e r  t h a t  

t h e  p r o c e s s  {vt"' , t >  0 )  c a n  have a s t a t i o n a r y  d i s t r i b u t i o n .  

T h i s  l e a d s  t o  t h e  c o n d i t i o n  b 2  < 1. 
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111.3.3. The kernel 

The k e r n e l  i s  d e f i n e d  by ,  cf.(2.16), 

1 -  B1(s1) 1 - B 2 ( S 2 1  

2’ - s  + a 2  - s  
6 2  1 B1 ( 3 . 1 )  Z(s1,s2) := a 1 

R e  s 2 0 ,  R e  s 2  2 0 .  1 

For a r b i t r a r y  w d e f i n e  

l-B,(s) 

1-B2(S) 

6 2  

R e  s 2 0, 
l B 1 - S f W ’  

( 3 . 2 )  $11(s3w):= a 

$12(s,w):= a - s - w, Re s 2 0, 

s o  t h a t  

( 3 . 3 )  Z(Sl,S2) = $llkl,w) + $l2(S2,W)‘ 

From [ 2 2 1  p. 5 4 8  it fol lows t h a t  

$l ( s , w )  ha s  f o r  R e  w 2 0 ,  w * 0 i n  R e  s 2 0 1 ( 3 . 4 )  i. 

e x a c t l y  one z e r o  61(w), i t s  m u l t i p l i c i t y  is one ;  

ii . $ll(s,O) has  i n  R e  s > 0 :  

if al < 1 e x a c t l y  one z e r o  61(o) = 0, m u l t i p l i c i t y  1, 

I I  11 If a = 1 61(o)  = 0, 2 ,  1 

i f  a 

m u l t i p l i c i t y  one and 

> 1 e x a c t l y  two ze ros  fj1(0) and ~ ~ ( 0 )  bo th  w i t h  
1 

iii. s i m i l a r l y  f o r  $12(s,w) b u t  w i t h  R e  w 2 0 

r e p l a c e d  by R e  w < 0 ;  

1 3 . 5 )  c’jl(w) i s  r e g u l a r  i n  R e  w > 0 ,  con t inuous  i n  R e  w 2 0 ,  

fi2(w) i s  r e g u l a r  i n  R e  w < 0 , con t inuous  i n  R e  w 0 , 
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The case a l > l a n d / o r  a 2 2 1  needs some f u r t h e r  i n v e s t i g a t i o n .  

Fo r  R e  s 2 0 we have 

m - s t  a 
(3.6) $ l ( s , w )  al 1 - e d B l ( t )  - 1 . 

0 Bl 

a 
as 

I t  i s  r e a d i l y  s e e n  t h a t  - $ l ( s , w )  h a s  f o r  r e a l  s 0: 

( 3 . 7 )  no z e r o  i f  al < 1, 

o n l y  one z e r o ,  v i z .  s o  0 ,  i f  a l  = 1, 

11 11 a > 1. 
1 v i z .  s > 0 ,  0 

Suppose t h a t  a2  < 1 and al > 1 t h e n  for s 2 0 t h e  

f u n c t i o n s  $ 2 ( s , w )  + w and $ l ( s , w )  - w have  g raphs  as drawn i n  

f i g u r e  1 0 .  

- w O  
-w 

a 1>1 $Il ( s  ,w)-w 

F i g u r e  1 0  

For t h i s  c a s e  i t  i s  r e a d i l y  s e e n  t h a t  Z(s l , s2)  i n  s1 > 0 ,  

s2> 0 can  have  two se t s  o f  z e r o s ,  v i z .  t h o s e  i n d i c a t e d  by 

(P1,Q2) and (Pt1,Q2). 

Obviously i f  al  2 1 t h e n  t h e  p o i n t  
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1 -  B1(sO) 

1 61 
(3.8) wo s o -  a Y 

is a second order branch point of the analytic continuation of 

Re w 2 0 into Re w < 0. 

Remark 3 . 1  Because the existence of a stationary distribution 

requires that at least one of the ai is less than one there 

will be no need to consider the case that ai 2 1, i=1,2. 

F o r  a2 < 1, al 2 1 and w ~ [ w O , O ]  the t w o  zeros (cf. (3.4)) 

of $ , ( s , w )  in [0,61(0)] will be indicated by E,(w) and 61(w) and 

such that 

fjl(w) maps twuyOl onto [so,61(o)1; 

note that these mappings are one-to-one and that for WE[W~,O] : 

For  Re w = 0 ,  ( S  ,S ) = (61(w)y62(w)) is a zero of the 1 2  

kernel. This leads to an expression (whlch will be stated in 

section 4) involving Y2(61(w)) and Y1(62(w)). Yl(.) and 

Y2(.) will be determined by using a Wiener-Hopf decomposition. 

We now make preparations for this. 

Denote by p. (v) the residual busy period of an M/G/l 
-1 

queueing system with arrival rate Xi, service time distribution 

Bi(.) and initial workload 

(3.11) E Ce ) = e  1 for Re w 2 0, 

v > 0. Then, cf.[22lp.548, 

-WE1 ( v  1 -v6 (w) 
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wp2(v)  -v6 ( w )  
E I e  } = e  for Re w 0. 

F u r t h e r  w i t h  p t h e  busy p e r i o d  s t a r t e d  by an  a r r i v i n g  i 
cus tomer  who meets a n  empty sys t em,  cf.(3.2), 

-WE1 m -wpl(v) m - q W )  
( 3 . 1 2 )  E{e 1 = 1 E{e )dB1(v) = J e dBi(V) 

0 0 

-1 EIeWp21 = B 2 ( d 2 ( w ) )  1 t  (-w- 6 2 ( w ) ) X 2  f o r  R e  w 0 .  

From 

1 -  8 2 ( 6 2 ( w ) )  
a 2  8 2 6 2 ( w )  

1- Bi(S) 
BiS 

and  by n o t i n g  t h a t  i s  t h e  L a p l a c e - S t i e l t j e s  t r a n s f o r m  

o f  a p r o b a b i l i t y  d i s t r i b u t i o n  w i t h  s u p p o r t  ( 0 , m )  it is r e a d i l y  

s e e n  t h a t  

W (3 .13 )  

R e  w > O  

W l i m  = -1. 
I w ( -  2 

R e  w < O  

For t h e  s t o c h a s t i c  v a r i a b l e s  y1 and y2 i n t r o d u c e d  above ,  

c f .  ( 2 . 1 5 1 ,  d e f i n e  

m 

D1(p2):= J P r { p 2 ( v 2 ) < p 2 }  dv  P r { y 2 < v 2 , y 1 =  0 1 ,  p 2 > 0 .  
0-  2 
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It  fo l lows  by u s i n g  F u b i n i ' s  t heo rem t h a t  f o r  R e  w 2 0 ,  c f . ( 3 . 1 1 ) ,  

( 3 . 1 5 )  / e  dD2(p1)  / E C e  1 d v  P r { y l  < v1 ,v2 = 0 1 
-WP1 - w p l ( v l )  

- v p 1 ( W )  

0- 0 1 

= J e  d v  P r C v l < v 1 , ~ 2 =  0 1  = Y 2 ( 6 1 ( w ) ) ,  
0- 1 

m 

(3.16) J CP2 dD1(p2) Y1(62(w) )  
0- 

f o r  R e  w Q 0 .  

Consequen t ly  (cf. a l s o  ( 2 . 1 8 )  and  ( 3 . 5 ) ) ,  

(3.17) Y 2 ( 6 1 ( w ) )  is r e g u l a r  f o r  R e  w > 0 ,  c o n t i n u o u s  f o r  

R e  w 2 0 ,  

Y 1 ( 6 2 ( w ) )  i s  r e g u l a r  f o r  R e  w < 0 ,  c o n t i n u o u s  f o r  

R e  w Q 0 .  

From ( 2 . 1 5 ) ,  ( 3 . 1 3 1 ,  c f .  a l s o  ( 3 . 1 5 )  and  ( 3 . 1 6 1 ,  it i s  s e e n  t h a t  
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111.3.4. The functional equation, continuation 

For R e  w = 0 ,  (s1,s2) ( 6 1 ( w ) ,  6 2 ( w ) ) ,  w i t h  6 1 ( w )  

and 6 2 ( w )  as d e f i n e d  i n  ( 3 . 4 )  i and ii, i s  a z e r o  o f  t h e  

k e r n e l  Z(s l ,s2)  and hence  it f o l l o w s  from ( 2 . 1 6 )  t h a t  f o r  

Re w = 0 :  

The r e l a t i o n  ( 4 . 1 )  i s  e q u i v a l e n t  w i t h ,  f o r  R e  w = 0: 

It  i s  seen t h a t  t h e  c o n d i t i o n s  ( 3 . 1 7 1 ,  ( 3 . 1 8 )  and ( 4 . 2 )  f o r -  

mula t e  a Riemann-Hilbert  t y p e  boundary v a l u e  problem for t h e  

a r c  R e  w 0 ,  a c t u a l l y i t  i s  a s o - c a l l e d  Wiener-Hopf  problem,  

cf . 2 8  1 . 

Remark 4 . 1  I n  d e r i v i n g  ( 4 . 2 )  o n l y  t h e  z e r o s  6 1 ( w ) ,  6 2 ( w )  w i t h  

R e  w 0 have  been used  and  t h i s  does  n o t  g u a r a n t e e  t h a t  a 

s o l u t i o n  of ( 3 . 1 7 ) ,  ( 3 . 1 8 )  and ( 4 . 2 )  w i l l  d e t e rmine  t h e  j o i n t  

d i s t r i b u t i o n  o f  y1 and v2 c o m p l e t e l y ,  as i t  w i l l  be seen be low,  

c f .  s e c t i o n s  5 . i i  and 6 . i i .  
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1 111.3.5. The case- +1 = 1 
p1 p2 

I n  t h i s  s e c t i o n  w e  s h a l l  c o n s i d e r  t h e  case 

1 1  + - 1. ( 5 . 1 )  - 
p 1  p 2  

Because of ( 5 . 1 )  t h e  f u n c t i o n a l  r e l a t i o n  ( 4 . 2 )  may be r e w r i t t e n  

a s :  f o r  Re w 0 

( 5 . 2 )  

w i t h  Y o  g i v e n  by ( 2 . 2 1 )  and 

( 5 . 3 )  H ( w )  : =  
b 1 ( W )  + 6 2 ( w )  

P 1 6 p  - P 2 6 2 ( w )  

- 1  - -  
p 1 p 2  W qp+* 

R e  w 0 .  

From ( 3 . 2 )  and ( 3 . 4 )  it f o l l o w s  t h a t  f o r  Re w 0 :  

Because 11 -  B i ( s ) ) /B i s  i s  t h e  L a p l a c e - S t i e l t j e s  t r a n s f o r m  o f  a 

p r o b a b i l i t y  d i s t r i b u t i o n  w i t h  s u p p o r t  (O,m) it f o l l o w s  from 

( 3 . 2 )  and  ( 3 . 4 )  t h a t  f o r  R e  w 0 :  

1- B i ( G i ( W ) )  

( 5 . 5 )  I B i G i ( W )  I 

s o  t h a t ,  by n o t i n g  ( 2 . 2 1 )  w i t h  Y o  > 0 ,  it i s  s e e n  t h a t  H ( w )  i s  

w e l l  d e f i n e d  f o r  R e  w 0 and t h a t  it p o s s e s s e s  a d e r i v a t i v e .  

Hence i t  sa t i s f i e s  t h e  H6 lde r  c o n d i t i o n  on Re w = 0 ,  c f .  

s e c t i o n  1 . 1 . 3 .  
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By applying the Plemelj-Sokhotski formulas, cf. section 

1.1.6, it is readily seen that the functional equation (5.2) 

together with the conditions (3.17) and (3.18) possesses a 

unique solution, which is given by 

Re w = 0, 

Re w = 0, 

with 

(5.8) dl a2 
y o =  l -  - - - .  01 p 2  

In order to continue with the analysis of the relation 

( 2 . 1 6 )  for the present case, cf.(5.1), we have to distinguish 

between the cases 

a 1, a2 < 1, 1 a1 < 1, a2 < 1 and 

because the zeros of Z(sl,s2) in Re s1 Z 0, Re s 2  2 0, have 

different properties in these cases, cf. section 3 and remark 

4.1. 

i. First consider the case 

a < 1, a2 < 1. 1 (5.9) 

In this case it is seen from ( 3 . 2 )  and (3.4) that 
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( 5 . 1 0 )  61(0) = 0 ,  6 2 ( o )  0, 

so that from ( 5 . 3 1 ,  

Because of ( 3 . 5 )  the mapping 

(5.12) w -C s 2  = 62(w) of Re w G 0 into Re s 2  2 0, 

1- B 2 ( S 2 )  
- s S O  that 6 2 ( 0 )  0 

2 B2 2 
has a unique inverse a 

implies that the relation ( 5 . 7 )  determines Y1(s2) ,  Re s2 2 0 

uniquely; the analogous conclusion holds for Y2(s1) ,  Re s1 > 0. 

ii. Next 

( 5 . 1 3 )  a > 1, a2 < 1. 
1 

In this case 

(5.14) 61(0) > 0 ,  6 2 ( 0 )  0, 

and as in i. above it is seen that (5.7) again determines 

Y 1 ( s 2 ) ,  Re s 2  2 0 uniquely. Also (5.6) determines I (sl) 

uniquely hut only for Re s1 2 6%(0). 
2 

To determine Y ( s  ) for 0 4 Re s1 G 61(0) we need the 
2 1  

fact that (E1(w), 62(w))and (61(w) ,  62(w)) for wE[wO,O1 

are also zeros of the kernel Z ( s l , s 2 ) ,  Re s1 2 0, Re s2 2 0, 

cf. section 3. This leads to, for W E  [w, ,Ol , cf. (5.2) , 
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where f o r  W E  [w ,Ol: 
0 

By u s i n g  ( 5 . 7 )  it i s  s e e n  t h a t  t h e  r i g h t h a n d  s i d e s  o f  ( 5 . 1 5 )  

and  ( 5 . 1 6 )  are known, s o  t h e  l e f t h a n d  s i d e s  are known. Con- 

s e q u e n t l y ,  it i s  s e e n  from (3.9) t h a t  Y 2 ( s )  f o r s z [ O , s o ]  i s  

de te rmined  by ( 5 . 7 )  and ( 5 . 1 5 ) ,  f o r  s E [ ~ ~ , 6 ~ ( 0 ) 1  by ( 5 . 7 )  

and  ( 5 . 1 6 )  and  for s 2 61(0) by ( 5 . 6 ) ;  hence  it i s  by a n a l y t i c  

c o n t i n u a t i o n  un ique ly  de t e rmined  f o r  R e  s 2 0. T h e r e f o r e  Y(sl ,s2)  

f o l l o w s  un ique ly  from ( 2 . 1 6 ) .  

So it h a s  been shown t h a t  i f  ( 5 . 1 )  h o l d s  t h e n  ( 2 . 1 6 )  

t o g e t h e r  w i t h  t h e  c o n d i t i o n s  ( 2 . 1 8 )  and ( 2 . 1 9 )  h a s  a u n i q u e l y  

de t e rmined  s o l u t i o n  w i t h  Y > 0 i f  
0 

( 5 . 1 8 )  - a l + a 2 < 1 ,  
p 1  p 2  

( n o t e  t h e  case al  1, a2  < 1 has  n o t  been  d i s c u s s e d  e x p l i c i t l y ,  

b u t  it i s  r e a d i l y  s e e n  t h a t  t h e  s t a t e m e n t  i s  a l s o  c o r r e c t  for 

t h i s  case) .  

Because ( 5 . 1 8 )  i s  e q u i v a l e n t  w i t h  0 < Y o  < 1, c f . ( 2 . 2 1 )  

-t ’-t and because  f o r  t h e  p r o c e s s  { v  (’) v ( 2 ) , t  2 0) t h e  empty s t a t e  

i s  a r e g e n e r a t i v e  s t a t e  i t  f o l l o w s  t h a t  if ( 5 . 1 )  holds then 

( 5 . 1 8 )  is a necessary and sufficient condition f o r  the exigtence 

of a unique stationary distribution. 

I f  al 1, a 2  < 1 t h e n  Y l ( 6 2 ( w ) )  and  Y 2 ( d l ( w ) )  a r e  g i v e n  

by ( 5 . 6 )  and ( 5 . 7 ) ,  and t h e s e  r e l a t i o n s  t o g e t h e r  w i t h  ( 2 . 1 6 )  

y i e l d  f o r  R e  u > 0 ,  R e  v < 0 :  
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whereas for Re u =  0 ,  Re v = 0 ,  u * v ,  

E i l ( U )  + 6 2 ( v )  
(5.20) Y ( 6 p  , g 2 ( V ) )  u -  

dl a 2  

p1 p 2  y o  = - - - - I  

I f  al > 1, a2 <I then the relations ( 5 . 6 ) ,  ( 5 . 7 1 ,  (5.15) 

and (5.16) determine Yl(s) and Y , ( s )  for Re s 2 0, Y ( s l , S 2 ) ,  

Re s1 2 0 ,  Re s 2  2 0 follows again from ( 2 . 1 6 ) .  
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111.3.6. The case +' # 1 iri p 2  

I n  t h i s  s e c t i o n  it will be assumed t h a t  

1 1  ( 6 . 1 )  - t - * l .  
p1 p 2  

R e w r i t e  ( 4 . 2 )  for R e  w 0 as 

1 w  
( 6 . 2 )  

- -  1' l l = o .  
p i p 2  1- -- - 

p 1  p 2  

From ( 3 . 2 )  it f o l l o w s  t h a t  f o r  R e  

1 w  1 w  
( 6 . 3 )  ( 1 -  - pz 6,o 

From ( 3 . 1 1 )  and ( 5 . 5 )  it i s  r e a d i l y  s e e n  by u s i n g  F u b i n i ' s  

theorem t h a t  

1- B1(6 , (w))  03 - w p p  t 

B I 6 d W )  t .0  t B 1  0 
( 6 . 4 )  = E I 1  e d - 1{1- B l ( T ) ) d T ) ,  

R e  w 2 0 ,  
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1- 02(62(w)) - w p p  1 t 

$ 2  2 (w) t=O B 2  0 
(6.5) E{/ e d - 1{1- B2(T)}dT}, 

Re w 0. 

Take w -iu, u real then it f o l l o w s ,  by noting that 

pl(t) > 0, ~ ~ ( t )  > 0 with probdbility one for every t > 0, that 
the lefthand sides of (6.4) and (6.5) are characteristic func- 

tions of probability distributions with supports contained in 

( 0 , m ]  and [-",o), respectively. These distributions may be de- 

fective (viz. if 6i(0)>O) and they are continuous. 

Because of (2.13) and (2.24) it follows that two (indepen- 

dent) stochastic variables x1 and x 
that for Re w = 0: 

can be introduced such -2 

Obviously the distribution of x and that of x2 are 
-1 

continuous and have support in [ - m y - ] .  

From now on it will be assumed that 

(6.8) bl < 1, b2 < 1. 

It follows that (6.2) may be rewritten as, for Re w = 0: 

To analyze (6.9) further we introduce the sequences, 
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0 ( i ) ,  n 1 , 2 , . , , ,  -n i 1.~2, (6.10) 

o f  s t o c h a s t i c  v a r i a b l e s  w i t h  i n d e p e n d e n t  i n c r e m e n t s  a n d  w i t h  

cha rac t e r i s t i c  f u n c t i o n s ,  for Re w 0 :  

(i) 
( 6 . 1 1 )  E{e -n 1 = [ E I e  , n 1,2 , , . .  . -wx n -WO 

P u t ,  n o t e  ( 6 . 8 1 ,  

n ( i)  bi - W 0  
P . ( w ) : =  - E{e -n ( g n ( i ) < O ) ? ,  Re w 0 ,  

n=l 1 
( 6 . 1 2 )  

B e c a u s e  x. h a s  a c o n t i n u o u s  d i s t r i b u t i o n ,  
-1 

( 6 . 1 3 )  Q .  0 .  

By n o t i n g  t h a t  

-wx. 
(6.14) 1- bi E{e * 0 ,  R e  w = 0 ,  

-wx. 
l o g { l - b i  E{e - P i ( w ) -  R i ( w ) ,  Re w = 0 ,  

it f o l l o w s  f r o m  ( 6 . 9 )  t h a t  f o r  R e  w 0 :  

y o  1 
R 1 ( w ) -  R 2 ( w )  1 

(6.15) e [ - { Y p 1 ( W ) )  - Y o }  - 
p 2  1 -  -- 1 P I P 2  

p 1  p 2  

From ( 3 . 1 7 )  a n d  ( 6 . 1 2 )  i t  i s  s e e n  t h a t  t h e  l e f t h a n d  s i d e  

i s  r e g u l a r  for R e  w > 0 ,  c o n t i n u o u s  f o r  R e  w 2 0 ,  s i m i l a r l y  

t h e  r i g h t h a n d  s i d e  of  ( 6 . 1 5 )  i s  r e g u l a r  for R e  w < 0 ,  c o n t i n u o u s  
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f o r  Re w 

(6.15) are each other‘s analytic continuations. From (3.18) 

and (6.12) it is seen that both sides of (6.15) have 

limits for IwI + m with Re w > 0 and Re w < 0, respectively. 

These limits are finite and nonzero so that by iiouville’s 

theorem both sides of (6.15) are constant, i.e. 

0, note 0 < hi < 1. Consequently both sides of 

1 Y 0 / ( P  P ) -R1(w) + R,(w) 
2 1  + D  e (6.16) --IY2(61(w))- Y o ]  Y 

p 2  I-- - - 
p1 p 2  

Re w > 0, 

with D a constant. 

A stationary distribution can only exist i.f at least one 

of the ai < 1, so suppose 

a < 1. 2 (6.18) 

It then follows that 6 2 ( 0 )  = 0 so that from (2.23), (6.14) and 

(6.171, 

D e  P1(0)- P 2 ( 0 )  - 1 1 
1- (1- b 2 )  (6.19) 

pip2 1- -- - 
p1 0 2  

so that 
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Because for [ w (  + m y  R e  w > 0 t h e  l e f t h a n d  s i d e  of (6 .16 )  t e n d s  

t o  z e r o ,  c f . ( 3 . 1 8 ) ,  it fo l lows  t h a t  

( 6 . 2 1 )  Yo e 

(6.22) 

-P ( 0 )  - R 2 ( 0 )  
> 0 ,  

1 

-P1(0 )  - R 2 ( 0 )  
1 1 e  

1 1  -{Y ( 6  (w)) - Y o Y  - 
P 2  2 1 P I P 2  1 -- - _  

p 1  p 2  

Re w > 0, 

R e  w G 0 .  

A s  i n  s e c t i o n  5 w e  have h e r e  also t o  d i s t i n g u i s h  t h e  

cases a < 1 and a l  2 1. 1 

i. a l  < 1, a2 < 1. ( t h e  s t a t emen t  below ( 5 . 1 8 )  a p p l i e s  f o r  s l=l)  

I n  t h i s  case 6 ( 0 )  0 and 62(0) 0 and as i n  s e c t i o n  5 1 
i t  i s  seen t h a t  t h e  r e l a t i o n s  ( 6 . 2 2 )  and ( 6 . 2 3 )  determine Y1(s) 

and Y2(s) f o r  R e  s 2 0 un ique ly .  

ii. al 2 1, a2 < 1. 

I n  t h i s  c a s e  we have ,  c f .  ( 6 . 2 ) ,  t h e  two r e l a t i o n s :  f o r  

w E [wo,O1, 
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Completely a n a l o g o u s l y  w i t h  t h e  d i s c u s s i o n  i n  s e c t i o n  

b.ii, it i s  s e e n  t h a t  \u l (s) ,  Re s > 0 ,  and \u2(s) for 

R e  s E [ O , s 0 ] ,  R e  s E [ S ~ , ~ ~ ( O ) ]  and  R e  s 2 6 1 ( 0 )  are  now 

de te rmined  u n i q u e l y  by t h e r e l a t i o n s  ( 6 . 2 7 ) , . . . ,  ( 6 . 2 5 ) .  

Once Y,(s) and  Y 2 ( s ) ,  Re s > 0 are known Y(s l , s2) ,  

R e  s1 2 0, R e  s 2  2 0 follows from ( 2 . 1 6 ) .  

Consequent ly  i t  h a s  been shown above t h a t  if 
1 1  a2  < 1, bl < 1, b 2  < 1 and - + -  * 1, c f . ( 2 . 1 3 ) ,  t h e n  ( 2 . 1 6 )  

t o g e t h e r  w i t h  t h e  c o n d i t i o n s  ( 2 . 1 8 ) ,  ( 2 . 1 9 )  h a s  a un ique  

s o l u t i o n  w i t h  Y o  s a t i s f y i n g  ( 6 . 2 1 ) .  

0 1  p 2  

Hence for a 2  < 1, b < 1, b2  < 1, a n d a n a l o g o u s l y  for 1 
al < 1, b l  < 1, b < 1, t h e  p r o c e s s  {y t  ('1 ,xt ( 2 ) , t >  01 p o s s e s s e s  2 
a unique  s t a t i o n a r y  d i s t r i b u t i o n .  The c o n s t r u c t i o n  of t h i s  

s o l u t i o n  has  been  d e s c r i b e d  above .  
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R e m a r k  6 . 1  I n  t h e  a n a l y s i s  o f  t h e  Wiener-Hopf e q u a t i o n  we have 

used  a f a c t o r i s a t i o n  based  on ( 6 . 1 2 ) .  I n  t h i s  r e s p e c t  it s h o u l d  

be no ted  t h a t  t h e  r e l e v a n t  f a c t o r i s a t i o n  may a l s o  

by 

be e x p r e s s e d  

R e  w <: 0, 

R e  w > 0 ,  

t h e  i n t e g r a l s  are w e l l  d e f i n e d  because  of  ( 6 . 7 ) .  
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111.3.7. The ergodicity conditions 

I n  t h e  p r e v i o u s  s e c t i o n  t h e r e  were s t a t e d  s u f f i c i e n t  con- 

d i t i o n s  f o r  t h e  e x i s t e n c e  of  a s t a t i o n a r y  d i s t r i b u t i o n  of t h e  

workloads  a t  b o t h  queues .  Al though a d e t a i l e d  d i s c u s s i o n  o f  t h e  

n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  e r g o d i c i t y  i s  o u t s i d e  t h e  

scope  o f  t h e  p r e s e n t  s t u d y ,  t h e s e  c o n d i t i o n s  and  t h e i r  i n t e r -  

p r e t a t i o n  a r e  i n t e r e s t i n g  enough t o  j u s t i f y  a s h o r t  c o n s i d e r a t i o n .  

H e r e t o  i n t r o d u c e  

1 1  ( 7 . 1 )  D:= - + - - 1. 
0 1  02 

I n  t h e  p r e s e n t  c h a p t e r  w e  a r e  o n l y  concerned  w i t h  t h e  case 

1, p 2  2 1 . T h i s  s t i l l  l e a v e s  open t h e  t h r e e  p o s s i b i l i t i e s  P 1  
D < 0, D 0, D > 0 .  The s i g n  o f  D i s  connec ted  t o  t h e  r e l a t i v e  

p o s i t i o n s  o f  t h e  l i n e s  b 

o t h e r  i n  t h e  (a l , a2)  - p l a n e .  Both l i n e s  go t h r o u g h  t h e  p o i n t  

( a l , a 2 )  ( l , l ) ,  and t h e y  c o i n c i d e  i f  D 0 ( c f . ( 2 . 2 4 ) ;  

see f i g u r e s  l l a ,  l l b ) .  

= 1 and b 2  1 w i t h  r e s p e c t  t o  each  1 

Below ( 5 . 1 8 )  it was obse rved  t h a t  i f  D 0 ,  b l ( = b 2 )  < 1 i s  

a necessary and sufficient c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a 

unique  s t a t i o n a r y  j o i n t  d i s t r i b u t i o n  o f  t h e  work loads .  For t h e  

case D # 0 it h a s  been  remarked i n  s e c t i o n  6 t h a t ,  i f  a l  < 1, 

( a t  l e a s t  one o f  t h e  ai must be less  t h a n  one for t h e  s y s t e m  

t o  be e r g o d i c )  t h e n  b l  < 1, b < 1 i s  a sufficient c o n d i t i o n  

f o r  a unique  s t a t i o n a r y  d i s t r i b u t i o n  t o  e x i s t .  
2 

The f o l l o w i n g  i n t u i t i v e  argument l e a d s  t o  a necessary 

c o n d i t i o n .  Again aszume t h a t  a 

p r o c e s s  a t  s e r v e r  1 i s  o b v i o u s l y  e r g o d i c .  Suppose t h a t  t h e  work- 

l o a d  p r o c e s s  a t  s e r v e r  2 i s  n o t  e r g o d i c ,  i . e .  

< 1. S i n c e  p1 > 1, t h e  workload  
1 
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Pr{y*=OI 0. 
* 

Then s e r v e r  1 w i l l  n e v e r  work w i t h  s e r v i c e  i n t e n s i t y  P1 , and 

and  hence  for t h e  a v e r a g e  s e r v i c e  r a t e  o f  s e r v e r  2 h o l d s :  

I n e q u a l i t y  ( 7 . 2 )  i s  e q u i v a l e n t  w i t h  bl > 1. T h i s  r e a s o n i n g  

i m p l i e s  t h a t ,  i n  c a s e  a 

t h e  e x i s t e n c e  of a s t a t i o n a r y  v i r t u a l  w a i t i n g  t i m e  d i s t r i b u t i o n  

a t  s e r v e r  2 .  S i m i l a r l y ,  if a 2  < 1, b p  C, 1 i s  a n e c e s s a r y  c o n d i t i o n .  

< 1, b l  < 1 i s  a n e c e s s a r y  c o n d i t i o n  for 
1 

Next c o n s i d e r  t h e  s u f f i c i e n t  c o n d i t i o n s  f o r  bo th  D 0 and  

D < 0 .  If D > 0 i t  i s  e a s i l y  s e e n  t h a t  f o r  al  : 1, b 

i m p l i e d  by bl <: 1, w h i l e  for a2  < 1, bl  < 1 i.s i m p l i e d  by b 2  < 1 

( c f . f i g .  l l a ) .  Hence f o r  D > 0 t h e  n e c e s s a r y  and  s u f f i c i e n t  con- 

d i t i o n s  c o i n c i d e  i n t o  t h e  c o n d i t i o n  (a a ) € A ,  t h e  doub ly - l ined  

r e g i o n  of f i g . l l a .  I f  D 0 ,  t h e r e  i s  a gap between t h e  

n e c e s s a r y  c o n d i t i o n  d e r i v e d  above ,  and  t h e  s u f f i c i e n t  c o n d i t i o n s  

bl < 1, b 2  < 1, which for a l  < 1 reduce  t o  b 2  < 1, and f o r  

a 2  < 1 t o  bl < 1. See f i g .  l l b .  

< 1 i s  2 

1’ 2 

s a 2  2 

\ 0 1 \ \ d l  0 1 \ dl  b l = l  b 2 = l  b =1 b 2 = 1  1 

F i g u r e  l l a  - The case D > 0 F i g u r e  l l b  - The c a s e  D < 0 
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Remark  7 . 1  A few s p e c i a l  c a s e s  a l l o w  f o r  c o n s i d e r a b l e  s i m p l i -  

f i c a t i o n s .  See e . g .  remark  2 . 1 ,  and s e e  t h e  f o l l o w i n g  example.  

A1 A 2 ,  B ( . )  : B 2 ( . )  and 
1 I n  t h e  symmetr ic  case 

p1 = p 2  i t  f o l l o w s  from (2.24) t h a t ,  w i t h  a l  = a2 ,  

bl = b2  al = a 2 ,  

and  a l  < 1 i s  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n .  I n  f a c t  much 

more can  be  s a i d  a b o u t  t h i s  sys t em.  Simple c a l c u l a t i o n s ,  s t a r t i n g  

f rom ( 2 . 1 6 ) ,  l e a d  t o  t h e  f o l l o w i n g .  

i. S u b s t i t u t e  s1 = s 2  s ,  t h e n  d i f f e r e n t i a t e  w . r . t .  s :  

( 7 . 3 )  E [ y 1 + y 2 1  = 2 ( 1 -  1 [ X 1 B 2 ( 1 ) +  ( 2 -  pl) E[y1(K2= o ) ] ] ;  

(7.4) 1 .  l - a l  +- 1 - a  P r { y l > 0 , y 2 =  01; 

ii. S u b s t i t u t e  s 2  = 0 ,  t h e n  s1 0 :  

Pr{yl 0 1  1 - p 

1 

iii. S u b s t i t u t e  s 2  0 ,  t h e n  d i f f e r e n t i a t e  w . r . t .  s1 : 

1- P 1  
+ -  E [y1(y2 0 ) l .  

1 1- a 

Combining (7.3),...,(?.5) and n o t i n g  t h a t  due t o  t h e  

symmetry E{v E { v 2 ] , t h e  - f o l l o w i n g  s i m p l e  r e l a t i o n  is o b t a i n e d :  -1 

Observe t h a t  i f  p1 = p 2  2 (D= O ) ,  E [ y l + y 2 1  is f o r  t h e  

symmetr ic  case t h e  mean workload  i n  an  o r d i n a r y  M/G/l queue ;  



318 -Analysis of various queueing models 111.3.7. 

i n  f a c t  i t  can  be shown t h a t  t h e  d i s t r i b u t i o n  o f  l1 + y2 i s  i n  

t h i s  s p e c i a l  case i d e n t i c a l  t o  t h e  workload d i s t r i b u t i o n  of 

a n  M/G/l queue w i t h  a r r i v a l  r a t e  XI and s e r v i c e  t ime  d i s t r i -  

b u t i o n  B1 ( . ) . 
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111.4. THE M/G/2 QUEUEING MODEL 

111.4.1. Introduction 

One of the more difficult problems in Quei:eing Theory is 

the analysis of the many server queue. Far reaching results 

have been obtained by Pollaczek [ 2 9 ] .  His analysis actually 

provides means to calculate waiting time quantities, but the 

effort needed to obtain numerical resulk i s  considerable. 

Recent work of de Smit [ 3 0 1  has led to substantial improvements; 

he formulates the essential functional eqwtior as a simul- 

taneous set of Wiener-Hopf equations. 

Pollaczek's starting point is the sequence of the actual 

waiting times of sucessively arriving customers. The question 

ariseswhether an analysis of the workloads at the various servers 

would not lead to a more simple discussion of the problem at 

least for the many server system with Poissonian arrival stream. 

In the present section such an approach will be discussed 

for the M/G/2 queueing system for the case that the service 

time distribution is a mixture of m negative exponential 

distributions. Actually it turns out that indeed a rather simple 

analysis is possible, its results are very suitable for 

numerical evaluation. The assumption made concerning the 

character of the service time distribution is not essential, 

the analysis can be easily extended to the case where the 

service time distribution has a rational Laplace-Stieltjes 

transform . The M / G / 2  model has also been investigated by 

Hokstad [ 341 using the "supplementary variable" technique, 

the state space of the Markov process being described by the 

-t 

t S.J. de Klein, Master Thesis, Univ. of Utrecht, 1981. 
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number of customers present and the remaining service times of 

the customers being served. This approach is of much interest, 

but unfortunately the essential analytical problem is not 

solved in [ 3 4 1 .  Actually the 'Iphase type" method is used to 

guess the form of the solution for the case that the service 

time distribution has a rational Laplace-Stieltjes transform; 

moreover an essential question concerning the location of the 

zeros of the main determinant of an important set of linear 

equations remains unsolved. 

For further related literature see Smith [ 4 2 1  and in partic- 

ular the work done by Neuts [31] who has developed a numerical 

analysis for models with phase type service and interarrival 

distributions. 

The analysis of the M/G/2 queueing model to be presented 

here, cf. also [ 3 5 1 ,  leads to a type of functional equation 

which has many features in common with the functional relations 

studied in the preceding chapters, this being the main reason 

for incorporating this M/G/2 model in the present monograph. 
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111.4.2. The functional equation 

By n we shall denote the average interarrival time of the 

arrival process. B(.) stands for the service time distribution and 

(2.1) 6 : =  J t dB(t), a : =  B/a ,  B : = l .  
m 

0 

It is assumed that B ( s ) ,  the Laplace-Stieltjes transform of B(.), 

is a rational function of the following type: for Re s > 0, 

with 

(2.3) O > c o > c l >  ... ><m-l>-m; - l < r k < O ,  k = O,...,m-1, 

m- 1 m-1 r k C rk -1, L: -- B = 1. 
k =  0 k.0 'k 

Hence B(.) is a mixture of negative exponential distributions. The 

assumption that the C k  are all different is not essential for the 

following analysis. 

Denote by ~ , ( t )  and y,(t) the workload at counter one and two 

at time t. We shall consider the "first come, first served1' 

discipline, so that an arriving customer will be served ultimately 

by that counter, which has at the moment of his arrival the 

smaller workload. Since the service times are independent, 

identically distributed variables it is seen that the process 

{vl(t),y2(t), t > 0) is a Markov process. For this process we 
- s  v (t)-s2y2(t) 

shall consider the functional E{e 1 .  

Denote by iAt the number of arrivals in (t, t + At] 

(2.4) Pr{uAt = j} = 1 - At/n + o(At) 

so that for At+O, 

for j = 0, 

= At/a + o(At) for j = 1, 
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t 
For xAt = 0 we have vi(ttAt) = [vi(t) - At] , Hence 

For Vat = 1 we have 

where 1 is the required service time of the arriving customer 

in (t, t+At]. Since r is independent of v (t),v2(t) and since its 
distribution is absolutely continuous (cf. (2.2)) it follows that 

-1 

Hence f o r  At+O, 
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From 

- S  v (t+At)-s2v2(t+At) 
l 1-1 

EC e 

m - S  v (t+At)-s2v2(ttAt) 
= C E{e '-' I > A t  = jl PrIvAt = jl, 
j = O  

and from (2.4),...,(2.7) it follows readily that for t > 0, and 

Re s1 2 0, Re s2 2 0, 

From the results obtained in [321 it may be shown that whenever 

a < 2, which will be always assumed, then the process 

{yl(t),v2(t), t > 0 )  possesses a unique stationary distribution. 
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L e t  v1 and v b e t w o s t o c h a s t i c  v a r i a b l e s  w i t h  j o i n t  d i s t r i b u t i o n  t h i s  

s t a t i o n a r y  d i s t r i b u t i o n ,  s o  t h a t  E{e 

w i t h  i t s  l e f t h a n d  s i d e  r e p l a c e d  by z e r o .  D e f i n e  f o r  R e  s1 2 0 ,  

R e  s 2 0 ,  2 

- s  v - s  v -2 
} s a t i s f i e s  ( 2 . 8 )  1-1 2-2 

n o : =  Pr{I l=O v = O l ,  , -2 ( 2 . 9 )  

- s  v - s  v 1-1 2-2 
(I1 > x 2 ) L  + H ( s l y s 2 ) : =  - + E{e 2 

- s  v - s  v 1-1 2-2 T 
H-(s l , s2 ) :=  4 2 + E{e (I1 < x2)3 Y 

it t h e n  f o l l o w s  from ( 2 . 8 )  w i t h  i t s  l e f t h a n d  s i d e  r e p l a c e d  by 

z e r o  t h a t  f o r  Re s1 > 0 ,  R e  s 2  2 0 :  

- s  v - s  v 
-sl E{e 2-2 (yl = 0)) - s2  E{e '-l(v2 = 011 = 0. 

-s  v - s  v 
The r e l a t i o n  ( 2 . 1 0 )  i s  t he  f u n c t i o n a l  e q u a t i o n  f o r  E{e -' 2-2 1 ,  

i t s  s o l u t i o n  w i l l  b e  d i s c u s s e d  i n  t he  n e x t  s e c t i o n .  

For f u t u r e  r e f e r e n c e  we d e r i v e  f rom (2.10) t h e  f o l l o w i n g  r e l a t i o n s .  

Tak ing  s1 = s 2  s i n  ( 2 . 1 0 )  l e a d s  t o  

-s(x1+v2) - s  v 
( 2 . 1 1 )  {l - - a Y ( S )  -1 E{ 

2 s  3 E{e -'(x2 = 0)) , Re s 2 0 .  
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Tak ing  i n  ( 2 . 1 0 )  s1 = s,  s = 0, y i e l d s  f o r  R e  s 2 0, 2 

325 

from which it follows by t a k i n g  s = 0 ,  
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111.4.3. The solution of the functional equation 

I n  t h i s  s e c t i o n  w e  s h a l l  s o l v e  t h e  r e l a t i o n  ( 2 . 1 0 )  by  means of 

a Wiener-Hopf d e c o m p o s i t i o n .  From ( 2 . 9 )  w e  h a v e  f o r  R e ( u l + T )  2 0 ,  

R e ( u 2 - T )  2= 0 ,  

-u v -u v - T ( v  -v ) 1-1 2-2 -1 -2 (I1 < y2) l  Y 
T O  H - ( u  + T , u ~ - T )  = -+E 2 {e 1 ( 3 . 1 )  

-U V - U  V -T(V - V  ) n 1-1 2-2 -1 -2 71 + H ( u  1 + T , U ~ - T )  = --+E{e 2 (I1 > x2) l  * 

C o n s e q u e n t l y  f o r  f i x e d  u l ,  u2 w i t h  R e  u1 2 0 ,  R e  u 2  2 0: 

( 3 . 2 )  H - ( o l + ~ , u 2 - ~ )  i s  r e g u l a r  i n  T f o r  Re T < 0 ,  

is c o n t i n u o u s  i n  T for R e  T < 0 ,  
t H ( u ~ + T , c J ~ - T )  i s  r e g u l a r  i n  T f o r  R e  T > 0 ,  

i s  c o n t i n u o u s  i n  T for Re T 2 0 .  

P u t , c f .  ( 2 . 2 )  , 

so t h a t  y ( . )  a n d  y2(.) a re  b o t h  p o l y n o m i a l s  of d e g r e e  m a n d  1 

D e f i n e  f o r  R e ( u l  + T )  > 0 ,  R e ( u 2  - T) 2 0 a n d  R e  T 0 ,  
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- (O2-T) E 

Hence from (3.2) and 

Re u2 > 0 it is seen 

(8.3) with u1 and u2 fixed and Re u1 > 0, 

that P- has the same property as H- mentioned 

+ 
in ( 3 . 2 ) ,  and similarly f o r  P 

it follows that f o r  Re u 

and H+. From (2.101, (3.5) and (3.6) 

> 0, Re u2 0, 1 

+ 
(3.7) 

Define with Re u1 2 0, Re u2 > 0, 

P-(U~+T,U~-T) P ( U ~ + T , U ~ - T )  for Re T = 0. 

( 3 . 8 )  P(ul+T,u2-~) : =  P-(U~+T,U~-T) for Re T < 0 ,  

: =  P ( U ~ + T , U ~ - T )  for Re T 2 0, 
+ 

then it fo l lows  by analytic continuation that P ( u  +T,U - T I  is for 

fixed u1,u2 with Re u1 2 0, Re u2>0 a 

whole .r-plane. 

From (3.1) it.is seen that 

1 2  
regular function in the 

Since P is regular- in the whole r-plane it follows from (3.10) 

by applying Liouville's theorem that P ( u  + T , U ~ - T )  is a polynomial 1 
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in -r of degree 2mtl f o r  every fixed u1,u2 with Re u1 2 0, Re u2 2 0. 

From (3.5), (3.6) and (3.8) it follows that 

- s  v P ( S l , S 2 )  
(~l=o)) + 2-2 

slE{e - (3.11) H (s1,s2! y2(s1)y2(s2) , Re < 0, 
sl+s 2-ay ( s1 1 

- s  v P ( S l , S 2 )  
s2~{e 1-1(v2=o)~ - - 

H + ( s , , s , )  
y2(s1)y2(s2) , Re T 2 0, 

I L  
Sl+S 2-ay ( s 2 ) 

with 

(3.12) s1 = u t T ,  s 2  = u2 - T, Re u1 > 0, Re u 2  2 0. 
1 

Since y(.)is rational the function 

has f o r  fixed y exactly mtl zeros z.(y), j = 0, ... , m. 
Denote by z o ( y )  the zero with largest real part. It is wellknown 

J 

(cf.[221 p.548) that, since B(.) is not a lattice distribution, 

(3.14) Re zo(y) > 0, Re z.(y) < 0, j =I, . . . ,  m if Re y < 0, y f 0, 
1 

(note that for y 0, a = 1, a l s o  just one of the z . ( O ) ,  j > 1 
is zero) and that 

1 

1 (3.15) zo(y) = -y +c({l-E{eYp}~, Re y 0, 

where 

with service time distribution B ( . ) .  

Because for Re s 2  = 0 the definition of H-(sl,s2) (cf.(2.9)) implies 

that H-(sl,s2) is regular 

( 3.11 ) that 

p stands f o r  the busy period of an M / G / 1  queueing system 

in s for Re s1 2 0 it follows from 1 
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- s  v P(Sl ' S 2 )  

sly2(s1) 
(3.16) y 2 ( s 2 )  E{e 2-2 (I1 = 0)) = - 

Note t h a t  (cf.[22] , p.5481, 
z o ( 0 )  0 i f  a < 1, 

> 0 i f  a > 1, 

so  t h a t  (3.5) and (3.7) imply  t h a t  s 2  = 0 i s  

o f  t h e  r i g h t h a n d  s i d e  o f  ( 3 . 1 6 ) .  

s = z  ( s 2 )  f o r  R e  s2=0. 
1 0  

I 

n o t  a s i n g u l a r i t y  

Obvious ly  (3.15) i m p l i e s  t h a t  y (z ( s  ) )  i s  r e g u l a r  and 

c o n t i n u o u s  for Re s 2  < 0 .  Now t a k e  i n  (3.81, 
2 0 2  

(3.17) T - s 2 ,  u 2  = 0, u1 ;(l-E{es2')), 1 Re s 2  < 0 ,  

t h e n  

s o  t h a t ,  s i n c e  t h e  l e f t h a n d  s i d e  of  (3.8) i s  a po lynomia l  i n  T, 

it  f o l l o w s  t h a t  t h e  r i g h t h a n d  s i d e  o f  (3.16) i s  r e g u l a r  and 

c o n t i n u o u s  f o r  R e  s ,  < 0 .  S i n c e  t h e  l e f t h a n d  s i d e  o f  (3.16) i s  a l s o  

r e g u l a r  and 

i t s  l e f t h a n d  

c o n t i n u a t i o n  

I t  i s  e a s i l y  

L 

c o n t i n u o u s  f o r  R e  s > 0 ,  it f o l l o w s  from (3.16) t h a t  

s i d e  and  i t s  r i g h t h a n d  s i d e  are each  o t h e r ' s  a n a l y t i c  

i n  R e  s 2  

s e e n  t h a t  

2 

0 and i n  R e  s2 > 0 ,  r e s p e c t i v e l y .  

m -s  v 
( 3 . 1 9 )  y 2 ( s 2 ) E { e  2-2 (yl=0)) ' ~ 1 ~ 1 s ~ 1  f o r  1s21 * m , l a r g  s21  < $ . 

S i n c e  

IEIeS2'1I * 0 for 1s21 * m y  5 < a r g  s 2  < 1$., and because  

P ( U  +T,U -T) i s  a polynomia l  i n  T o f  d e g r e e  2 m + l  it f o l l o w s  from 

( 3 . 1 7 )  and (3.18) t h a t  
1 2  
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Consequently by applying Liouville’s theorem we have that both 

sides of (3.16) are a polynomial in s i.e. we may put 
2 ’  

with D ( s 2 )  a polynomial in s 2  of degree m. 

Next define 

so that f o r  Re s1 2 

(3.22) H-(sl,s2) = 

H ( s l y s 2 )  t 

Note that from (3.161, 

(3.23) Q-(slys2)Is - z  (s2) 0 for Re s 2  Q 0. 

From (3.21) we have for Re u1 2 0, Re u2 2 0, 

1- 0 

so that since, cf. (3.8), 

(3.25) P(sl,s2) - P ( s ~ ~ s ~ ) ~  

we have 

+ 
(3.26) 

From (3.211, (3.5) and ( 3 . 8 )  we have for Re T<O, Re ul>O, Re u2>0, 

(3.27) 

Q - ( O ~ + U ~ - ~ ~ , ~ ~ )  Q ( 5  , u  + u  - 5  ) y  k O,...,m-1. k 1 2 k  

Q - ( u ~ + T , u ~ - T )  
= {ol+a2-ay(a 1 + ~ )  ]H-(U~+T , U ~ - T ) .  

Y2(u1+T)Y2(02-T) 

Hence for I T [  + 0 3 ,  ;T < arg T < l f ~ ,  
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Q-(u~+T , u ~ - T )  

-+ ;IT ( u  + u  -a), 0 1 2  Re u1 2 0, Re u 2  2 0. (3.28) 
Y2(u1+T)Y2(u2-T) 

Similarly for -+ m ,  larg T I  < ;IT, 

Q + ( U  + T , U  - T )  
+ 1IT (u1+u2-a). 1 2  

(3.29) y2(Ul+T)Y2(U2-T) 0 

From (3.14) we have 

sl+s2-ay(sl) m 
(3.30) Y2(S1) sl-zo(s2,) n {sl-zj(s2)l, 

j =1 

and since Re z.(s2) < 0, j = l,...,m, 

that the lefthand side of (3.30) is never zero for Re s2<0, Re sl>O. 

Consequently, H-(sl,s2) has f o r  Re s >O a partial fraction expansion 

with respect to the zeros 

for Re s2 < 0, it follows 
1 

1 

of y2(s2). From (2.2), (3.22), (3.261, 

(3.28), (3.29) we obtain for Re u1 2 0, Re u2 2 0, 

with for k = 0,l ,...,m-1, 

Next we introduce the unknowns 6k,k = O,...,m-1, such that 

(cf.(3.20)), f o r  Re s > 0, 

(3.33) EEe -2(vl=O)} E{e (v = O ) }  = TI t x -. 

Insert the relations (3.31) and (3.32) in (2.10), this yields f o r  

Re a l  2 0, Re u 

-sv m-1 6k -1 - s v  

-2 k=O ‘-‘k 

2 0, Re T = 0, 2 
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m- 1 
t Z [ I 0  1 2  + u  -ay(u2-d}q k 1  ( 5  +a2) - (52-T)6k] 0. 

k.0 51tT-Ck 

By analytic continuation it is readily seen that (3.34) holds in 

the whole T-plane except at the poles T Ck-al,~ = u 2 k  - 5  ,k=O,...,m-1. 

Therefore by letting ] T I  + m in (3.34), and also by multiplying 

(3.34) by u1 + T - c k  and then taking T = ck - u1 we obtain 
m- 1 

(3.35) Z 6 k  = t avo, 
k= 0 

and for k = 0,. . . ,m-1 , Re 5 2 0, 

(3.36) ai'rorkCk - ( 2 ~ - S ~ ) 6 ~ + { 2 o - a y ( 2 ~ - ~ ~ ) ) 4 ~ ( 2 5 )  

m-1 qh(2u) 

' a 'kCk 20-Ck-Ch h= 0 
= 0. 

The relation (3.36) may be considered as a set of m linear 

equations f o r  the unknowns qk(20). To investigate the relation 

(3.36) we introduce for Re 5 2 0 the matrix 

Pici . -  . -  2 u- t, i- Cj for i + j, 

and the column vectors 

T (3.38) q(20) : =  [qk(2a), k 0, ..., m-l] , 
T 6 : =  [6kyk = 0 ,  ..., m-11 , 

E : =  [CkSk + 8 alrO rkCky k = 0, ..., m-l] T . 
Hence (3.36) may be rewritten as: 
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(3.39) I(2u-a)I + aM(2u)~q(2u) = 2u6-&, Re u 2 0, 

where I is the identity matrix. Denote by 

X.(2u), j = 0 ,  . . .  ,m-1, 
J 

the eigenvalues of M(2u). In section 5(cf.(5.12))it is shown 

that f o r  Re u 2 0, 

Consequently, (3.39) implies that qi(2u) is the quotient of the 

determinant of the matrix Di(2u) with (note 6 is Kmnecker's symbol) 
hj 

for j = i, 
j 

= (206-E) 

and the determinant 

mm- 1 2u-a 
(3.42) det{(2u-a)I+aM(2u)) = a Il I- + X,-(20)). 

From (2.9) with s1 = s2 = u and (3.31) with T 0 it follows that 

qk(20) is a regular 

since D (2u)is regular for Re u 2 0, cf.(3.37) and (3.41), it 

follows that every hk(2u) is 

functions fk(2u), k = O,...,m-1, 

function of u f o r  Re u 2 0. Consequently, 

k 

regular for Re u 2 0. Hence the 

+ Xk(2u), Re u 2 0, 2u-a 
(3.43) fk(2d : =  - a 

are 

has exactly one zero b 

directly from (3.40)and a wellknown result for the M / G / 1  queue since 

a 2. F o r  k 2 1 consider the contour consisting of the imaginary 

axis between -iR and iR and the semicircle u = Re Y l a r g  uI Q a/2. 

From (3.40) it follows that on the contour 12u-al > alXk(2u)( for 

regular in Re 0 2 0. We show that for every k = 0, . . . ,  m-l,fk(.) 
in Re u 2 0 and a 0  0. That B 0  0 follows k 

iu 
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R sufficiently large. Hence from Rouchk’s theorem the existence and 

uniqueness of Ck follows. In section 

R e m a r k  3 . 1  Since (20) are zeros of a polynomial with rational 

coefficients in u there cannot exist in Re u > 0 isolated values 

of u 

a branch point of X ( . )  contradicting the fact that Xk(2u) is 

regular 

k # h for allu with Re 20 > 0, but a closer examination of the 
determinant of m)X(u) M(2u) X 

asymmetric in ri,Ci excludes this possibility also. 

The regularity 

for every u = 3 j 0, ..., m-I, 

5 it is shown that all 3k are real. 

k 

for which Xk(2u) Xh(2u), k f h, otherwise such a u would be 

k 

for Re u 2~ 0. It is still possible that Ak(2u) = Xh(20), 

1 -1 ( u )  (see formula (5.2)) which is 

of qk(2u) for Re u 2 0, consequently requires that 

j ’  

(3.44) det Di(2Z.) = 0, i = 0, . . .  ,m-1. 
1 

It i s  readily proved that the conditions (3.44) lead to m 

independent relations f o r  the unknowns 6h,h = 0 ,  ..., m-1 and that 
one of these relations, i.e. the one for ̂ a o ( = O )  is equivalent with 

(3.35), see (4.12) for k 0. Hence the 6k are uniquely determined 

and the qk(20) also because of (3.39); all 6k are real, cf. section 5. It 

remains to determine TI 

equivalently from(2.12). From (2.12) and ( 3  . 3 3 )  it follows that 

which is obviously obtained from the nodng condition or 
0 

(3.45 

Hence 

m-1 €ik 
n o  = $(2-a) t L: - 

5 -  k=O k 

t 
H ( s  ,s ) and H-(s s are uniquely determined. 

1 2  1’ 2 
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111.4.4. The waiting time distribution 

Denote by v(k)(2u) and !~(~)(2u), k O~...,m-l, the right- and 

left eigenvectors of M(2u) belonging to the eigenvalue Xk(2u). 

Since for Re u 2 0 no two of the Xk(2u), k Oy...ym-l are equal 

there are m right- and m left eigenvectors and such that for the 

vector product holds 

(4.1) p(h)(2u)v(k)(2u) = 0 for h # k,. 

1 for h = k. 

Further denote by n(k)(2u) and m(k)(20) the right- and left 

eigenvectors of Y ( u ) ,  cf.(5.2), then it is readily seen from (5.2) 

that 

T 
Since I B ( 0 ) I - l  Y ( u )  is f o r  u > 0 a stochastic matrix it is readily 
seen that for Re u 2 0 ,  

Define for k 0 ,...,m-l, the matrix 

so that 

(4.5) Ak(2u)Ah(2u) = Ak(2u) for k h, 

= O  for k # h. 

It is wellknown that the spectral decomposition of Mn(2u) ,n = 0,1,. . . 
now reads for Re u 0 , 
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with 

( 4 . 7 )  M(0)(2a) : =  I . 

For  Re u 2 0 and a f gk, k O,...,m-1, the matrix (2u-a)I+aM(2u) 

has an inverse, cf. ( 3 . 4 2 ) ,  and because 

m- 1 
llM(2u) : =  max lmij(2u)1 

i=O ,. . . ,m-1 j-0 
is uniformly bounded in u for Re u > 0, it follows that for Re CJ 

sufficiently large 

m-1 m 

k=O n=O 

- 1  - -  I: I: {=In -a hF(2u) Ak(2u) 
20-a 

m-1 Ak(2u) 

k= 0 k 
= z  

2u-ataX (2u) - 
Consequently,from ( 3 . 3 9 )  for Re u sufficiently large, 

1 Ak(2u)(2a6-~). 
m- 1 

k= 0 
( 4 . 9 )  q(20) = 2 2u-a+aXk(2u) 

From (3.41) and (3.42) we have for Re a 2 0, 

(4.10) q(2u) [ ll {2~-a+aX~(2u)}-~] {det D0(2u) ,. . . ,det Dm-l(2u)}T, m- 1 

k= 0 

with det Di(23.) = 0 ,  i,j O,...,m-l. Since the righthand side 

of (4.10) is regular. for Re CJ 2 0, and since (4.8) implies that 

the righthand side of (4.9) is regular €or  Re a sufficiently large 

it follows by analytic continuation that Ak(2u) is regular 

Re a 2 0, that the vectors 6 and E should satisfy 

1 

f o r  

(4.11) Ak(2bk)(2bk6-~) 0, k = 0,. .. ,m-ly 

and that ( 4 . 9 )  holds for Re u 2 0. From ( 4 . 3 1 ,  ( 4 . 4 )  and (3.38) 
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it is readily seen that (4.11) is equivalent with 

f o r  k = O,l, . . . ,  m-1. It should be noted that(4.12) for k = 0 

leads to (3.351, apply (4.3) with ^ao = 0. In the relation (4.9) 

A (2u) may be eliminated by using (4.7). 

Recapitulating we have for Re u 2 0, 
0 

- (2u6-E) m-1 a~~(u)-Xk(2u)~Ak(2u)(2u6-~) 

- 2u-a+aB(u) -+ k=l i2a-a+aB(u)lI2u-ataX k(2u)} ’ 

the Sj,j = 0, ..., m-1, (cf.(3.38)), being determined by (4.12), 

with n o  determined by the norming condition or equivalently, 

cf. (2.12) and (3.33), 

m- 1 

From (2.9) and (3.31) it is seen that the Laplace-Stieltjes transform 

of the stationary waiting time distribution is given by 

where is a stochastic variable with distribution that of the 

stationary waiting time. 

It follows from (4.13) and (4.15), using (3.35), (4.3) and (4.4) 

that for Re u > 0, 
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The expression (4.16) for the Laplace-Stieltjes transform of the 

stationary waiting time distribution is a very intricate one, 

although some of its terms have known interpretations, as it may 

be seen from the following remarks. 

The factor 

1 
(4*17) a 1-f3(0/2) 

u/2 1- 

is actually a Laplace-Stieltjes transform and closely related to 

the Laplace-Stieltjes transform of the stationary waiting time 

distribution of an M/G/l queueing system with load a/2. 

The second factor in (4.16) may be expressed as, cf. (3.33) and (2.2) 

3 ) ,  ( 4 . 3 )  and (4.14) that f o r  

so that the second term in the first expression of (4.16) tends 

to zero for u J. 0. 

Since, cf. (2.12), for u real, 

and, cf. (4.14), 
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m- 1 
2 z: 6 . / ( - 5 . )  

0’ 
(4.22) lim 2-a-2Tr 

0 / 2  
u-+m 1-7 

it is seen that the last term in (4.16) tends to zero for u -+ m .  

A lengthy but direct calculation shows that this last term in 

(4.16) tends to -1 + - Tr for u c 0, i.e. 
2-a 0 

m- 1 
2 z 6 . / ( - < . )  

- 2+a nO-l. 
- U F  j = o  1 1 

a l-B(u/2) - - 2-a (4.23) lim E{e } - n o  - 
1-7 u/2 OJ-0  

From the remarks above it follows that for Re u 2 0, 

(l-a/2)(l-IT,.) 

represents the Laplace-Stieltjes transform of a probability 

distribution with support [ 0 , m ) .  It may be conjectured that the 

tail of this distribution is a good approximation for the tail of 

the stationary waiting time distribution. Further research is here 

desirable. Fina-Lly we derive an expression for the average waiting 

time E{E} : 

This relation is easily obtained from (2.11), (2.13) and (3.33) 

by noting that E{vl} = E{v2}. It follows 

which can be calculated when the 6 are known, zf. ( 4 . 1 2 )  and (4.14). 

Similarly, expressions for the higher moments can be obtained. 
j 
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111.4.5. The matrix M(2o) 

The matrix M(2u) has been defined in (3.371, we shall investigate 

here a number of its properties 

We introduce the diagonal matrix, 

L5.1) X(u) : =  [xij(a)] , 

already used in the preceding section 

i,j = O,...,m-1; Re u 2 0, 

then a simple but lengthy calculation using (2.2) shows that 

Pici 
for i j, Z-Gq (5.3) (Y(u))ij = B(20-ci) + 

rici riGi - - - -  for i # j. P s i  2u-ci-cj 

By using again (2.2) it follows for Re u 2 0 ,  that 

m- 1 
(5.4) Z (Y(u));~ = B ( u )  for j O,...,m-l. 

i=O 

Denote by 

( 5 . 5 )  Xk(2u), k O,...,m-1, 

the eigenvalues of M(2u), hence they are also the eigenvalues of 

MT(2u), of T Y ( u )  and of Y ( u )  . Obviously, for u > 0 all elements 
'1 of Y ( u )  are nonnegative, so that from ( 5 . 4 )  

is a stochastic matrix which is obviously irreducible and aperiodif 

so that it has one eigenvalue one, whereas a l l  other eigenvalues 

are in absolute value less than one. Consequently, for u > 0, 

For Re r~ 2 0 we obviously have, cf. (3.37), 
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(5.8) mij (2Re u )  2 Imij(2u)l for all i,j = 0, ..., m-1. 

Fan's theorem (cf.[33], p .  152) now implies because of (5 . S )  

that every eigenvalue of M(2u) lies at least in one of the 

circular disks 

(5.9) Iz-m (20)1= u - m (2 Re a ) ,  i O,...,m-1, 
ii ii 

where p is the maximum eigenvalue cf M (2Re u ) ,  tee., cf. (5.7), 

(5.10) I.I = AO(Re 2u) = B(Re u ) .  

Consequently from (5.9) we have f o r  Re u 2 0, 

From (5.4) it follows that Y ( u )  has for Re u 2 0 an eigenvalue 

B ( I J ) ,  and since in (5.8) the inequality sign holds for u nonreal 

it is seen from (5..17) and (5.11) that 

(5.12) XO(2u) B ( u ) ,  IXk(2u)l < B(Re u ) ,  

Byintroducingthe matrix Z [zij] with 

k = l,...,m-1. 

k#i 

: =  0 for i # j, 

cf. (2.3), it is readily verified that ZM(2u)Z-' is for u > 0 a 

real symmetric matrix. Hence its eigenvalues, which are the same 

as the eigenvalues of M(2u), are all real, i.e. Xk(2u), 

k 0,1,...,m-1 are real for u 2 0. This fact together with the 

fact that (3.43) has one and only one zer06~ in Re u 2 0 proves 

that all ak,k O,...,m-l are real. Hence it is seen from (3.41) 

that the condition (3.44) represents a set of linear equations 

with real coefficientsfor the unknown Sj,j O,...,m-l. 

Consequently these 6 are all real. 
j 
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1V.1. THE ALTERNATING SERVICE DISCIPLINE 

IV. 1 .1 .  Introduction 

In this part we return to the queueing model of a single 

server who alternatingly serves customers of two different types 

(section 111.2.1). Our goal is the investigation of the numerical 

analysis needed to evaluate numerically the characteristics of 

the model, in particular the mean queue lengths E { x  ( i ) ~  of type 

i customers (i=l,2). 

The relevant numerical problems concern mainly the numerical 

evaluation of conformal mappings and singular integral equations. 

Much experience is available in the numerical literature on con- 

tinuum mechanics. The following textbooks and surveys provide an 

access: Beckenbach [ 111 , Delves and Walsh [ 411 , Gaier [ 91 and 

Ivanov [ 241. 

Starting-point in the present chapter is theorem 111.2.3.1 

which uniquely determines the functions oi(p), 

basic functions of the model (see (111.2.1.7)). In the formulas 

for o.(w/2r.) in theorem 111.2.3.1 a key role is played by the 

conformal mapping f(. 1 of F+ onro C', the interior of the unit 

circle, and by its inverse fo(.). If c=O is taken in (111.2.3.7) 

then fo(<) is according to remark 111.2.3.1 determined by the 

relation (11.4.5.191, 

IpI G 1, the 
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with 

with b ( . )  given by (11.4.5.18) and with e ( . )  a strictly increasing 

and continuous function on [0,2n] , uniquely determined as the contin- 
uous solution of Theodorsen's integral equation (cf. section 1.4.4), 

0 Q cp Q 2n. 

In general 8 ( $ )  cannot be determined explicitly. We therefore 

solve Theodorsen's integral equation numerically. Subsequently 

we evaluate fO(c) numerically, and then calculate o j ( l ) ,  i=1,2, 

which will finally allow the calculation of the mean queue 

lengths E{x(~) - 1 .  

The organization of this chapter is as follows. In section 

2 an expression for E{x (i)) is derived. The general numerical 

approach is discussed in section 3. It was observed in remark 

111.2.3.1 that in many cases the nearly circular approximation 

of the conformal map f0(5) may yield accurate results. This 

approximation (and also some others) is considered in section 4. 

Section 5 is devoted to the question whether the point 2r2 does 

belong to Ft (see also theorem 111.2.3.1). 

Numerical results are presented in section 6. The accuracy 

of the approximation for E{Z(~)} based on the nearly circular 

representation of the conformal map is assessed in this section 

and in section 7, where an asymptotic analysis of the mean queue 

length formulas for the case r2J0 is presented, both for the 

exact and the nearly circular representation. Our results show 

that the nearly circular approximation is very useful in the 

analysis of the alternating service model, the more so because 

the numerical effort required for its application is slight. 
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IV.1.2. Expressions for the mean queue lengths 

i’I(i)(pl,p2), i=1,2, are defined in (111.2.1.3) as the joint 

generating functions of queue length distributions of type-1 

and type-’2 customers, immediately after the departure of a 

type-i customer. It is not hard to show that the generating 

function of the queue length distribution of type-1 customers 

at an arbitrary epoch is Il (pl ,1 )/rl (and 11(2)(1 ,p2 )/r2 for 

type-2 customers). The argument may be based on the fact that 

the arrival process is a Poisson process (see Melamed [39] f o r  

a general discussion of similar results; see also Eisenberg [ 3 6 ] ) .  

Another approach is to derive from scratch the generating func- 

tion of the joint queue length distribution P 

arbitrary epoch, It can be shown, using a supplementary variable 

approach, that analysis of P 

problem which is almost identical to the one studied in chapter 

111.2 for Il 

problem can be found in Blanc [16]. Using the following relations 

for the mean queue lengths E{x(i)] at an arbitrary epoch, 

(i) 
(p1,p2) at an 

(i) (p1,p2) leads to a Riemann-Hilbert 

(i) (p1,p2). Details of this approach for a similar 

and (IIIo2.1.6) and its symmetrical analogue, it follows that 

with 
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F 
3-i' i 1,2, a i u = 1 - a , - -  

i I.3-i 
(2.3) 

(see section IIIo2el for the notation used). 

Only oi(l), i=1,2, is here yet unknown. u$(l) follows from 

theorem III,2.3.1: If w=2r2 E F t ,  then 

ol(l) cannot be immediately obtained from this theorem, because 

w=2r F t ;  however, cf, (111.2.2.6) (and using (III.202.5)y 

(111.202~7)) we derive the following relation between oi(1) 

and u$(l): 

1 

1-a u p  - [l t - 1-a (2.5) 
u2 

F o r  future use we also mention -that from (111.2.2.6), 

u (1) = 2(r -r ) t u2(l), 1 1 2  (2.6) 

and from (11102.1.7), 

u (0) = 1-a - O2(O). 1 (2.7) 

(i)] The relations above show that the evaluation of E { x  

requires the calculation of the quantities in the righthand side 

of (204)0 
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IV. 1.3. The numerical approach of Theodorsen's integral equation 

In this section it is assumed that 2r2 E F+. From (2.2), ( 2 . 4 )  

and (2.5) it then follows that E{&("?, E{Z(~)} are known once 

(2.4) is evaluated. Hence fo(<), 1 5 1  Q 1, f(2r2) and f'(2r2) are 

to be determined. 

f (C), 151 < 1, is given by (1.11, (1.2); applying the Plemelj- 0 

Sokhotski formula to (1.1) yields: 

the distance from the origin to a point of F with angular coor- 

dinate ct (cf. (111.2.2.11)); the second equality sign in (3.1) 

follows from (1.3). 

The zero & ( a )  has been evaluated numerically in a straight- 

forward manner. The unknown function in (1.1) and (3.1) is @ ( $ ) .  

It has to be determined numerically from Theodorsen's integral 

equation (1.3). The numerical solution of this singular integral 

equation has been the subject of many discussions in literature. 

See in particular the survey by Gaier [ 9 1  and the study of 

HUbnerL381. 

Our choice is the following iteration procedure (see Gaier 

191, p.67): 
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( 3 . 3 )  

(Conce rn ing  a n o t h e r  p o s s i b i l i t y  t o  s t a r t  t h e  i t e r a t i o n  s e e  

s e c t i o n  4 ) .  

A d e t a i l e d  d i s c u s s i o n  c o n c e r n i n g  t h e  conve rgence  o f  t h e  

p r o c e d u r e ,  and f u r t h e r  r e f e r e n c e s ,  c a n  be found i n  G a i e r  [ 9 1 .  

The amount o f  computa t ion  i n v o l v e d  c a n  be r educed  by o b s e r v i n g  

t h a t  f o r  e ( $ )  and f o r  a l l  i t e r a t i o n s  i n  ( 3 . 3 ) ,  

o r  e q u i v a l e n t l y ,  

For  a d i r e c t  p r o o f ,  c o n s i d e r  ( 1 . 3 )  f o r  e($) and -6(-$) and u s e  

t h e  u n i q u e n e s s  of t h e  s o l u t i o n  of  ( 1 . 3 ) .  

The i n t e g r a n d  i n  ( 3 . 3 )  h a s  a s i n g u l a r i t y  a t  w = $ .  Care was 

t a k e n  of t h i s  s i n g u l a r i t y  by r e w r i t i n g  t h e  i n t e g r a n d :  

The i n t e g r a l  of t h e  l a s t  t e r m  e q u a l s  z e r o ;  t h e  v a l u e  of t h e  f i r s t  

i n t e g r a n d  a t  w = $ c a n  e a s i l y  be  d e t e r m i n e d .  S u b s e q u e n t l y  t h e  

r e s u l t i n g  i n t e g r a l  c a n  b e  e v a l u a t e d  u s i n g  a s t a n d a r d  n u m e r i c a l  

i n t e g r a t i o n  p r o c e d u r e  ( e . g . ,  t h e  t r a p e z i u m  r u l e ,  which i n  t h i s  

case seems t o  be p r e f e r a b l e  above  S impson ' s  f o r m u l a ) .  

Convergence o f  t h e  i t e r a t i o n  p r o c e d u r e  t u r n e d  o u t  t o  b e  r a t h e r  

f a s t .  I t e r a t i o n  was c o n t i n u e d  u n t i l  t h e  d i f f e r e n c e s  be tween suc -  

c e s s i v e  i t e r a t i o n s  o f  e ( . )  were i n  a b s o l u t e  v a l u e  l e s s  t h a n  1 0  . -6 
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In the six cases which were studied the number of iterations 

varied between '7 and 12. 

fO(<), I < I  < 1, is now calculated from (3-1). It remains to 

determine f(2r2) and f'(2r2). When 5 (real) increases from 0 to 

1, fo(<) increases from 0 to 6(0) (cf. (111.2.2.8)). It is easy 

to determine numerically the unique value of < (=f(2r2)) for 

which fo(<) - 2r2 0 ( 5  E [0,1]). Finally, f'(2r 

tained by observing that for t = f(2r2), f'(2r2) = lffh(t>. 

Differentiation of (1,l) yields for I < l  < 1: 

can be ob- 2 

2 do, 
2 elw 2n 

0 (elo-<) 
f p  7 f0(5) t fO(c) 1 log p ( e ( w ) )  

so 

-1 
dwl . 2elw 211 

2 1 
2r 

( 3 . 4 )  f'(2r2) = t 2r2 'i;i l log p ( e ( w ) )  
0 (elw-f(2r2)) 

Remark 3 . 1  (on numerical computations) 

Because f(2r2) < 1 (for 2r2 E F') , the integrals in (2.4) and 
(3.4) in which ( <  - f(2r2)) 
singular. However, when f(2r ) is close to one, these integrals 

almost behave like singular integrals. For example, the second 

2 appears in the denominator are non- 

2 

part of the integrand in (2.4), 

Im f0(L) Q(Re fo(<)) 

( 5  - f(2r2)) 

although being equal to zero when w = 0, 21r, can have rather sharp 

extrema for w = 1 - f(2r2), o = 271- - (1 - f(2r2)). Therefore the 

numerical integration of (2.4) and ( 3 . 4 )  has to be adapted at 

these points. In order to obtain a sufficient accuracy a finer 

subdivision in the neighbourhood of < 1 is required. Our ex- 

perience shows that more satisfying results are obtained by also 

subtracting the "almost-singularity", i.e., from the above in- 
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tegrand we subtract: 

Subsequently the contour integral of the subtracted term is added 

again, and evaluated separately by using Cauchy's formula (in 

fact Im fO(l) = 0; the derivative in the above expression con- 

Lz0, for which we have substituted O ( w ) / w  tains a factor 9 ( w )  

evaluated at the first integration point past w 0 ) .  

d 
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TABLE 3.1 

en($), n=0,1,2, the "exact" e ( $ )  (=Olo(@)) and 8 ( $ )  
aPP 

(see section 4) for the case: 

A = 0.44, rl = 5/6, 

B,(p) = e-', 
2nk with $ = 3o , k=0,3,6, . . . ,  30. 

(Note that e ; ( $ )  - $ -[ei(2n-$) 

B2(p) = (1+5~/3)-~, 

k 

- 
0 

3 

6 

9 

12 

15 

18 

21 

24 

27 

30 - 

A 

e o  ( $  =$ 

0 

0.62832 

1.25664 

1.88496 

2.51327 

3.14159 

3.76991 

4.39823 

5.02655 

5.65487 

6.28319 

0 

0.81882 

1.50652 

2.09480 

2.62969 

3.14159 

3.65350 

4.18838 

4.77667 

5.46437 

6.28319 

e 2 w  

0 

0.84568 

1.49354 

2.06310 

2.60662 

3.14159 

3.67656 

4.22009 

4.78964 

5.43750 

6.28319 

Re p > 0, 

(2lT-@)1). 

0 

0.83970 

1.48789 

2.06339 

2.60851 

3.14159 

3.67468 

4.21979 

4.79530 

5.44349 

6.28319 

0 

0.75999 

1.46968 

2.09800 

2.64494 

3.14159 

3.63824 

4.18518 

4.81350 

5.52320 

6.28319 
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IV.1.4. The nearly circular approximation 

If a smooth contour F is nearly circular then one can de- 

rive a rather sharp approximation for the conformal mappings 

f(.) and fo(.) of the interior F 

Nehari [ 3 1  states the following results. 

t 
of F onto Ct and vice versa. 

Let C be a nearly circular contour with representation in 0 

polar coordinates: 

where E is a constant with 0 < E <  1, and p(B) bounded and piece- 

wise continuous, then 

(4.2) c(u):=u[l - p(8) dB1 t o ( E ) ,  

t 
maps Co conformally onto the unit circle 1C1 < 1. The inverse 

mapping co(C) of c(u) is given by: 

From (4.2) it is readily deduced that if C o  is a nearly circular 

e l l i p s e ,  

then (cf. [ 3 1  , p. 2 6 5 1 ,  

2 
(4.4) c(u) = u(l - p + u  ) )  + O(E). 

The contour F which actually occurs in the analysis of the 

alternating service problem is given by (111.2.2.11). The linear 

transformation, 
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1 N~ : =  {w+ u=s+in : u= w) , 
1 2  

transforms the contour F into H, 

with B ( p )  B 1 ( p ) B 2 ( p ) ,  cf. (111.2.2.2). 

In the following we assume that 

If r2 e 4 then 2 q 2  is small and H is nearly circular, and 

hence so is F. We can now apply (4.4) to F. Consider the nearly 

circular ellipse E, 

0 < E 4 1, b,d and E yet unknown, to be an approximation of H. 

From (4.4): 

+ 
maps E conformally onto the unit circle 1 5 1  < 1. Hence 

(4.9) 5 = f(w) 2bq [l - y(1+( 2b/rlr2 

is to be taken as the approximation of the conformal map of F 

onto 1 5 1  < 1. It follows that the approximation of the inverse 

mapping is: 

W- 2 d e  
2)2)1 + O ( E ) ,  

w - 2 d V 2  E 

t 

It now remains to determine b,d and E as functions of X ,  
t 

rl,r2, Bl(.) and B 2 ( . ) .  First consider the two zeros 5 and 5 - ,  
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P u t t i n g  f o r  h = 0 , 1 , 2 , 3 ,  

h 
m 

( 4 . 1 2 )  y h  : =  yh(A) : =  J ( A t )  d(B1*B2)(t) , 
0 

a c a l c u l a t i o n ,  t h e  d e t a i l s  o f  which can  be found i n  [ 1 5 ]  , shows 

tha t  

From ( 4 . 5 ) ,  

An expans ion  o f  t h e  r i g h t h a n d  s i d e  o f  t h i s  e x p r e s s i o n  i n  powers 

of r 2  y i e l d s  f o r  5 = (5' + 5 - ) / 2  ( and  i n  f a c t  a l s o  f o r  t h a t  v a l u e  

of 5 f o r  which t h e  d e r i v a t i v e  of  t h e  e x p r e s s i o n  i n  ( 4 . 1 1 )  becomes 

zero) : 

2 2 ( 4 . 1 4 )  o 2  = y o  + y1 rlr2 + O(r2) . 

We t h e r e f o r e  t a k e ,  

+ Obvious ly  b(l+E) = ( 5  

( 4 . 1 3 )  and ( 4 . 1 5 ) ,  

- 5 - ) / 2  and d (5' + 5 - ) / 2 ,  so from 

(4.16) E = r r y 
1 2 2 ,  

( 4 . 1 7 )  d = y l G  [ l  + r l r 2 ( 2 y 2  + - 2 - y0y3,1 . 
y 1  
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Concluding, f o ( < ) ,  I L I  Q 1 ,  and f ( 2 r 2 )  and f ' ( 2 r 2 )  f o l l o w  from 

( 4 . 9 )  and ( 4 . 1 0 )  w i t h  b y  E and d g i v e n  by (4.15), ( 4 . 1 6 )  and 

( 4 . 1 7 ) .  See  f i g u r e  1 2  f o r  two r e a l i z , a t i o n s  of  F and i t s  n e a r l y  

c i r c u l a r  approx ima t ion .  

Remark 4 . 1  

fo rma l  mapping f u n c t i o n s  are t h e  f o l l o w i n g .  

i. Approximation of  f O ( & )  v i a  0 ( $ )  = $ .  

Proceed e x a c t l y  as i n  s e c t i o n  3 ,  bu t  w i t h  0 ( @ )  = 0 , ( $ )  = 4 ,  

Other  p o s s i b i l i t i e s  f o r  approximations of  t h e  con- 

0 G $  G 2iT. 

ii. Approximation of  f o ( < )  v i a  0 ( $ )  = Q + C s i n  0. 

From ( 3 . 3 1 ,  

w i t h  6 = 6 ( w )  as d e f i n e d  by ( 1 1 . 4 . 4 . 9 ) ,  s e e  a l s o  ( 1 1 1 . 2 . 2 . 8 ) .  

When r2  i s  small compared wi th  4, t h e n  6 i s  a lso small, and w e  

may w r i t e :  

S u b s t i t u t i o n  of ( 4 . 1 9 )  i n t o  ( 4 . 1 8 )  r e s u l t s  i n  t h e  approx ima t ion :  

It might be used as a s t a r t i n g  f u n c t i o n  i n  t h e  i t e r a t i o n  f o r  

s o l v i n g  Theodorsen 's  i n t e g r a l  e q u a t i o n .  

Remark  4 . 2  See [ 9 ] ,  p. 1 0 6 ,  and [15] , s e c t i o n  9 . 6 ,  f o r  some 

i n t e r e s t i n g  r e l a t i o n s  between t h e  n e a r l y  c i r c u l a r  approx ima t ion ,  
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Figure 1 2 :  

The contour F (-1 and its nearly circular approximation (xxx) 

f o r  the following two cases: 

B1(p) = e - ’ ,  B 2 ( p )  (1 + 

and 

X 0.09, r = 5 / 9  , 0 2  = 1 0  (fig. 12a) ,  

X = 0 . 4 4 ,  r = 1 0 / 1 1 , B 2  = 1 (fig. 12b). 

B z p  - 3  , Re p 2 0, 

1 

1 
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the exact approach and 8 ( 4 ) .  
aPP 

Remark 4 . 3  All three approximations discussed above can be used 

to evaluate E{x(')}, - E{Z'~'} in specific cases. The procedure is 

as sketched in section 3, with one exception: in the nearly 

circular case f(2r2) and f'(2r2) follow immediately from (4.9). 
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IV.I.5. Conditions for 2r2 E F +  

We have a l r e a d y  mentioned t h e  f a c t  t h a t  t h e  p o i n t  2r2 c a n  be 

l o c a t e d  i n s i d e ,  on o r  o u t s i d e  F ,  and  it i s  n o t  immedia te ly  c l ea r  

which of t h e s e  t h r e e  cases o c c u r s  i n  a n  a c t u a l  s i t u a t i o n .  T h i s  

l o c a t i o n  i s  i m p o r t a n t ,  because  fo rmula  (111.2.3.5) for u2(w/2r2) 

i s  v a l i d  f o r  w E F b u t  may n o t  be used  d i r e c t l y  t o  de t e rmine  

a2(1) and a;(l) when 2r2 9 F . It i s  for t h i s  r e a s o n  t h a t  i n  t h e  

p r e s e n t  s e c t i o n  we pay some a t t e n t i o n  t o  c o n d i t i o n s  conce rn ing  

t h e  l o c a t i o n  o f  t h e  p o i n t  2r2 w i t h  r e s p e c t  t o  F. 

+ 

+ 

A s  always we assume t h a t  r2 < rly hence  2 r  < 1. C l e a r l y  

2r2 E F+ iff 2r2 < 6(0), w i t h  6(0) t h e  r i g h t m o s t  p o i n t  of  F ;  

6 ( 0 )  i s  de te rmined  by t h e  r e l a t i o n  (cf. (111.2.2.8)), 

2 

a r e  non-decreas ing  and convex i n  [0,1] w i t h  gl(0) < g2(0) and 

g l ( l )  > g 2 ( 1 )  i f  r2 # rl, it i s  c l e a r  t h a t  for y E [0,1], 

hence  
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as i s  a p p a r e n t  from i t s  i n t e r p r e t a t i o n  as t h e  L a p l a c e - S t i e l t j e s  

t r a n s f o r m  o f  a p r o b a b i l i t y  d i s t r i b u t i o n  on [ 0 , m ) .  

I n  t h e  n e x t  s e c t i o n  w e  meet a n  example i n  which t h e  Laplace-  

S t i e l t j e s  t r a n s f o r m s  of t h e  s e r v i c e  t i m e  d i s t r i b u t i o n s  are  g i v e n  

B1(P) = e - p  y B 2 ( p )  = (1 + -) l o p  -3 , 

X = 0 . 4 4 ,  

Re p 2 0; 
bY 

3 

r2  = 1/11. 

( 5 . 2 )  shows t h a t  i n  t h i s  case 2 r 2  = 2 / 1 1  g F+ ( a l t h o u g h  a=0.8 < 1) .  

Remark 5 . 1  For r 2 & 0 ,  from ( 5 . 1 ) ,  

+ and hence  2 r 2  < 6(0); so 2 r 2  E F f o r  v e r y  small v a l u e s  o f  r 2 .  

F o r  r2 4 - ;E, 0 < E Q 1, from ( 5 . 2 ) ,  

1 - B ( X E )  < 1, 
X 1 ( B 1 + B 2 )  XE ( B l + B 2 )  1 - E E F+ 0 

2 r 2  

2 r 2  E F+ 

SO 

2 E  

1 + E  
* 1 - @(A€) < - . 

F o r  €3.0 t h i s  c o n d i t i o n  i s  e q u i v a l e n t  w i t h  t h e  c o n d i t i o n ,  

But for E C O  ( 5 . 3 )  c o i n c i d e s  w i t h  t h e  e r g o d i c i t y  c o n d i t i o n  a 1. 

Hence f o r  2r f l  we a g a i n  have 2r E F+. 
2 2 
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IV. 1.6. Numerical results 

In this section we shall present numerical results for the 

present model. The computer programs were written in Fortran 

and the calculations were performed on a Cyber 175 computer. 

F o r  the service time distributions Bl(t), B2(t) of the two types 

of customers we have chosen the degenerate distribution at t=l 

and the Erlang - 3 distribution, respectively, so 

The choice of these service time distributions is motivated by 

the fact that Eisenberg [361 and Kuhn [ 4 3 1  have in fact 

also obtained numerical results for this particular case; 

Eisenberg's solution was based on singular integral equations 

whereas Kiihn's results were obtained by simulation. 

In tables 6.1-6, choosing the service time distributions 

specified in (6.1) with various parameter combinations of A ,  r1 

and B,, we have displayed E{Z(~)} but also f(2r2), f'(2r2), 

ai(0), oi(l), o j ( l ) ,  i=1,2, both for the exact approach of sec- 

tion 3 and for the approximations of section 4. The comparison 

which is thus made possible allows for the following 

Cone l u s i o n s  

i. The nearly circular approximation is extremely good for r, 

small, but it is even very acceptable for the example with 

r2 = 4 / 9 .  This is important, because the numerical effort 

in applying the nearly circular approximation is small com 

pared with that in the exact approach. 

ii. The approximation based on 0 ( 9 )  is rather good, in par- 
aPP 

ticular when r2 is small. 
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iii. u ; ( l )  is rather sensitive, especially when B 2  is large; 

u i ( l ) ,  E{z(~)} and E{z ( 2 ) ~  are very insensitive to errors 

in o;(l) when r2  is small. Errors in these last three terms 

are for r2 1/11 and for r2  1 / 6  generally below 2 %  for 

all three approximations. 

Remark 6 . 1  The total CPU time involved in calculating the exact 

results for one particular example averaged just below two seconds. 

Each iteration step in the procedure to determine 9 ( 1 $ )  took 0.18 

seconds. Stopping this iteration after 9 , ( $ I )  resulted generally 

in very small changes in the relevant quantities, except f o r  

the case of table 6.6; here the following results are obtained 

using g 2 ( $ I ) :  u ; ( l )  0 . 4 8 5 1 9 ,  u ; ( l )  = 0 . 4 7 2 7 9 ,  E{z(~)} 0 . 6 0 1 4 9 ,  

E{x(~)} - = 0 . 2 3 7 4 0 .  

Remark 6.2 

case X = 0 . 4 4 ,  r 

u2(w/2r2) cannot be applied directly to yield u i ( 1 ) .  However, 

it does yield expressions f o r  ukn)(0) , n 0 , 1 ,  D . .  , and the 
series 

As has been observed in section 5 ,  2r2 65 F+ in the 

= 1/11, B 2  1 0 .  Formula (111.2.3.5) for 2 

turns out to converge quickly 

have approximated u 2 ( 1 )  and o 

0) t . D . ,  

for this small value of r2. We 

(1) by 

0) + luff(0) = 0.02065, 

0) + &U:~’(O) = 0 . 0 1 8 9 1 ,  

2 2  

E{x(2)} 0 . 6 3 3 0 5 ,  - 
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Klihn [ 4 3 ]  has simulated t h i s  case, finding the following estimates 

(100000 calls per simulation, 95% confidence interval): 

E{X(~)} - = 9.99 2 1.25, E { Z ( ~ ) ]  = 0.638 _+ 0 . 0 2 4 2 .  

Remark 6.3 It should be noted that there is an excellent agree- 

ment between Kfihn’s and our results. Unfortunately no precise 

comparison with Eisenberg’s results [36] is possible, because 

he only displayed his results graphically. 
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TABLE 6.1 

The case h = 0.44, r 

(l-a)r2 = 0.05091, a 0.44. 

10/11, 8, 1: 1 

exact 

0.44852 

2.28237 

0.04925 

0.51075 

0.10424 

1.74060 

0.05509 

1.49621 

0.05059 

0.56750 

appr. based on f,.(t) appr. 

0.44347 

2.26645 

0.04513 

0.51487 

0.09743 

1.73379 

0,05048 

1.49721 

0 05170 

0.56640 

U 

e ( + )  
aPP 

0.44792 

2.27S46 

0.04900 

0.51100 

0.10246 

1.73882 

0.05323 

1.49662 

0.05104 

0.56706 

nearly 
circular 

0,30985 

2 58584 

0 04928 

0.51072 

0.10430 

1.74066 

0.05500 

1.49623 

0.05062 

0,56748 

Note that the f(2r2) and f'(2r2) results for the nearly 

circular approximation should not be compared with those 

for the three other cases in Tables 6.1-6. 
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TABLE 6.2 

The case A 0.44, rl = 10/11, B2 5: 

(l-a)r2 0.03636, a = 0.60. 

exact 

0.76562 

3.52506 

0.01052 

0.38948 

0.04968 

1.68604 

0.03992 

2.70989 

0.25511 

1.42444 

appr. based on f,(t) appr. 

0.75884 

3.57216 

0.00824 

0.39176 

0.04366 

1.68002 

0.03349 

2.69806 

0.25697 

1.41514 

6 ( $ 1  
aPP 

0.76408 

3.53036 

0.01034 

0.38966 

0.04747 

1.68383 

0.03691 

2.70436 

0.25598 

1.42009 

nearly 
circular 

0.67978 

4.66093 

0.01053 

0.38947 

0.04956 

1.68592 

0.03949 

2.70911 

0.25524 

1,42382 
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TABLE 6.3 

The case X 0.44, r 

(l-a)r2 0.09333, a = 0.44. 

= 5/6, (3, = 1: 1 

exact 

0.59499 

1.53708 

0.09128 

0.46872 

0.19960 

1.53293 

0.10948 

1.27043 

0.09543 

0.52703 

a p p r .  based on f,(t) a p p r .  

0.58448 

1.53272 

0.08508 

0.47492 

0.18435 

1 51768 

0.09377 

1.27534 

0.09948 

0.52298 

0.59281 

1.53231 

0.09063 

0.46937 

0.19366 

1.52699 

0 .lo213 

1.27273 

0.09732 

0.52514 

nearly 
circular 

0,43885 

1.94237 

0 09134 

0.46866 

0.19957 

1.53290 

0.10883 

1.27064 

0,09560 

0.52686 
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TABLE 6.4 

The case X = 0.44, r1 5/6, 8, = 5: 

(l-a)r2 = 0.04444, a 0.73333, 

exact 

0 93978 

1.94731 

0.01340 

0.25327 

0.06568 

1 39902 

0.05408 

4.27329 

0 59496 

3.09049 

appr. based on fn(t) appr. 

0.93418 

2.10122 

0.01042 

0.25625 

0.05382 

1.38715 

0.03908 

4,24116 

0.60085 

3.06103 

e ( $ )  
aPP 

0.93762 

2.00304 

0.01296 

0.25371 

0.05943 

1.39276 

0.04451 

4.25279 

0,59872 

3.07169 

nearly 
circular 

0.92654 

3.29002 

0 01344 

0,25323 

0.06548 

1.39881 

0.05363 

4.27232 

0,59514 

3.08960 
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TABLE 6.5 

The c a s e  X = 0.24, r1 = 5/6, B 2  = 10: 

(l-a)r2 = 0.06666, a 0 . 6 0 .  

e x a c t  

0.91822 

1.95820 

0.01557 

0.38443 

0.09149 

1.42483 

0.07820 

3.04059 

0.62372 

2.11281 

ippr  based on f ( t  ) ' a p p r  . 

0.91151 

2.08629 

0.01306 

0,38694 

0.07771 

1.41104 

0.05854 

2.99847 

0.62793 

2.07069 

S i m u l a t i o n  r e s u l t s  by P . J .  KGhn 

E{x(~)}= - 0.617 2 0.0174 

E{x(~)}= - 2.14 2 0.153 

u 
e ( $ 1  

aPP 

0.91569 

2.00233 

0.01522 

0.38478 

0.08437 

1.41770 

0.06646 

3.01542 

0.62624 

2.08764 

[431 : 

n e a r l y  
c i r c u l a r  

0.89215 

3.19377 

0 01561 

0.38439 

0.09112 

1.42445 

0.07749 

3.03906 

0.62387 

2.11128 
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TABLE 6.6 

The case X = 0.09, r1 5/9, (3, 10: 

(l-a)r2 = 0.24444, a 0.45. 

exact 

0.94125 

0.63382 

0.16325 

0.38675 

0.59094 

0.81316 

0.50012 

0.46079 

0.60029 

0.24939 

appr. based on f,(t) appr. 

0.93129 

0.72084 

0.16750 

0.38250 

0.52836 

0,75058 

0.35044 

0.58107 

0.61232 

0.12912 

U 

0.93625 

0.67492 

0.16469 

0.38531 

0.55034 

0.77256 

0.39980 

0.54141 

0.60835 

0.16878 

Simulation results by P.J. KGhn 

E{x(~)}= - 0.601 2 0.0161 

E{x(l)}= - 0.246 2 0.00933 

[ 4 3 1 :  

nearly 
circular 

0 95682 

1.25691 

0.16282 

0.38718 

0.58160 

0.80382 

0.46706 

0.48736 

0.60294 

0.22283 
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IV.1.7. Asymptotic results 

This section contains an asymptotic analysis of the expres- 

sions for mean queue length and in particular of those for u2(0), 

02(l) and u'(l),for the case r 2 & 0  with X fixed, i.e., the arrival 

rate of type-2 customers is much lower than the arrival rate of 

2 

type-1 customers. Our goal is to obtain more insight into 

i. the structure of the solution €I(+) of Theodorsen's integral 

equation, of the conformal mapping fo(t) and of the functions 

ii. the accuracy of the nearly circular approximation for small 

values of r2. 

For this purpose we study for r 2 & 0  the asymptotic behaviour of 

8 ( @ ) ,  fo(t), u2(0), 02(l) and u;(l) and we show that for the 

nearly circular approximation the asymptotic results for u2(0), 

a2(l) and u;(l) agree up to the r2-terms inclusive with those 
2 

obtained via the exact approach. 

Remark 7.1 In view of the goals formulated above we have decided 

to omit a formal proof of the fact that all asymptotic expansions 

in powers of r2 which are used do indeed exist. 

Remark 7.2 

u;(l) can already be surmised from formula (III.2.1.7), see also 

(111.2.1.31): 

The global asymptotic behaviour of u2(0), u 2 ( l )  and 

(7.2) u2(1) = (l-a)r2 + 2Pr{z(')=O,h -n -n = 2 }  - u2(0) = 
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= (l-a)r2 t o2(0) t 2 r 2 ~ r t z ~ 1 ) = ~ , z ( 2 ) ~ 0  -n 1hn=21 , 

(')(z(~)=O) Ih = 2 } .  
(7.3) a;(l) = (l-a)r2 t 2r2EIzn -n -n 

The above formulas suggest that for r 2 J 0 ,  

(7.4) a2(0) = O(r2Iy 

Note that from (7.2) and (7.31, o ; ( l )  2 a2(l) - o2(0) 2 (l-a)r2 
(compare this with the results of tables 6.1-6). Furthermore, 

from ( 2 . 2 )  and (7.61, 

i .  A s y m p t o t i c s  based on T h e o d o r s e n ' s  i n t e g r a l  e q u a t i o n  

Starting-point is Lagrange's expansion theorem (cf. Whittaker 

and Watson [ 4 0 1 ,  p. 132); it implies that the function 6 ( 0 ( $ ) )  

(cf. (111.2.2.8)) can be expressed for 1 2 J m c o s  0 ( $ ) 1  < 1 by 

m ( 2 q 2  cos o ( $ ) ) "  dm-l 
I Brn'2 ( x ( 1-x 1 ) 'k . 

m! dxm-' = O  
( 7 . 8 )  6 ( 0 ( $ ) )  = c 

m= 1 

Substitution of this expression in Theodorsen's integral equation 

(1.3) yields after lengthy calculations (use a Taylor series 

expansion cos e ( w )  cos w - ( e ( w )  - w)sin w t ... 1: 
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yi is defined in (4.12). 

Remark 7.3 Note that the first term in the righthand side of 

(7.9) is equal to C sin (I, cf. expression (4.21) for 8 ((I). 
aPP 

Relation (7.9) allows us to obtain asymptotic expansions f o r  

Re fo(ei') = Re{e i e ( Q )  6(8($))/cos 8(+)) = 6 ( 8 ( ( I ) )  and for 

Im fo(ei') = 6 ( 8 ( + ) )  sin 8((I)/cos 8 ( ( I ) ,  and also, using (1.1) 

and (1.21, for fo(5), 151 The results 

following statement: 

are combined in the 

Concerning fo(<) f o r  I <  1 < 1 we are mainly interested in that 

value of r, for which fO(<) 2r2 ( 5  = f(2r2)). A simple calcu- 

lation shows that f o r  r 2 $ 0 ,  

(7.11) f(2r2) = 1 [q2 + (rlr2) 

1 0  

t O ( r z / 2 ) ,  
2 

y1 y1 y2 [ f ( r  r )- '  t f i r -  - - - -11 Jyg  1 2  1 2 & y o  Plyo  4 
(7.12) f'(2r2)= 

t O(r2 3 / 2 )  . 

It follows from (111.2.3.6) with f(0) 0, and from (7.10) and 

(7.111, 
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and compare (7.14) with (7.5). 

Finally from (2.4) and (7.10), ..., (7.121, 

ii. Asymptotics based on the nearly circular approximation 

The relations ( 4 . 9 1 ,  (4.10) and (4.151, ..., (4.17) immediately 
yield for r 2 J 0  asymptotic expansions of f(O), f(2r2), f'(2r2) 

and f O ( c ) ,  

est to us, since they are not directly compatible with those 

sub i (where f(0) 0 is chosen). However, their substitution 

in (111.2.3.6) and (2.4) yields asymptotic expansions for r2J0 

of u2(0), u,(l) - u2(0) and u;(l), and lengthy but straight- 

forward calculations show that these expansions agree up t o  a 

O ( r  term with those based on Theodorsen's integral equation. 

I c l  =G 1. These expansions are not of particular inter- 

3 
2 
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This result, which confirms the extreme accuracy of the nearly 

circular approximation for small values of r2, is already 

reflected in the figures of tables 6.1-5. 

In tables 7.1 and 7.2 we display oi(0), oi(l), o l ( 1 )  and 

E{Z(~)}, i=1,2, based on the exact approach, on the nearly cir- 

cular approximation and on the asymptotic expansions in (7.13), 

..., (7.15) (omitting the order terms). The examples of table 

6.1 (r2 = 1/11) and 6.6 (r2 = 4/91 are considered. Even for the 

case r2 4/9 the asymptotic expressions yield remarkably good 

results. Note that the numerical results suggest that the coef- 

ficients of r2 in the asymptotic expansions of a2(0), 02(1)-a2(0) 

and ~'(1) based on the approaches sub i. and sub ii. will differ. 

3 

2 
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TABLE 7.1 

The case X = 0.44, rl 10/11, 8, 1. 

exact 

0.04925 

0.51075 

0.10424 

1.74060 

0.05509 

1.49621 

0.05059 

0.56750 

nearly 
:ircular 

0.04928 

0.51072 

0.10430 

1.74066 

0.05500 

1.49623 

0.05062 

0,56748 

asymp- 
totic 

0.04928 

0.51072 

0,10453 

1.74089 

0.05539 

1.49615 

0.05052 

0.56757 

TABLE 7.2 

The case A 0.09, r1 5/9, B2 10. 

exact 

0.1633 

0.3868 

0.5909 

0 8132 

0.5001 

0.4608 

0.6003 

0 2494 

nearly 
c i r c ul ar 

0.1628 

0.3872 

0.5816 

0,8038 

0.4671 

0.4874 

0.6029 

0.2228 

asymp- 
totic 

0,1623 

0.3877 

0.5630 

0.7853 

0.4314 

0.5160 

0.6058 

0.1942 
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IV.2. THE ALTERNATING SERVICE DISCIPLINE - A RANDOM WALK 
APPROACH 

IV.2.1. Introduction 

The preceding chapter has been devoted to the analysis of the 

two-dimensional queue length process of the alternating service 

model. This process cannot be immediately identified with a two- 

dimensional random walk of the type studied in part 11, due to 

the complicated dependency introduced by the alternating charac- 

ter of the service discipline. However, the kernel of the process 

(see (111.2.2.4) and cf. chapter 111.2 for the notation used), 

p1p2 - B1(X(1-rlp1-r2p2)) B2(X(1-rlp1-r2p2)), 

lPll Q 1, IP21 Q 1, 

can be interpreted as the kernel of a two-dimensional random walk 

of the type studied in part 11; actually it is a Poisson kernel. 

This last fact has been exploited in chapter 111.2, on which the 

numerical analysis of the preceding chapter was based. 

In the present chapter we make no use of these s p e c i f i c  

p r o p e r t i e s  of the kernel Z(pl,p2). We only observe that Z(p1,p2) 

can be viewed as the kernel of a two-dimensional random walk of 

the general type considered in chapter 11.3. In the analysis of 

this random walk an essential role is played by the complex 

singular integral equation (11.3.6.151, the solution of which 

yields a contour L and a function X(z) defined on this contour 

(in the exchangeable case of chapter 11.2 L is a circle and the 

integral equation reduces to Theodorsen‘s integral equation). 
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The investigation of the problem of the numerical determi- 

nation of L and X(z) is the main goal of this chapter. We have 

decided to perform this investigation not for an arbitrary random 

walk but for the alternating service model, because for this 

model numerical test material has been obtained in chapter 1. 

For testing purposes we thus again consider ui(O), oi(l) and 

oi(l), and finally the mean queue lengths E{z(~)} (cf. (1.2.2) 

and (102,5)). 

Remark 1.1 In fact we shall restrict ourselves to three of the 

six cases considered in section 1.6, viz. those of tables 1.6.1, 

1.6.3, 1.6.6. In these cases, with the random walk notation (x,y), 

In the other three cases E{x) > 1, E{y} < 1. This seems to imply 
that in the three omitted cases the random walk is non-recurrent; 

however, the two-dimensional queue length process of the alter- 

nating service model is ergodic for these cases, because 

a XIBl t X 2 B 2  < 1. We meet here a phenomenon which deserves some 

explanation. 

The random walk studied in part I1 is homogeneous, in the 

sense that xntl - -n x (yntl - yn) is independent of whether yn=O 
or y >O (xn=O or x_,>O); the boundary behaviour is not basically 

different from the behaviour in the interior of the lattice, 

except for the impossibility of crossing the boundaries. The cru- 

cial observation is that there exist infinitely many random walks 

with the same kernel, hence with the same behaviour in the 

n 
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i n t e r i o r  of t h e  l a t t i c e ,  b u t  w i t h o u t  t h e  homogene i t y  p r o p e r t y ,  

i.e. with a deviating behaviour on the boundaries. The inhomogen- 

eity may be such that, although there is a drift to, say, the 

south-east on the interior of the lattice ( E { x }  > 1, E{y} < l), 

a strong drift to the west along the x-axis compensates the 

drift to the east to make the process ergodic. 

This phenomenon occurs in three of the six cases considered 

for the alternating service model. To see this, again consider 

its random walk interpretation with the kernel (1.1). Roughly 

speaking, as long as at least one customer of each type is pres- 

ent (the interior of the lattice) service is alternating; the 

kernel in fact corresponds to a queueing model in which service 

is given in batches of size two (one customer of each type) with 

service time distribution B1(.) * B2(.). But when only type-1 

(type-2) customers are present (the boundaries), there may be a 

succession of - mostly relatively short - services of these cus- 

tomers, with service time distribution B1(.) (B2(.)). In the case of 

tables 1.6.2, 1.6.4-5, E{X}=X~,(!~~+B,) - > 1, E{y}=Xr2(BltB2) < 1, 

and the drift to the west on the x-axis makes the queue length 

process ergodic. 

A similar phenomenon occurs in the coupled processors model, 

cf. section 111.3.7; the work load process is ergodic if e.g, 

al > 1, a2 < 1 but b 2  < 1 (server 1 works at a different speed 

when server 2 is idle - inhomogeneity). 

The inhomogeneity property causes no complications for the 

numerical analysis when E{x_} < 1, EIy} <1, but it does when 

E{x_} > 1. Since we have restricted ourselves in chapter 11.3 to 
the case E{z} <1, Eiy} < 1, and our main goal in the present 
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chapter is to expose the numerical analysis of L and X(z) for 

the random walk of chapter 11.3, we have decided to omit further 

consideration of the three cases of tables 1.6.2, 1.6.4, 1.6.5. 

The organization of the chapter is as follows. At the end of 

this section we collect those results of chapter II,3 which are 

most important for the sequel. In section 2 oi(0), oi(l) and 

aj(l) are expressed as contour integrals over the contour L, 

thus establishing the link with chapter 11.3. The numerical analy- 

sis of both the basic integral equation for L and A(z), and the 

expressions for ai(0), oi(l) and oj(1) is discussed in section 3. 

Numerical results are presented in section 4. It will turn out 

that the numerical results for the mean queue lengths show an 

excellent agreement with those obtained in section 

as can be expected, not making use of the specific 

the kernel does complicate the numerical analysis, 

with that of section 1.3. 

In the following we want to apply theorem 11.3 

1.6. However, 

properties of 

in comparison 

3.1, the main 

theorem of chapter 11.3. First we check that the conditions of 

the theorem are fulfilled. It is easy to show that 

Also, conditions (II.3.1.1), (11.3.1.3) and (11.3.3.4) (for r-1) 

are trivially satisfied for the service time distributions chosen 

in section 1.6 and section 4. Furthermore, as remarked above, in 

the examples of section 4 E { x }  < 1, E{y!1 < 1. Verification of 
(11.3.2.26) for 11-1, which guarantees smoothness of the contours 

S1:=S1(l) and S2:=S2(1), is more difficult. The functions A(g,s) 

and B(g,s), cf. (11.3.2.21, are for the service time distributions 
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chosen in section 4 given by 

A(g,s) g2 - g 3 X1s[B1 + B2I1+-(1-rlgs-r2gs-')}] B2X , 
3 

2 3 -1 a 2 1  
B(g,s) = g - g X2s [B, + B2{l+-(l-r 3 1 2  gs-r gs-l)}]. 

Substituting the parameter values chosen in the three cases of 

section 4, it can be checked that indeed here for all s=ei', 

0 Q @ Q  IT, cf. (11.3.2.17), Re[A(g,s)/(A(g,s) f B(g,s))l > 0, 

Re[B(g,s)/(A(g,s) t B(g,s))] > 0, hence S1 and S 2  are smooth. 

The plot figures of S1 and S 2  confirm this (see figure 13). 

The contours S1 (-) and S 2 ( - - - )  for the case of table 1.6.1: 

X = 0.44, r1 lO/ll, B 2  1. 
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We are now ready to apply theorem 11.3.3.1. This theorem 

states that there exist a pair of functions pl(z):=pl(l,z), 

p2(z):=p2(l,z) and a smooth contour L:=L(l), satisfying (11.3.3.1) 

i,. . . ,iv; 
+ (1.3) 

i. p,(z) is regular and univalent for z E L , 

ii. 

iii. 

iv. 

+ 
continuous for z E L U L, 

p2(z) is regular and univalent for z E L-, 

continuous for z E L- u L; 

+ + pl(z) maps L 

p2(z) maps L- conformally onto s 

(pl(z),p;(z)) is a zero of the kernel Z(l,pl,p2) vz E L; 

conformally onto S1, 

+ 
2; 

+ 

moreover with g(l,s) defined by lemma 11.3.2.1 and (1103.2.15), 

we may write: 

with X(z):=A(l,z) a real monotonic function of z E L, increasing 

by 21r if z traverses L once anti-clockwise; by specifying X(l)=O, 

L is uniquely determined. 

pl(z) and p2(z) are given by (11.3.6.141 with L and A(z) 

determined by the complex singular integral equation (11.3.6.15) 

(or the equivalent integral equation (11.3*6.17)): 

z E L, 
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with 

(1.6) L = { z :  z=p(L$)ei@, 0 Q L$ Q 2 T I ;  

Separating real and imaginary parts in (1.5) leads to two singu- 

lar integral equations in the two unknown functions p ( . )  and 

e ( o ) .  
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IV.2.2. Preparatory results 

In this section u . ( . )  will be expressed as contour integrals 

over the contour L. From (111.2.1.6) it follows for z E L: 

z E L, 

and (cf, (111.2.2.15) and the discussion preceding it), 

n o  = 1-a 1-1 B -1 1 1  2 2 ’  (2.3) 

The regularity properties of ul(.) and u2(.) implied by 

results for pl(.) and p2(.) stated in (1.3) and (III.2.1.7), the 

the fact that 

IP1(Z) 

imply that 

(2.4) al(pl ( z ~  is regular for z E L+ , continuous for z E L+UL, 

(2.5) ~ ~ ( p ~ ( z ) )  is regular for z E L-, continuous for z E L-UL, 

The relation (2.1) together with the conditions (2.41, ( 2 . 5 )  

constitutes a Riemann boundary value problem for the contour L: 

Determine a function CP such that 
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O(z) u (p ( 2 ) )  - ~ ~ ( 0 )  is regular for z E L + , 
1 1  

continuous for z E L + UL, 

~ ( z )  02(p2(z)) - 02(0) is regular f o r  z E L-, 

continuous for z E L-UL, 

The function H(z) (and H'(z)) satisfies a H6lder condition on L. 

Hereto first note that, according to section 11.3.7, p,(z) and 

p;(z) are regular on L; next apply the results listed at the end 

of section 1.1.3; for z.1 the denominator of the expression in 

( 2 . 2 )  is zero, but H(1) and H'(1) exist and are finite. 

+ 

The solution of the boundary value problem is given by: 

hence 

02(p2(z)) = - 1-a J dr; + u 2 ( 0 ) ,  z E L-, 
2 l l l  <EL c-z 

( 2 . 7 )  

and, using the Plemelj-Sokhotski formulas (1.1.6.4), for z E L: 

We can now determine oi(O), ui(l) and ai(1). Letting z-+ 0 

in (2.6) yields: 
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Combination of this relation with (1.2.7) shows that 

Taking z=l in (2.9) yields 

An expression for u,(l) follows from (2.12) and (1.2.61, or from 

(2.8) (a comparison of both derivations, or a straightforward 

calculation, shows that H(1) 2(r1-r2)/(1-a)). From (2.9) and 

section 1.1.10 (note that H'(z) satisfies a Holder condition on 

L )  : 

Similarly o;(l) can be determined (see also (1.2.5)). Finally, 

the mean queue lengths E{Z(~)} follow from (1.2.2). 
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IV.2.3. The numerical approach 

In this section we discuss the numerical analysis of both 

the integral equation (1.5) for L and X ( z ) ,  and the expressions 

(2.10),0..,(2.13) for oi(0), 02(1) and ui(1). Our numerical ex- 

periments as described below show the possibility of obtaining 

accurate numerical information concerning the alternating ser- 

vice model by starting from the theory exposed in chapter 11.3. 

However, as will become clear in the sequel, there are still 

several numerical questions left open, like the optimal choice 

of iteration procedure, of integration procedure, etc. A detailed 

investigation of these questions is considered to be outside 

the scope of the present study. 

The main problem to be studied in this section is the numeri- 

cal solution of the complex singular integral equation (1.5) to 

determine L and X(z), or p ( @ )  and e(@). Equation (1.5) may be 

regarded as a generalization of Theodorsen's integral equation, 

which in section 1.3 has been solved by an iterative procedure, 

which turned out to converge rapidly (see Gaier [9] for a dis- 

cussion of convergence conditions). 

Denoting by Tl(p,8)($), T2(p,B)(@) the real and imaginary 

part of the righthand side of (1,s) we can rewrite this equation 

in the following way: 

We solve (3.1) by the following iteration procedure: 



Aspects of numerical analysis IV.2.3. 388 

(3.2) 

with 

Two observations are in order concerning this procedure. Firstly, 

we have not proved that the procedure converges to the right 

solution, although it will appear to do so in the cases con- 

sidered. Secondly, several other iteration procedures can be 

and have been studied; procedure (3.2) has been chosen because 

of its convergence qualities and because it seems to be the most 

natural generalization of (103e3). 

Convergence turned out to be genhrally somewhat slower than 

in (1.303); this holds in particular for p ( , l 0  Iteration was 

continued until the differences between successive iterations 

of both p ( . )  and O(.) were in absolute value less than 

In one case this required as much as 19 iterations. 

Remark 3 . 1  The integral equation for the real functions ~ ( $ 1  

and O(Q) can be written as an integral equation f o r  one complex 

function. To achieve this we put 

where XCQ) denotes the inverse of €I($) (note that 0 ( $ ) ,  being 

strictly monotonic, has an inverse), and substitution into (1.5) 

yields : 
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Note that, cf. (1.6) and (1.7), 

When g(l,e'') is real and positive, (3.4) i s  equivalent with 

Theodorsen's integral equation. 

One can solve (3.4) with an iteration method completely 

analogous to (l.3.3l0 Preliminary numerical experiments suggest that 

convergence may in many cases be faster than v i a  (3.2). 

As in chapter 1, all integrals have been evaluated using 

the trapezium rule. Again care has to be taken of the singular- 

ities; in particular in (1.5) we subtract from the integrand in 

the righthand side: 

the contour integral of this term equals zero. The zero g(l,s), 

occurring in this and many other formulas, has been evaluated 

using a procedure based on the secant method. 

In performing the integrations for the iterations of (1-51, 

there is no need to consider theinterval [ l r , 2 ~ 1 .  This is implied 

by the following lemma, 

Lemma 3 . 1  

i. g(l,S) go, ( S I  = 1; 

ii. z E L * z E L ,  X(Z1 = 21r - X(z), z E L. 

Proof The lemma in fact holds for the general random walk of 

chapter 11.3. Statement i. then follows from the definition of 

g(l,s), cf. (11.3.2.10) and (11.3.2.151. By putting Q=Y in 
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(1.5) it follows that 

z E L, 

with the reflection of L w,r.t. the real axis. Relation (3.5) 

is equivalent with 

Using i. it follows that, if ii. is correct, then X(Z) and 

are determined by (3.6). The uniqueness of L and X(z) now proves 

the statement. 0 

Remark 3.2 In a similar way the following is proved (see also 

remark 11.3.6.3). If in the general random walk of chapter 11.3 

- x and 41 are interchanged (in our special case this amounts to 

interchanging r1 and r2) and if i(1 , s )  , X(z) and c correspond to 
the thus transformed random walk then for r=l, 

N 

N 

L { z :  1 E L} , (the inverse of L w.r.t. the unit circle) 
Z 

(or 21r - A(L), depending on convention). 

According to lemma 3.1 we can restrict ourselves in (3.2) to 

$I E [ O , ~ r l .  Numerical calculations show that the functions p ( $ )  

and e ( $ I )  generally change more rapidly for $I close to 0 than for 
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other values of 4 .  Therefore in the numerical integration a finer 

subdivision has been chosen for the interval (60 points) 

than for the interval [ 3 , n ]  (24 points). 

TI 

TI 

Once p ( . )  and 8 ( . )  have been evaluated, u2(0), ~ ~ ( 1 )  and 

u;(l) (and hence E{Z(~)}, i=1,2) can be determined using (2.111, 

oa.,(2.13)o All three integrals have been calculated using the 

trapezium rule. 

The evaluation of the expression in (2.11) is completely 

straightforward. The evaluation of the expressions in (2.12) and 

(2.13) raises some problems, mainly connected with the behaviour 

of H(5) (cf. (2.2)) near 5-1. H(r;) = H(p(Q)ei4) may be rather 

sharply peaked at $ = O  (and +=2n) (with H(1) = 2(r1-r2)(1-a), cf. 

below (2.12)). This complicates the numerical evaluation of the 

integrand near and at 5'1 in (2.12) and (2.13). Obviously H'(1) 

and H"(1), respectively, should be substituted for the integrand 

values at 5-1 in (2.12) and (2.13). Again they could be sub- 

tracted from these integrands (the contour integrals of the sub- 

tracted terms equal zero). The effect of the subtraction on the 

value of u2(1) is negligible, but not so on the value of ui(1); 

however, as far as mean queue lengths is concerned, the insen- 

sitivity of E{x(~)}, - i=1,2, w.r.t. ui(l) (cf. section 1.6) 

removes this effect again. We have actually not subtracted H'(1) 

and H " ( l ) ,  but in one case we have doubled the number of inte- 

gration points for ui(1). If a very high accuracy is needed in 

the evaluation of the integrals (2.12) and (2.13), then a more 

extensive investigation is required. 

Remark 3.3 Several derivatives have to be evaluated, F o r  g'(l,s) 

an explicit expression has been derived. The other derivatives 

have mostly been determined using cubic splines. 
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IV.2.4. Numerical results 

For the sake of comparison with the results of chapter 1 we 

have again chosen, cf. (1.6.1), 

for the LST’s of the service time distributions of the two types 

of customers. As observed in remark 1.1, only three of the six 

examples of section 1.6 have been considered, i.e., those corre- 

sponding to tables 1.6.1, 1.6.3, 1.6.6. The contour L has been 

plotted in figure 14 for the first of these three cases (see 

also figure 13 for plots of the corresponding S1 and S2). Our 

experiments with the three cases suggest that L differs more 

from the unit circle (the exchangeable case) as r1-r2 grows (and 

also the iteration procedure appears to converge slower). 

The computer programs were written in Fortran and the cal- 

culations were performed on a Cyber 175 computer. The values 

obtained for oi(0), ai(l), oi(l) and E{x(~)} - in the three cases 

under consideration are listed in table 4.1, together 

with the values obtained for these cases in chapter 1. The agree- 

ment is generally good. However, a drawback of the method of the 

present chapter appears to be a sensitivity of a (11, u,(l) and 

in particular of o;(l) for the correct values of the p ( . )  func- 

tion determining L (see also the discussion concerning the 

behaviour of H(5) near 5-1 in (2.12) and (2.131)- This effect 

could explain the differences between the values found here and 

those in the preceding chapter. The agreement between oi(1) and 

mean queue length values is generally still excellent, due to 

the insensitivity of these quantities for small values of r2 (see 

2 
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the conclusions in section 1.6; see also the case with r2=4/9). 

R e m a r k  4 . 1  The total CPU time involved in calculating the exact 

results f o r  one particular example did not exceed 15 seconds. 

Each iteration of p ( . )  and 0 ( . )  demanded 0.6 seconds CPU time. 

Summarizing, the numerical experiments of  this chapter show 

that it is indeed possible to obtain accurate numerical values 

f o r  quantities related to the two-dimensional random walk stud- 

ied in chapter 11.3. For the mere purpose G f  studying the alter- 

nating service model the direct approach of  chapter 1 is better 

suited. In particular the numerical analysis of the complex 

singular integral equation (11.3.6.15) is considerably more 

complicated than that of Theodorsen's integral equation (compare 

also the statements in remark 1.6,l and remark 4.1). 

I 

Figure 14 

The contour L (--) f o r  the-case of table 1.6.1: 

X = 0.44, r 

unit circle). 

= lO/ll, B 2  1 ( - - -  denotes the 
1 
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TABLE 4 . 1  

Comparison of  results obtained via the methods of the present 

chapter and of chapter 1, for the cases: 

A. X 0 . 4 4 ,  r l O / l l ,  8, = 1 (table 1 . 6 . 1 ) ,  

B .  X 0 . 4 4 ,  r l  = 5 / 6  , R 2  = 1 (table 1 . 6 . 3 1 ,  

C. X = 0 . 0 9 ,  r1 = 5 / 9  , 8 ,  = 1 0  (table 1 . 6 . 6 ) .  

1 

Case A 

chap. 2 

0 . 0 4 9 1 1  

0 . 5 1 0 8 9  

0 . 1 0 5 2 3  

1 . 7 4 1 5 9  

0 . 0 5 5 6 3  

1 . 4 9 6 1 0  

0 . 0 5 0 4 7  

0 . 5 6 7 6 3  

chap. 1 

0 , 0 4 9 2 5  

0 . 5 1 0 7 5  

0 . 1 0 4 2 4  

1 . 7 4 0 6 0  

0 . 0 5 5 0 9  

1 . 4 9 6 2 1  

0 . 0 5 0 5 9  

0 . 5 6 7 5 0  

~ 

Case B 

chap. 2 

0 . 0 9 1 1 7  

0 . 4 6 8 8 3  

0 . 2 0 0 4 5  

1 . 5 3 3 7 8  

0 . 1 0 9 5 1  

1 . 2 7 0 4 2  

0 . 0 9 5 4 2  

0 . 5 2 7 0 4  

chap. 1 

0 . 0 9 1 2 8  

0 . 4 6 8 7 2  

0 . 1 9 9 6 0  

1 . 5 3 2 9 3  

0 . l o 9 4 8  

1 , 2 7 0 4 3  

0 . 0 9 5 4 3  

0 . 5 2 7 0 3  

Case C 

chap. 2 

0 . 1 6 3 2 3  

0 . 3 8 6 7 7  

0 . 5 9 0 9 7  

0 . 8 1 3 1 9  

0 . 4 9 9 7 4  

0 , 4 6 1 1 0  

0 . 6 0 0 3 2  

0 . 2 4 9 0 9  

chap. 1 

0 . 1 6 3 2 5  

0 . 3 8 6 7 5  

0 . 5 9 0 9 4  

0 , 8 1 3 1 6  

0 . 5 0 0 1 2  

0 . 4 6 0 7 9  

0 . 6 0 0 2 9  

0 . 2 4 9 3 9  
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SUBJECT INDEX 

A 

Alternating service discipline, 12, 271, 345, 377 
Analytic, 26 

- arc, 23 
- continuation, 36, 110 
- contour, 23 
Aperiodicity, s e e  strong aperiodicity 

Arc length, 22 

Argument principle, 132 

B 

Birth- and death process, 242 

Boundary value problem, 7, 34 

- with a pole, 5 5  
- with a shift, 164 

simultaneous -, 250 
Dirichlet -, s e e  Dirichlet 

Riemann -, s e e  Riemann 

Riemann-Hilbert -, s e e  Riemann-Hilbert 

Wiener-Hopf -, s e e  Wiener-Hop€ 

Busy period, Tpl , 
- of an M / G / I  queue, 300, 328 

- of an M/M/1 queue, 246 
residual - of an M/G/I queue, 299 
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Caratheodory's theorem, 135 

Cauchy integral, 2 6  

singular - , 27 
Cauchy principal value, 19, 27 

Cauchy-Riemann conditions, 52 

Complex integral equation, s e e  integral equation (simultaneous) 

Component random walk, s e e  random walk 

Conformal mapping, 8, 63, 65 

Conformally equivalent, 66 

Connected set, 6 4 ,  111 
Corresponding boundaries principle, 67 

Corresponding boundaries theorem, 66 

Counterclockwise, 22 

Coupled processors , 13, 288 

D 

Derivative of singular integral, s e e  singular integral 

Dirichlet problem, 52, 225, 278 

Domain, 64 

Exchangeable, 85 

F 

Fan's theorem, 341 

Fredholm integral equation, s e e  integral equation 

Function element, 110 
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Harmonic, 5 2  

Holder c o n d i t i o n ,  2 0 ,  2 5  
H6lder c o n s t a n t ,  2 0 ,  2 5  

Holder i n d e x ,  2 0 ,  2 5  
Homogeneous random walk,  s e e  random walk 

I m p l i c i t  f u n c t i o n  theorem, 109 
Index,  4 0  

I n d i c a t o r  f u n c t i o n ,  7 9  
Inhomogeneous random walk,  s e e  random walk 
I n t e g r a l  e q u a t i o n  

Fredholm -, 165 
s imul t aneous  -, 176, 197, 209, 382 
Theodorsen ' s ,  72, 96, 220, 236, 346 

J 

J a c o b i  e l l i p t i c  f u n c t i o n ,  [ s n ] ,  251 
Jo rdan  a r c ,  22 
Jo rdan  c o n t o u r ,  6 1  
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Kellogg Is theorem, 6 8  
Kernel ,  3¶ 81, 87, 132, 153, 158, 270,  274, 297 

L 

L i o u v i l l e ' s  theorem, 3 4  
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Many s e r v e r  q u e u e ,  319 
Maximum modulus theorem,  5 4  

Maximum p r i n c i p l e ,  5 4  

Meromorphic,  6 5  
M / G / 1  queue ,  2 7 2 ,  296, 317 
M / G / 2  queue ,  14, 319 
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Nea r ly  c i r c u l a r  a p p r o x i m a t i o n ,  15 ,  279, 354 
N o n - r e c u r r e n t ,  83 
N u l l - r e c u r r e n t ,  83 
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Numer ica l  e v a l u a t i o n ,  
- of confo rma l  mapping, 345 
- of s i n g u l a r  i n t e g r a l  e q u a t i o n s ,  345 
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Phase  t y p e  method, 320 
P i e c e w i s e  smooth ,  23 
P l e m e l j - S o k h o t s k i  f o r m u l a ( s ) ,  3 2 ,  33 
P o i s s o n  f o r m u l a ,  5 4  
P o i s s o n  k e r n e l ,  6 ,  214, 275 
P o s i t i v e  r e c u r r e n t ,  83, 142  
P r i n c i p a l  v a l u e ,  s e e  Cauchy p r i n c i p a l  v a l u e  
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b o u n d a r i e s  
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Priwalow’s theorem, 208 

PS formula(s), s e e  Plemelj-Sokhotski formula(s) 

Q 

Queue length 

- at time t, [xtl, 
alternating service discipline, 347 
queues in parallel, 242 

- immediately after departure, z I ,  
[-n 

alternating service discipline, 271, 347 
mean -, 

alternating service discipline, 347 
Queues in parallel, 11, 241 

R 

Random walk, 

component -, 82 
homogeneous -, 378 
inhomogeneous - , 379 
two-dimensional -, 77, 377 
symmetric two-dimensional -, 85 
general two-dimensional -, 151 

Rectifiable, 22 

Regular at a point, 26, 64 

Regular in a domain, 64 

Regularizing factor, 56 

Return time, 129 

Riemann boundary value problem, 4, 39, 102, 148, 181, 197, 
200, 208, 210, 384 

homogeneous -, 41 
inhomogeneous -, 45 

Riemann-Hilbert boundary value problem, 50, 225, 252 

homogeneous - , 60 
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Schwarz f o r m u l a ,  53 
S h e e t ,  

l o w e r  s h e e t ,  256 
uppe r  s h e e t ,  256 
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U n i f o r m i s a t i o n ,  11 
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