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PREFACE 

The theory of ordinary differential equations has received a strong 
impulse by the introduction of some methods from Nonlinear Analysis (like, e.g., 
fixed point theorems, degree theory, topological invariants, variational methods) 
and the study of boundary value problems for ODEs is, at present, a rich area 
full of significant achievements, both from the theoretical and the applied sides. 
This volume concerns the study of some boundary value problems for nonlinear 
ordinary differential equations, using topological or variational methods, with a 
special emphasis also on the so-called qualitative (or geometric) approach in the 
theory of ordinary differential equations, making use of a broad collection of 
techniques coming from Analysis and Topology which are addressed to the study 
of ODEs. 

In this book, the study of more classical boundary value problems for 
ordinary differential equations (like the periodic or the Sturm- Liouville ones) 
which represent the main interest of a wide number of researchers in the world, 
is accompanied by the presentation of some recent results dealing with other 
interesting and more atypical BVPs. In particular, there are new contributions 
to the study of bounded solutions and to the presentation of some very recent 
approaches yielding to a rigorous proof of the presence of chaotic motions. The 
aspect of numerical treatment of dynamical systems is discussed as well and 
some new achievements about the validity of discretization metkods are 
analyzed. 

The volume is addressed to people interested in Nonlinear Analysis, 
Ordinary Differential Equations, or Boundary Value Problems. In particular, 
various items chosen from the following areas are included: Topological degree 
and related topics; Fixed point theorems and applications; Bifurcation theory; 
Application of variational methods; Qualitative theory of ODEs; Topological 
invariants for the study of dynamical systems; Chaotic motions; Bounded 
solutions; Numerical methods for the analysis of dynamical systems. 

Thanks to CISM hospitality, it was possible to organize in Udine a 
School on Nonlinear Analysis and Boundary Value Problems for Ordinary 
Differential Equations. Financial support was given by various different 
sources. In particular, we mention UNESCO-ROSTE which provided some 
scholarships to partially support participants from developing countries and 
Eastern Europe. We are also grateful to other international, national and local 
institutions, like the European Community (through grants CII*-CT93-0323 
and ERB CHRX-CT94-0555), the C.N.R. (Italy), the MURST (project 
"Equazioni Differenziali Ordinarie e Applicazioni", by professor Roberto 
Conti), the University of Udine with the Department of Mathematics and 
Computer Science and the CRUP Bank. 



The School consisted of a series of lectures delivered by some well-known 
specialists. devoted to focus the basic facts and the recent advances of the theory 
as well as to present interesting research problems. We had also a few one-hour 
invited lectures which were addressed to more specific topics. Then, the rest of 
the time was devoted to a number of communications and seminars concerning 
the presentation of recent research achievements. 

The success of the School was due to the kindness of all these 
distinguished colleagues who accepted to share their mathematical expertise with 
others and delivered some highly interesting lectures, as well as to the active 
presence of all the participants. We are also indebted to professors A. Capietto, 
A. Fonda, M. Gaudenzi, M. Marini and P. Omari who helped in various 
important steps for the organization of the Conference. We finally thank 
professor Carlo Tasso and the CISM staff for the publication of these 
proceedings. 

This volume collects six contributions, prepared by expert and active 
mathematicians, corresponding to the content of their CISM lectures. Special 
thanks are due to Jean Mawhin who found the right words to commemorate 
Gilles Fournier, a friend and colleague who made brilliant contributions in this 
area of research. This book is thus dedicated to the memory of Gilles. 

F.Zanolin 



IN MEMORIAM GILLES FOURNIER 

Before starting a school devoted to topological methods in nonlinear 

boundary value problems, we cannot avoid remembering the recent untimely 

death of one of the most active and original contributors to this area of 

mathematics. 

Gilles Fournier died unexpectedly on August 14 1995, leaving his beloved 

wife Reine and their three children Andre, Marie-Helene and Nadine in deep 

sorrow. 

A student at the University of Montreal, where he got his PhD in 1973 

under the direction of Andrzej Granas, Gilles Fournier has made his whole 

career at the University of Sherbrooke, being an indefatigable animator of its 

Department of Mathematics and Computer Science, organizing several 

international conferences and directing many PhD dissertations. 

After some important work in algebraic topology, and specially in fixed 

point theory, Gilles Fournier became interested in nonlinear differential 

equations, using his talent in topology to develop new tools for proving the 

existence and multiplicity of solutions. 

An enthousiastic traveller, Gilles Fournier had in particular many 

contacts with Italian mathematicians, spending several months as visiting 

professor at the University of Calabria. 

Gilles Fournier's extraordinary intuition and constant enthusiasm has 

led him to joint work with many colleagues, some of them present here. Through 

his important mathematical legacy and the memory of his sociable and friendly 

personality, Gilles Fournier will stay in our mind and in our heart, always 

remaining the gifted and cheerful companion we all remember. 

JeanMawhin 



CONTENTS 

Page 
Preface 

In Memoriam Gilles Fournier 

Upper and Lower Solutions in the Theory 
of ODE Boundary Value Problems: Classical and Recent Results 
by C. De Coster and P. Habets ........................................................................... 1 

Boundary Value Problems for Quasilinear Second Order 
Differential Equations 
by R. Manasevich and K. Schmitt ...................................................................... 79 

Bounded Solutions of Nonlinear Ordinary Differential Equations 
by J. Mawhin ................................................................................................... 121 

Hyperbolic Structures in ODE's and their Discretization 
with an Appendix on 
Differentiability Properties of the Inversion Operator 
by B.M. Garay ................................................................................................ 149 

The Conley Index and Rigorous Numerics 
by M. Mrozek .................................................................................................. 175 

On Geometric Detection of Periodic Solutions and Chaos 
by R. Srzednicki ... ............................................................................................ 197 



UPPER AND LOWER SOLUTIONS IN THE THEORY OF 
ODE BOUNDARY VALUE PROBLEMS: 

CLASSICAL AND RECENT RESULTS 

C. De Coster and P. Habets 

Catholic University of Louvain, Louvain-la-Neuve, Belgium 

1 Introduction 

The method of upper and lower solutions for ordinary differential equation was intro
duced in 1931 by G. Scorza Dragoni for a Dirichlet problem. Since then a large number 
of contributions enriched the theory. Among others, one has to point out the pioneer 
work of M. Nagumo who associated his name with derivative dependent right hand 
side. 

Basically, the method of upper and lower solutions deals with existence results 
for boundary value problems. These upper and lower solutions can be thought of as 
numerical approximations of solutions that satisfy the equations up to an error term 
with constant sign. The method describes problems so that existence of a solution is 
inferred from two such approximations with error'terms of opposite sign. 

In this set of notes, we consider two such problems: the periodic one and Dirichlet 
boundary value problem. We limit ourself to second order ordinary differential equa
tions and only consider problems with derivative independent right-hand side. This 
last restriction wipes out the important problem of computing a-priori bounds for the 
derivative of the solutions. 

At first, the method of upper and lower solutions might look as being mainly of 
theoretical interest since it takes for granted the existence of such functions. This 
believe cuts off the large number of applications based on the method. It is true that 
in practical situations it is often difficult to recognize that the assumptions at hand 
imply the existence of such upper and lower solutions and we must admit that to 
exhibit such functions is somewhat of an art. For this reason, a large part of this text 

*Chargee de recherches du fonds national beige de Ia recherche scientifique. 



2 C. De Coster and P. Habets 

is devoted to applications and we believe that it is the practice of such problems which 
really gives the ability and skill necessary to use the full power of the method. 

The first section of these notes is of general character. ·we present the notion of 
W 2•1-upper and lower solutions which is adapted to prove existence of solutions in 
the W 2•1 sense. This notion allows also angles in the graph of these functions. This 
aims to deal with applications such as singular perturbation problems. The Dirichlet 
problem is studied for systems with singularities at the boundary points. Applications 
to mechanical problems with singular forces and to Landesman-Lazer conditions are 
worked out. Relation with degree theory is used to deal with multiplicity results and 
is applied to the pendulum equation. A multiplicity result is also described using 
the connection between the variational approach and the method of upper and lower 
solutions. At last this introductory section ends with an introduction on monotone 
iterative schemes related to upper and lower solutions. 

Systems with singularities are investigated in the second section. The problem of 
interest concerns existence of positive solutions for a Dirichlet problem which is singular 
both at the end points of the time interval and at u = 0. Such situations appear in 
applied mathematics problems such as the Emden-Fowler equation. In the second part 
of this section, existence of pairs of positive solutions are considered. 

An Ambrosetti-Prodi problem with two parameters is considered in Section 4. 
The next section is devoted to upper and lower solutions in the reversed order. This 

type of result is worked out for the periodic problem. A first result concerns upper 
and lower solutions without ordering. In the second part, we consider systems with 
asymmetric nonlinearities and assume the upper and lower solutions are ordered. The 
last result concerns the use of monotone methods for systems with upper and lower 
solutions in the reversed order. 

Historical and bibliographical notes are given in the last section. 
Throughout the text, some proofs are left as exercises, extensions are presented as 

problems. The interested reader might find there the opportunity of further readings 
and a chance to develop his ability to work upper and lower solutions. 

The study made here is far from being complete. We can of course consider other 
applications. \Ve can extend the class of boundary value problem we consider or deal 
with partial differential equations. Upper and lower solutions can be used to obtain 
bounded solutions or homoclinics, higher order equations and systems can be cousid
ered. Also, upper and lower solutions are efficient in other instances such as stability 
problems. These subjects would be a natural complement of our work. 

Definitions and notations 

A function f(t, u) defined on E C [a, b] x lR is said to be a Caratheodory function or 
to satisfy Caratlu?odory cond-itions on E if 
(i) for almost every t E [a, b], f(t, ·) is continuous on its domain; 
( ii) for any u E lR, the function f ( ·, u) is measurable on its domain. 

A function f(t, u) defined onE C [a, b] x lR is said to be an Il'-Caratheodory function, 
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p 2 1, if it is a Caratheodory function and Vr > 0, ~hr E LP(a, b), VuE [-r, r] and 
for a.e. t E [a, b] with (t, u) E E, lf(t, u)l :::; hr(t). 

"for a.e." means "for almost every" and "a.e." means "almost everywhere". 
D_u(t), D-u(t), D+u(t), and D+u(t) are the Dini derivatives of the continuous func-
tion u (see, for example, E.J. McShane [97]). 

Dzu(t) and Dru(t) are the left and right derivatives of u. 
x-< y means ~ E > 0, \:It E [a, b], y(t) - x(t) 2 E sin ( 1r ~::::~). 
u+ := max(u, 0) 

u- := max( -u, 0) 

A:= {hE Llac(JO, n[) I s(n- s)h(s) E U(O, n)} 
Ck(I, J) is the set of k times continuously differentiable functions f: I___, J 
Ck(I) := Ck(I, JR) 

cg(I, J) := {u E Ck(I, J) I I= [a, b], u(a) = 0, u(b) = 0} 

cg(I) := cg(I, JR) 
Co(!) := cg(I) 
c27r := {u E C(JR) I for all t E JR, u(t) = u(t + 2n)} 
Hk(I) := Wk·P(I) 

HJ(I) := H1(I) nCo(!) 
LP(I) := { u: I___, lR measurable I f1 lu(t)IP dt < +oo }, where p E [1, +oo[ 
Lfoc(I) := { u : I ---+ lR measurable I \:/ J C I compact, u E £P( J)} 
ux'(I) := {u: I---+ lR measurable I ~R > 0, for a.e. t E I, lu(t)l:::; R} 
Wk·P(I) := { u E ck-1 (I) I u(k) E £P(I)} 

W 2·A(o, n) := { u E wu(o, n) I u E A} 
llullck := maxi= I, . . ,k{ suptEI lu(il ( t) I} 
llulloo := II · llco 
lluiiLP := U1 lu(t)IP dt)Ifp 

2 The method of upper and lower solutions 

The first part of this chapter is devoted to existence results for the periodic and Dirichlet 
boundary value problem. We consider both C2 and W 2•1-solutions. In each case, 
we tried to introduce notions of upper and lower solutions which are general enough 
to deal with most applications and to characterize the essential of the method. We 
did not try to encompass all possible definitions. For example, we consider lower 
and upper solutions with angles in order to deal with applications such as singular 
perturbation problems. To work out such definitions displays that the method is based 
on a maximum principle. In general, this amounts to an extremum criteria based on 
the second derivative but, in case of angles, it is achieved by first order conditions. 
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As a selection of possible applications we consider periodic solutions of problems with 
singular forces and Landesman-Lazer conditions for Dirichlet problem. These examples 
illustrate the fact that upper and lower solutions are related to nonlinearity "on the 
left of the first eigenvalue". 

In Section 2.3, we concentrate on the relation with degree theory. We want to 
associate, to the fixed point operator T associated with the BVP and to the set n of 
functions which are between the upper and lower solutions, a degree. This imposes 
there is no fixed point of T on an and motivates the introduction of a stronger notion 
of upper and lower solutions. Also, it imposes to choose carefully the space on which 
we work. A basic result is that this degree is always equal to 1. Existence of degree 
leads to multiplicity results of two different types. The first one requires the existence 
of two pairs of strict lower and upper solutions and can be thought of as a "local" 
result. It will be illustrate by a pendulum type result. The other one requires, beside 
the existence of a pair of strict lower and upper solutions, an a priori bound, i.e. an 
assumption at infinity. 

Relation between upper and lower solutions and variational method is considered 
in Section 2.4. We present there a multiplicity result for Dirichlet problem due to P. 
Omari and F. Zanolin [104]. 

The last section presents rough ideas on the relation between upper and lower 
solutions and the monotone method. Here we can compute approximations of the 
solutions from converging sequences of upper and lower solutions. 

2.1 Second Order Periodic BVP 

Existence of C2-solutions 

Consider the periodic problem 

u+f(t,u)=O, 
u(O) = u(2n), u(O) = u(2n), 

(2.1) 

where f is a continuous function. The simplest approach to the method of lower 
and upper solutions for second order ordinary differential equations uses the following 
definition. 

Definition 2.1 A function a E C2 (]0, 2n[) n C1([0, 2n]) is a lower solution of the peri
odic problem (2.1) if: 
{a} for all t E ]0, 2n[, a(t) + f(t, a(t));::: 0; 
{b) a(O) = a(2n), a(O);::: a(2n). 

A function /3 E C2 (]0, 2n[) n C1 ([0, 2n]) is an upper solution of the problem (2.1) if 

(a) for all t E ]0, 2n[, i3(t) + f(t, f3(t)) ~ 0; 
{b) /3(0) = /3(2n), ~(0) ~ ~(2n). 
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The main result of the method is an intermediate value theorem. It proves that if 
we can find a lower solution which is smaller than an upper one, there is a solution 
wedged between these two. 

Theorem 2.1 Let a and /3 be lower and upper solutions of (2.1) such that a ::::; {3. 
Define 

E = {(t,u) E [0,2n] x lR I a(t)::::; u::::; {3(t)} 

and assume f is continuous on E. Then the problem (2.1) has at least one solution 
u E C2([0, 2n]) such that, for all t E [0, 2n], 

cx(t)::::; u(t)::::; f3(t). 

Proof : Consider the modified problem 

u- u + f(t, "!(t, u)) + "!(t, u) = 0, 
u(O) = u(2n), u(O) = u(2n), 

where "! : [0, 2n] x lR -+ lR is defined by 

"!(t, u) = cx(t), if u < cx(t), 
= u, if a(t) ::::; u ::::; f3(t), 
= f3(t), if u > f3(t). 

First we prove that all solutions u of (2.2) satisfy 

cx(t)::::; u(t) ::::; f3(t). 

Let us assume on the contrary that, for some t 0 E [0, 2n], 

min(u{t)- cx(t)) = u(to)- a(to) < 0. 
t 

If t0 E ]0, 2n[, we obtain the contradiction 

0::::; u(to)- a( to)=-!(to, a( to))+ u(to)- a( to)- a( to)< 0. 

In case the minimum is achieved at the boundary points, 

min(u(t)- cx(t)) = u(O)- a(O) = u(2n)- a(2n) < 0, 
t 

we obtain 
u(O)- a(O) ~ o ~ u(2n)- a(2n), 

(2.2) 

(2.3) 

and, by the definition of a lower solution, u(O)- a(O) ::::; u(2n)- a(2n). Hence, we have 
u(O) - a(O) = 0 and for t > 0 small 

u(t)- a(t) = fotl- f(s, a(s)) + u(s)- a(s)- a(s)]ds < 0 



6 C. De Coster and P. Habets 

which is a contradiction. This proves a(t) ~ u(t). 
In a similar way, we prove u(t) ~ (3(t). 
Next, we write (2.2) as an integral equation 

r27C 
u(t) = lo G(t, s)[f(s, r(s, u(s))) + r(s, u(s))]ds, 

where G(t, s) is the Green function corresponding to the problem 

u-u+f(t)=O, 
u(O) = u(27r), u(O) = u(27r). 

The operator 
T: C([O, 21!']) _____, C([O, 27r]) 

defined by 

(Tu)(t) = fo2
7C G(t, s)[f(s, r(s, u(s))) + r(s, u(s))]ds 

(2.4) 

is completely continuous and bounded. By Schauder's theorem, T has a fixed point 

which is a solution of (2.2) and, from the first part of the proof, it is also a solution of 

(2.1). • 

Remark 2.1 Observe that this result gives us two kind of information. It is an exis

tence result but we also have a localization of the solution which can be very useful as 

shown in the next examples. 

Example 2.1 Consider 

c2u- u3 + sin3 t = 0, 
u(O) = u(27r), u(O) = u(27r), 

where f > 0 is a small parameter. It is easy to see that 

a(t) =sin t- 2E and (3(t) =sin t + 2E 

are lower and upper solutions. Hence, there is a solution 

u(t) =sin t + O(c). 

Notice that beside existence, the upper and lower solutions give an asymptotic estimate 

on the solution. 

Example 2.2 Consider the problem 

u+sinu=h(t), 
u(O) = u(27r), u(O) = u(27r), 
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where hE C([O, 21r]). Then, if llhlloo ~ 1 there is a solution u such that 

7f 37r 
2 ~ u(t) ~ 2· (2.5) 

Observe that, if h is constant, the set of solutions which satisfy (2.5) contains the 
unstable equilibrium. This result is general; the upper and lower solution method 
exhibits unstable solutions. 

Remark 2.2 Let us notice first that Theorem 2.1 is not valid if a ;:::: /3. Consider for 
example the problem 

u + u = sint, 
u(O) = u(21r), u(O) = u(21r). 

This problem has no solution although a(t) = 1 and f3(t) = -1 are lower and upper 
solutions. 

Also, the result is no more true if we reverse the inequalities (b) in Definition 2.1. 
Consider for example the problem 

ii, = 1, 
u(O) = u(21r), u(O) = u(21r). 

Here there is no solution although a(t) = (t-1r) 2 -1 and f3(t) = 1r2 satisfy a(t) = 2 > 1, 
ij(t) ~ 1 and /3(t) > a(t). The theorem does not apply since a(O) < a(21r). 

Problem 2.1 (Alternative proof) Assume a < /3 and prove the previous result from 
the homotopy 

ii, +A f(t, u) - (1 -A) [k2(u- a(t)~fj(t)) + a(t)~i3(t)] = 0, 

u(O) = u(21r), u(O) = u(21r), 

where k is large enough. Use degree theory and the set 

n = {u E C([O, 27f]) I Vt E [0, 27f], a(t) < u(t) < /3(t)} 

(see C. Fabry- P. Habets [47]). 

Existence of W2•1-solutions 

Considering the proof of Theorem 2.1, the argument is different if the minimum of 
u - a is achieved at t0 E ]0, 27r[ or at t0 = 0. In this last case, we used an integral 
argument. This can be generalized and is the key to existence of W2•1-solutions. 

In this section, we consider the problem 

u+f(t,u) =0, 
u(O) = u(21r), u(O) = u(21r), 

(2.6) 

where f is a "Caratheodory" function . To simplify the notations, we extend j(t, u) 
by periodicity f(t, u) = f(t + 21r, u) and consider the set 

c211" = {u E C(JR) I for all t E JR, u(t) = u(t + 27r)}. 
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Definition 2.2 A function a E C21r is a W2•1-lower solution of (2.6) if, for any t0 E lR, 
either D_a(t0 ) < D+a(to), 
or there exists an open interval 10 such that t0 E / 0 , a E W2•1(!0) and, for almost every 
t E / 0, 

a(t) + f(t, a(t)) ;:::: o. 
In the same way, a function /3 E C21r is a W2•1-upper solution of (2.6) if, for any 

t0 E JR., 
either D-(3(t0 ) > D+/3(t0 ), 

or there exists an open interval 10 such that t0 E / 0, /3 E W2•1(/0 ) and, for almost every 
t E lo, 

i3(t) + f(t, (3(t)):::; 0. 

When there is no possible confusion, we will, as previously, speak of lower and 
upper solutions of (2.6). 

Remark 2.3 Observe that, if we extend by periodicity a and /3 to all of JR., the bound
ary conditions in Definition 2.1 give the same kind of corners as those allowed in Defi
nition 2.2. 

Remark 2.4 If f is continuous and a E C1([0, 2rr]) n C2(]0, 2rr[), this function is a 
W 2•1-lower solution if and only if it satisfies Definition 2.1. A similar statement holds 
for upper solutions. 

Remark 2.5 If the lower solutions a 1 and a 2 intersect a finite number of times, we 
can prove (see [33]) the maximum max(a1, a 2 ) is a lower solution. However, we do not 
know if the result holds in full generality. 

Remark 2.6 Definition 2.2 is related to several definitions that were introduced in 
the literature. A selection of such definitions can be found in P. Habets and L. Sanchez 
[62], J. J. Nieto [100], P. Habets and M. Laloy [60], C. Fabry and P. Habets [48], 
M. Nagumo [99], J. Deuel and P. Hess [43], D. G. de Figueiredo and S. Solimini [42] 
and J. Mawhin [90]. 

Theorem 2.2 Let a and /3 be W 2•1-lower and upper solutions of (2.6) such that a :::; /3. 
Define E = {(t, u) E [0, 2rr] x JR. I a(t) :::; u:::; /3(t)} and assume f : E--+ JR. is aU
Caratheodory function. 

Then the problem (2.6) has at least one solution u E W2•1(0, 2rr) such that, for all 
t E [0, 2rr], 

a(t):::; u(t):::; (3(t). 

Proof: As in the proof of Theorem 2.1 we consider the modified problem (2.2) where 'Y 
is defined by (2.3). It is easy to adapt the proof of this theorem to show that problem 
(2.2) has a solution and we only have to prove that this solution satisfies 

a(t) :::; u(t) :::; /3(t). 
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Let us assume on the contrary that, for some t0 E IR, 

min(u(t)- a(t)) = u(t0 )- a(t0 ) < 0. 
t 

Then we have 
u(to)- D_a(to) :S: u(to)- D+a(to). 

By the definition of a W2•1-lower solution we have equality, there exists an open interval 
Io with t0 E Io, a E W2•1(I0 ) and, for almost every t E ! 0 , 

ii(t) + j(t, a(t)) 2: 0. 

Further u(to)- a(to) = 0 and, fort 2: to, 

u(t)- a(t) = 1\u(s)- ii(s))ds 
to 

::; it[- f(s, a(s)) + u(s)- a(s)- ii(s)]ds < 0. 
to 

This proves u(t0 )- a(t0 ) is not a minimum of u- a which is a contradiction. • 

The following elementary example illustrates the interest of Theorem 2.2. It exem
plifies a class of problems where "angular" lower and upper solutions are useful. 

Example 2.3 Consider the problem 

t:2u = cp(u)- cp(jt- 1rj), 
u(O) = u(21r), u(O) = u(21r) 

where cp E C1 (IR) is such that cp'(t) 2: a2 . Notice that the functions 

E at E a(t-2") 

a 1 (t) = -(t- 1r)- -e-7 and a 2 (t) = (t- 1r)- -e • 
a a 

are such that 

and 

a(t-2") 2 E a(t-2..) 

2: -we • +a (it- 1rj- (t- 1r) + -e • ) 2: 0. 
a 

Moreover the function a E C([0,21r]) defined by a(tj = max(a1(t),a2 (t)) is a W2•1-

lower solution. Next we can check that the function 

E alt-"1 
(J(t) = it- 1rl + -e--,-

a 
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is a W2•1-upper solution. From Theorem 2.2, we deduce there exists a solution u such 
that, for all t E [0, 2n], a(t) :::; u(t) :::; (3(t) and, from the choice of the lower and upper 
solutions, we obtain the asymptotic estimate 

alt- .. 1 
u(t) =It- nl + O(te- • ). 

Singular Forces 

Consider the model example 

u + ~ = h(t), 
u (2.7) 

u(O) = u(2n), u(O) = u(2n), 

where h E £1(0, 2n). Integrating the equation, it is easy to see that a necessary 
condition to have a positive solution of (2. 7) is that 

1 {27'0 
h= 2nlo h(t)dt>O. (2.8) 

Using lower and upper solutions, we can prove the following result. 

Proposition 2.3 LethE £ 1 (0, 2n) satisfy (2.8) and assume there exists ME lR such 
that, for a. e. t E [0, 2n], h(t) :::; M. Then the problem (2.7) has at least a positive 
solution. 

Proof: Every constant a E ]0, 1/ M] is a lower solution. To construct the upper solution, 
let h(t) = h(t) -hand define w to be any solution of 

u = h(t), 
u(O) = u(2n), u(O) = u(2n). 

It is then easy to prove that, for C large enough, (3(t) := C + w(t) is an upper solution 
and (3 ~a. Hence, the result follows from Theorem 2.2. • 

Notice that the method does not apply in case of repulsive force such as in the 
problem 

u- ~ = h(t), 
u 

u(O) = u(2n), u(O) = u(2n). 

Attractive forces have been studied by P. Habets and L. Sanchez [62], see also A. 
C. Lazer- S. Solirriini [82], where more results can be found. 
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2.2 The Dirichlet Boundary Value Problem 

General Result 

This section concerns the boundary value problem 

u+f(t,u)=O, 
u(O) = 0, u(n) = 0. 

11 

(2.9) 

Definition 2.3 A function o: E C([O, n]) is a W 2•1-lower solution of (2.9) (or simply a 
lower solution) if 
(a) for any t0 E ]0, n[, either D_o:(t0 ) < n+o:(t0), or there exists an open interval 

10 c]O,n[ such that toE Io, o:E W 2•1(J0 ) and, for a.e. t E Io, 

a(t) + f(t, o:(t)) :::: o; 

(b) o:(O) ::=; 0, o:(n) ::=; 0. 

In the same way, a function /3 E C([O, n]) is a W 2•1-upper solution of (2.9) if, 
(a) for any t0 E]O,n[, either n-f](t0 ) > D+f](t0 ), or there exists an open interval 

10 c]O,n[ such that t0 E 10 , /3 E W 2•1(Io) and, for a.e. t E Io, 

jj(t) + f(t, j](t)) :::; 0; 

(b) /3(0) 2: 0, j](n) 2: 0. 

Remark 2.7 Iff is continuous and o: E C([O, n]) n C2(]0, n[), this function is a W 2•1-

lower solution if and only if 
(a) for any t E ]0, n[, i:i(t) + f(t, o:(t)) 2: 0; 
(b) o:(O) ::=; 0, o:(n) :::; 0. 

A similar statement holds for W 2•1-upper solutions. 

As in the periodic case, if f is a £ 1-Caratheodory function, we can state a result 
which gives the existence of a solution u E W 2•1(0, n). 

Theorem 2.4 Let o: and /3 be W 2•1-lower and upper solutions of (2.9) such that o: ::=; /3. 
Define E = { (t, u) E [0, n] x lR I o:(t) ::=; u ::=; f](t)} and assume f : E ---. lR is a L1-

Caratheodory function. 
Then the problem (2.9) has at least one solution u E W 2•1(0, n) such that, for all 

t E [0, n], 
o:(t):::; u(t) ::=; j](t). 

Exercise 2.2 Prove the preceding result using the argument of Theorem 2.2. 

A natural extension concerns other boundary value problems. 
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Problem 2.3 Extend Theorem 2.4 to the separated boundary value problem 

u+f(t,u)=O, 
a1u(a)- Mil( a)= A, 
b1u(b) + b2u(b) = B, 

in case A, B E IR, a1, b1 E IR, a2, b2 E JR+, ai +a~ > 0 and bi + b~ > 0. 
Hint : See [33], [15]. 

An other type of extension concerns the following problem which generalizes the 
classical p-Laplacian. 

Problem 2.4 Extend Theorem 2.4 to 

(¢(u'))' + f(t,u) = 0, 
u(O) = 0, u(7r) = 0, 

where ¢ : lR -" lR is an increasing homeomorphism such that ¢(0) = 0. 
Hint : See C. De Coster [34]. 

Singular problem 

Applications lead to problems where the function f is singular. Consider for example 
the problem 

00 1 0 u- t(11'-t) = , 

u(O) = 0, u(7r) = 0, 
(2.10) 

which has a solution u(t) = ~log~+ 'll';;t log '~~';; 1 . This solution is not in W2.l(O, 7r) 
and it is clear that Theorem 2.2 does not apply. The key to singular problems such as 
(2.10), requires an analysis of the corresponding linear problem. 

Let 
A= {hE Lfoc(JO, 7r[) I s(7r- s)h(s) E L1(0, 7r)}, 

define the set W 2·A(o, 7r) of functions in W1•1(0, 7r) with weak second derivative in A 
and notice that 

W 2·A(0,7r) = {u E W1•1(0,7r) 1 u E A} c C([0,7r]) nC 1(]0,7r[). 

Notice that the solution of (2.10) is in W 2·A(O, 7r). This is generalized in the following 
lemma. 

Lemma 2.5 If h E A, the problem 

u+h(t)=O, 
u(O) = 0, u(7r) = 0 

has a solution u E W 2·A(O, 7r) such that 

u(t) = k'll' G(t, s) h(s) ds, 

where G( t, s) is the Green function corresponding to (2.11). 

(2.11) 
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Remark 2.8 LethE Ltoc(O, n). The solution of (2.11) is of the form 

u(t) =A+ Bt + {t (t- s)h(s) ds. }1fj2 

13 

It is easy to see then that if we want solutions to be continuous on [0, n], we must 
impose 

fo1f t(n- t)h(t) dt < +oo. 

We can now state the main result for a singular problem of the form (2.9). 

Theorem 2.6 Let D C ]0, n[ xlR and let f : D ----> lR satisfy a Caratheodory condi
tion. Assume that a and (3 are W 2•1-lower and upper solutions such that, for any 
t E [0, n], a(t) ::::.; f3(t). 

Let E = {(t,u) It E]O,n[, a(t)::::.; u::::.; f3(t)} CD and assume that there exists a 
function hE A such that, for all (t, u) E E, 

if(t, u)l :S h(t). (2.12) 

Then the problem (2.9) has at least one solution u E W 2·A(o, n) such that, for all 
t E [0, n], 

a(t) ::::.; u(t) :::; f3(t). 

Exercise 2.5 Prove the previous result. 
Hint : SeeP. Habets- F. Zanolin [63], [64]. 

Remark 2.9 Observe that L1(0, n) c A, so that assumption (2.12) generalizes the 
classical L 1-Caratheodory conditions on f. 

Remark 2.10 The condition hE A is used to prove 

iifo1f G(t, s) h(s) dsiloo < +oo and fo1f I~~ (t, s)l h(s) ds E L1(0, n), (2.13) 

where G(t, s) is the Green function associated to (2.11). We can see that in the periodic 
case, the set of functions h : ]0, n[---> JR+ measurable that satisfy (2.13) is in fact L1 (0, 1r ). 

Hence, Theorem 2.2 has the same generality as the counterpart of Theorem 2.6. 

Example 2.4 Consider the boundary value problem 

u + juj1/2- i = 0, 
u(O) = 0, u(n) = 0. 

It is easy to see that f3(t) = 0 is an upper solution and a(t) = t ln ~ - t is a lower 
solution. Hence we have a solution u such that, for all t E [0, n], 

t 
t ln-- t::::.; u(t) ::::.; 0. 

7r 

Observe that, in this example, the function f(t, u) is not L1-Caratheodory. 
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Non-resonance Conditions 

Upper and lower solutions are associated with systems which can be thought of 
as being on the left of the first eigenvalue. The following result describes a boundary 
value problem 

u + u + f(t, u) + h(t) = 0, 
u(O) = 0, u(n) = 0, 

(2.14) 

which is asymptotically of this type. 

Theorem 2.7 Assume that f : [0, n] x lR ---> lR is a L1-Caratheodory function, h E 
L1(0, n) and there exists 'Y E L1(0, n) such that 

lim sup f(t, u) ~ 'Y(t) ~ 0, unifo~ly in t. 
lul->+oo U 

Then the problem (2.14) has at least one solution. 

Proof: Let >. 1 be the first eigenvalue of the problem 

u+(1+"f(t))u+>.u=O, 
u(O) = 0, u(n) = 0. 

Observe that ,\1 > 0 (see [86] together with [50]). By hypothesis, there exists a E 
£1(0, n) such that, for all u;::: 0 and a.e. t E [0, n], 

>-1 
f(t, u) ~ ('Y(t) + 2 ) u + a(t). 

We shall choose an upper solution of the form 

{J(t) = w(t) + s7jJ(t);::: 0. 

To this end, we compute 

~ + {3 + f(t, {3) + h(t) ~ ~ + (1 + 'Y(t) + ~1 ) f3 + a(t) + h(t) 

>.1 .. >.1 
~ w + (1 + 'Y(t) + 2 ) w + a(t) + h(t) + s[7/J + (1 + 'Y(t) + 2 ) 7/J] 

As >.t/2 is at the left of the first eigenvalue, we can choose w such that 

and 7/J(t) solution of 

w + (1 + 'Y(t) + ~) w + a(t) + h(t) = 0, 
w(O) = 0, w(n) = 0 

~ + (1 + 'Y(t) + ~) 7/J = 0, 
7/J(O) = 0. 

Such a 7/J can be chosen positive as follows from a Sturm comparison argument. Hence, 
if s is large enough, {J(t) is a positive upper solution. 

In the same way we construct a lower solution a ~ 0. • 
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Landesman-Lazer Conditions 

The classical Landesman-Lazer conditions apply to a boundary value problem which 
is asymptotically resonant. In case this condition refers to a nonlinearity on the left of 
the first eigenvalue, upper and lower solutions are build into the problem just as in the 
previous case. 

Theorem 2.8 Let cp(t) = ~sin t. Assume that f is a U-Caratheodory function, 
hE £ 1(0, 1r) and 
(i) there exists+ E JR, f+ E £ 1(0,1r) such that, ifu 2: s+cp(t) we have 

f(t, u)::; f+(t) 

and 
1 + := fo1r f+(t) cp(t) dt::; -h :=- fo1r h(t) cp(t) dt; 

{ii) there exists_ E JR, f- E U(0,7r) such that, ifu::; s_cp(t) we have 

f(t,u) 2: f_(t) 
and 

]_ := fo1r f_(t)cp(t)dt 2: -h. 

Then the problem (2.14) has at least one solution. 

Proof: Let us construct a lower solution a(t) ::; s_cp(t). Define w to be the solution of 

w + w + f_(t) + h(t)- a_+ h)cp(t) = o, 
w(O) = 0, w(1r) = 0, 

which satisfies fo1r w(t) cp(t) dt = 0. Notice that we can find a < 0 small enough so that 
acp(t) + w(t)::::; s_ cp(t). Take a(t) = acp(t) + w(t) and observe it is a lower solution. 

In the same way, we construct an upper solution (3(t) 2: s+ cp(t). As we have chosen 
a(t) ::; 0::; (3(t), we have a solution of (2.14) by application of Theorem 2.4. • 

In practical situations, the application of Theorem 2.8 is not straightforward. Con
sider, for example, the problem (2.14) in case 

f(t, u) = -arctan u. 

More workable are the classical Landesman-Lazer conditions which we can deduce from 
Theorem 2.8. 

Theorem 2.9 Let cp(t) = ~ sint. Assume that f is a £ 1-Caratheodory function, 

hE £ 1(0, 1r) and there exist]+, j_ E £ 1(0, 1r) such that 
{i) limsupf(t,u)::; ]+(t) uniformly in t and 

u-->+oo 

7 + := fo1r j+(t) cp(t) dt < -h :=- fo1r h(t) cp(t) dt; 
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(ii) lim inf f ( t, u) ;::: j _ ( t) uniformly in t and 
U--+-00 

7- := l'' j_(t) <p(t) dt > -h. 

Then the problem (2.14) has at least one solution. 

Proof: We will prove that condition (i) of Theorem 2.9 implies condition (i) of Theorem 
2.8. 

Observe first that (i) implies that there exist rand k+ E L1(0, n) such that, for a.e. 
t E [0, n] and all x ;::: r, we have 

and 
k+ := l" k+(t) <p(t) dt <-h. 

Moreover, as f is a L1-Caratheodory function, we have ar E L1(0, n) such that, for a.e. 
t E [0, n] and all x ;::: 0, 

Let E be such that 

and s+ be such that s+ <p(t) ;::: r for all t E [E, 1r- E], then, by taking 

f+(t) = k+(t), if t E [E, 7r- Ej, 
= ik+(t)i + ar(t), otherwise, 

the condition (i) of Theorem 2.8 is fulfilled. • 

Remark 2.11 Let us notice that Theorem 2.9 is no more true if either 7 + = h or 

7 _ = h. We just have to observe that the problem 

u + u + exp( -u2 ) = 0, 
u(O) = 0, u(n) = 0, 

has no solution. This can be proved multiplying the equation by sin t and integrating. 

Remark 2.12 In Theorem 2.8 however, it is possible to have a solution even if]+= h 
or J _ =h. We can consider for example the problem (2.14) with 

f(t, u) = <p(t), if u < -<p(t), 
= -u, if - <p(t) ::; u < <p(t), 
= -<p(t), if <p(t) ::::: u 

and h(t) = <p(t) or h(t) = -<p(t). 
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Remark 2.13 In the same Theorem 2.8, the assumptions 

u::::; s_ < 0 => f(t, u)·;?: f_(t) and u 2: s+ > 0 => f(t, u) ::::; f+(t) 

are not enough to have the result as shown by the problem (2.14) with 

f(t,u)=cosusint, ifuE [-n/2,n/2], 
= 0, otherwise, 

and h = 0. 

We can also prove the following result. 

Theorem 2.10 Let f: [0, n] x JR.--+ JR. be a L 1-Caratheodory function. Assume f(t, .) 
is a nonincreasing function for each t E [0, n]. Then the problem 

u+u+f(t,u)=O, 
u(O) = 0, u(n) = 0, 

has at least one solution if and only if the function f* : JR. --+ JR. defined by 

f* ( 0 = fo 11 f ( t, ~ sin t) sin t dt 

has a zero. 

Exercise 2.6 Prove the previous result. 
Hint : See J. Mawhin [89]. 

Problem 2. 7 Prove the same kind of results for the periodic boundary value problem. 

2.3 Degree Theory 

The Periodic Problem 

Consider first the periodic problem 

u+f(t,u)=O, 
u(O) = u(2n), u(O) = u(2n), 

(2.15) 

which can be written under the form 

{27r 
u(t) = (Tu)(t) := lo G(t, s)[f(s, u(s)) + u(s)] ds, (2.16) 

where G(t, s) is the Green function corresponding to the problem (2.4). In order to 
give a meaning to 

deg(I- T, D) 
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where 
n = {u E C([O, 2n]) I Vt E [0, 2n], a(t) < u(t) < ;3(t)}, (2.17) 

we want to define curves 
u = a(t) and u = ;3(t) 

so that solution curves of (2.15) cannot be tangent to them, respectively from above 
or from below. The classical way to obtain such a result in the case of a continuous f 
and a E C2([0, 2n]) is described in the next proposition. 

Proposition 2.11 Let f be continuous and a E C2 ([0, 2n]) be such that 
(i) for all t E [0, 2n], a(t) + j(t, a(t)) > 0; 
(ii) a(O) = a(2n), a(O) 2': a(2n). 

If u E C2([0, 2n]) is a solution of (2.15) with u 2': a on [0, 2n] then, for all t E [0, 2n], 
u(t) > a(t). 

Proof: Assume, by contradiction, that 

min(u(t) ___, a(t)) = u(t0 )- a(t0 ) = 0. 
t 

We have u(t0 ) - u(t0 ) = 0; in case t0 = 0 or 2n, this follows from assumption (ii). 
Hence we obtain the contradiction 

0:::; ii(to)- Ci(to) =- f(t 0 , a( to))- Ci(to) < 0. • 
Iff is not continuous but LP-Caratheodory, this last result does not hold anymore. 

In fact, even the stronger condition 

for a.e. t E [0, 2n], Ci(t) + f(t, a(t)) 2': 1 

does not prevent solutions u(t) of (2.15) to be tangent to the curve u = a(t) from 
above. This is, for example, the case for the bounded function 

f(t, u) := 1 
u2 +sin t 

·-
1 +sinE

:=sin t 

u < -1 
- ' 

- 1 < u :::; sin t, t f- 3; 

sin t < u, 

if we consider a(t) = -1 and u(t) = sin t. This remark motivates the following 
definition. 

Definition 2.4 A function a E C27f is a strict W2•1-lower solution (or a strict lower 
solution) of (2.15) if it is not a solution on [0, 2n] and for any t0 E IR, 
either D _a( t0 ) < n+ a( t0 ), 

or there exist an open interval 10 and Eo > 0 such that t0 E / 0 , a E W 2•1 (/0) and, for 
almost every t E / 0 , for all u with a(t) :::; u:::; a(t) +Eo, we have, 

a(t) + f(t, u) 2': 0. 
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In the same way, a function {3 E C271" is a strict W2•1-upper solution (or a strict 
upper solution) of (2.15) if it is not a solution on [0, 27r] and for any t0 E IR, 
either v-{3(t0 ) > D+{3(to), 
or there exist an open interval I0 and Eo > 0 such that t0 E I0 , {3 E W 2•1(10 ) and, for 
almost every t E I0 , for all u with {3(t)- Eo :S u :S {3(t), we have, 

b(t) + f(t,u) :S 0. 

Remark 2.14 Observe that, in the continuous case, if a satisfies the conditions of 
Proposition 2.11, then it is a strict W 2•1-lower solution. The converse, however, does 
not hold since the above definition does not require strict inequalities. 

Proposition 2.12 Let f be a L 1-Camtheodory function and a E C271" be a strict W 2•1-

lower solution. If u E W2•1(0, 21r) is a solution of (2.15) with u ;:::: a on [0, 21r] then, 
for all t E [0, 21r], u(t) > a(t). 

Proof : As a is not a solution, u # a and there exists t* such that u(t*) > a(t*). 
Assume, by contradiction, that 

to= inf{t > t* I u(t) = a(t)} 

exists. As u-a is minimum at t0 , we have D_a(t0 );:::: D+a(t0 ) and, from the definition 
of lower solution, we can assume there exist !0 , Eo > 0 and t1 E Io with t1 < to such 
that, for every t E ]t1, t0 [, u(t) :S a(t) +Eo, (u- a)(tJ) < 0 and, for almost every 
t E ]t1, to[, 

a(t) + f(t, u(t)) ;:::: o. 
Hence, we have the contradiction 

0 < ('u- a)(to)- (it- a)(tJ) =- r0 [f(t, u(t)) + a(t)] dt :S 0. 
ltl 

Now we can prove the key result of this section. 

• 

Theorem 2.13 Let a and {3 be strict W 2•1-lower and upper solutions of the problem 
(2.15) such that a< {3 on [0, 21r]. Define E from 

E := { (t, u) E [0, 27r] x lR I a(t) :S u :S {3(t)}. (2.18) 

Assume f: E---+ lR is a L 1-Camtheodory function. 
Then 

deg(I- T, 0) = 1, (2.19) 

where T and n are defined by (2.16) and (2.17). 
Moreover, the problem (2.15) has at least one solution u E W2•1(0, 27r) such that, 

for all t E [0, 21r], 
a(t) < u(t) < (J(t). 
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Proof: Let us consider the modified problem 

u- u + f(t, 1(t, u)) + 1(t, u) = 0, 
u(O) = u(21r), u(O) = u(21r), 

where 1 : [0, 21r] x lR -+ lR is defined by (2.3). 
Define the operator 

{21r 
T: C([O, 21r])-+ C([O, 21r]), u-+ Jo G(t, s)[f(s, 1(s, u(s))) + 1(s, u(s))] ds, 

(2.20) 

where G(t, s) is the Green function corresponding to the problem (2.4). It is clear that 

lmT is bounded and, for R > 0 large enough and any >. E [0, 1], 

deg(J- T, B(O, R)) = deg(I- >.T, B(O, R)) = deg(J, B(O, R)) = 1. 

It follows from the proof of Theorem 2.2 and Proposition 2.12 that every solution 

u of (2.20) satisfies o:(t) < u(t) < (J(t) on [0, 21r]. This proves that such a solution is in 

D. As T and T coincide on TI, we obtain, by the excision property of the degree, 

deg(J- T, D)= deg(J- T, D)= deg(I- T, B(O, R)) = 1 

which proves the result. 

Forced Pendulul¥ Type Equation 

In Example 2.2, we have proved that if h E C([O, 21r]) is such that Jlhlloo < 
problem 

u+sinu=h(t), 
u(O) = u(21r), u(O) = u(21r), 

• 

1, the 

(2.21) 

has at least one solution. With Theorem 2.13, it is now easy to complement this result. 

Proposition 2.14 Assume that hE C([O, 27r]) and JJhJJoo < 1, then the problem (2.21) 
has at least two solutions such that, for all k E Z there exists t E [0, 21r] with u1 ( t) =l
u2(t) + 2k7r. 

Proof: Observe that o:1 (t) := 1r /2 and o:2 (t) := 1r /2 + 21r are strict lower solutions and 

(31(t) := 3H/2 and (32(t) := 3H/2 + 21r are strict upper solutions of (2.21). 
Now we apply Theorem 2.13 successively with 

and 

As 

D1 = { u E C([O, 27r]) I Vt E [0, 2H], 0:1 (t) < u(t) < (31 (t)}, 
D2 = {u E C([O, 27r]) I Vt E [0, 27r], o:2(t) < u(t) < (32(t)} 

D = { u E C([O, 27r]) I Vt E [0, 27r], o:1(t) < u(t) < (32(t)}. 

deg(J- T, DI) = deg(J- T, D2) = 1, 
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we have two solutions u1,u2 with 1rj2 < u1 < 37r/2 and 57r/2 < u2 < 77r/2. Moreover, 
we have 

1 = deg(J- T,n) 

= deg(J- T, nl) + deg(I- T, n2) + deg(I- T, n \ (01 U D2)), 

which implies 
deg(J- T, n \ (D1 u D2)) = -1 

and hence we have the existence of a third solution u3 E n \ (D1 U D2 ). The solution 
u2 might be of the form u2 ( t) = u1 ( t) + 21r but u3 cannot equal u1 modulo 27r, which 
proves the result. • 

This proposition is an example of the three solutions Theorem (see H. Amann [9]). 
Forced pendulum have been extensively studied using lower and upper solutions as well 
as other methods (see [89], [96], [87], [92], [73] for more informations and more results). 

The Dirichlet Problem 

Consider the boundary value problem 

u+f(t,u)=O, 
u(O) = 0, u(1r) = 0, 

where f is a U~Caratheodory function. 

(2.22) 

Again, we need first to define the notion of strict lower and upper solutions for 
(2.22). Here the situation differs however from the periodic case because we want to 
accept the possibility for upper and lower solutions to satisfy the boundary conditions 
which implies that at boundary points, the solution can equal upper and lower solutions. 

Definition 2.5 A function a E C([O, 1r]) is a strict W2• 1 ~lower solution (or a strict 
lower solution) of (2.22) if it is not a solution of (2.22), a(O) :S 0, a(1r) :S 0 and for 
any to E [0, 1r], one of the following is satisfied: 
(i) toE {0,1r} and a(t0 ) < 0; 
(ii) toE ]0, 1r[ and D_a(to) < D+a(to); 
(iii) there exist an interval ! 0 C [0, 1r] and E > 0 such that t0 E intl0 or t0 E ! 0 n {0, 1r}, 

a E W 2•1(J0 ) and for almost every t E ! 0 , for all u E [a(t),a(t) + t:sint] we have 

ci(t) + f(t, u) ~ 0. 

In a similar way, a function (3 E C([O, 1r]) is a strict W 2•1-upper solution (or a strict 
upper solution) of (2.22) if it is not a solution of (2.22), (3(0) ~ 0, (3(1r) ~ 0 and for 
any to E [0, 1r], one of the following is satisfied: 
(i) to E {0, 1r} and (3(to) > 0; 
(ii) to E ]0, 1r[ and D-(3(to) > D+(J(to); 
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{iii) there exist an interval Io C [0, 1r] and € > 0 such that to E intJ0 or t0 E 10 n {0, 1r}, 
{3 E W2•1 (!0 ) and for almost every t E / 0 , for all u E [{J(t) - E sin t, {J(t)] we have 

i3(t) + f(t, u) :::; 0. 

In this definition the curve u = {J(t) can have angles, provided they are downward. 
Also, {3(0) and {3(1r) can be zero. In this case, condition (iii) imposes some second order 
condition near t = 0 or t = 1r but restricted to some angular region below the curve 
u = {J(t). Notice at last that (i) can be interpreted as a zero order condition and (ii) 
as a first order one in order to prevent solutions to be tangent to a or {3. 

Remark 2.15 Iff is continuous, a function {3 E C2 (]0, 1r[) such that {3(0) > 0, {3(1r) > 0 
and 

'v't E ]0, 1r[, iJ(t) + f(t, {J(t)) < 0 

is a strict W2•1-upper solution. 
Also, if the function {3 E C2 ([0, 1r]) is such that {3(0) ~ 0, {3(1r) ~ 0 and 

vt E [0,1r], i3(t) + f(t,fJ(t)) < o, 

it is a strict W2•1-upper solution. 
As in the periodic case, the converse does not hold as strict W2•1-upper solutions 

do not necessarily satisfy i](t) + f(t,{J(t)) < 0. 

Lower solutions must be smaller than upper ones. To make this precise in case 
these functions coincide at end points, we introduce the following notation. 

Definition 2.6 Let x, y E C([O, 1r]). We write x -< y if there exists E > 0 such that, 
for any t E [0, 1r], 

y(t)- x(t) ~ Esint. 

Observe also that, even in the continuous case, it is not enough to have 

iJ(t) + f(t, {J(t)) < 0 on ]0, 1r[, {3(0) ~ 0, {3(1r) ~ 0 

to be sure that every solution u of (2.22) with u :::; {3 is such that u -< {3. To see that, 
we just have to consider the functions 

u(t) = 0 and {J(t) = t3 . 

f(t, u) = 0 
= -7ujt2 
= -7t 

if u :::; 0, 
if 0 < u :::; t3 ' 

if u > t 3 , 

The main result of this section is a multiplicity result. 
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Theorem 2.15 Assume f is a £ 1-Caratheodory function. Let a, {3 be strict W 2•1 -

lower and upper solutions of (2.22) such that a -< {3. Assume moreover, there exists 
r > 0, such that for all s < 0 and all solutions u of 

we have 

u + f(t, u) = s, 
u(O) = 0, u(1r) = 0, 

Jlulloo < r. 
Then the problem (2.22) has at least two solutions u 1, u2 E W2•1(0, 1r). 

(2.23) 

Proof: Observe first that the problem (2.22) is equivalent to the fixed point equation 

u = Tu := h7r G(t,s)f(s,u(s))ds, 

where G(t, s) is the Green function of (2.11). The operator 

T: CJ([O, 1r]) --+ CJ([O, 1r]) 

is completely continuous. Let r > max{JiaJI 00 , Jlf3Jioo} and defineR> 0 such that every 
solution u of (2.22) with JluJioo < r satisfies JluJioo < R. 

From the argument in Theorem 2.13, we prove that, if R is large enough, 

deg(I- T, 0) = 1, 

where 
n := {u E CJ([O, 7r]) I a-< u-< {3, Jlulloo < R}. 

In this way, we have the existence of a first solution u 1 of (2.22). 
To prove the existence of the second solution, let us first compute the degree 

deg(I- T, 0 1), 

where 
nl := {u E CJ([O, 7r]) IJiulloo < r, Jlulloo < R}. 

We have assumed that, for all s < 0, the solutions u of 

i.e. the solutions of 

with h(t) := t(1r2-t) are such that 

u+f(t,u)=s, 
u(O) = 0, u(1r) = 0, 

u =Tu-sh, 

llulloo < r. 

(2.24) 
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We can assume this is true also for s = 0 since otherwise the existence of a second 

solution is proved. As T maps bounded sets into bounded sets, there exists r 1 > 0 such 

that, for all u E 0 1, 

llu- Tulloo < r1. 

Hence, if s is large enough, the problem (2.24) has no solution and 

deg(I- T, Dl) = deg(I- T + sh, D1) = 0. 

As n c D1, we obtain the existence of the second solution by the excision property of 

the degree. • 

Remark 2.16 In this theorem, it is essential to define Ton C6([0, n]), since 

D* := {u E Co([O, n]) I a-< u-< ,6} 

is not open in the C-topology. 

Remark 2.17 Notice that the condition on the solutions of (2.23) is an a priori bound 

qn some upper solutions. 

The reader can find an application of this result in Section 3.2. 

As in Section 2.2, we can consider the case where f satisfies a Caratheodory condi

tion and there exists a function h E A such that, 

lf(t, u)l ::::; h(t). 

Recall that 
A= {hE Ltoc(]O, n[) I s(n- s)h(s) E L1(0, n)}. 

As the solution is now in W 2,A(O,n) cf_ C1([0,n]), we can no more define the operator 

Ton C6([0,n]). Nevertheless, at least if ,6(0) > 0 and ,6(n) > 0, we have the following 

result. 

Theorem 2.16 Let a be a W 2,1-lower solution of the problem (2.22) and ,6 a strict 

W 2,1 -upper solution of (2.22) such that a ::::; ,6, ,6(0) > 0 and ,6(n) > 0. Assume 

f : [0, n] x lR ---+ lR satisfies a Caratheodory condition and, for all R > 0 there exists 

hE A such that, for a. e. t E [0, n] and for all u E [a(t), R], 

lf(t, u)l ::::; h(t). 

If moreover, there exists r > 0 such that, for all s < 0 and, for all solutions u of 

u+f(t,u)=s, 
u(O) = 0, u(n) = 0, 
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with u 2 a, we have 
u(t) < r, 

then the problem (2.22) has at least two solutions u 1, u2 E W 2·A(o, H) such that, for all 
t E [0, H], 

a(t) :=:; u1(t) < j3(t), a(t) :=:; u 2(t) 

and, there exists t0 E [0, 7r] with 

Exercise 2.8 Prove the previous theorem. 
Hint : See C. De Coster, M.R. Grossinho and P. Habets [35]. 

Application can be found in Section 2.2. 

Problem 2.9 Extend Theorem 2.15 to the separated boundary value problem 

u = f(t, u), 
a1u(a)- aiu(a) =A, 
b1u(b) + b2u(b) = B, 

in case A, B E IR, a1, b1 E IR, a2, b2 E IR +, ai + a~ > 0 and bi + b~ > 0. 
Hint : See [33], [15]. 

2.4 Variational Methods 

Another approach in working with lower and upper solutions is to relate them with 
variational methods. More precisely, when we consider the problem 

u+f(t,u)=O, 
u(O) = 0, u(H) = 0, 

(2.25) 

where f is a £ 1-Caratheodory function, it is well known that the related functional 

lo7r u2(t) 
¢: H~(O, H)--; IR, u--; [-- F(t, u(t))] dt, 

0 2 
(2.26) 

with F(t, s) = f~ f(t, x) dx, is of class C1 and its critical points are the solutions of 
(2.25). 

A first result of this approach is the following. 

Theorem 2.17 Let a and j3 be W 2•1-lower and upper solutions of (2.25) with a :=:; j3 
on [0, 7r]. Assume f satisfies Caratheodory conditions and there exists h E U (0, 1T) 
such that, for a. e. t E [0, 7r] and all u E [a(t), j3(t)], lf(t·, u)l :=:; h(t). Then the problem 
(2.25) has a solution u with a :=:; u :=:; j3 on [0, 7r] and 

¢(u) = min ¢(v). 
vEHJ(0,7r) 

a-:;v<;;J3 
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Proof : Let us consider the modified problem 

ii + f(t, 'Y(t, u)) = 0, 
u(O) = 0, u(1r) = 0, 

where 'Y is defined as in (2.3). Define the functional 

'ljJ: HJ(0,7r) -+lR,u-+ f1r(it2(t)- F(t,u(t))]dt, 
lo 2 

(2.27) 

where F(t, s) = J~ f(t, 'Y(t, x)) dx. It is easy to verify that 'ljJ is of class C1 and its critical 
points are precisely the solutions of (2.27). Moreover 'ljJ is weakly lower semicontinuous 
and coercive. Hence, 'ljJ has a global minimum u which is a solution of (2.27). As in 
Section 2.2, we prove that u satisfies a ::; u ::; /3, is a solution of (2.25) and hence is 
such that 

¢(u) = min ¢(v). 
veHJ(O,?r) 

a'!:,v'!:,{3 

Let us now consider the problem 

ii + t-L(t)g(u) + h(t) = 0, 
u(O) = 0, u(1r) = 0. 

• 

(2.28) 

The following result is due toP. Omari and F. Zanolin [104] who consider an elliptic 
p-Laplacian. For the details of the proof, we refer to [104]. 

Theorem 2.18 Let /-L, h E L00 (0, 1r) with 1-Lo = essinf t-L(t) > 0 and g : lR -+ lR be a 
continuous function. Let us denote G(u) = Jl; g(s) ds. Assume that 

-oo < liminf G~) ::; 0 and lim sup G~) = +oo. 
s-+±oo S s-+±oo S 

Then the problem (2.28) has two infinite sequences (un)n and (vn)n of solutions satis
fying 

and 
lim (maxUn(t)) = +oo, lim (min vn(t)) = -oo. 

n-+oo t n-+oo t 

Proof: Step 1 - Claim : For every M ;::: 0 there exists /3 an upper solution of (2.28) 
with f3(t) ;::: M on [0, 1r]. 

First observe that, if g is unbounded from below on [0, +oo[, we have a sequence 
of constant upper solutions f3n -+ +oo. Therefore, we can assume there exists K ;::: 0 
such that g(s) ;::: -K for s;::: 0. 
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Given M > 0, let us choose d large enough so that 

II II (G(d) K) llhlloo < _1 d 
f..l oo d2 + d + d - 87r2 an 

and define /3 to be the solution of the Cauchy problem 

U + IIJ.LIIoo(g(u) + K) + llhlloo = 0, 
u(O) = d, u(O) = o. 

27 

d>2M 

(2.29) 

Assume there exists t0 E ]0, 1r] such that f3(t) > M on [0, t0 [ and f3(t0 ) = M. On [0, t0], 

/3(t) ~ 0, IIJ.LIIoo(G(f3(t)) + Kj3(t)) + llhlloof3(t) 2: 0 and from the conservation of energy 
for (2.29), we have 

i.e. 

/32~t) ~ /32~t) + IIJ.LIIoo(G(j3(t)) + Kj3(t)) + llhlloof3(t) 
d2 

= IIJ.LIIoo(G(d) + Kd) + llhllood ~ 87T2 , 

. d 
0 ~ -j3(t) ~ 27T. 

It follows that for any t E [0, t0], 

d d 
d- j3(t) ~ 27r 1T = 2' 

which leads to the contradiction f3(t0 ) 2: ~ > M. Hence the claim follows: 

In a similar way, we prove 
Claim -For every M 2: 0 there exists a lower solution a of (2.28) such that a~ -M 
on [0, 1r]. 
Step 2 - By simple but not obvious estimates we can show that there exists a sequence 
of positive real numbers (sn)n with Sn -> +oo, a sequence of negative real numbers 
(tn)n with tn-> -oo and z >- 0 such that ¢(snz)-> -oo anq ¢(tnz)-> -oo. 
Step 3 - Conclusion. By Step 1, we have a 1, /31 lower and upper solutions of (2.28) 
with a 1 ~ /31. Hence, we have a solution u1 of (2.28) such that a 1 ~ u1 ~ /31 and 

¢(ul) = min ¢(v). 
vEHJ(0,7r) 
01 ~v~/31 

From Step 2, we have s1 such that u1 ~ s1z and ¢(ul) > ¢(s1z). Moreover, Step 1 
provides the existence of an upper solution /32 with u1 ~ s1z ~ /32. Hence, by Theorem 
2.17, we have a solution u2 of (2.28) satisfying 

u1 ~ u2 ~ /32 

and 
¢(u2) = min ¢(v) < ¢(s1z) < ¢(ui). 

vEHJ(0,7r) -
U1~V~/32 

It follows that u2 =I u1. Iterating this argument and reproducing it in the negative 
part, we prove the result. • 
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2.5 Monotone Iterative Methods 

In this section, we consider the problem 

u+f(t,u)=O, 
u(O) = u(21r), u(O) = u(21r), (2.30) 

where f is a continuous function. 
The monotone iterative method consists in generating sequences whose first term 

are respectively lower and upper solutions and that monotonically converge to the 
minimal and maximal solutions of (2.30). 

Definition 2. 7 We say that u is a maximal solution of (2.30) in [a, ,6] (resp: a minimal 
solution of (2.30) in [a, ,6]) if it is a solution with a ::; it::; ,6 on [0, 27r] and every solution 
v of (2.30) with a ::; v ::; ,6 is such that v ::; u on [0, 21r] (resp: u ::; v on [0, 21r]}. 

The key ingredient of this method is the following maximum principle. 

Lemma 2.19 Let M > 0 and assume that u E C2 ([0, 21r]) is such that 

u- Mu::; 0 on [0, 21r], 
u(O) = u(21r), u(O)::; it(2n). 

Then u(t) 2::0 on [0,2n]. 

Proof: Assume by contradiction there exists t 1 E [0, 2n] such that mint u = u(ti) < 0. 
Thanks to the boundary conditions, it is easy to see that u(t1) = 0 and we have the 
contradiction 

0::; u(t1)::; Mu(t1) < 0. 

Observe that u is a solution of (2.30) if and only if 

[21r 
u = Tu := lo G(t, s)[f(s, u(s)) + Mu(s)] ds, 

where G(t, s) is the Green function of 

u- Mu + h(t) = 0, 
u(O) = u(2n), u(O) = it(2n). 

Now we can state the main result of this section. 

• 

Theorem 2.20 Let f : [0, 21r] x lR - lR be continuous and let a and j3 be lower and 
upper solutions of (2.30) with a ::; ,6. Assume there exists M > 0 such that, for all 
t E [0, 2n] and any u, v with a(t) ::; u::; v::; ,6(t), we have 

f(t, v)- f(t, u) 2:: -M(v- u). (2.31) 
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Then the sequences ( an)n and (f3n)n defined by 

ao = a, an+l = Tan, 
f3o = {3, f3n+l = Tf3n, 

(2.32) 

converge uniformly to the minimal and the maximal solution of (2.30) in [a, {3]. 

Proof : Let us prove first that T is monotone on [a, {3]. Let u and v be such that 
a ~ u ~ v ~ {3. We just have to observe that u1 = Tu and v1 = Tv are such that 

(ii1- ih)- M(v1- u1) =- f(t, v(t)) + f(t, u(t))- M(v(t)- u(t)) ~ 0, 
(v1- u1)(0) = (v1- u1)(21r), (ill- it1)(0) = (il1- it1)(21r). 

By Lemma 2.19 we have Tv - Tu = v1 - u1 ;::: 0. 
In the same way, we prove that a~ Ta and {3;::: T{3 and 

As T is completely continuous and the sequences ( an)n and (f3n)n are bounded, we 
have for some subsequences 

uniformly on [0, 27r]. Next, by the monotonicity of (an)n and (f3n)n we prove an - y, 
f3n- u. Going to\the limit in (2.32), y and u are solutions of (2.30). 

To show that every solution u E [a, {3] satisfies u E [y, u], we just have to observe 
that, as a ~ u ~ {3 and T is monotone, we have 

and the result follows going to the limit. • 
Remark 2.18 We can have the existence of the maximal and the minimal solution 
even without the condition (2.31), but we loose the converging sequence (see K. Ako 
[5], [3] and also K. Schmitt [110]). 

Problem 2.10 Extend this result to the £ 1-Caratheodory case. 

Problem 2.11 Extend Theorem 2.20 to the case where (2.31) is replaced by 

f(t, v)- f(t, u) ;::: -M(v- ut_, 

with 0 < r ~ 1. 
Hint : See H. Amann [6] or J.I. Diaz [44]. 
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3 Systems with singularities 

Boundary value problems 
u+f(t,u)=O, 

u(O) = 0, u(1r) = 0, (3.1) 

where the function f is singular both at the end points t = 0, t = 1r and for u = 0, 
have been used in several applied mathematics problem [14]. A typical example is the 
generalized Emden-Fowler equation 

.. + f(t) = 0 
U u" ' 

u(O) = 0, u(1r) = 0. 
(3.2) 

In case f is singular at end points, we know from· Theorem 2.6 that a natural setting 
is to look for solutions u E W 2·A(o, 1r). For some singularities at u = 0, solutions are 
still in W 2·A(O, 1r). This is the case for the problem 

.. 1 1 0 u+ - = 
(1r-t)tu ' (3.3) 

u(O) = 0, u(1r) = 0, 

whose solution 
2 I I 

u(t) =- f2(7r- t)2 
7r 

is in this space. Notice that f(t, u) = (,-~t)t ~ is only A-Caratheodory on sets of the 
form [0, 1r] x [~:, +oo[, withE > 0 and not on [0, 1r] x ]0, +oo[. As the boundary conditions 
impose the solution to go into the singularity u = 0, there is no hope to obtain a positive 
solution from a simple application of Theorem 2.6. In this section we shall consider 
continuous functions f such that the solutions are in C([O, 1r], JR+) n C2 (]0, 1r[, IRri). 

3.1 Existence of a positive solution 

The following theorem, which can be found in P. Habets and F. Zanolin [64], considers 
the boundary value problem (3.1). Recall we defined A to be the set of functions 
h: [0, 1r] -t JR+ measurable such that 

h,. s(1r- s)h(s) ds < +oo. 

Theorem 3.1 Assume: 
(i} the function f: ]0, 1r[xiRri -t lR is continuous; 
(ii) there exists k > 1 and for any compact set K c ]0, 1r[, there is t > 0 such that 

f(t, u) 2: k2u, for all t E K, u E ]0, ~:]; 
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(iii)for some M > 0 and 'Y < 1, there is h E An C(]O, 1r[) such that 

f(t, u) ::::; "(2u + h(t), for all t E ]0, 1r[, u E [M, +oo[; 

(iv} for any compact set K C ]0, +oo[, there is hK E A such that 

lf(t, u)l ::::; hK(t), for all t E ]0, 1r[, u E K. 

Then the problem (3.1) has at least one solution 

31 

Remark 3.1 Assumption (ii) is equivalent to assume there exist k > 1 and a function 
a1 E C6([0, 1r], JR+) such that: 
(a) t E ]0, 1r[ implies a1(t) > 0; 
(b) f(t,u) ~ k2u, for all t E]0,1r[, 0 < u::::; a1(t); 
(c) ii1(t) > 0, for all t E [0,7r/3] U [27r/3,7r]. 

Proof of Theorem 3.1 : Step 1 - Construction of lower solutions. Consider k2 such 
that 1 < k2 < min(k, 2) and the function 

where A2 is chosen small enough so that : 

. 17r 171" 
f(t,u) ~ k2u, for all t E] (1- k2)2, (1 + k2)2 [, 0 < u::::; a2(t). 

Next, we choose a 1 from the remark and let 

where A1 E ]0, 1] is small enough so that for some points t 1 E ]0, H t2 E J2;, 1r[, one 
has: 
(a-1)a1(t) ~ a 2(t), for all t E [O,t1] U [t2,1r]; 
(b-1)a2(t) ~ a 1(t), for all t E [t1, t2]. 

Notice that. for any h : ]0, 1r[ xJR6 ---+ lR such that : 

h(t,u) ~ f(t,u), for all (t,u) E]0,7r[x1Rri, 

one has: 
(a-2)al(t) + h(t,a1(t)) ~ a 1(t) + k2a 1(t) > 0, for all t E [O,ti] U [t2,1r]; 
(b-2)a2(t) + h(t, a2(t)) ~ -k~a2 (t) + k2a 2(t) > 0, for all t E [t1, t2]. 
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Step 2 -Approximation problems. We define for each n EN, n :2: 1, 

TJn ( t) = max{ 2n
1+1, min(t, 7f - 2n

1+1 )}, t E ]0, 1r[ 

and set 
fn(t, u) = max{f(TJn(t), u), f(t, u) }. 

We have that, for each index n, fn : ]0, 1r[ xiRri -->IRis continuous and 

fn(t, u) = f(t, u), for all (t, u) E Kn x IRri, 

where 
1 1 

Kn = [2n+l '7f- 2n+l]. 

Hence, the sequence of functions {fn} converges to f uniformly on any set K x IRri, 
where K is an arbitrary compact subset of ]0, 1r[. 

Next we define 
j,.,(t, u) = min{h (t, u), · · ·, fn(t, u) }. 

Each of the functions fi is a continuous function defined on ]0, 1r[ xiRri; moreover 

!1 (t, u) :2: h(t, u) :2: · · · :2: fn(t, u) :2: fn+l (t, u) :2: · · · :2: f(t, u) 

and the sequence Un) converges to f uniformly on the compact subsets of ]0, 1r[ xiRri 
since 

fn(t, u) = f(t, u), for all t E Kn, u E IRri. 

Define now a decreasing sequence (En) C IRri such that 

lim En= 0, 
n--+oo 

f(t,u) :2: k2u, for all t E Kn, u E]O,En], 

and consider the sequence of approximation problems: 

u+fn(t,u)=O, 
u(O) =En, u(1r) =En· 

Step 3 - A lower solution of ( Pn). It is clear that for any c E ]0, En] 

fn(t, c) :2: f(TJn(t), c) :2: k2c > 0. 

As the sequence (En) is decreasing, we also have 
. - 2 fn(t, En) = mm fk(t, En) :2: k En > 0. 

l~k~n 

It follows that a 3(t) := En is such that 

Ci3(t) + fn(t, a3(t)) = fn(t, En) > 0 

and a= max(a1(t), a2(t), E1) is a lower solution of (Pn)· 
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Step 4 - Existence of a solution ui of (PI) such that 

From assumption (iii), we can find M 2 max( a I (t), a 2(t), EI) and hE A such that, 
for all t E ]0, n[, u E [M, +oo[, 

f(t, u) ::; "(2U + h(t). 

Also, one has 

where R > 0 is a suitable constant. Hence, we can write, for such t and u, 

fr(t, u) = max{f(7JI(t), u), f(t, u)} ::; "(2u + h(t) + R. 

Choose (3 such that 
ij + 12 (3 + h( t) + R = 0, 
(3(0) = M, (3(n) = M, 

i.e. 
(3 = M +fa" G(t, s)[h(s) + R +12M] ds 2M, 

where G(t, s) is the Green function of the problem 

ii+"(2u+g(t) =0, 
u(O) = 0, u(n) = 0. 

Notice that (3 is well defined and bounded since h E A. It is easy to see now that 

i3 +!I (t, !3) ::; i3 + "(2(3 + h(t) + R = 0. 

By Theorem 2.6, we know that there is a solution ui of (PI) such that 

max(ai(t), a 2(t), EI)::; ui(t)::; (3(t). 

Step 5 - The problem (Pn) has at least one solution Un such that 

Let us notice that lLn-I is an upper solution of (Pn). Since 

0 = Un-I(t) + fn-I(t,lLn-I(t)) 2 Un-I(t) + fn(t,lLn-I(t)) 

and 
lLn-I(O) = lLn-I(7r) = En-I 2 En· 

The claim follows by Theorem 2.6. 
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Step 6- Existence of a solution of (3.1). Consider now the pointwise limit 

u(t) = lim Un(t). n-+oo 

It is clear that, for any n 2 1, 

Using Arzela-Ascoli Theorem on compact subintervals of ]0, 1r[, we can prove that 
limn-+oo Un = u in C1. Next, from the closedness of the derivative, we deduce u E 

C2(]0, 1r[, IRti) and, for all t E ]0, 1r[, 

t(t) + f(t, u(t)) = o. 

Since 
u(O) = u(1r) = lim En= 0, n-+oo 

it remains only to check the continuity of u at t = 0 and t = 1r. This can be deduced 
from the continuity of Un and the fact that un(O) = un(1r) =En ---+ 0. Indeed, for any 
TJ > 0, if n is large enough and t small enough, 

0 < u(t) :S Un(t) :SEn+ TJ/2 < TJ. • 
As a first example, notice that the function 

1 1 
f(t, u) = ( ) -1r-ttu 

in (3.3) satisfies the assumptions of the above theorem. 

Example 3.1 A model example is the so-called generalized Emden-Fowler equation: 

u + ~!) = h(t), 
u(O) = 0, u(1r) = 0, 

where a > 0, f, hE C(]O, 1r[), f > 0 on ]0, 1r[ and 

fo"' t(1r- t)(f(t) + lh(t)l) dt < +oo. 

Notice that in this example h can change sign, f and h can be singular at t = 0 and 
t = 7f. 

Several extensions can be found in the literature, for example the following problem 
deals with non homogeneous boundary conditions. 
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Problem 3.1 Prove the following result. 
Let J, hE C(]O, rr[), f(t) > 0 on ]0, rr[, a> 0, a~ 0 and b ~ 0. Suppose that 

k'lr t(rr- t)(f(t) + ih(t)l) dt < +oo. 

Then the problem 

u + f(t) = h(t), 
uu 

u(O) =a, u(rr) = b, 

has a solution. 
Hint : See J. Janus- J. Myjak [71]. 

The next problem concerns condition (iii) in Theorem 3.1. 

Problem 3.2 Consider the boundary value problem 

u +>. u(1 +sin u) + t(1rl_t) = 0, 
u(O) = 0, u(rr) = 0, 
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where>.~ 0. Notice that we obtain existence of a solution from Theorem 3.1 if>.< 1/2. 
Prove that we have existence if >. < 1. 
Hint : SeeP. Habets and F. Zanolin [64]. 

Other results concern regularity at the end points of the interval [0, rr]. 

Problem 3.3 Using the set of measurable functions h : [0, rr] -t JR+ such that 

k'lr sh( s) ds < +oo 

extend Theorem 3.1 to obtain solutions u E C1((0, rr], JR+). 
Similarly, obtain solutions u E C1([0, rr), JR+) from the condition 

k'lr (rr- s)h(s) ds < +oo. 

Hint : See P. Habets and F. Zanolin [63]. 
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3.2 Pairs of positive solutions 

In the first section, we have considered assumptions such that the "slope" f(~u) is larger 
than the first eigenvalue when u goes to zero and smaller than this first eigenvalue when 
u goes to infinity. This lead to the existence of at least one positive solution. In this 
section, we consider the case where the "slope" f(~u) is larger than the first eigenvalue 
near 0 and near infinity. As it is obvious from the example 

u + 4u =sin 2t, 
u(O) = 0, u(1r) = 0, 

these assumptions alone do not guarantee the existence of positive solutions. 
To obtain such a result for an elliptic Dirichlet problem, D. G. de Figueiredo and 

P. L. Lions [40] suppose moreover the existence of a strict upper solution and obtain 
the existence of two positive solutions. Also, we can prove that the assumption near 
infinity implies that we have an a priori bound on the upper solutions of (3.1) satisfying 
the boundary conditions. From this remark, it is possible to apply Theorem 2.16. 

Our first result uses Bn hypothesis of nonresonance type with respect to the first 
eigenvalue at infinity. 

Theorem 3.2 Let f: ]0, 1r[ xJRci -+JR. be a continuous function. Assume there exist a, 
(3 E C([O, 1r]), respectively a W 2•1-lower solution and a strict W 2•1-upper solution, such 
that (3(0) > 0, (3(1r) > 0, and for all t E ]0, 1r[ 

0 < a(t) :::; (J(t). 

Assume further 
(i) for every R > 0, there exists hR E A such that, for a. e. t E ]0, 1r[ and all u E 

[a(t), R], 
if(t, u)i ~ hR(t); 

(ii) there exist p > 0 and b, c E A, b > 0 on [0, 1r] such that 
• for a. e. t E [0, 1r] and all u;::: p, 

• the first eigenvalue >.1 of 

is such that >. 1 < 1. 

f(t, u) ;::: b(t) u- c(t); 

u +:Abu= 0, 
u(O) = 0, u(1r) = 0, 

Then the problem (3.1) has at least two positive solutions in C([O, 1r], JR.+) nC 2(]0, 1r[, IRci). 

A similar result can be obtained from a resonance condition. 
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Theorem 3.3 Let f: ]0, 1r[ xiRt --+ lR be a continuous function. Assume there exist a, 
f3 E C([O, 1r]), respectively a W 2•1-lower solution and a strict W 2•1-upper solution, such 
that /3(0) > 0, j3(1r) > 0, and for all t E ]0, 1r[ 

0 < a(t) :S j3(t). 

Assume further that 
(i) for every R > 0, there exists hR E A such that, for a. e. t E ]0, 1r[ and all u E 

[a(t), R], 
if(t, u)i :S hR(t); 

(ii} there exist p > 0 and b E A, b > 0 on [0, 1r] such that: 
• for a. e. t E [0, 1r] and all u ~ p, 

• the first eigenvalue .A1 of 

is such that .A1 :S 1; 

f(t, u) ~ b(t) u; 

ii +.Abu= 0, 
u(O) = 0, u(1r) = 0, 

• foo(t) := liminf[f(t,u)- b(t)u] ~ 0 and foo ¢0. 
u->+oo 

Then the problem (3.1) has at least two positive solutions in C([O, 1r], JR+)nC2(]0, 1r[, IRt). 

The proof of these theorems, which follows from Theorem 2.16, will be omitted but 
the interested reader can find them in C. De Coster, M. R. Grossinho and P. Habets 
[35]. It relies on auxiliary results concerning the linear eigenvalue problem 

in case bE A. 

ii +.A b(t)u = 0, 
u(O) = 0, u(1r) = 0, 

(3.4) 

Remark 3.2 Observe that condition (ii) of Theorem 3.2 generalizes the nonresonance 
condition 

liminf f(t,u) ~ b(t) 
u->+oo u 

uniformly in t with b(t) ~ 1 and b(t) > 1 on a subset of [0, 1r] of positive measure. This 
condition was introduced by J. Mawhin and J.R. Ward [94] and [95]. 

Notice also that condition (ii) of Theorem 3.3 is related to the classical Landesman
Lazer condition. In case of resonance, At = 1, this condition (ii) implies the Landesman
Lazer condition J; f 00 (t)<pt(t) dt > 0, where <p1 is the eigenfunction of (3.4) correspond
ing to At. 
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There are several conditions which give us the existence of the lower and strict 
upper solutions required in Theorem 3.2 and 3.3. For example, we can use the following 
propositions which have the advantage to conserve the singular behaviour off at t = 0 
and t = 1r. 

Proposition 3.4 Letb E·A, b(t) > 0 a.e. on [0,1r] and assume that thefirst eigenvalue 
of (3.4) satisfies >.1 ::; 1. Suppose that there exists f. > 0 such that, for a. e. t E ]0, 1r[ 
and all u E ]0, t[, 

f(t, u) 2: b(t) u. 

Then the problem (3.1} has a W 2•1-lower solution a such that a(t) E [0, t[ for every 
t E [0,1r]. 

Proof: Let a be a positive eigenfunction of (3.4) that corresponds to ).1 and such that 
maxt a(t) <f.. Then a(t) is a W2•1-lower solution of (3.1). • 

Remark 3.3 Observe that the condition of Proposition 3.4 are satisfied if 

liminf f(t,u) 2: b(t) 
u~o u 

uniformly in t with b(t) 2: 1 and b(t) > 1 on a subset of [0, 1r] of positive measure. 

Proposition 3.5 Let bE A, b(t) > 0 a. e. on [0, 1r] and assume that the first eigenvalue 
of (3.4} satisfies ).1 2: 1. Suppose that there exist M > m > 0 such that, for a. e. 
t E ]0, 1r[ and all u E [m, M], 

f(t, u)::; b(t)(u- m). 

Then the problem (3.1} has a strict W 2•1-upper solution f3 such that f3(t) E [m, M] for 
every t E [0, 1r]. 

Proof: Let /31 be a positive eigenfunction of (3.4) that corresponds to >.1 and such that 
maxt /31 (t) < M- m. Then f3(t) = /31 (t) + m is a strict W2•1-upper solution of (3.1 ). • 

Remark 3.4 In case we can choose f. < m in Propositions 3.4 and 3.5, they provide 
the existence of a lower and a strict upper solution of problem (3.1) such that a< (3. 

Example 3.2 Consider the function f : ]0, 1r[ xiRt -+ IR defined by 

3 1 2 
f(t, u) = ( ) ( 2-- + u). t?T-t u u 

The main feature of this example is that each of the terms ~, _1., u provides one of the u u 

basic assumptions in Theorem 3.3. The function a can be build from the singularity 
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--\ near the origin. The upper solution follows from the term - ~ which dominates on a u u 
bounded interval away from the origin. The term u implies the appropriate behaviour 
at infinity. This is clear if one check the following. 
(a) The function 

a(t) = ao tlf3(7r- t)l/3 

is a lower solution if a0 > 0 is small enough. 
(b) The constant function 

{3(t) = 0, 9 

is a strict upper solution. 
(c) Given R > 0, if u E [a(t), R] we have 

I 3 1 2 I lf(t, u)l = t(7r- t) (u2 -;: + u) 

< + +~R 3 ( 1 2 ) 
- t(1r- t) a~t2l3 (1r- t) 2/ 3 a 0t1/ 3(1r- t)l/3 

=: hR(t) 

and hR EA. 
(d) Take b(t) = t(·/-t). Easy computations show that the first eigenvalue of 

u" + ).b(t)u = 0, 
u(O) = 0, u(1r) = 0 

is ).1 = 1 with eigenfunction c,o1(t) = t(1r- t). Then (ii) is satisfied since 

liminf[f(t,u)- b(t)u] = liminf ( 1 )[3(_!_2 - ~ +u)- 2u] = +oo. 
u-++oo u-++oo t 7r - t U U 

4 An Ambrosetti-Prodi problem 

In this chapter, we consider boundary value problems depending on parameters and we 
study existence and multiplicity results. A model example for the situation considered 
here is 

ii + 2u+ = v sin t, 
u(O) = 0, u(1r) = 0, 

where u+ = max(u, 0) and v E JR. It is easy to see that 
(i) if v < 0, the problem (4.1) has no solution; 
(ii) if v = 0, the problem (4.1) has only the trivial solution; 
(iii) if v > 0, the problem (4.1) has at least two solutions ±vsint. 
This kind of result is classically called an Ambrosetti-Prodi problem. 

(4.1) 
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In 1972, A. Ambrosetti and G. Prodi [12] have considered the problem of charac

terizing the set of functions h such that the Dirichlet problem 

b.u + f(u) = h(x), in 0, 
u = 0, on 80, 

has a solution. They have investigate the case of a convex function f which satisfies 

0 < lim J'(u) < .\1 < lim J'(u) < .\2, 
u~-oo u~+oo 

where .\1 , .\2 are the two first eigenvalues of the Laplacian operator together with Dirich

let boundary conditions. From such an assumption, they obtained a manifold M which 

separates the space of forcings h in two regions 0 0 and 0 2 such that the above problem 

has zero, exactly one or exactly two solutions according to hE 0 0 , hE M or h E 0 2 . 

Later, R. Chiappinelli, J. Mawhin and R. Nugari [27] have investigated the problem 

u + u + f(t, u) = vcp(t), 
u(O) = 0, u(n) = 0, 

where cp(t) = ~sin t. Using a coercitivity assumption 

lim f(t, u) = +oo, 
lul-++oo 

uniformly in t, they proved there exist v0 and v1 > v0 such that 

(i) if v < v0 , the problem ( 4.2) has no solution; 
(ii) if v0 ~ v ~ v1, the problem ( 4.2) has at least one solution; 

(iii) if v1 < v, the problem (4.2) has at least two solutions. 

(4.2) 

Under the additional condition that f(t, u) + Ku is nondecreasing for u in some neigh

bourhood of the origin, they proved that v0 = v1. J. L. Kazdan and F. W. Warner 

[74] remarked that v0 = v1 if cp(t) = 1 and more generally whenever cp is one sign. The 

problem is to recognize if an upper solution is strict or not in order to apply Theorem 

2.15. 
In order better to understand the relation between these two results, we consider 

in this chapter the two parameters problem 

u + u + f(t, u) = f.L + vcp(t), 
u(O) = 0, u(n) = 0. 

(4.3) 

Detailed proofs of the theorems, together with additional results and examples, can be 

found in [36]. 

4.1 Existence results 

A first result separates the space of parameters (f.L, v) in two regions 0 0 and 0 1 such 

that the problem ( 4.3) has no solution in 0 0 and at least one in 0 1. 
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Theorem 4.1 Let f be a LP-Caratheodory function such that 
(H-1)for any to E [0, 1r] and any bounded set E C IR, there exists an interval !0 with 

to E Io and 

VE > 0, 38 > 0, for a.e. t E 10 , Vy E E, Vx E [y- 8sint,y] 
f(t, x)- f(t, y) ~ E; 

(H-2) lim f(t, u) = +oo, uniformly in t 
U--+-00 

and 
(H-3)there exists k E L 1(0,1r) such that for a.e. t E [0,1r] and allu E IR, f(t,u) ~ k(t). 

Then, there exists a nonincreasing, Lipschitz function f..l.o : lR -+ lR such that 
(i) if f..1. < f..l.o(v), the problem (4.3) has no solution; 
(ii) if f..l.o(v) < f..l., the problem (4.3) has at least one solution in W2•1(0,1r). 

Remark 4.1 Assumption (H-1) is an upper semicontinuity off from the left in x with 
some uniformity in t. 

Typical examples of £P-Caratheodory functions satisfying (H-1) are 

f(t, u) = g(u) + h(t), 

with g continuous and hE £P(O, 1r). 
The condition (H-1) implies that a solution f3 of (4.3) with (f..l., v) = (f..l.o, v0 ) is a 

strict upper solution of (4.3) for any (f..l., v) such that 

f..l. > f..l.o and f..l. + {g v > f..l.o + {g Vo. 

Sketch of the proof First part- Let us fix v E lR and prove the existence of f..l.o(v). 
Step 1 - Claim : The problem ( 4.3) has no solution for f..1. negative enough. Multiplying 
the equation by cp and integrating, one obtains a lower bound on f..l.· 

Step 2 - Claim : There exists f..1. large enough so that the problem ( 4.3) has a strict 
upper solution /3. Let mE £ 1(0, 1r) be such that for a.e. t E [0, 1r] and all u E [-1, 1], 
lf(t, u)l ~ m(t). For h E £ 1(0, 1r) denote h = J; h(t)cp(t) dt. Choose p E C([O, 1r]), a 
£ 1-approximation of m, close enough so that the problem 

ii + u + (m- p)- (m- p)cp(t) = 0, 
u(O) = 0, u(1r) = 0 

has a solution f3 E [ -1, 1]. For f..1. large enough, f3 is a strict upper solution. 

Step 3 - Claim : The problem ( 4.3) (with f..1. as in Step 2) has a strict lower solution 
a-< /3. From the assumptions, we have k E £1(0, 1r) arid we can find r > 0 such that 

f(t, u) ~ k(t), if u E IR, 

~ f..1. + 'i{i + 1, if u < -r. 
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Let Fe := [0, 8] U [n - 8, n] and define 

g(t) = k(t) - p,, 
=!!. fi+ 1 2y 2 • 

if t E Fe, 
if t ~Fe. 

We can choose 8 small enough so that 

g = fo7r g(t)<p(t) dt > v. 

Define now w to be the solution of 

w + w + g(t) - g<p(t) = 0,. 
w(O) = 0, w(n) = 0. 

For a negative enough, the function 

verifies the claim. 

Step 4 - We define 

o:(t) = a<p(t) + w(t) 

C. De Coster and P. Habets 

p,0 (v) =·inf{p, I (4.3) has a solution for (p,, v)}. 

From the previous steps and Theorem 2.4, p,0 (v) exists. 

Step 5 - Claim : For f.L > f.Lo(v) the problem (4.3) has at least one solution. From 
the definition of f.Lo(v), given f.L > J.to(v), there exists f.Ll E [J.to(v), f.L[ and u1, solution 
of (4.3) for (J.t1, v). This function u1 is a strict upper solution of (4.3) for (f.L, v). The 
existence of a strict lower solution follows as in step 3. The assertion follows then from 
Theorem 2.4. 

Second part- The function J.to is nonincreasing and Lipschitz. Let v1 < v2. Using the 
arguments of step 5, we prcve there exists a strict upper solution {3 if (p,1, vl) is such 

that p,1 > p,0(v2) + J! (v2 - v1). From the argument of step 3, we find a strict lower 

solution o: -< {3 and from Theorem 2.4, it is clear that p,0 (vl) :::; p,0(v2) + J! (v2 - vl) 

Using a similar idea, we prove that p,0 (v1) ~ J.to(v2)· • 

4.2 Multiplicity results 

Consider the problem ( 4.3) with 

f(t, u) := u-

It is easy to see that p,0 (0) = 0. First, one proves there is no solution if v = 0 and 
p, < 0. Next, considering a solution for v = 0 and p, > 0, the distance between two 
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consecutive zeros 0f a positive hump of such a solution is larger than 1r. Hence, this 
solution has to be negative and is unique. This means that for v = 0, Theorem 4.1 
gives an exact count of the number of solutions. To obtain a multiplicity result, we 
will have to reinforce (H-2) and (H-3), assuming a better control on the nonlinearity 
for large values of u. 

Theorem 4.2 Let f be a V-Caratheodory function which satisfies (H-1) and 
(H-4) lim f(t, u) = +oo, uniformly in t. 

lul--++oo 
Then there exists a nonincreasing, Lipschitz function /.Lo : lR ____, lR such that 

(i) if 11 < /.Lo(v), the problem (4.3) has no solution; 
(ii) if 11 = /.Lo(v), the problem (4.3) has at least one solution in W2·P(O,n); 
(iii) if /.Lo(v) < /1, the problem (4.3) has at least two solutions in W2·P(O, n). 

Sketch of the proof. Let /.Lo(v) be defined from Theorem 4.1 and consider v1 and 

/11 > /.Lo(vt). 
Step 1 - Claim : There is r > 0 such that for all 11 < 111 and all solutions u of ( 4.3) 
with (11, vt), we have //u//oo < r. Let u be such a solution. It is proved in [88] that for 
some K > 0 independent of u, one has 

1/ulloo ~ K fo1r lii(t) + u(t)/cp(t) dt, 

where u = u+ucp and u = J; ucpdt, Also, there exists some function mE £1(0, n) such 
that 

/ii(t) + u(t)/ ~ f(t, u(t)) + m(t) + /11/ + /v1/cp(t). 

Hence, we obtain some r E lR such that 1/u//oo ~ r. 
At last, we assume there exists a sequence ( un)n such that //un /loo ____, +oo. If we 

write Un = Un + Un'P as above, we must have /un/ ____, +oo and, using Fatou's theorem, 
we come to a contradiction. This proves there exists r E IR such that //u// 00 :S r and 
the claim follows. 

Step 2- We can find as in Theorem 4.1 strict lower and upper solutions o: -< (J. Hence, 
we can apply Theorem 2.15 which proves that for (11 1, v1) the problem (4.3) has at least 
two solutions. 

Step 3- Claim: If 11 = /.Lo(v), the problem (4.3) has at least one solution. Consider 
a sequence (!1n)n such that /.Ln > /.Lo(v) and /.Ln ____, /.Lo(v), together with a solution Un 
of (4.3) for (/.Ln, v). From Arzela-Ascoli Theorem, it is easy to find subsequences such 
that Un converges to a function u solution of (4.3) for (/1, v). • 

If we recall that /.Lo is nonincreasing, we can summa;rize Theorem 4.2 in Figure 1. 
It is then obvious that, for 11 constant, for example 11 = 0, Theorem 4.2 reduces to the 
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following result which extends [27] to LP-Caratheodory functions. 

Jl 

v 

fig. 1 

Corollary 4.3 Let f be a LP-Caratheodory function such that (H-1} and (H-4) are 
sat~sfied. 

Then there exist v0 and v1 ~ v0 such that 
(i} if v < vo, the problem ( 4.2) i.e. 

has no solution; 

ii + u + f(t, u) = vcp(t), 
u(O) = 0, u(n) = 0, 

(ii} if v0 ~ v ~ v1, the problem (4.2) has at least one solution in W 2·P(O, n); 
(iii} if v1 < v, the problem (4.2) has at least two solutions in W 2·P(O, n). 

At last, we can complement this corollary noticing that generically v0 == v1 . Indeed, 
this holds for arbitrary small perturbations of f. 

4.3 Decreasing of J.Lo 

In this section, we give some assumptions on f which imply that the function 11-o given 
by Theorem 4.1 is decreasing. 

Proposition 4.4 Let f be a LP-Caratheodory function which satisfies (H-1} and (H-
4). Assume one of the functions g(t, u) = f(t, u) or g(t, u) = - f(t, u) is such that 
(H-5) given R > 0, we have 

VE > 0,38 > O,for a.e. t E [O,n], (Vx: JxJ ~Rcp(t)), (Vy: JyJ :S Rcp(t)), 
0 ~X- y ~ 8cp(t') => g(t, y)- g(t, x) ~ Ecp(t). 

Then, the function 11-o(v) is decreasing. 
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Proof : Let vo E JR. 

Step 1 - Claim : For all v > v0 , there exist f..Ll < f..Lo(v0 ) and a strict upper solution (3 
of(4.3)forf..LE]f..LI,f..Lo(vo)] andv. 

Assume g(t, u) = f(t, u) in (H-5). The proof is similar in case g(t, u) = - f(t, u). 
From Theorem 4.2, there is a solution u0 of 

uo + uo + f(t, uo) = f..Lo(vo) + Vot.p(t), 
uo(O) = 0, uo(n) = 0. 

Also, there exists K > 0 such that for every m > 0, the solution w of 

w + w = -m(1- 2~<p(t)), 
w(O) = 0, w(n) = 0, 

with w = 0, is such that, for all t E [0, n], 

lw(t)l::::; mK<p(t). 

Define 
(3(t) := uo(t) + w(t)- mK<p(t), 

where mE ]0, 1] will be chosen later. Observe that 

0::::; uo(t)- (3(t)::::; 2mK<p(t). 

Let R > 0 be such that, for all mE ]0, 1], 

luo(t)l < R<p(t), l/3(t)l < R<p(t). 

Define E > 0 such that 
vo+t<v 

and pick 8 > 0 from assumption (H-5). Next, we choose m E ]0, 1] small enough so 
that 

2mK ::::; 8, v0 + 2{g m + E ::::; v. 

and set f..Ll := f..Lo(v0 ) - m. For these values, we can prove that (3 is a strict upper 
solution of (4.3) for f..L E]f..L1,f..Lo(v0)] and v. 
Step 2- It is now easy to conclude as in Step 5 of Theorem 4.1. • 

Assumption (H-5) can be thought of as some one-sided uniform continuity assump
tion when t # 0, 1r, together with a Lipschitz condition near zero. More precisely, we 
have the following result whose proof can be found in [36]. 
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Proposition 4.5 Let f(t, u) be a continuous function which verifies 
(H-5 ') there exist L > 0 and r > 0 such that 

f(t, u) + Lu or - f(t, u) + Lu 

is nondecreasing in u for a.e. t E [0,1r] and u E [-r,r]. 
Then assumption (H-5) holds. 

Theorem 4.4 implies that the set of points v so that the problem ( 4.2) has exactly 
one solution reduces at most to one point. This is the aim of the following Theorem 
which improves a result of P. Habets and P. Omari [61] and the corresponding one in 
R. Chiappinelli, J. Mawhin and R. Nugari [27]. 

Theorem 4.6 Let f be a V-Caratheodory function ·such that (H-1}, (H-4) and (H-5} 
are satisfied. 

Then there exists v0 E IR such that 
(i) for v < v0 , the problem ( 4.2) has no solution; 
(ii} for v = vo, the problem (4.2) has at least one solution in W2·P(O, 1r); 
(iii}for v > v0 , the pmblem (4.2) has at least two solutions in W2·P(O, 1r). 

Let us notice at last that similar results are obtained in [36] in case the Lipschitz 
condition is replaced by a Holder one. 

Problem 4.1 Under which conditions Corollary 4.3 gives an exact count of the solu
tions? 
Hint : See H. Berestycki [16]. 

Problem 4.2 Consider the problem 

ii + u + f(u) = S';?(t), 
u(O) = 0, u(1r) = 0, 

where f is a continuous function. Prove that if 

lim f(u) = +oo 
lul-++oo 

and, moreover 

(4.4) 

>.2- 1 = 3 < lim f(u) =:It< 8 = >.3- 1, (4.5) 
u-++oo u 

then, for s large enough, the problem ( 4.4) has at least three solutions. 
Hint: See A.C. Lazer- P.J. McKenna [79]. 

Combining the method of lower and upper solutions with a shooting method, we 
can extend this result. 
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Problem 4.3 Prove the following result. 
Let f E C1 (IR) and hE C([O, 1r]). Assume that, for some n ~ 1, 

lim inf f ( u) < 1 and n 2 < lim f' ( u) < ( n + 1) 2 . 
u~-oo u u-+oo 

Then there exists s1 such that, for s > s1 the problem 

has at least 2n solutions. 

u + f ( u) = h ( t) + s sin t, 
u(O) = 0, u(1r) = 0, 

Hint: See A.C. Lazer- P.J. McKenna [80] and [81]. 
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A similar type of result appears for a boundary value problem with a parameter s in 
the boundary conditions rather than in the forcing. This is described in the following 
problem. 

Problem 4.4 Consider the problem 

u + f(u) = h(t), 
u(O) = s, u(1r) =sa, 

with a > 0 and prove the following results. 
Let h E C([O, 1r]) and assume f E C(IR) satisfies 

lim f(u) =a lim f(u) = (3 
' ' u~-oo ·u u~+oo U 

(4.6) 

with a < 1 < /3. Then there exist s_ < 0, s+ > 0 such that, if s :S s_ the problem 
( 4.6) has at least two solutions and if s ~ s+ the problem ( 4.6) has no solution. 

Moreover, if f(u) = -au-+ f3u+ then (4.6) has only the trivial solution if s = 0, 
no solution when s > 0 and. a unique negative solution if s < 0. 
Hint : See G. Harris [65]. 

5 Non-ordered upper and lower solutions 

Let us consider the periodic problem 

u+ f(t,u) = 0, 
u(O) = u(21r), u(O) = u(21r). 

(5.1) 

We want to discuss the situation where a and (3 do not satisfy the "usual" ordering 
condition 

a(t) :S {J(t) for all t E [0, 21r]. 
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It was pointed out in [9] (see also Remark 2.2) that, in general, the mere existence 

of a lower solution and an upper solution for which 

a(t) 2 {3(t) for all t E [0, 21r] (5.2) 

holds is not sufficient to guarantee the solvability of (5.1). 
Lower and upper solutions a, {3 satisfying the opposite ordering condition (5.2) 

arise naturally in situations where the corresponding problem has a solution. As a 

very simple example, one can consider the linear system 

u + ~u =sin t, 
u(O) = u(21r), u(O) = u(21r). 

The functions a= ~ and {3 = -~ <a are lower and upper solutions such that a 2 {3. 
Notice, however, that the unique solution u(t) = -3 sin t does not lie between the 

upper and the lower solution. 
More generally, one can consider the problems 

u +AU= sint, 
u(O) = u(21r), u(O) = u(21r), 

(5.3) 

where A lies between the two first eigenvalues of the periodic problem 

u+ Au= o, 
u(O) = u(21r), u(O) = u(21r), 

i.e. 0 < A < 1. It is easy to see that, in such a case, there exist constant upper 

and lower solutions of (5.3) in the reversed order. Further, the solution of (5.3) lies 

between all of them, {3(t) ::; u(t) ::; a(t), if and only if 0 < A ::; ~· We shall see that 

if we reinforce this condition, i.e. A ::; ~, solutions can be obtained using monotone 

iterations. 
A last remark is due to J. Kazdan and F. Warner [74]. Assume there exists upper 

and lower solutions of (5.1) in the reversed order (5.2). This imposes some conditions 

on the nonlinearity. Indeed, if we assume further the function f ( t, . ) is nonincreasing, 

we can compute 

o 2 a(21r)- ~(21r)- a(o) + ~(o) = fn2
" (a(t)·- i3(t)) dt 

2 0 

2 fo "(f(t, {3(t))- f(t, a(t))) dt 2 0 

and the equality holds. This implies a = {3 and this function is already a solution of 

(5.1). For more general problems, the key assumption concerns the nonincreasingness 

of the function j(t,x)- A1 x, i.e. 

f(t, x)- f(t, y) < A 
- 1, 

x-y 
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where >.1 is the first eigenvalue of the corresponding eigenvalue problem (here >.1 = 0). 
Hence, such upper and lower solutions seem inappropriate to deal with in case f lies in 
some sense at the left of the first eigenvalue >.1. Remark also that a similar statement 
holds for well-ordered upper and lower solutions. If a ~ {3, the function f cannot lie 
at the right of the first eigenvalue. 

The last remark suggests that existence of upper and lower solutions satisfying (5.2) 
forces the nonlinearity f to be on the right of the first eigenvalue. In order to achieve 
the solvability, one should prevent the interference of f with the higher part of the 
spectrum. This can be expressed in various ways. 

In the first paragraph, we prove that the existence of a lower solution a and of 
an upper solution f3 (satisfying no ordering condition) implies the solvability of (5.1), 
provided that f(t, u) is bounded. In the second paragraph, we study systems with 
asymmetric nonlinearities. These are non-selfadjoint problems. Here, the upper and 
lower solutions are supposed ordered, i.e. they satisfy (5.2). The benefit of this as
sumption is that it gives some localization of the solution in the sense that there exists 
t0 E [0, 1r] such that f3(t 0 ) < u(t0 ) < a(t0 ). Such a property can be used to obtain mul
tiplicity results. The last paragraph extends some of the ideas on monotone iterations. 

5.1 Upper and lower solutions without ordering 

Consider the periodic problem (5.1). 

Theorem 5.1 Assume the function f : [0, 21r] x lR --+ lR is continuous and bounded. 
Assume further there exist a lower solution a(t) and a upper solution f3(t). 

Then, problem (5.1) has at least one solution. 

Proof : Consider the space 

{21f 
X= {u E C([O, 21r]) I lo u(t) dt = 0} 

with the riorm II · lloo· Define the compact solution operator 

K:X-+X 

such that for any f E X, u = K f is the unique solution in X of 

and the continuous operators 

which are defined by 

u + f(t) = 0, 
u(O) = u(27r), u(O) = u(21r) 

N : C([O, 21r]) -+ IR, 
N : C([O, 21r]) -+ X, 
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and 

Nu = 2~ fo 2
7r f(t, u(t)) dt, 

(Nu)(t) = f(t, u(t))- Nu. 

C. De Coster and P. Habets 

Given u E C([O, 21r]), we write 

'il= _!_ r2
7r u(t)dt and U=U-U. 

27f lo 

It is then easy to see that u E C([O, 27r]) is a solution of (5.1) if and only if u E lR and 

u E X are solutions of 

Step 1 - Claim : The set 

u = KN(u+u), 
N(u+u) = o. 

L: = {(u,u) E JR x x 1 u = KN(u+u)} 

is such that for a·11y a > 0, there exists a connected subset L:a of L: with projiRI:a := 

{u I ::Ju EX, (u,u) E I:a} =[-a, a]. 
Observe that for any u the operator Tu = K N(u + u) is bounded, completely 

continuous. Hence by Schauder's Theorem, there exists u EX such that u = Tu. This 

implies projiRI: = R Notice also that the boundedness ofT implies there exists R > 0 

such that L: c lR x BR· 
Define now K := { (u, u) E L: I -a :::; u :::; a} and Kr := { (u, u) E L: I u = r}. The 

set K is compact and K±a are nonempty disjoint, closed subsets of K. 
Suppose there does not exist a connected subset L:a of K joining K_a and Ka. 

Then there are disjoint compact subsets Ca ::J Ka and C_a ::J K_a, with K = C_a UCa. 

Hence we can find an open set 0 C ] - oo, a[ x B R such that 

C_a c 0 and Can TI = 0. 

Let Or := {u E X I r + u E 0}. It follows then from the properties of the degree (see 

e.g. [22]) that 

1 = deg(I- KN(·- a), BR) = deg(I- KN(·- a), O_a) 
= deg(I- KN(- +a), Oa) = 0, 

which is a contradiction. 

Step 2 - If there exists (u, u) E L: such that N(u + u) = 0, it is clear that u = u + u 
is a solution of (5.1). 

Let us prove that if such a (u, u) does not exist (i.e. for any (u, u) E 'E, N(u + u) i-
0), we can find well-ordered upper and lower solutions. For any a > 0, define L:a from 

the claim in Step 1 and since N is continuous, the set {N(u + u) I (u, u) E I:a} is an 
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interval that does not contain zero. Let us assume N(u + u) > 0. In that case, any 
function u = u + u such that (u, u) E Ea is a lower solution since 

u + f(t, u) = t + f(t, u + u) = N(u + u) > o, 
u(O) = u(2n), u(O) = u(2n). 

If we pick a large enough so that 

R- a< {J(t), 

where R is such that E c lR X BR, and u so that (-a, u) E Ea, we have a lower solution 

a 0 (t) = u(t)- a< {J(t). 

Similarly, if N(u + u) < 0, we build an upper solution {30 > a. The existence follows 
now from Theorem 2.2. • 

As an application, consider the following result. 

Theorem 5.2 Let f : [0, 2n] x lR -+ lR be a continuous, bounded function and h E 
C([O, 2n]). Assume that for some R > 0 and all (t, x) E {(t, x) E [0, 2n] x lR llxl ?: R}, 

f(t, x) sgn x?: 0, 

and 
{21r 

Jo h(t) dt = 0. 

Then the problem 
u + f(t, u) = h(t), 

u(O) = u(2n), u(O) = u(2n) 
has at least one solution. 

Proof: Let us show how to construct a positive lower solution. Take a solution w of 

u = h(t), 
u(O) = u(2n), u(O) = u(2n) 

and choose s large enough so that s + w(t) ?: R in [0, 2n]. It is then easy to see that 
a(t) = s + w(t) is the required lower solution. 

In the same way, we construct an upper solution {J(t) < -R. The result follows 
then from Theorem 5.1. • 

Example 5.1 Consider the following problem 

u + u exp( -u2) = h(t), 
u(O) = u(2n), u(O) = u(2n) 

where h E C([O, 2n]) is such that f~'lr h(t) dt = 0. Notice that the existence of a 
solution follows from the above theorem but cannot be deduced from Landesman-Lazer 
conditions such as in Proposition 5.8 below. 
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In the next example, we use upper and lower solutions u1 and u2 which are not 
ordered. 

Example 5.2 Consider the problem 

u + g(u) = h + h(t), 
u(O) = u(2n), u(O) = u(2n), 

(5.4) 

where g : lR ---. lR is a bounded continuous function and let us prove that, given 
hE L1(0, 2n) with f027r h(t) dt = 0, the values of hE lR for which the problem (5.4) has 
a solution is an interval. To see that, let h1 < h2 be such that the problems 

u + g(u) = h; + h(t), 
u(O) = u(2n), u(O) = u(2n), 

have a solution u;. Let h E [h1 , h2] then u1 and u2 are upper and lower solutions of 
(5.4). The result follows from Theorem 5.1. 

5.2 Upper and lower solutions in the reversed order 

In this section, we consider the problem (5.1) for asymmetric nonlinearities, i.e. we 
assume there exist functions a, b, c, dE £1(0, 2n) such that 

a(t) :S liminf f(t,u) :S limsup f(t,u) :S b(t), 
u->+oo U u->+oo U 

c(t) :S liminf f(t,u) :S limsup f(t,u):::; d(t), 
U---+-00 U U---+-00 U 

(5.5) 

uniformly in t. Further, we will assume the nonlinearity f to be a L1-Caratheodory 
function. 

An important assumption concerns the control of the linear growth of f. This will 
be done from the following definition. 

Definition 5.1 Let a, b, c, dE L1(0, 2n) be such that a(t) :S b(t), c(t) :S d(t) a. e. m 
[0, 2n ]. The set 

[a,b] x [c,d] = {(p,q) E £1(0,2n) x L1(0,2n) I 
a(t) :S p(t) :S b(t), c(t) :S q(t) :S d(t), a. e. in [0, 2n]} 

is said to be admissible if the following conditions hold. 
(A) For any (p, q) E [a, b] x [c, d], any nontrivial solution u of 

u + p(t)u+- q(t)u- = 0, 
u(O) = u(2n), u(O) = u(2n), 

(5.6) 

where u+(t) = max(u(t), 0) and u-(t) =max( -u(t), 0), is one-signed on [0, 2n], 
i.e. 

u(t) > 0 for all t E [0, 2n] or u(t) < 0 for all t E [0, 2n]. 
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(B) There exist two continuous functions J.l E [0, 1]---+ p~-', q~-' E £ 1(0, 21r) such that 
• (pl,q1) E [a,b] x [c,d] andp1(t), q1(t) 2:0 a.e. in [0,21r]; 
• Po= qo; 
• for any J.l E [0, 1], the problem 

u + p~-'(t)u+- q~-'(t)u- = 0, 
u(O) = u(21r), u(O) = u(21r), 

has only the trivial solution. 

The set F of points (J.L, 11) E IR2 such that the problem 

U + J.LU+ - IIU- = 0, 
u(O) = u(21r), u(O) = u(21r), (5.7) 

has a nontrivial solution is known as the Fucfk spectrum of (5.7). From an explicit 
computation of the solutions of (5.7), it is easy to see that 

where 

F1 = { (J.L, 0) I J.l E lR} U { ( 0, 11) l11 E lR} 
and 

1 1 2 
Fn = {(J.L,II) I !'ii + r,; = - 1}, n = 2,3, ... 

yJ.l yll n-
The following lemma can be used to describe sets that are admissible. 

Lemma 5.3 Let (~, 11) E F2 and p, q E L 1(0, 27r). Assume there exists some set 
I C [0, 21r] of positive measure such that 

p(t) :S J.l, q(t) :S 11, 
p(t) < ~' q(t) <II, 

for a. e. t E [0, 21r], 
for a.e. t E I. 

Then problem (5.6) has only one-signed solutions. 

(5.8) 

Proof : Assume there exists a solution u which is not one-signed. Extend u by peri
odicity and let t0 and t 1 be consecutive zeros such that u is positive on ]t0 , ti[. Define 
v(t) = sin(fo(t- to)) and compute 

It! it! (uv- vu) = (p(t)- J.L)u(t)v(t) dt:::; 0. 
to to 

If t1 -to < fo' we come to a contradiction 

0 < -v(t1)u(tJ) :::; 0. 
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Hence, t1- to 2: fo and we only have equality in case p(t) = /-l on [t0, tl]. Similarly, we 

prove the distance between two consecutive zeros t1 and t2 with u negative on Jt1, t2[ 
is such that t2- t1 2: Jv with equality if and only if q(t) = 11 on [t1, t2]. It follows that 

7r 7r 
27r > t2 - to > - + - = 27r. - -fo JV 

This implies t2- to= 27r, p(t) = /-l on [to, tl] and q(t) = 11 on [t1, t2] which contradicts 
(5.8). • 

From this Lemma, it is easy to deduce the following admissibility result. 

Proposition 5.4 Let a, b, c, d E L1 (0, 27r) be such that for some (f..l, 11) E F2 and some 
set I C [0, 27r] of positive measure, 

a(t) :=; b(t) :=; f..l, c(t) :=; d(t) :=; v 
b(t) < f..l, d(t) < 1/ 

for a. e. t E [0, 21r], 
for a.e. t E J, 

Assume moreover that there exists (f..lo, v0 ) in 

such that 
a(t) :=; /-lo :=; b(t), c(t) :=; 110 :=; d(t) for a. e. t E [0, 27r]. 

Then the set [a, b] x [c, d] is admissible. 

Proof: Part (A) of the definition of admissible sets follows from Lemma 5.3 and part 
(B) from the definition of the Fucfk spectrum. • 

We are now ready to state and prove the main result of this section. 

Theorem 5.5 Let f(t, u) be a L 1 - Caratheodory function such that for some a, b, c, 

dE £ 1(0, 27r), 
. . f(t, u) . f(t, u) 

a(t) :=; hmmf-- :=; hmsup-- :=; b(t), 
u-++oo U u-++oo U 

. . f(t, u) . f(t, u) 
c(t) :=; hmmf -- :=; hmsup -- :=; d(t), 

U--+-00 U U--+-00 U 

uniformly in t. 
Assume the set [a, b] x [ c, d] is admissible and there exist W 2.l-lower and upper 

solutions a(t) and (J(t) such that a(t) > (J(t) on [0, 27r]. 
Then, the problem (5.1) has at least one solution u such that for some toE [0, 21r:, 

(J(to) :S u(to) :S a(to). 
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Proof : The proof uses degree theory and proceeds in several steps. Throughout, we 
assume that a and {3 are lower and upper solutions which are not already solutions of 
problem (5.1). 

Step 1 - Construction of a homotopy. Define the functions 

-y(t, u, >.) := u, if u tt [{J(t)- 2>., {J(t)] U [a(t), a(t) + 2>.], 
:= 2u, if u E [{J(t)- 2>., {J(t)- >.] U [a(t) + >., a(t) + 2>.], 
:= a(t), if u E [a(t), a(t) + >.], 
:= {J(t), if u E [{J(t)- A, {J(t)], 

f>..(t, u) := f(t, -y(t, u, >.)), 
k(t, u) := f(t, a(t)) + p1(t)(u- a(t)), if u 2: a(t), 

:= f(t, u), if {J(t) < u < a(t), 
:= f(t, {J(t)) + q1(t)(u- {J(t)), if u ~ {J(t), 

and consider the homotopy 

u + (1- >.)f>..(t, u) + >.k(t, u) = 0, 
u(O) = u(2n), u(O) = u(2n). 

Define now the compact solution operator 

such that for any f E L1 (0, 2n), u = K f is the unique solution of 

u- u+ f = 0, 
u(O) = u(2n), u(O) = u(2n). 

(5.9) 

Consider the space X := { u E C1 ([0, 2n]) I u(O) = u(2n)} equipped with the norm 
II · lb and the continuous operator N>. :X ---+ L1(0, 2n) defined by 

(N>.u)(t) = (1- >.)f>..(t, u(t)) + >.k(t, u(t)) + u(t). 

Solutions of (5.9) are the fixed points of the completely continuous operator 

T>.: X---+ X, u t---t T>.u = KN>,u. 

At last, for some K > 0, we consider the set 

n = { u EX I :J to E [0, 2n], {J(to) < u(to) < a(to) and llulb < K}. 

Step 2 - A priori bounds on the solutions. 
Claim - There exists K > 0 such that, for any u E X, solution of (5.9), satisfying 
{3(t0 ) < u(t0 ) < a(to) for some toE [0, 2n], we have 

llullcl < K. 
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Let us assume there exist sequences (uk)k C X, (>.k)k C [0, 1] and (tk)k C [0, 21!'] so 

that: 
(i) llukllci 2 k; 
(ii) >. = >.k and u = Uk satisfy (5.9); 
(iii) {J( tk) < uk ( tk) < a( tk). 

Let r > max(llalloo, II!JIIoo) + 2 and define 

Notice that 

P(t, u) := max(a(t), min( f(;u), b(t))), 
:= P(t, r) 

Q(t, u) := max(c(t), min( f(;u), d(t))), 
:= Q(t, -r) 

h;.,(t, u) := j;.,(t, u)- P(t, u)u+ + Q(t, u)u-. 

if u 2 r, 
if u < r, 
if u:::; -r, 
if u > -r, 

P(t, u) E [a(t), b(t)], Q(t, u) E [c(t), d(t)] 

(5.10) 

and h;.,(t, u) is such that for any E > 0 there exists ')'1 E £ 1(0, 21!') so that for all u E lR 

and a.e. t E [0, 21!'] 

In a similar way, we can write 

where r(t, u) is such that for some ')'2 E £1(0, 21!') for all u E JR. and a.e. t E [0, 21!'] 

lr(t, u)l :::; 1'2(t). 

Next, we verify that the functions 

are such that 

where 

and 

vk + Pk(t)vt- qk(t)v;; + sk(t) = 0, 
vk(O) = vk(21T'), vk(O) = vk(21T'), 

The functions sk(t) are such that for any E > 0, there exists ')'3 E £ 1 (0, 21!') so that for 

any k 
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Hence, if k is large enough, llsk(t)llu ::; 2E, i.e. sk £ 0. From the equation 

it is clear that the functions vk are uniformly bounded by a function in £1(0, 2rr). flence, 

going to a subsequence, we can assume vk S v and, using Dunford-Pettis Theorem 

(see [20]), 'Pk !:!, p E [a, b] and qk !:!, q E [c, d]. From the closeness of the derivative, we 
deduce that v E W 2•1(0, 2rr) and 

v + p(t)v+- q(t)v- = 0, 
v(O) = v(2rr), v(O) = v(2rr). 

As the set [a, b] x [c, d] is admissible, we also know that the function v is one-signed. 
On the other hand, we deduce from (4.10) that for some subsequence 

which implies v is not one-signed. 

Step 3 - Solutions of (5.9) for A 2: 0 are not on an. 
Claim -Any solution u of (5.9) with A 2: 0 and such that u E 0, satisfies u(to) < a(t0 ) 

for some t0 E [0, 2rr]. · 
Let u E 0 be a solution of (5.9) with A 2: 0 and such that for all t E [0, 2rr], 

u(t) 2: a(t). Hence, u E an and there exists to E [0, 2rr] such that u(to) -a( to) = 
mint(u- a) = 0. Extend a and u by periodicity to all of R By the definition of 
a W 2•1-lower solution, we can find a neighbourhood 10 of t0 and t 1 E / 0 such that 
a E W 2•1(!0 ), (u'(t1)- a'(t1))sgn(t1 - t0 ) > 0, u'(t0 )- a'(to) = 0 and a.e. on Io 

u(t)- Ci(t) = -(f(t, a(t)) + Ci(t))- Ap1(t)(u(t)- a(t)) ::; 0, 

which gives a contradiction. 
In the same way we prove the following claim. 

Claim- Any solution u of (5.9) with A 2: 0 and such that u E 0, satisfies u(to) > (3(t 0 ) 

for some to E [0, 2rr]. 

Step 4 - Computation of the degree. 
From Steps 2 and 3, it is clear that the degree 

deg(I- K N).., n) 

is defined and independent of A E [0, 1]. For A= 1, (5.9) reduces to 

u+k(t,u)=O, 
u(O) = u(2rr), u(O) = u(2rr). 

(5.11) 



58 C. De Coster and P. Habets 

Claim - There is no solution u of (5.11) such that for all t E [0, 271'], 
u(t) ~ a(t). 

By contradiction, assume u ~a on [0, 211']. Let a be the solution of 

u- u + f(t, a(t)) + a(t) = 0, 
u(O) = u(211'), u(O) = it(211'). 

Observe that a ~ a. If not, mint(&(t)- a(t)) =&(to)- a(t0 ) < 0 and by definition 
of a W 2•1-lower solution, we have a neighbourhood 10 of t 0 such that a E W 2•1(I0 ) and 
for a.e. t E 10 , a(t) < a(t), 

&(t)- &(t) =- f(t, a(t))- &(t) + &(t)- a(t) < o, 

which contradicts the definition of t 0 . Moreover, as a is not a solution, a =f:. a. Observe 
now that v = u - a satisfies 

ii = -p1(t)(u- a(t))- (&(t)- a(t)), 
v(O) = v(211'), v(O) = v(211'). 

Hence, we have the contradiction 

{27r 
0 = v(211')- v(O) =- Jo [p1(t)(u(t)- a(t)) + (&(t)- a(t))J dt < 0. 

In a similar way we prove the following. 

Claim - There is no solution u of (5.11) such that for all t E [0, 271'], 
u(t) ~ {3(t). 

As a consequence of the above claims, we have 

where BR is a ball of radius large enough so that BR ::J 0. 
Define now for J.l E [0, 1], the functions 

kiJ.(t, u) := f(t, a(t)) + piJ.(t)(u- a(t)), if u ~ a(t), 
:= f(t, u), if {3(t) < u < a(t), 
:= f(t, {3(t)) + qiJ.(t)(u- {3(t)), if u ~ {3(t), 

and the operators NIJ. :X-+ £ 1(0, 211'), where 

Next, we consider the problems 

u + piJ.u+- qiJ.u- + J.L(kiJ.(t, u)- piJ.u+ + qiJ.u-) = 0, 
· u(O) = u(211'), it(O) = it(211'). 
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The functions k~-'(t, u)- pl'u+ + q~-'u- are uniformly bounded in £ 1(0, 27r). Hence, using 
the argument of Step 2, we can find a priori bounds on the solutions of (5.12) and, if 
R is large enough, 

As further I- K N0 is linear and one-to-one, one has 

deg(J- KN0 , BR) = ±1, 

which proves 
deg(J- KN1, 0) = ±1. 

The theorem follows. 

As a first application, consider the problem 

u + g(u) + h(t) = 0, 
u(O) = u(21r), u(O) = u(21r). 

• 

(5.13) 

We can apply the previous results to prove the following proposition which does 
not impose a control from below (such as in (5.5)) on the nonlinearity. 

Proposition 5.6 Let g be a continuous function, hE £<"'(0, 27r) and (J.t, v) 
E F2 • Assume that 

b :=lim sup g(u) < J.l, 
u->+oo U 

d :=lim sup g(u) < v 
1.1->-00 u 

and there exist W 2•1-lower and upper solutions a(t) and {J(t) such that a(t) > {J(t) on 
[0, 27r]. 

Then, the problem (5.13) has at least one solution u. 

Exercise 5.1 Prove Proposition 5.6. 
Hint : Use the fact that in case 

liminfg.(u) = -oo or 
u-++oo 

limsupg(u) = +oo, 
U-+-00 

we can find well-ordered upper and lower solutions. 

Notice that Proposition 5.6 does not guarantee that for some to E [0, 21r], (J(t0 ) ~ 
u(to) ~ a(to). 
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As a complement to Proposition 5.6 we can work out conditions which imply the 
existence of upper and lower solutions. 

Proposition 5.7 Let g be a continuous function, hE L00 (0, 27r) and (J.L, v) 
E F2. Assume that 

0 < b :=lim sup g(u) < J.L, . g(u) 
0 < d := hmsup-- < v. 

u-++oo U U-+-00 U 

Then, the problem (5.13) has at least one solution u. 

Proof : By Proposition 5.6, we just have to prove that there exists lower and upper 
solutions, o: and (3, such that o:(t) > (J(t) on [0, 27r]. Observe that, thanks to the 
assumptions b > 0, d > 0, we have (an)n C lR and (bn)n C lR such that 

an_, +oo and g(an) _, +oo, 
bn _, -oo and g(bn) -t -oo. 

Hence, ashE L00 (0, 211'), we have that, for n large enough, o:(t) :=an, (J(t) := bn are 
the required lower and upper solutions. • 

Upper and lower solutions in the reversed order appear in several applications. For 
example, we can use Landesman-Lazer conditions. 

Proposition 5.8 Assume f(t, u) is a U- Caratheodory function such that for somt 
f+ E £1(0,211') 

lim inf f ( t, u) = f + ( t) 
u-++oo 

and 
- 1 {27r 
f+ := 271' Jo f+(t)dt > 0. 

Then for any R > 0, there exists a function o:(t) ?: R which is a lower solution for 
(5.1). 

Proof : Let w be the solution of 

w + f+(t) -1+ = 0, 
w(O) = w(211'), w(O) = w(211'). 

Then for A large enough, o:(t) = w(t) +A is a lower solution. 

Exercise 5.2 Obtain upper solutions from the argument of Proposition 5.8. 

Consider now the problem 

ii + ausin2 u2 + h(t) = 0, 
u(O) = u(211'), u(O) = u(211'), 

• 

(5.14) 

where hE £ 2 (0, 211') and a E ]0, 1[. Since h can be unbounded, we cannot find constant 
upper or lower solutions. However, we can obtain them from the following proposition. 
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Proposition 5.9 Let g be a continuous function and hE £ 2(0, 2n). Assume that there 
exist sequences (ak)k, (bk)k and (ck)k of positive numbers such that 
(i) lim ak = lim bk- ck = +oo; 

k->oo k->oo 
(ii) for some E > 0 and any k, akck ~ t:; 
(iii) for any u E [bk- ck, bk + ck], g(u) ~ ak· 

Then, for any R > 0, there exists a function a(t) ~ R, which is a lower solution 
for (5.13). 

Proof : Let R > 0 be fixed. Consider the problem 

u-du+h(t)=O, 
u(O) = u(2n), u(O) = u(2n), 

where d > 0. Any solution u of this problem is such that 

r2rr r27r r27r 
lo u2 dt + d lo u2 dt = lo hu dt. 

Hence, we have the a priori estimates 

Also, for some to, 

Hence, we obtain 

Let us choose d0 such that 

and k so that 
l I 

ak ~ llhll£2(1 + 2dJ)2, bk- ck ~ R 

and next d ~ rloso that ak = llhll£2(1 + 2d~)~. For this choice of d and k, and all 
t E [0, 2n], we have 

and' 
E (1+2d~)~ 

ck ~ - ~ llhll£2 d ~ iu(t)i. 
ak 

Now, it is easy to see that a(t) = bk + u(t) ~ R is a lower solution since 

a+ g(a) + h(t) ~ du- h(t) + ak + h(t) ~ 0. • 



62 C. De Coster and P. Habets 

Exercise 5.3 Prove that if in Proposition 5.9, (iii) is replaced by 

(iii') for any u E [-bk- ck. -bk + ck], g(u) :S -ak, 

then, for any R > 0, there exists a function (J(t) :S -R, which is a upper solution for 

(5.13). 

Now we can solve the problem (5.14). 

Exercise 5.4 Prove existence of solutions for (5.14). 

We can also use the localization of solutions to obtain a multiplicity result. 

Theorem 5.10 Let f : [0, 27r] x lR--+ lR be a V-Carl!theodory function. Assume that 
there are real numbers fJ1 :S a 1 < a 2 :S (32 such that, for all t E [0, 27!'], 

f(t, f3i) :S 0 :S f(t, ai), fori= 1, 2, 
f(t, x) :S 0, if x :S fJ1. 

Then the problem (5.1) has at least two solutions u 1,u2 with infu1(t) :S a 1 and a 2 :S 
u2(t) :S fJ2· 

Proof: Observe that, for i = 1, 2, (Ji is an upper solution and Cl:'i is a lower solution. 
Hence the existence of u2 follows from Theorem 2.2. 

Step 1 - Claim: There exists K < (31 such that, every solution u of (5.1) with {31 :S 
maxu(t) :S /32 satisfies u(t) 2:: K on [0,27!']. 

Assume there exists to,t1 E [0,27r] such that u(to) = supu(t) 2::/31 and u(ti) = 
in£ u(t). Let h E £ 1(0, 27r) be such that, for a.e. t E [0, 27r] and all u E [/31 , /32], 

lf(t, u)i :S h(t). Then we have 

l ti 

infu(t) = u(tt) > /31 - (t1 - s)h(s)ds =: K 

which proves the claim. 

Step 2 - Conclusion 

to 

Consider the modifi€d problem 

where 

u- u + f(t, "Y(t, u)) + "Y(t, u) = 0, 
u(O) = u(27r), u(O) = u(27r), 

"Y(t, u) = K, if u < K, 
= u, if K :S u :S /32, 
= (32, if u > (32. 

(5.15': 

It is easy to observe that the problem (5.15) satisfies the conditions of Theorem 5.0 

with a(t) = a 1 and (J(t) = /31. Hence there exists a solution u 1 of (5.15) such that, for 

some t0 E [0, 27!'], (31 :S u 1 (to) :S a 1. By the construction of the modified problem, it is 
now easy to observe that, for all t E [0, 21r], u1(t) :S (32 and, by Step 1, u 1(t) 2:: K on 

[0, 27r]. Hence, u 1 is a solution of (5.1) with infu1(t) :S 0:'1. • 

Remark 5.1 We can replace the condition on a 1 and a 2 by the following: there exists 

a 3 E [/31, /32] which is a strict lower solution. 
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5.3 Monotone methods 

If the function f(t, u) satisfies some monotone assumption, we have seen in Section 1.5 
that solutions can be obtained from an iterative process. This can be generalized to 
some extend to the case the upper and lower solutions are in the reversed order. To 
achieve this goal, we need the following preliminary result. 

Lemma 5.11 The problem 

ii + ku = f(t), 
u(O)- u(21r) = o, u(O)- u(21r) =A, 

(5.16) 

has a positive solution for any A?: 0 and f E C([O, 21r]), f(t) ?: 0, f ;t 0, if and only 
if 0 < k ::; i· 
Proof: Notice first that if k < 0, we deduce from Lemma 2.19 that u::; 0. Further, if 
k = 0 and f E C([O, 21r]), f(t)?: 0, f ;t 0, the problem (5.16) has no solution. 

Claim 1 -If 0 < k ::; t, A ?: 0 and f(t) ?: 0, f ;t 0, solutions u(t) of (5.16) are 
one-signed. 

Let t0 be a zero of u. Extend u by periodicity, define v(t) = sin Vk(t- t0 ) and 
compute 

u(to) sin 27rVk?: (uv- vu)li: + (uv- vu)l~:+27r 
1to+2" 

= f(s) sin vk(s- to) ds > 0. 
to 

If k = i, this is contradictory. If k f. t, this implies u(t0 ) > 0 and u cannot be a 
periodic function. 
Claim 2- If 0 < k::; i, A?: 0 and f(t) ?: 0, f ;t 0, any one-signed solution of (5.16) 
is positive. 

Direct integration of (5.16) gives 

27f 27f 

k fo u(s)ds= fo f(s)ds+A>O. 

Hence, we have u(t) > 0. 
Claim 3 - If k > i, there exist nonnegative, nontrivial functions f and A ?: 0 such that 
the corresponding solution u of (5.16) is not one-signed. 

Let a, b be such that 

Define 

1 
- < a 2 < k < b2 and 
4 

f(t) := k~a2 sin at, if t E [0, ~], 

:= k~b2 sinb(t- ~ + :;;:), if t E]~,21r], 
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and take >. = 0. Then the function 

u(t) :=~sin at, if t E [0, ~], 

:= t sin b( t - ~ + :g:), if t E] ~, 2n] 

is a solution of (5.16) which is not one-signed. • 

We can now state and prove the main result of this section. 

Theorem 5.12 Let f(t, u) be a continuous function and let a and (3::::; a be lower and 
upper solutions. Assume that for any t E [0, 2n], and u, v, with (J(t) ::::; u::::; v::::; a(t), 
we have 

1 1 
4u- f(t, u) ::::; 4v- f(t, v). 

Then, there exist two monotone sequences (an)n, (f3n)n, 

a= ao 2 · · · 2 an-1 2 an 2 · · · 2 f3n 2 f3n-1 2 · · · 2 f3o = (3, 

which converge uniformly to extremal solutions of (5.1) in [(3, a]. 

Proof : Let K : C([O, 2n]) ---+ C([O, 2n]) be the compact solution operator such that 
u = K f is the solution of (5.16) with k = i and>.= 0. Let N: C([O, 2n])---+ C([O, 2n]) 
be the continuous operator defined by (Nu)(t) = iu(t)- f(t, u(t)). Then the operator 
K N is completely continuous, increasing, and the proof follows from the argument of 
Theorem 2.20. • 

6 Historical and Bibliographical Notes 

6.1 The method of upper and lower solutions 

In 1931, G. Scorza Dragoni [112] has considered the boundary value problem 

under the following assumptions: 

u+ f(t,u,u) = o, 
u(a) =A, u(b) = B, 

(i) there exist a, (3 E C2 ([a, b]) such that a(t) ::::; (J(t) on [a, b]; 
(ii) f is defined, continuous and bounded on 

E = {(t,x,y) E [a,b] x IR2 1 a(t)::; x::; (J(t)}; 

(iii) a and (3 are solutions of the differential equation 

u+f(t,u,u)=O; 

(6.1) 
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(iv) a(a) ::; A::; f3(a), a(b)::; B::; f3(b); 
(v) f(t, a(t), .) and f(t, f3(t), .) are monotone for all t E [a, b]. 
His method of proof is already two steps. First, he introduces a modified problem 

u+f(t,u,u)=O, 
u(a) =A, u(b) = B, 
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where f is bounded, equal to f on E and decreasing for u < a(t) and u > f3(t). For 
this modified problem, he obtains then existence of a solution u. Second, he proves, 
using a maximum principle type argument that a ::; u ::; (3. 

A first extension concerns the dependence of the nonlinearity in u. The same year, 
G. Scorza Dragoni [113] extends already his result to functions a and /3 which satisfy 
differential inequalities. A major step however is due to M. Nagumo [98] in 1937 who 
introduces the so-called Nagumo condition which provides a somewhat final approach 
of the u dependence. This paper was further generalized by G. Scorza Dragoni [114]. 
Let us notice also that in 1963 H. Knobloch [76] extended the result of M. Nagumo to 
the periodic problem. 

Lower and upper solutions a and /3 E C2 ([a, b]) are classical notions that can be 
found in several textbooks such as P. B. Bailey - L. F. Shampine - P. E. Waltman 
[13], S. Fuefk [52], L. C. Piccinini- G. Stampacchia- G. Vidossich [105], N. Rouche
J. Mawhin [106]. 

The idea to introduce corner in the lower and upper solutions might go back to 
M. Nagumo [98]. In this paper, he considers functions a and /3 E C1 so that a and /3 
have right and left derivatives. A major step, however, is the notion of quasi-subsolution 
coined by M. Nagumo [99]. A first order condition, similar to D_a(t0 ) < D+a(t0 ), 

appears in H. Knobloch [76]. Similar notions of lower and upper solutions can be 
found in L. K. Jackson [70], K. Schmitt [109], P. Habets - M. Laloy [60], C. Fabry - P. 
Habets [48]. 

G. Scorza Dragoni will extend his results in [115] and [116] to the case where f is 
a U-Caratheodory function. In this case, the notion of lower and upper solution is 
generalized by assuming that a, f3 E C1 and the functions 

-a(t) -l f(s,a(s),a(s))ds and /3(t) + l f(s,f3(s),/3(s))ds 

are nonincreasing on [a, b]. The use of lower and upper solutions to investigate W2•1-

solutions also appears in H. Epheser [45]. More recently, one can quote K. Ako [4], 
V. V. Gudkov- A. Ja. Lepin [58], A. Adje [1], [2], P. Habets- L. Sanchez [62]. These 
papers present a variety of definitions which are strongly related. The generalization 
of the L1-Caratheodory condition as considered in Theorem 2.6 is based on P. Habets 
- F. Zanolin [63], [64], where the Dirichlet boundary value problem is investigated with 
an other definition of lower and upper solutions. 

We can find results on the existence of periodic solutions for a problem with singular 
forces in A.C. Lazer- S. Solimini [82] and P. Habets- L. Sanchez [62]. 
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The use of lower and upper solutions in the study of resonance and non-resonance 
seems to go back to J. L. Kazdan- F. W. Warner [74]. Theorem 2.10 can be found in 
J. Mawhin [89]. 

The idea to associate a degree to a pair of strict lower and upper solutions is due to 
H. Amann [7], [8]. Until recently, this kind of results was only made for the continuous 
case. 

We found in J. Mawhin [89] the particular case of Theorem 2.13 when f : [0, 21r] x 
JR. --+ JR. is continuous. In C. De Coster [34], C. De Coster - M.R. Grossinho- P. Habets 
[35], P. Habets- P. Omari [61] and C. De Coster- P. Habets [36], we find a study of 
the Caratheodory case for a Dirichlet problem with f independent of u. 

It seems that the abstract idea used in Proposition 2.14- two pairs of lower and 
upper solutions with an ordering condition implies the existence of three solutions -
goes back to Y.S. Kolesov [77] and was extended by H. Amann [6]. The first one who 
proved it with degree theory seems to be H. Amann [7], [8] (see also [9]). Extensions 
are also given by F. Inkmann [69], R. Shivaji [118] and Bongsoo Ko [19]. The results 
presented here improve all these in the special case of ODE and extend them to the 
Caratheodory case. · 

The idea of Theorem 2.15 is due to K.J. Brown - H. Budin [23]. A more precise 
study of it has been made in C. De Coster [34] for the p-Laplacian with Dirichlet 
boundary conditions and f a Caratheodory function independent of u. We can find 
Theorem 2.16 in C. De Coster- M.R. Grossinho- P. Habets [35]. 

An early result using lower and upper techniques in the study of a pendulum equa
tion can be found in H. W. Knobloch [76]. He obtains the existence of the first solution 
in Proposition 2.14. The existence of the second solution is due to J. Mawhin - M. 
Willem [96]. We refer the interested reader to J. Mawhin [89], J. Mawhin- M. Willem 
[96] and J. Mawhin [87] for the history of this problem. See also G. Fournier - J. 
Mawhin [51], R. Kannan- R. Ortega [73] and J. Mawhin [91] for more results in this 
direction. For an history of the pendulum equation from Galileo to recent results we 
refer to J. Mawhin [92]. 

For what concerns the variational methods, it seems that the first ones who have 
proved that between a lower and an upper solution we have a minimum of the related 
functional are independently K.C. Chang [25], [26] and D. G. de Figueiredo- S. Solimini 
[42] (see also J. Mawhin [90] and H. Brezis - L. Nirenberg [21]). The application 
presented here is a particular case of a result of P. Omari- F. Zanolin [104]. 

The story of the iterative method seems to be difficult to reconstruct. The iteration 
method of Theorem 2.20 can already be found in the book of R. Courant and D. Hilbert 
[31] (vol. 2, pp 367-374). It seems that a result like Theorem 2.'20 for Dirichlet boundary 
conditions was first proved by S.l. Hudjaev [67] with a different method. Without being 
aware of this research, L.F. Shampine- G.M. Wing [117], D. Sattinger [107], [108] and 
H. Amann [6] rediscovered Theorem 2.20 in the Dirichlet case. All of these papers were 
inspired by the basic paper of H.B. Keller- D.S. Cohen [75]. For the periodic problem. 
it seems that we have to wait S. Leela [83] and the first one who considers this method 
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with Caratheodory functions seems to be J.J. Nieto [100]. 
To replace the upper and lower solutions within the general context of boundary 

value problems for nonlinear ordinary differential equations, the reader can consult J. 
Mawhin [93]. 

6.2 Systems with singularities 

The Emden-Fowler equation (3.2) has been investigated by S.D. Taliaferro [119]. Con
tributions to the more general problem (3.1) were obtained by several authors [14], [18], 
[53], [59] [121] but most of their results rely on the fact that, f(t, u) being positive, the 
solutions are concave. This assumption was given up in J. Janus and J. Myjak [71] for 
the equation 

u + f(t) = h(t) 
u" 

and for the general case in P. Habets and F. Zanolin [63] and [64]. 
Theorem 3.1 can be found in [64]. We can find other related results in A. G. 

Lomtatidze [85]. 
The sublinear case i.e. the case where 

lim f(t, u) = +oo, 
u-+0 U 

lim f(t, u) = 0 
u-++oo u ' 

is classically considered by lower and upper solutions when there are no singularity. 
See for example D. G. de Figueiredo [38], D.C. Costa- J.V.A. Goncalves [30]. 

It is easy to observe that in the sub-superlinear case, i.e. in the case limu-+O /(~u) = 

+oo, limu-++oo /(~u) = +oo, the assumptions at 0 and at +oo alone do not give the 
existence of positive solutions. To obtain such a result for an elliptic Dirichlet problem, 
D.G. de Figueiredo- P.L. Lions [40] assume moreover the existence of a strict upper 
solution and prove the existence of two positive solutions. An alternative assumption 
is introduced in F.J.S.A. Correa [29]. In the particular case of an ODE, the condition 
of F.J.S.A. Correa implies the existence of a strict upper solution. 

For more informations, see P.L. Lions [84], D.C. de Figueiredo [38], [39] and the 
references therein. 

Section 3.2 comes from C. De Coster, M. R. Grossinho and P. Habets [35]. 

6.3 An Ambrosetti-Prodi problem 

The study of the Ambrosetti-Prodi problem has started with the paper of A. Ambrosetti 
- G. Prodi [12] who consider the problem 

~u + f(u) = h(x), inn, 
u = 0, on an, 
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where f is a convex function which satisfies 

0 < lim j'(u) < )q < lim j'(u) < >.2 
u~-oo u~+oo 

where AI, A2 are the two first eigenvalues of the corresponding eigenvalue problem. 
They prove that in the space H = Im(b.u + f(u)), there is a manifold M which 
separates the space in two regions Oo and 0 2 such that the above problem has zero, 
exactly one or exactly two solutions according to h E 0 0 , h E M or h E 0 2 . In 
1975, M.S. Berger - E. Podolak [17] use the decomposition of h in terms of the first 
eigenfunction t.p of -.6. with Dirichlet condition i.e. h(x) = vt.p(x) + h(x), where 
fo h(x)t.p(x) dx = 0, and characterize the manifold M in terms of the parameter v. 
In the same year, J. L. Kazdan - F. W. Warner [74] have used the lower and upper 
solution method to study this problem but were only able to prove the existence of 
one solution if h E 0 2 . It is only in 1978 that E.N. Dancer [32] and H. Amann - P. 
Hess [11] have obtained independently the multiplicity result by combining lower and 
upper solutions technique with degree theory. An exact count of solutions was then 
obtained by H. Berestycki [16] in case f is convex. See also the survey paper of D.G. 
de Figueiredo [37]. Later, R. Chiappinelli- J. Mawhin- R. Nugari [27] have considered 
the problem 

u + u + f(t, u) = vt.p(t), 
u(O) = 0, u(n) = 0, 

(6.2) 

where t.p(t) = ~sint. They have proved that, if limlul---++oof(t,u) = +oo, uniformly 
in t, then there exist v0 and v1 > v0 such that 

(i) if v < v0 , the problem (6.2) has no solution; 
(ii) if v0 S v S VI, the problem (6.2) has at least one solution; 
(iii) if vi < v, the problem (6.2) has at least two solutions. 
The question is then to know whether v0 = VI· Under the additional condition that 
f(t, u)+Ku is nondecreasing on [-u0 , u0 ], they prove that v0 = v1 . C. Fabry [46], using 
another argument, proves v0 = v1 with the help of a Holder condition. R. Chiappinelli 
- J. Mawhin- R. Nugari [27] have also considered a generalized case where instead of 
the coercitivity condition they assume some growth restriction related to the classical 
Landesman-Lazer condition. 

The results presented here are due to C. De Coster and P. Habets [36]. Other 
related results can be obtained such as those presented in Problems 4.1, 4.2, 4.3, 4.4. 
For these kind of results we refer the interested reader to H. Berestycki [16], A. C. Lazer 
and P.J. McKenna [79], [80], [81] and G. Harris [65]. 

6.4 Non-ordered upper and lower solutions 

Solvability of boundary value problems in case a and (3 do not satisfy the "usual" 
ordering condition 

a(t) S (J(t) for all t E [0, 2n] 
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was explicitly raised in the early seventies by D. Sattinger [107] and became the subject 
of some works in the last two decades [111], [10], [101], [54], [55], [56], [57], [61]. 

In [10], one of the first contribution to this problem, H. Amann, A. Ambrosetti 
and G. Mancini proved that for a PDE problem the existence of a "lower solution a 
and of an upper solution {J (satisfying no ordering condition) implies the solvability of 
(5.1), provided that f(t, u) is bounded. Theorem 5.1 adapts this result to the periodic 
problem (5.1). More recently, the above mentioned result was generalized in J.P. Gossez 
and P. Omari [57] to selfadjoint problems with unbounded nonlinearity. 

Theorem 5.5 is based on P. Habets and P. Omari [61] where nonselfadjoint problems 
are considered with ordered upper and lower solutions, i.e. satisfying (5.2). 

Monotone methods for nonordered upper and lower solutions is based on an anti
maximum principle [66], [28]. Results in this direction are due to P. Omari and M. 
Trombetta [102] and A. Cabada and L. Sanchez [24]. 

The classical Landesman-Lazer conditions as in Proposition 5.8 apply to a boundary 
value problem which is asymptotically resonant. This type of result is due to E.M. 
Landesman and A.C. Lazer [78]. Theorem 5.2 is due to D.G. de Figueiredo and W.N. 
Ni [41] and has been extended to some class of unbounded nonlinearities by R. Iannacci, 
M.N. Nkashama and J.R. Ward [68]. A proof of this extension by lower and upper 
solutions can be found in J.P. Gossez and P. Omari [56]. Proposition 5.9 is a variant of 
a result of R. Kannan and K. Nagle [72]. Theorem 5.10 improves a result of A. Tineo 
[120]. 

For other related results we refer to A. Fonda [49] and P. Omari and W. Ye [103]. 
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Abstract 

BOUNDARY VALUE PROBLEMS FOR QUASILINEAR SECOND 
ORDER DIFFERENTIAL EQUATIONS 

R. Manasevich 

University of Chile, Santiago, Chile 

and 

K. Schmitt 

University of Utah, Salt Lake City, UT, USA 

This paper constitutes a survey of recent results on eigenvalue problems for nonlinear boun
dary value problems which arise in the study of radial solutions of quasilinear elliptic partial 
differential equations. Typical examples of such problems are boundary value problems for 
perturbations of the p-Laplacian. 

1 Introduction 

We are concerned with boundary value problems for nonlinear ordinary differential 
which arise in the search of radial solutions of nonlinear partial differential equations. 
The types of nonlinear partial differential equations we have in mind arise in a multitude 
of applied areas, such as the study of porous media, elasticity theory, plasma problems, 
astrophysics, to name only a few (see e.g. [26], [28], [39], [41], [48], [49], [57], and [65]). 

The boundary value problems we are interested in belong to the following class of 
problems: 

Let 
A : IR.N --+ IR.N ' N 2 1' 

• AMS subject classification:34A47, 34B15, 34C15, 35J25, 35J35, 35J70 
Key words and phrases: radial solutions, quasilinear elliptic, p-Laplacian, bifurcation 
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be a continuous mapping that behaves asymptotically like 

where p E (1, oo), more specifically, 

and 

where o: and j3 are positive constants. Also A is assumed to be strictly monotone with 
respect to v i.e. 

(A(vt)- A(v2)) · (vt- v2) > 0, Vt "# v2. 

We consider the boundary value problem 

-divA(\7u) 
u 

where f2 is a bounded domain in JRN. 

j()..,u), X E 0, 
o, x E an, 

An important special case of the above is when the operator A has the form 

A(\7u) = a(j\7ul)\7u 

(1) 

and when n is either a ball or a spherical shell (an annular domain) in m.N (see the above 
quoted references). In these cases it is of interest to seek solutions which only depend 
on the radial variable, i.e. solutions u such that u(x) = u(ixi) = u(r). Such solutions 
are then solutions of the following boundary value problems for ordinary differential 
equations 

[rN- 1¢>(u')]' + rN- 1g(>-., u) = 0, r E (0, R), 
u'(O) = 0, u(R) = 0, 

in case 0 is a ball of radius R in m.N and 

[rN- 1¢>(u')]' + rN-lg(>-., u) = 0, r E (a, b), 
u(a) = 0, u(b) = 0, 

(2) 

(3) 

in case 0 = { x E m.N : a < lxl < b}, where ¢> is an increasing homeomorphism of R, 

with ¢>(0) = 0 .. 
It is these classes of boundary value problems which we shall study here for various 

classes of nonlinearities ¢> and g (it usually will be assumed that ug(>-., u) ::::: 0). We 
note that in either case the differential equation may also be written as 

I N -1 
[rf>(u')] + --rf>(u) + g(>-., u) = 0, 

r 
(4) 
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which, in some instances, will be a more convep.ient form. 
This paper, being mostly a survey, reports about several recent papers, where tools 

from nonlinear analysis have been used to analyze boundary value problems of the 
types (2) and (3) and we shall rely on the papers [17], [18], [30], [32] and [31] for our 
main sources. 

The tools employed are the tools of nonlinear functional analysis, specifically we 
employ results from various sources, such as [1], [8], [9], [10], [36], [41], [42], [43], [50], 
[59], [62], [64]. 

The paper is organized as follows. The first part is concerned with the problem (2). 
Here we first consider the case of nonlinearities g which grow at the same rate as the 
nonlinear term¢ and are linear with respect to the parameter A, i.e. a case which has as 
its analogue Sturm-Liouville type eigenvalue problems for second order linear ordinary 
differential equations. We then continue with problems where g grows superlinearly 
(but subcritically) with respect to ¢. In the second part we consider problem (3), i.e. 
boundary value problems on an annular domain, where the term g grows superlinearly 
with respect to ¢. The case where g grows linearly with respect to ¢ need not be 
considered, as its treatment is similar (somewhat easier) as in the case of the ball. The 
last section is devoted to the true partial differential equations case, i.e., we consider 
eigenvalue problems for quasilinear equations of the above types on general domains. 

For sources containing similar problems and results we refer the reader to the fol
lowing: [3], [15], [20], [34], [40], [48], [51], and [53]. 

2 Boundary value problems on a ball 

2.1 Equivalent integral equation 

In this section we shall derive an integral equation whose solution set is the set of 
positive solutions of (2). A quick calculation shows that finding positive solutions to 
problem (2) is equivalent to finding nontrivial solutions to the problem 

[rN-1¢(u')]' + rN-1g(A, lui)= 0, r E (0, R), 
u'(O) = 0, u(R) = 0. 

Let C# denote the closed subspace of C[O, R] defined by 

C# = {u E C[O,R]I u(R) = 0}. 

Then c# is a Banach space for the norm II II := II lloo· 

{5) 

Let u(r) be a solution of (5). By integrating the equation in (5) we see that that 
u ( r) satisfies the integral equation 

(6) 
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Let us define T(·, ·): c# X [0, oo) ~ c# by 

T(u, A)(r) = 1R ¢-I [s;-I los ~N-Ig(A, lu(~)l)d~J ds. 

Clearly Tis well defined and fixed points ofT(·, A) will provide solutions of (5). 

2.2 Eigenvalue problems 

In this section we shall consider the problem 

[rN-I¢(u') ]' + ArN-I1/J(u) = 0, r E (0, R), 
u'(O) = 0, u(R) = 0, 

(7) 

(8) 

where <P is an increasing homeomorphism of IR and 1/J is a nondecreasing function with 
¢(0) = 1/;(0) = 0 and for any a > 0 

¢(alxl) 
A(a) ~ I1/J(x)l ~ B(a), (9) 

where A( a) and B(a) are positive constants depending on a only. We seek the existence 
of values of A such that the problem has a positive solution, such values of A will be 
called principal eigenvalues, and we seek the existence of values of A such that the 
problem has a nontrivial signchanging solution, such values of A will be called higher 
eigenvalues. 

The problem is a natural extension of the eigenvalue problem for the p-Laplacian 
(<P(u) = 1/J(u) = iuiP-2u, p > 1) considered in [3], [20], [15] among others. Our results 
presented here are based on the work in [31], [32]. 

2.2.1 On principal eigenvalues 

Let us denote by 

S = {(A,u) E 114 x C#: (A,u) solves (8), u(r) > 0, r E (O,R)}. (10) 

We establish the following theorem. 

Theorem 2.1 LetS be defined by {10} and let <P and 1/J be homeomorphisms satisfying 
(9}. Then S -=f 0 and there exist numbers AI > 0 and A2 > 0 such that (A, u) E S 
implies AI ~ A~ A2• Further more there exists a continuum C C S which is unbounded 
in [AI, A2] X c# and bifurcates from [AI, A2] X {0}. 

Proof We consider the equivalent operator equation. The operator T in this case has 
the form 

(11) 
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We shall establish that 

degL8 (1- T(·, 0), B(O, Rt), 0) = 1 (12) 

and 
(13) 

for some .X2 > 0 and any R1 > 0, where degLs denotes Leray-Schauder degree. That 
(12) holds follows, since T(·, 0) = 0. To show that (13) holds, we consider the operator 
Tf: c# X [0, oo)-+ c#, by 

1R 1 1s Tf(u, .X)(r) = ¢-1 [ N-1 ~N- 1 .X(¢(1u(~)l) + t)d~]ds, 
r S 0 

(14) 

where t > 0 is a constant. We have that Tf sends bounded sets of C# x [0, oo) into 
bounded sets of C#. Moreover, Tf is a completely continuous operator and Tf(·, 0) = 0. 
Furthermore 

degL8 (1- T(·, .X), B(O, Rt), 0) = degL8 (1- Tt(·, .X), B(O, Rt), 0), (15) 

for all small t, whenever degL8 (I - T(·, .X), B(O, RI), 0) is defined. Thus (13) will be 
true if we can show that there exists >. such that ( u, .X) a solution of 

u = Tf(.X,u) 

implies .X ~ >. and that this number is independent oft for 0 < t ~ t0 • Thus, assume 
that u satisfies 

and 

u(r) = 1R ¢-1 [ 8 ;_1 los ~N- 1 .X(1/J(Iu(~)l) + t)d~J ds 2 0. 

Hence, u'(r) ~ 0 and u(r) 2 0 for all r E [0, R]. Also for r E [ ~' 3:] 

u(r) 21R ¢-1 [s;-1 los ~N-1.X1/J(Iu(~)l)d~J ds. 

Thus, for all r E [ ~, 3:] , we have that 

R [ .XR ] u(r) 2 4¢-1 N43N-11/J(u(r)) 

or equivalently, 

<t>(~u(r)) .XR 
'¢(u(r)) 2 N43N-l · 

(16) 
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It is clear that (16) cannot hold for .A large, as follows from condition (9). We have 

thus, using the homotopy invariance of the Leray-Schauder degree established that 

S =f. 0 and the existence of .A2 , as asserted. The existence of an unbounded continuum, 

as claimed, follows from the global Krasnosel'skii-Rabinowitz bifurcation theorem (see 

[19]). To finish the proof, we need to establish the existence of .A1 . Thus let u be a 

solution with u(O) = d. It follows that 

(17) 

which implies 

¢(d/R) <.A R 
7/J(d) - N' 

We now use (9) to obtain a lower bound on .A. 
The above calculations also imply the following corollary: 

Corollary 2.1 Let (u, .A) be a solution of (8) with u(O) = d and let e E (0, 1) be fixed. 

Let r0 E (0, R) be such that u(ro) = Od. Then 

N (1- e) ro2~A ~ . (18) 

Proof Using earlier calculations we obtain the following 

(19) 

and hence 

(1- O)d = ro ¢-1 [ ;_1 {s ~N- 1 .A7/J(Iu(01)d~] ds, 
lo s lo 

from which follows 

(1- O)d ~ foro f/y-1 [s}--1 las ~N-1_A7j;(d)d~] ds, 

and 

which implies the conclusion. 
The result just proved has the following consequence. 
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Corollary 2.2 Let {(un, An)} be a sequence of solutions of (8) with un(O) = dn. Then 
un(r) -+ oo uniformly with respect tor in compact subintervals of [0, R). 

Proof Since Un is given by 

we obtain for r ~ r0 (viz. Corollary 2.1) that 

The conclusion follows from this inequality. 

2.2.2 Monotonicity of principal eigenvalues 

In this section we shall show that 

X!(R) = inf{A: >.principal eigenvalue of (8)} 

is a nondecreasing function: of R. To this end we shall need the following elementary 
properties of the operator T. 

We note that the space C# is a partially ordered Banach space with respect to the 

partial order::;, i.e. for u, v E C#, u::; v whenever u(r) ::; v(r), r E [0, R]. Further, if 

[u, v] = { w E C# : u ::; w ::; v} is an order interval in C#, then it is a bounded closed 

set inC#. 
We shall also use the notation 

>.i(R) =sup{,\:>. principal eigenvalue of (8)} 

Proposition 2.1 The operator T is monotone with respect to the above partial order 
in C[O, R] and hence in C# and also monotone with respect to >.. 

From this proposition and the complete continuity of T immediately follows the 
following fixed point result. 

Proposition 2.2 Assume there exists [o:, ,B] C C[O, R] such that 

T(A, ·): [o:, ,8]-+ [o:, ,B]. 

Then T(>., ·) has a fixed point u E C# n [o:, ,B]. 

We note that the hypotheses of Proposition 2.2 will hold, whenever we can find a 
pair { o:, ,B} C C[O, R] such that 

and 
o:::; T(A,o:), T(>.,,B)::; ,B. 

Using these facts we can now establish the following result. 



86 R. Mamisevich and K. Schmitt 

Theorem 2.2 >.1 is a nonincreasing function of R. 

Proof Assume there exist R1, R2, R1 < R2 such that >.!(Rl) < >.!(R2). Then there 
exists J-l, J.i(Rl) :S J-l < >.!(R2), such that (8) has a nontrivial solution a for R = R1 
and>.= f-l· Furthermore, there exists v 2 >.!(R2) and a nontrivial solution (3 of (2.1) 
for R = R2 and >. = v, with /3(0) = d as large as desired. It follows from Corollary 2.2 
that for d sufficiently large /3( r) > a( r), 0 :S r :S R1. Define 

{ a, 0 < r < R1 
a= 0, R1~ r-:S R2. 

Then the operator T(J-l, ·) for R = R2 satisfies in the space C[O, R2] 

a :S T(J.t,a), T(J-l,/3) :S /3, 

as may easily be verified. Thus by Proposition 2.2 this operator will have a fixed point 
in [a, (3], contradicting that J-l < >.1 ( R2). 

Remark 2.1 We have stablished above that for every level d {8) has a principal eie
gnevalue >.(d) with an associated eigenfucntion u such that u(O) = d. We hence may 
define 

J.i(d, R) = inf{A(d) :>.(d) principal eigenvalue of (8) on level d} 

and 
"fi(R) = liminfA~(d,R) 

d--tO 

and 
f1(R) = liminfA!(d,R). 

d--too 

It follows by an argument similar to the one used above in the proof of Theorem 2.2 
that both "(I (R) and r 1 (R) are nondecreasing functions of R also. 

Remark 2.2 1. Theorem 2.2 implies that problem (8) has no nontrivial solution8 
for>.< >.!(R). 

2. Solutions of (8) are a priori bounded for>. in compact subintervals of ( -oo, >.1 ( R)). 

3. Our calculations and results also imply that for c5 > 0, small, the degrees 

degL8 (1- T(·, a), B(O, c5), 0) 

degL8 (I- T(·, b), B(O, c5), 0) 

are defined for a< >.1 (R) and b > >.t(R) and equall and 0, respectively. Hence 
it follows from global bifurcation theory (see [1 g)) that an unbounded continuum 
of positive solutions of {23) will bifurcate from [>.!(R), >.i(R)]. 



Boundary Value Problems 87 

2.2.3 On the principal eigenvalue of the p-Laplacian 

The above considerations allow for an easy and straightforward proof of the fact that 
for the p-Laplacian (see for example, [3], [4], [5], and [20]) the eigenvalue problem 
(r/Jp(s) = JsJP-2s) 

- [rN- 1¢p(u')]' = rN-1 >..¢p(u), in (0, R) 
u'(O) = 0 = u(R), 

(20) 

has a unique principal eigenvalue with all eigenfunctions being a constant multiple of 
a given one. To see this we observe that, because of the homogeneity of the problem, 
constant multiples of eigenfunctions are eigenfunctions. Hence, if ).. 1 < )..2 are principal 
eigenvalues of (20) with associated eigenfunctions u1, u2 . It follows from the equation 
that u~ (R) -I 0 -I u~(R). 

We next find constants a > 0 and (3 > 0 such that 

further, a may be chosen maximal and (3 minimal. This, on the other hand will imply 
that a = (3 and hence u2 = au1, which in turn implies that >.. 1 = >..2 . (to make these 
arguments precise we employ arguments like the ones used later in section 3. 

2.2.4 On higher eigenvalues 

Let us next assume that '1/J : JR.---+ JR. is also an odd increasing homeomorphism of JR., with 
'1/J(O) = 0. Furthermore we will require that ¢, '1/J satisfy the asymptotic homogeneity 
conditions: 

and 

lim ¢(as) = aP-1, for all a E ][4, for some p > 1, 
s---->0 'lj;(s) 

lim ¢(as) = aq-1 for all a E ][4, for some q > 1. 
s-+±oo '1/J(s) ' 

(21) 

(22) 

We note that if the pair¢, 'lj; satisfies the asymptotic homogeneity conditions (21) 
and (22), then the function ¢ satisfies both of these conditions with 'ljJ replaced by ¢ 
and also '1/J satisfies both of these conditions with ¢ replaced by '1/J. Such conditions 
appear in the study of Dirichlet boundary value problems using blow-up techniques, 
(see [33]), in the one dimensional case using time mapping techniques, see [35], and in 
[29] where a very special case of the above class of functions was considered to obtain a 
local bifurcation result for positive solutions. We here recall the well-known fact that 
the eigenvalue problem (20) has a sequence Pn(P)}n of positive eigenvalues such that 
An(P) ---+ oo as n---+ oo, and associated with each An(P) there is a one dimensional space 
spanned by a solution of (20) with exactly n- 1 simple zeros in (0, R), (see [3], [21]). 



88 R. Mamisevich and K. Schmitt 

2.2.5 Index calculations 

Let us consider again the problem 

- [rN- 1¢>(u')]' = rN-1>.1/J(u), in (O,R) 
u'(O) = 0 = u(R). 

(23) 

A straightforward calculation shows, as was already done, that u is a solution to (23) 
if and only if u is a fixed point of the completely continuous operator T$,p : C[O, R] -+ 
C[O, R] defined by 

T$,p(u)(r) = 1R ¢>-1[ ;_1 r ~N- 1 >.1jJ(u(~))d~]d8. (24) 
r 8 Jo . 

The main purpose of this section is to prove the following: 

Lemma 2.1 Consider the problem {23) and assume that ¢>, 1/J are odd increasing ho
meomorphisms of IR, with ¢>(0) = 0, 1/J(O) = 0. 

• If 

I. ¢>(as) p-1 I ll 
1m ~( ) = a , J or a a E IR.t., 
s~O 'I' 8 

(25) 

then the Leray-Schauder degree of I- T$,p is defined for B(O, c:), for all sufficiently 
small t:. Furthermore we have 

• If 

I. <f>(as) q-1 I ll 
1m ~( ) = a , JOT a a E IR.t-, 

\s\~oo 'I' S 

(26) 

(27) 

then the Leray-Schauder degree for I- T$,p is defined for B(O, M), for all suffi
ciently large M, and a similar formula to {26} holds, namely 

(28) 

where {>.1(q), l = 1, 2, · · ·} is the set of eigenvalues of {20}, with p replaced by q. 

Proof We only give the proof for the case that (25) holds. Consider the completely 
continuous operator r; corresponding to the case ¢> = 1/J = <f>v given by 
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(29) 

It is known, (see [21]), that for this operator (26) holds. Define the operator T>. : 

C[O, R] x [0, 1] -+ Il4, by 

(30) 

We claim that the Leray Schauder degree for I-T>.(·, r) is defined for B(O, c:), in 
C[O, R], for all small E.. Indeed, suppose this is not the case, then there exist sequences 

{un}, {rn} and {en} with En-+ 0, and llunll =En such that 

i.e. such that 

(31) 

Setting Un = !!11. we have that llunll = 1 and 
tn 

(32) 

We hence obtain that 

(33) 

and conclude that the sequence { u~} is uniformly bounded. Thus { un} contains a 

uniformly convergent subsequence which we relabel as the original sequence. Let 

!imun = u. 
For each n E N let us set 
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where 

By an application of the Lebesgue dominated convergence theorem and the fact 
that ¢ is asymptotically homogeneous of degree p- 1 at zero, we obtain that hn -+ h 
in L1(0, R), where 

Set 

Then, since 
llvn- vii ::; llhn- hiiL'(O,R)• 

we conclude that Vn-+ v in C[O, R]. 

Thus letting n -+ oo in (32) and since we can assume, without loss of generality, 
that "Tn -+ To as n -+ oo, we find that u satisfies 

u = r;(u). 

Since>.¢ Pm(p)}, it must be the case that u = 0 (see [21]), yielding a contradiction. 

Thus, by the properties of the Leray Schauder degree, we have that 

degL5 (I- Th,, B(O, c), 0) = degL5 (1- r;, B(O, c), 0)), (341 

for all c sufficiently small, and hence (26) follows from Proposition 4.2 in [21]. 
We complete this section by applying Lemma 2.1 to obtain an existence result for 

nontrivial solutions. 

Theorem 2.3 Consider problem {23} and suppose that¢, 'ljJ are odd increasing homeo
morphisms ofJR with ¢(0) = 0 = 1/J(O), which satisfy {25} and {27} with p # q. Assume 
that for some j EN, >.j(p) # >.j(q) and that>. E (A, B), where A= min{>.j(p), Aj(q)} 
and B = max{>.j(p), Aj(q)}. Assume furthermore that (A, B) does not contain any 
other eigenvalues from {>.n(P)} or Pn(q)}. Then problem (23} has a nontrivial solu
tion. 
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Proof Assuming for example that )..j(q) < Aj(p), it follows from Lemma 2.1 that 

(35) 

for c > 0 small, and that 

A ·-1 degL8(I- Tcfn/J, B(O, M), 0) = ( -1)1 , (36) 

for M large. Thus combining (35) and (36) with the excision property of the Leray
Schauder degree, we obtain that 

degL8 (I- T~, B(O, M) \ B(O, c), 0) -::J 0, (37) 

yielding the existence of a nontrivial solution. 

This theorem suggests -and one may prove this- the existence of a continuum of 
solutions to (23) connecting (0, Aj(p)) with (oo, )..j(q)), for each j EN, generalizing the 
well known property for the homogeneous case. 

3 On initial value problems 

In this section we will prove some results for the initial value problem associated with 
perturbations of the problem (23) i.e., 

- [rN- 1¢(u') ]' = rN- 1 )..'ljJ(u) + rN- 1 f(r, u, )..), in(O, R) 
u(O) = d, u'(O) = 0, 

which will be needed later. Thoroughout we shall assume that uf(r, u, )..) ~ 0. 

(38) 

Proposition 3.1 Suppose that f(r,u,)..) = O(J'I/J(u)l) near zero, uniformly for rand 
).. in bounded intervals. Then the only solution to the problem 

- [rN- 1¢(u') ]' = rN-1 )..'ljJ(u) + rN- 1 f(r, u, )..), in (0, R) 
u(ro) = 0, u'(ro) = 0, 

with r0 ~ 0 is the trivial one. 

Proof Suppose u is a solution such that u "¥:- 0 in the interval [r0 , r0 + <5), for some 
<5 > 0. Then integrating the equation from r0 to r E (r0 , r0 + <5], we find 

1r 1 1s -u(r) = q,-1 ( N- 1 (N- 1()..7/J(u(()) + f({, u((), )..)d()ds. 
ro S ro 

Because of the assumptions on f there exists c > 0 such that for 8 small 
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where iul6 denotes the sup norm of u in [ro, r0 + £5]. Hence 

and 

(39) 

where C is a constant independent of 8. For 8 small we obtain a contradiction, since 
the left hand side of the inequality (39) exceeds 1 (recall the conditions (25), (27).) A 
similar argument applies for an interval of the form [ro - £5, r0 ], in case r0 > 0. 

The next results extends to our situation a result of [31] (see also [52]). We refer 
to [32] for proofs. · 

Proposition 3.2 Suppose that f(r, u, >.) = O(l'¢(u)l) near zero, uniformly for r and 
>. in bounded intervals, then nontrivial solutions of the initial value problem {38} are 
oscillatory. 

Proposition 3.3 Suppose that f(r,u,>.) = O(l'¢(u)l) near zero, uniformly for rand 
>. in bounded intervals. Let Pd denote the first zero of a solution u of {38} such that 
u(O) = d -:f. 0, then for all K > 0 there exists A(K) such that for all>.> A(K) and all 
d -:f. 0 we have that Pd ~ K. 

Proposition 3.4 Suppose that f(r, u, >.) = 0(11/J(u)\) near zero, uniformly for r and 
>. in bounded intervals, then for all L > 0 and j E N there exists Ai(L) > 0 such that 
for all>.> Aj(L) and all d I- 0 we have that Pd; ::; L. 

4 Bifurcation of solutions 

We begin this section by recalling what we mean by bifurcation at zero and at infinity 
(see [42], [59], and [61]). Let X be a Banach space with norm 11·11, and let :F: X xi---+ JR. 

be a completely continuous operator, where I is some real interval. Consider the 
equation 

x = :F(x, >.). (40) 

Definition 1 Suppose that :F(O, >.) = 0 for all >. in I, and that ~ E J. We say that 
(0, ~) is a bifurcation point of ( 40) at zero if in any neighborhood of (0, ~) in X x I 
there. is a nontrivial solution of (40). Or equivalently, if there exist sequences {xn -:f. 0} 
and {>.n} with (xn, >.n) ---+ (0)) and such that (xn, >.n) satisfies ( 40) for each n E N. 

Definition 2 We say that (oo)) is a bifurcation point of (40) at infinity, providt~d 
in any neighborhood of (oo, ~) in X x I there is a solution of (40). Equivalently if 
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there exist sequences { xn} and {An} with (llxnll, An) --+ ( oo)) and such that (xn, An) 

satisfies (40) for each n EN. 

Let u be a solution of the problem 

then u satisfies 

where 

- [rN-1¢(u')]' = rN- 1 A'l/J(u) + rN-1 f(r, u, A), in(O, R) 

u(R) = 0, u'(O) = 0, 

u = :F(u, A) 

(41) 

(42) 

(43) 

It is clear that :F : C[O, R] x IR --+ C[O, R] is a completely continuous operator. We 

have: 

Theorem 4.1 (i) Suppose that f : [0, R] x !Rx IR is continuous and satisfies f(r, s, A) = 

o(i'lfJ(s)i) nears = 0 uniformly for r and A in bounded intervals, and that</> and 'If; satisfy 

{25). If (0, "X) is a bifurcation point for (42), then X= An(P), for some n E N. 

(ii) Suppose that f: [0, R] x IRx IR is continuous and satisfies f(r, s, A)= o(i'lfJ(s)i) near 

infinity, uniformly for r and A in bounded intervals, and that</> and 'If; satisfy (25). If 

(oo, "X) is a bifurcation point for (42), then X= An{q), for some n EN. 

Proof We prove only (i). The proof of (ii) is similar. Suppose that (0, "X) is a bi

furcation point for (42), then there exists a sequence {(un, An)} in C[O, R] x IR with 

(un, An) --+ (0, "X) and such that (un, An) satisfies (42) for each n E N. Equivalently, 

(un, An) satisfies 

(44) 

Let us set en= llunll and Un(r) = un(r), then 
en 

, ( ) _ frR </>- 1 (sJ=r J; ~N- 1 (An'l/J(un(~)) + f(~, Un(O, An)d~)ds 
Un r - <P-1(</>(cn))) ' (45) 

and 

(46) 
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Using that ¢ is increasing and that f(r, s, >.) = o(I1/J(s)l) uniformly for r and ).. in 

compact intervals, we find that the term in the square bracket at the right hand side 

of ( 46) is bounded and hence that u~ satisfies 

( 47) 

Since ¢, 'lj; satisfy (25) we have that the sequence { u~} is bounded and thus that the 

sequence { un} is equicontinuous. We thus may assume, without loss in generality that 

un --+ u; of course I lull = 1. 
Writing (45) as 

(48) 

where 

h ( ) = _1_15 cN-1 (>.n'l/•(un(~)) + f(~, Un(O, An))d~ 
n S N-1 <, "'( ) ' 

S 0 <pen 
(49) 

it follows from the Lebesgue dominated convergence theorem applied to ( 49) that 

hn --+ h, where 

(50) 

Applying then the Lebesgue dominated convergence theorem to (48), we find that 

i.e. 

which by differentiation implies that u is a solution of 

(rN-1¢p(u'(r))' + >:rN-1¢p(u(r)) = 0 

u(R) = o = u'(o). 

Thus ).' must be an eigenvalue of the p-Laplacian operator. 
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4.1 Subcritical problems 

We next study the existence of positive solutions to the problem 

[rN-1¢(u')]' + rN- 1g(u) = 0, r E (0, R), 

u'(O) = 0, u(R) = 0, 

95 

(51) 

where¢ is an odd increasing homeomorphism of lR and g E C(IR) is such that g(x) ~ 0 
for all x ~ 0 and g(O) = 0. (We ignore here the dependence upon A since it is of no 
significance for equations with superlinear but subcritical growth (with respect to¢.). 
Motivated by the case of the p-Laplacian operator and related work we will assume 
that ¢ satisfies: 

1. ¢(ax) 
1m sup--;:--( ) < +oo 
x--++oo '+' X 

and 
. ¢(ax) 

hmsup--;:-( ) < +oo, 
x--+0 '+' X 

for all a > 1. Also, we will set 

<I>(x) =lax ¢(s)ds, G(x) =lax g(s)ds, G(x) =lax g(s)ds, 

where g(x) = supsE[O,xJ g(s). Furthermore we will denote by 

and for() E (0, 1), 

. <I>(x) r := hmsup-(-)' 
x--++oo x¢ X 

, 1. . f G(Bx) 
U(J := liD ln ~( ) . 

x--t+oo xg X 

Our main result in this section is the following: 

Theorem 4.2 Suppose that r < 1 and 

. ¢(x) 
hm -(-) = +oo, 
x--+0 g X 

. g(x) 
hm "'( ) = +oo. 

x--++oo '+' X 

Further let there exist() E (0, 1) such that 60 > 0 and 

N6o > Nr -1. 

Then problem (51) has at least one positive solution. 

(52) 

(53) 

(54) 

(55) 
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Condition (55) has been used to indicate subcritical growth of g respect to ¢. In 
the case of powers, i.e., when ¢(x) = lxiP-2x and g(x) = lxl 8- 1x, 1 < p < Nand o > 0, 
this condition reads 

0 N(p-1)+p 
< N ' -p 

which is known to be optimal in the sense that there are no positive solutions to 
problem (51) if 

0 > N(p-1) +p_ 
- N-p 

(56) 

In the case of general¢ and g, nonexistence of positive solutions to (51) can be proved 
under the assumption 

NG(x) . f N<J?(x) 1 sup < m ---
x;::o xg(x) - x;::o x¢(x) 

(57) 

(see e.g. [30]). 
In proving the above theorem, we use techniques similar to those used in the pre

vious section. We note that u be a solution of (51) if and only if u(r) satisfies the 
integral equation 

u(r) = iR ¢-1 [)·-1 las ~N-1g(lu(~)l)d~J ds. (58) 

Let us now define To : C# --+ C# by 

1R 1 los To(u)(r) = ¢-1 [ N- 1 ~N- 1g(iu(~)l)d~]ds. 
r S 0 

(59) 

Clearly T0 is well defined and fixed points of T0 will provide solutions of (51). Define 
now the operator T: c# X [0, 1]--+ c#, by 

1R 1 los T(u, .X)(r) = ¢-1 [ N-1 ~N- 1 (g(lu(~)l) + .\h)d~]ds, 
r S 0 

(60) 

where h > 0 is a constant to be fixed later. We find that T sends bounded sets of 
C# x [0, 1] into bounded sets of C# and T(u, 0) = T0 (u). Moreover, Tis a completely 

continuous operator. 
Also, let us define the operator s : c# X [0, 1] --+ c#, 

i R .\ los · 
S(u, .\) = ¢-1[ N-1 ~N-1g(ju(~)l)d~]ds. 

r S 0 
(61) 

Again, we see that Sis completely continuous and note that S(·, 1) =To. 
We will prove the existence of a fixed point of To, and hence of a positive solution 

to (51), by using suitable a-priori estimates and degree theory. Indeed, we will show 

that there exist R1 > 0 and co > 0 such that 

deg£8 (!- T0 , B(O, RI), 0) = 0 (62) 
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and 

deg£5 (/- To, B(O, Eo), 0) = 1 (63) 

and thus, using the excision property of the Leray-Schauder degree it will follow that 
there must exist a solution of the equation 

u = To(u) 

in B(O, R1) \ B(O, Eo). 
To compute the degree in (62) we shall use the operator T defined by (60) and note 

that fixed points ofT are solutions of 

[rN- 1</>(u')]' + rN- 1(g(Jul) +h)= 0, r E (0, R), 
u'(O) = 0, u(R) = 0. 

We have the following lemma: 

(64) 

Lemma 4.1 There exists h0 > 0 such that problem {64) has no solutions for h ~ h0 • 

Proof We argue by contradiction and thus assume that there exists a sequence 
{ hn}nEN, with hn --7 +oo as n --7 oo such that problem (64) has a solution Un for 
each n E N. Then, Un satisfies 

and 

Hence, u~(r) ~ 0 and un(r) ~ 0 for all r E [0, R]. Also, 

un(r) ~ (R- r)</>- 1 (~n), for all r E [O,R] 

and thus, if r E [ ~' 3:], 

Un ( r) ~ : </> -l ( ~~) . (65) 

Since we also have that for r E [ ~, 3:] 
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by (65), the fact that Un is decreasing, and the second assumption in (53), we have, 
that given A > 0, there exists n1 E N such that for n 2:: n1 

Un(r) 2:: 13
: ¢-1 [s:_1 fo' ~N- 1 ¢(un(~))d~J ds 

2:: 13: cp-1 [s:-1 for ~N-1¢(un(~))d~J ds, 

and since ¢( Un (-)) is decreasing, 

Using now that ~ ~ r ~ s ~ 3:, we obtain 

ArN 
N sN-1 2:: dA, 

where dis a constant. Thus, by the monotonicity of q;-I, for all r E [~,~],we have 
that 

for all n 2:: n1, 

or equivalently, 

(66) 

for all n 2:: n 1 and for all r E [ ~' ~] . 

It is clear that (66) cannot hold for A large if R 2:: 4. If R < 4, by (65), condition 
(52), and the fact that A is arbitrary, we obtain a contradiction for n 2:: n0 for some 

no 2:: n1. 
Let us fix now h 2:: h0 for h0 given in Lemma 4.1, and consider the family of 

problems 
[rN-1¢(u')]' + rN- 1(g(lul) +>.h)= 0, r E (0, R), 
u'(O) = 0, u(R) = 0, ).. E [0, 1]. 

Lemma 4.2 Solutions to (67) are a-priori bounded. 

(67) 

The proof of Lemma 4.2 is lengthy and depends on certain energy estimates. We 

shall not give the proof here but refer to [30]. 
We need one further lemma to do the necessary degree computations. Its proof 

follows by arguments similar to those used above. 

Lemma 4.3 There exists an co > 0 such that the equation 

u = S(u,>.) (68) 

has no solution ( u, >.) with u E oB(O, co) and).. E [0, 1]. 
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It follows from Lemmas 4.1 and 4.2, that if u is a solution to the equation 

u = T(u, -\), ,\ E [0, 1], 

then llulloo :::; C, where C is a positive constant. Thus if B(O, RI) denotes the ball 
centered at 0 in C# with radius R 1 > C, we have that the Leray-Schauder degree of 
the operator 

I-T(·,-\) : B(O, RI) -+ C# 

is well defined for every ,\ E [0, 1]. Then, by the properties of the Leray-Schauder 
degree, we have that 

degL5 (J- To, B(O, R1), 0) = degL5 (J- T(·, 1), B(O, R1), 0) 
= 0, 

(69) 

viz. Lemma 4.1. Also, by Lemma 4.2 and the properties of the Leray Schauder degree, 
it follows that for co > 0 small enough, 

degL5 (J-S(·,-\),B(O,c0),0)= constant, forall -\E[0,1]. 

Hence 

degL5 (J- To, B(O, co), 0) = degL5 (J, B(O, co), 0) = 1. 

Thus, using the excision property of the Leray-Schauder degree we conclude that there 
must be a solution of the equation 

u = To(u) 

with u E B(O, Rl) \ B(O, co), completing the proof of Theorem 4.2. 

5 Problems on annular domains 

In this section we consider nonlinear ordinary differential equations of the form 

{ (¢(u'))' + N;1¢(u') + f(u) = 0, 0 < r1 < r < r2 
u = 0, r E {r1,r2}, (70) 

where 4> : IR -+ IR is an odd increasing homeomorphism and which satisfies: 

Vc > 0, 3Ac > 0, 

such that 

(71) 

where 
lim Ac = oo c-+oo (72) 
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Note that the above assumption immediately implies that 3Bc > 0 such that 

with 

¢(cu) ~ Bc¢(u), u E IR+, 

limBe= 0. 
c~O 

Since the only property of the function N;l we shall use here is its continuity, we 
consider the more general problem 

{ (¢(u'))' + b(r)¢(u') + f(u) = 0, 0 < r1 < r < r2 
u = 0, r E {r1,r2}, 

(73) 

where b : h, r 2] -t lR is a continuous function. The nonlinear term f will be assumed 
to be continuous and satisfy 

lim f(u) < 0 
u~o ¢(u) -

and to grow superlinearly (with respect to¢) near infinity, i.e. 

. f(u) 
hm "'( ) = oo. 
u~oo 'I' u 

(74) 

(75) 

For such problems we shall establish that (73) always has a positive solution defined 
for any interval [r1, r2]. The results obtained may be viewed as extensions of results 
in [16], [38] to p-Laplacian like equations, and of results in (34], (40], [51], and [53]. 
The results obtained will be equally valid in case f depends upon r also, provided the 
assumptions made are assumed uniform with respect to r. 

5.1 Fixed point formulation 

Letting 
l r b 

p(r) = e •1 , 

we may rewrite problem (73) equivalently as 

{ (p¢(u'))' + pf(u) = 0, 0 < r1 < r·< r2 
u = 0, r E {r1,r2}. 

(76) 

We shall establish the existence of solutions of (76) (hence (73) by proving the existence 
of fixed points of a completely continuous operator F, 

where the norm of E is given by !lull = maxrE[r1,r2Jiu(r)J. The operator F is defined by 
the following lemma. 
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Lemma 5.1 Let¢ be as above and c a nonnegative constant. Then for each v E E the 
problem 

{ (p¢(u'))'- cp¢(u) = pv, 0 < r1 < r < r2 
u = 0, r E {r1,r2} 

has a unique solution 
u = T(v), 

and the operator T : E --+ E is completely continuous. 

Proof For each wE E let u = B(w) be the unique solution of 

i.e. u is given by 

{ (p¢(u'))'- cp¢(w) = pv, 0 < r1 < r < r2 
u = 0, r E {r1,r2}, 

u(r) = 1r ¢-1 (~{q -18 (p(c¢(w) + v)}) ds, 
Tj P Tj 

where q is the unique number such that u(r2) = 0. 
From this also follows that B is a completely continuous mapping. 

(77) 

We shall next employ the continuation theorem of Leray-Schauder to establish that 
the operator B has a fixed point u, i.e. that 

{ (p¢(u'))'- cp¢(u) = pv, 0 < r1 < r < r2 
u = 0, r E {r1,r2}, 

(78) 

has a solution. We then define the operator T by 

T(v) = u, 

where u is the solution of (77). To accomplish what has been said, let u E E and 
.A E (0, 1) be such that 

Then 

u = .AB(u). 

{ (P¢ (~))'- cp¢(u) = pv, 0 < r1 < r < r2 

u = 0, r E {r1,r2}. 

Multiplying the above by u and integrating we obtain 

1~ (~) 1~ 1~ r
1 

p¢ >: u' + r
1 

cp¢(u)u =- r
1 

pvu. 

On the other hand, since ¢ is an increasing homeomorphism, for each € > 0, there 
exists a constant cf such that 
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Thus, we obtain 

and choosing f appropriately 

1T2 1 1T2 I pvui ~ -2c p¢(u)u + c1, 
TJ TJ 

where c1 is a constant. Hence we obtain 

for a constant c2 . Therefore 

and hence 

Further 

Since there exists r0 such that u'(r0) = 0, we obtain from the latter inequality that 

and hence 
llu'll ~ c7, 

where c1 , • • • , c7 are constants independent of ..\. The complete continuity of B is easily 
established and we conclude that B has a fixed point. If u1 and u2 are fixed points, 
one immediately obtains that 

and hence, since ¢ is increasing, that u1 = u2. Thus the operator T given in the 
statement of the lemma is well defined. That it is completely continuous, again may 
easily be established. 

Using the Lemma 5.1 we may obtain a fixed point formulation of problem (76) as 

u = F(u) = T( -c¢(u)- f(u)). (79) 

The next lemma is crucial for establishing the existence of nonzero fixed points of (79). 
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Lemma 5.2 If u is the solution of (78) with v ~ 0, then 

where 
1 . 

k(r) = --mm{r- r 1, r2- r }, 
r2- r1 

and c0 is a positive constant. 

Proof Let r 0 be such that llull = lu(r0)j. Let w be the solution of 

{ (p¢(w'))'- cp¢(w) = 0, 0 < r1 < r < r2 

w(rl) = 0, w(ro) = llull, 

103 

An argument, similar to the uniqueness argument used above, shows that u 2: 0, r 1 ~ 

r ~ r2 , w 2: 0, r1 ~ r ~ r0 , and u- w 2: 0, r1 ~ r ~ r0 . Further w' 2: 0, r1 ~ r ~ r0 . 

Next, observe 

which implies 

Using (72), we get 

and therefore 

We therefore obtain 

p(r)¢(w'(r)) = ¢(w'(r1)) + c 1~ p¢(w), 

¢(w'(r)) ~ c1¢(w'(rl)) + c21~ ¢ (1~ w') · 

J:l w' = J:l ¢-1 { P<P~w')} ~ J:l ¢-l(c3p¢(w')) 

~ c4 f/1 ¢-1(p¢(w')) ~ cs¢-1(p¢(w'(s))), 

¢ (1: w') ~ c6p¢(w'(s)) ~ c7¢(w'(s)). 

and hence by Gronwall's inequality 

or 
w'(r) ~ c9w'(r1). 

Integrating, we obtain 
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We hence find 

u(r) ~ w(r) = I:1 w' = I:1 ¢-1 { Ptf>~w')} 
~ c10 I:1 ¢-1(p¢(w')) ~ c10(r- ri)¢-1(p(ri)¢(w'(ri)) 
~ cn(r- rl)JJuJI, r1 ~ r ~ ro. 

Using a similar argument, we see that 

where in the above calculations c1, · • ·, c12 are constants that only depend upon p, ¢ 
and the length of the interval. 

5.2 Existence results 

We next establish the existence of a nontrivial solution of (76) by means of a fixed 
point argument (a cone expansion theorem analogous to results in [43] and [38]) and 
subsequently impose conditions upon f which will allow us to use this result. 

We first look at some auxiliary results. 

Proposition 5.1 Assume that f : lR -+ lR is continuous and there exists a constant 
c > 0 such that 

f(u) + c¢(u) ~ 0, u ~ 0. 

Further assume there exists a constant m > 0 such that 

u = T(,\(-c¢(Jul)- /(lui)), 0 ~ ,\ ~ 1, =>!lull t- m, 

and there exists a constant M > m and an element h E E, h ~ 0 such that 

u = T( -c¢(u)- /(lui)+ ,\h), 0 ~ ,\ ~ 1, => !lull t- M, 

further any solution u of 

u = T( -c¢(u)- !(lui)+ h), 

satisfies llull > M. Then there exists a fixed point u E E of the operator F, F(u) == 
T(-c¢(Jul)- !(lui)) such that 

m< llull <M. 

Rephrasing Proposition 5.1 for the boundary value problem (76), we have the fol
lowing corollary. 
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Corollary 5.1 Assume that f : IR-+ IR is continuous and there exists a constant c > 0 
such that 

f(u) + c¢(u) ~ 0, u ~ 0. 

Further assume there exists a constant m > 0 such that for 0 :::; A :::; 1 and any solution 
u of 

{ (p¢(u'))'- cp¢(u) + A(cp¢(1ul) + pf(iul)) = 0, 0 < r1 < r < r2, (80) 
u = 0, r E {r1,r2}. 

satisfies 
!lull¥= m, 

and there exists a constant M > m and an element h E E, h ~ 0 such that any 
solution u of 

{ (p¢(u'))'- p¢(u) + p¢(iul) + pf(iul) :::; 0, 0 < r1 < r < r2, (81) 
u = 0, r E {r1,r2}. 

satisfies !lull ¥= M, and solutions u of 

{ (p¢(u'))'- p¢(u) + p¢(iul) + pf(lul) +ph= 0, 0 < r1 < r < r2, (82) 
u = 0, r E {r1,r2}, 

satisfy !lull > M. Then there exists a solution u, u ~ 0 of (43} such that 

m <!lull< M. 

We next provide conditions on f and further conditions on ¢ in order that the above 
corollary may be applied. 

To obtain our main result we provide conditions about the behavior of f near zero 
and near infinity. These conditions in turn will provide the validity of Corollary 5.1 
and hence yield the existence of nontrivial solutions. 

Proposition 5.2 Assume that f : IR -+ IR is continuous and let there exist a constant 
c ~ 0 such that 

f(u) + c¢(u) ~ 0, u ~ 0. 

Further, let¢ be an odd increasing homeomorphism of!R which satisfies {71} and assume 
(74} holds. Then there exists a positive number m such that for 0 :::; A :::; 1 and any 
solution u of 

{ (p¢(u'))'- cp¢(u) + A(pf(iul) + cp¢(iul)) = 0, 0 < r1 < r < r2, 
u = 0, r E {r1,r2} 

satisfies !lull ¥= m. 
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Proof We observe that earlier considerations imply that solutions are nonnegative. To 
prove the result we argue indirectly and conclude the existence of sequences Pn} C 

[0, 1], {En}, En '\t 0, {un}, llunJJ =En, such that the triple (En, An, un) is a solution. 
Since each Un -=/= 0 has a maximum point, say un(r~) = JJunJJ, we obtain by integration 

( A r• ) u~(r)::; ¢-1 p(;) 1 n p(s)f(un(s))ds ; 

and hence, for given E > 0 we have for large n 

integrating once more and using the fact that the integrand is positive and that ¢-1 is 
mo~otone, we obtain 

hence for all large n 

or 
¢ (~) ::; C1E¢(En)), 

r2- r1 
hence if r 2 - r 1 ~ 1 we immediately obtain a contradiction for E small, on the other 
hand if if r 2 - r 1 > 1, we obtain a contradiction using (72). 

We next consider conditions which guarantee the validity of the second part of 
Corollary 5.1. 

Proposition 5.3 Assume that f : lR -+ lR is continuous and let there exist a constant 
c 2:::: 0 such that 

f(u) + c¢(u) 2:::: 0, u 2:::: 0. 

Further, let ¢ be an odd increasing homeomorphism of lR which satisfies {71); also 
assume {75) holds. Then there exists a positive number M such that any solution u of 

{ (p¢(u'))'- cp¢(u) + cp¢(JuJ) + pf(Jul) ::; 0, 0 < r1 < r < r2, 
u=O, rE{r1,r2} 

satisfies JJuJJ i= M. 

Proof Let u be a solution with Ju(r0)J = JJuJJ. It follows from earlier considerations 
that u must be nonnegative. Hence, integrating, we obtain 

u'(r) 2:::: ¢-1 (ptr) 1: p(s)f(u(s))ds) , r ::; r 0 . 
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By a new integration, we conclude 

u(r) ~ 1~ (¢- 1 (p~) lro p(s)f(u(s))ds)) dr, T ~ r0 . 

In the above inequality we now add and subtract the term 

1 ro 
p(r) lr cp(s)cp(u(s))ds 

under the integral. 
If then r 0 ~ r 1 ~r2 , the above inequality yields 

r 2 - r 1 2 r2 
( !:Lb. ) llull ~ (-3 -) ¢-1 c1 hr1t 2 (J(u) + ccp(u))- c2l ¢(u) , 

or 

¢ c2: r111u11) ~ c1¢(c5llull) h::r~ f(u)¢7u~¢(u) - c2(r2- r1)¢(11ull), 

where c5 = c0 min{k(r): 2Tit2 ~ r ~ 2r 2t 1 }, and c1,c2 are positive constants. If, on 
the other hand, r 0 ~ ~'we obtain, via similar considerations 

with c5, c1, c2 as above. Combining the two cases we obtain 

where 
I(u) =min { {2r2t'I f(u) + ccp(u) (2~r~ f(u) + ccp(u)}. 

}!,~r2 cp(u) 'hrt;-r2 cp(u) 
On the other hand 

lim I(u) = oo. 
!lull-too 

The conclusion therefore follows from the properties of ¢. 
We need one further result to be able to apply Corollary 5.1. 

Proposition 5.4 Assume the hypotheses of Proposition 5.3 and let M be a constant 
whose existence is guaranteed there. Then there exists hE E, h ~ 0 such that llull > M 
for any solution of 

{ (pcp(u'))'- cpcp(u) + cp¢(1ul) + pf(lul) +ph= 0, 0 < r1 < r < r2, 
u = 0, r E {r1,r2}. 
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Proof If u is a solution with Ju(r0)J = JJuJJ, we may proceed as in the proof of the 
previOUS proposition and conclude that, if To ~ r, ra 1 then 

If, on the other hand, To ~ r, ra' we obtain, via similar considerations 

Combining the two cases we obtain 

where 

{
!!:.2..±!:1. !:2.±!:1.} 

!=min 3 h 2 h. f,;ra 1 hr1:"2 
Thus, letting h =constant>> 1, we obtain the result. 

Combining the above propositions and using Corollary 5.1 we have proved our main 
result. 

Theorem 5.1 Assume that f : lR 4 lR is continuous. Further, let ¢ be an odd in
creasing homeomorphism of lR which satisfies {71}, and let the following condition.s 
hold: 

1. . f f(u) < 1. f(u) 0 
-OO < Imlll ,1.( ) _ ImSUp ,1.( ) ~ , 

u-+0 'I' U u-+0 'I' U 

. f(u) 
hm ,~.( ) = oo. 

U-+00 'I' U 

Then the boundary value problem {73) has a positive solution. 

We remark here that the condition that there exist a constant c ~ 0 such that 

f(u) + c¢(u) ~ 0, u ~ 0. 

follows from the assumptions of the theorem. 
The next theorem considers the case that f : lR 4 lR is nonnegative. The behavior 

of f near the origin is then described in terms of the functions 

G(u) =lou J, <P(u) = hu ¢. 

We have the following result: 
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Theorem 5.2 Assume that f : IR -+ IR is continuous and nonnegative. Further, let ¢ 
be an odd increasing homeomorphism of IR such that ¥ is nondecreasing on JR+ and 
satisfies {71}; also let the following conditions hold: 

I .. fG(u) 0 
Imm .if..( ) = ' u--tO 'J:' u 

. f(u) 
hm "'( ) = oo. u--too '+' u 

Then the boundary value problem {73} has a positive solution. 

We note that in the case ¢(s) = lsiP-2s the conditions above hold if and only if 
p ~ 2. 

6 Positone problems 

In this section we are interested in the existence and multiplicities of positive solutions 
of the boundary value problem. 

(¢(u'))' + >.j(t, u) = 0, a< t < b 
u(a) = 0 = u(b) 

(83) 

with f continuous (but not necessarily locally Lipschitz continuous). We make the 
following assumptions: 

¢ is an odd increasing homeomorphism on IR 
I. 1/>(ux) \.J O 
1m SUPx--too 1/>(x) < 00, v(J > · 

f: [a, b] x [0, oo)-+ (0, oo) is continuous 
3[c, d] C (a, b), c < d such that 

limu--+oo 1J~~''/ = oo, uniformly fort E [c, d]. 

The main result in this section is: 

(84) 

(85) 

Theorem 6.1 Let {84} and {85} hold. Then there exists a positive number)..* such 
that the problem (83) has at least two positive solutions for 0 < >. < )..*, at least one 
for >. = >. * and none for >. > >. * 

Note that in the special case where ¢(u') = u', Theorem 6.1 is a classical (see e.g. 
[16], [61].) Related results for the case ¢(u') = lu'IP-2u' can be found in [20], [40] and 
the references in these papers. 

It is an easy exercise to see that the type of boundary value studied in the previous 
section may in fact, via a change of variables, be transformed to a problem of type 
(83). 
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I proving Theorem 6.1, we shall, in addition to continuation methods also employ 
upper and lower solution methods. These methods are, of course, standard for semi
linear equations (see [60], [27]) and we refer to [6], [11],[18], [13], [14], [55], where the 
types of theorems for the nonlinear case are presented. 

We now prove Theorem 6.1. Since we are interested in nonnegative solutions we 
shall make the convention that f(t, u) = f(t, 0) if u < 0. 

We first need a lemma which is a special case of Lemma 5.2. 

Lemma 6.1 Let v E C0 [a, b] with v ~ 0 and let u satisfy 

Then 

where 

(¢(u'))' = v 

u(a) = 0 = u(b). 

u(t) ~ llullp(t), t E [a, b] 

( ) min(t- a, b- t) 
p t = --'-----'

b-a 

The next sequence of lemmas will allow us to employ continuation methods by establi
shing necessary a priori bounds on solutions. 

Lemma 6.2 Suppose that g : [a, b] x JR+ -+ IR+ is continuous and there exists a positive 
number M and an interval [a1, bd C (a, b) such that 

g(t, u) ~ M(¢(u) + 1), t E [a1 , a2], u ~ 0. 

There exists a positive number Mo = Mo(¢, a1 , bi) such that the problem 

(¢(u'))' = -g(t, u) 
u(a) = 0 = u(b) 

has no solution whenever M ~ Mo. 

Proof Let u be a solution. Then 

u(t) = l¢-1[c -18 g(T, u)dT]ds, 

where c = ¢(u'(a)). Let llull = u(to), toE [a, b]. Then u'(to) = 0 and hence 

u(t) = l¢-1[t0 g(T, u)dT]ds 

If to > a1 +b1 then 
- 2 ' 

llull ~ u(a1) > I:1 ¢-1[M (1 ~b1 (¢(u) + 1)] 
> (a1- a)¢-1[M(b1;ad[¢(11ull8) + 1]] 
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where 
6 = min p(t). 

at~t~bt 

This implies 

If to ::::; at tbt ' then since 

u(t) = {b lj>- 1 [ rs g(T, u)dT]ds it ito 
we deduce 

4> (~) > M(b1- a1) [4>(iiull6) + 1] 
b- b1 2 

Combining the above, we obtain 

where"(= max (b~b1 , at~a). 
Consequently, 

and 

!lull > ~4>- 1 [ M(b12- a1)] 

4>bllull) M 
¢(6llull) > 2(b1- al) 

a contradiction, if M is sufficiently large. 

Ill 

Remark 6.1 It follows from the proof, that the problem in Lemma 6.2 has no solution 
u satisfying 

g(t, u(t)) 2:: M(¢(u(t)) + 1), t E [a1, a2], 

if M 2:: Mo. 

These considerations further imply the following result: 

Theorem 6.2 There exists a positive number 5. such that problem (83) has no solution 
for>.> 5.. 

It follows immediately from (85) that there exists a constant f1 > 0 such that 

f(t, u);::: f.l(¢(u) + 1), u E IR+, c::::; t::::; d. 

Hence the result follows from the previous lemma. We shall also need the the following 
lemma, whose proof we omit. 
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Lemma 6.3 For each p > 0, there exists a positive constant C11 such that the problem 

(¢(u'))' = -)JJf(t, u)- (1- B)Mo(l¢(u)l + 1) 
u(a) = 0 = u(b) 

with A 2: p, BE [0, 1] and Mo given by Remark 6.1, has no solution satisfying llull > Cw 

Now, let A be the set of all ). > 0 such that (83) has a solution and let ).* = supA. 

Lemma 6.4 0 < ). * < oo and ). * E A. 

Proof u E C0 [a, b] is a solution if and only if u = F(A, u), where 

F: [0, oo) X C0 [a, b] -t C0[a, b] 

is the completely continuous mapping given by 

with u the solution of 

u = F(.X, v), 

(¢(u'))' = -.Xf(t, v), 
u(a) = 0 = u(b). 

We note that F(O, v) = 0, v E C 0 [a, b]. Hence it follows from the continuation theorem 
of Leray-Schauder that there exists a solution continuum C c [0, oo) x C0 [a, b] of 
solutions of (83) which is unbounded in [0, oo) x C0 [a, b], and thus, (83) has a solution 
for ). > 0 sufficiently small, and hence ). * > 0. By Theorem 6.2, ). * < oo. We 
verify that A* E A. Let {An}n C A be such that An -t A • and let { Un} be the 
corresponding solutions. We easily see that { un} is bounded in C 1 [a, b] and hence 
{ Un} has a subsequence converging to u E C0 [a, b]. By standard limiting procedures, 
it follows that u is a solution of (83). 

Lemma 6.5 Let 0 < ). < ).* and let U>,• be a solution of (83 ). Then there exists Eo > 0 
such that U>.· + f, 0 :::; f :::; Eo is an upper solution of {83). 

We now employ the above results to proof Theorem 6.1. 
Let 0 < ). < ).*. Since 0 is a lower solution and U>.• is an upper solution, there exists 

a minimum solution U>. of (83) with 0 :::; U>. :::; U>.·. We next establish the existence of 
a second solution. 

We remark that the mapping 

Af--t U>,, 0 :SA :S ).*, 

where U>. is the minimal solution of (1.1)>. is a continuous mapping [0, .X*] -t C0 [a, b]. 
Hence 

{(A,u>.): 0 :S). :S .X*} C C, 

where C is the continuum in the proof of Lemma 6.4. Using separation results on closed 
sets in compact metric spaces (Whyburn's lemma), one may use the arguments used 
in the above proof to verify that for each ). E (0,). *) there are at least two solutions 
on the continuum C. 
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7 On principal eigenvalues for general domains 

In this section we shall briefly consider the eigenvalue problem 

-div(A(IY'ui 2)V'u) = AB(Iul 2)u in 0 
u = 0 on an, 
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(86) 

where 0 is a bounded smooth domain in IRN and the functions ¢(s) = A(lsl 2)s, 'l/J(s) = 
B(lsl 2)s are increasing homeomorphisms which satisfy the following growth conditions: 

(87) 

where c, dare positive constants and, as before p > 1. We are interested in the existence 
of values of A such that (86) has nontrivial positive and negative solutions. 

To establish the existence of such eigenvalues, we minimize an appropriate functio
nal subject to a constraint in the Sobolev space wJ·P(O). We establish the following 
theorem. 

Theorem 7.1 Let¢ and 'ljJ be monotone increasing functions which satisfy {87}. Then 
for every constant J..l > 0 there exists A > 0 such that (86} has a positive (negative) 
solution u and llulb = J..l. The set of such A is bounded away from 0 and bounded 
above. 

Proof Define the following functions 

1 los2 1 los2 a(s) =- A(s)ds, f3(s) =- B(s)ds, 
2 0 2 0 

(88) 

and the functionals 

!( u) = in a(IV'ui)dx, g( u) = in f3(1ul)dx. (89) 

These functional are well defined on wJ·P(O) because of the growth conditions (87). 
Furthermore, since f and g are convex and continuous they are weakly lower semi 
continuous. Since the embedding WJ·P(O) '---+ V(O) is compact we have that for every 
constant d the sets 

S/1- = {u E WJ·P(fl): g(u) = J.L}, 

are weakly closed. Also the functional f is coercive on wJ·P(O), hence the constraint 
minimization problem 

f ( u) = min f ( v) 
vES~' 

(90) 

has a solution u (see e.g. [62]). Since both f and g are C1 functionals, Liusternik's 
theorem on Lagrange multipliers (see again [62]) implies that there exists A such that 

J'(u) + Ag'(u) = 0. (91) 
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(Note that g'(u) =/:- 0, u E Sl-" J.L =/:- 0.) On the other hand equation (91) means that 

-L A(IVui 2)Vu · Vv +A L B(u2 )uv = 0, \fv E Wl'P(O), (92) 

i.e. u is a weak solution of (86). Choosing u = v in (92), we obtain that A > 0. Since 
f(u) = f(lul) and g(u) = g(lul), we may assume that u is onesigned in 0. We next 

denote by A1 the principal eigenvalue of 

{ 
-div((IVuiP-2)Vu) = AluiP-2u in 0 

u = 0 on 80. 

Then it is known that A1 may be characterized as 

(93) 

where the constraint eqnivalently may be replaced by 

for any "' > 0. 
Let now A be as above. Then it follows from (92) that 

(94) 

Next we note that, since 

and 

it follows that 

Also since 
c d 
-luiP :S fJ(Iul) :S -luiP 
p p 

it follows that there exists a constant v = v(J.L) such that v~ E S/1-, where ~ is a 
fixed eigenfunction corresponding to At, i.e a solution to (93), say, chosen so that 

fn IV~IP = 1. Hence 
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A :S tin A(IV'ui 2)IV'ul2 

:S ~In A(v2 IY'~I 2 )v2 IY'~I 2 

< <ivP. 
- J-1 

We thus have obtained an upper bound for A. 
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To obtain higher eigenvalues for equation (86) one may proceed via a Liusternik
Schnirelman approach patterned after the results in [7], [12], [42], [63]. 

Remark 7.1 Returning to problem {86} we remark that we can treat equally well the 
case that 'ljJ satisfies the growth condition 

where c, d are positive constants and, as before q > 1, with 

Np 
q<-N . -p 

(95) 

One proceeds ina similar manner noting that the embedding wJ·P(fl) '---+ £9(S1) is com
pact and one obtains a result similar to Theorem 7.1 with the exception that the set of 
principa~ eiegenvalues no longer is bounded above nor below. 

In order to treat more general classes of bifurcation problems including related 
variational inequalities one may proceed as detailed in [11], [22], [44], [48]. Concer
ning nonlinear perturbations of resonant problems a la Landesman-Lazer, results and 
procedures are given in [45], [46], [47]. 

For related results, see also [37], [54] and [56], and for bifurcation problems with 
the underlying domain IR.N we refer to [2], [23], [24] [25]. 
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BOUNDED SOLUTIONS OF NONLINEAR ORDINARY 
DIFFERENTIAL EQUATIONS 

J, Mawhin 

Catholic University of Louvain, Louvain-Ia-Neuve, Belgium 

1 Introduction 

A classical result states that if A is a n x n real matrix and T > 0, then the system 

x'(t) = Ax(t) + p(t), (1) 

has a T-periodic solution for each T-periodic continuous forcing term p if and only if 
no eigenvalue of A has the form ikw with k E Z and w = ~. The homogeneous part 
of equation (1) is then said to be non-resonant. In this case, if h : JR. x JR.n -t JR.n 

is continuous, bounded and T-periodic with respect to t, an easy application of the 
Schauder fixed point theorem implies that the perturbed system 

x'(t) = Ax(t) + h(t, x(t)), (2) 

has at least one T-periodic solution. In this situation of a nonlinear perturbation of 
a non-resonant linear equation, only some quantitative assumption (here the bounded
ness) upon h is necessary to save the existence of aT-periodic solution. 

Such aT-periodic solution is of course a special case of a solution which is bounded 
over JR.. When p is only assumed to be bounded (or essentially bounded) over JR., one 
can raise the question of the existence of solutions of (1) which are bounded over JR.. 

A classical result of Perron [26], that we shall recall in Section 2, states that such a 
solution will exist if no eigenvalue of A lies on the imaginary axis. In this case, it will 
be shown in Section 3 that the perturbed problem (2) still has a solution bounded 
over JR. for any bounded and continuous nonlinear perturbation h. This can be done 
using either Schauder-Tikhonov fixed point theorem or Schauder theorem followed by 
a limiting process. Again, a quantitative assumption (boundedness) upon the nonlinear 
perturbation suffices to guarantee the existence of a bounded solution. 

When p is T-periodic and A has eigenvalues of the form ikw for some k E z, 
necessary and sufficient conditions upon p are known which insure the existence of 
a T-periodic solution for (1) (Fredholm alternative). Then, as shown independently 
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by Gaetano Villari [34] and Lazer [17] respectively for third order and second order 
equations, some qualitative assumptions upon h (like sign conditions) have to be added 
to the quantitative ones (like boundedness) to insure the existence of aT-periodic to 
(2). For example, in the simplest case of the first order scalar differential equation 

x'(t) = h(t,x(t)), (3) 

with, for simplicity, h bounded, a sufficient condition for the existence of aT-periodic 
solution to (3), when his T-periodic with respect tot, is that 

fT lim sup h(t, x) dt < 0 < fT lim inf h(t, x) dt, Jo x-++oo Jo x-+-oo 

or that 
fT lim sup h(t, x) dt < 0 < fT lim inf h(t, x) dt, 

lo X-+-00 lo x-++oo 

(see [19]). Conditions of this type are generally referred as Landesman-Lazer conditions, 
and have been obtained for various classes of nonlinear perturbations of resonant linear 
equations and systems. 

The obtention of some Landesman-Lazer conditions for the case of bounded solu
tions has been initiated by Ahmad [1] in 1991 for some dissipative scalar second order 
differential equations, using some qualitative techniques for the study of those equa
tions, described for example in [29, 27, 39]. Those results have been extended, using 
a functional-analytic approach based upon earlier work of Krasnosel'skii [15, 16], by 
Ortega, Tineo and Alonso in [24, 25, 2], and by Ward and the author in [20], where 
upper and lower solutions techniques have been used as well, allowing to deal with 
some nondissipative equations. This functional-analytic approach will be described in 
Sections 4 to 7 of those lectures, with the hope of stimulating further research in an 
area where many problems remain unsolved. Other techniques, like Conley index, an: 
also useful to study bounded solutions, but will not be considered here. The reader 
can consult [35, 36, 37, 38, 21]. 

If k 2: 0, and n 2: 1 are integers, we shall denote by BC~ (BCk when n = 1 ami 
BCn when k = 0) the space of all continuous mappings x : lR -t IR.n which are of class 
Ck and are bounded over IR, together with all their derivatives of order smaller or equal 
to k, with the uniform norm 

or any equivalent one, where 1·1 denotes some norm in IR.n, and xUl the lh derivative of 
x. We simply write llx II when k = 0. It is well known that BC~ is a Banach space. We 
shall also denote by L';' the space of measurable and essentially bounded (equivalence 
classes of) mappings from lR to IR.n (£00 for n = 1), endowed with its classical nor21 

I · loo· 
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Let f : IR x !Rn --+ !Rn be continuous and let 

x'(t) = f(t, x(t)) (4) 

be the associated ordinary differential system. A solution x E BCn of ( 4) will be 
called a bounded solution of (4). In the case where f satisfies only the Caratheodory 
conditions, the definition of a bounded solution is the same, except that it has to be a 
solution in the Caratheodory sense. If g : IR x !Rn --+ !Rn is continuous and if 

y(k)(t) = g(t, y(t), y'(t), ... , y(k-l)(t)) (5) 

is the associated ordinary differential equation, then, consistently, a bounded solution 
of (5) will be a solution y of (5) belonging to BCk-l. A similar remark like above holds 
if g is only supposed to be a Caratheodory function. 

I want to acknowledge the CISM for the efficient hospitality during the lectures 
and Professor Fabio Zanolin for his superb and friendly organisation. Moreover, I am 
indebted to M. Cherpion and C. De Coster for their careful reading of the manuscript 
and useful suggestions. 

2 Linear systems with bounded forcing term 

To see if the existence of bounded solutions is a frequent phenomenon or not, we can 
first consider a scalar homogeneous linear differential equation with constant coefficient 

x'(t) = ax(t), (6) 

where a is a real number. For a i= 0, its solutions are given by x(t) = ceat and x = 0 
is the only bounded solution of (6). For a = 0, the solutions of (6) are the constant 
functions and all are bounded. In the more general case of a homogeneous linear system 
with constant coefficients 

x'(t) = Ax(t), (7) 

with A a real (n x n) matrix, whose eigenvalues are denoted by aj, (1 ~ j ~ n), one 
can prove in an analogous way that if no aj lies on the imaginary axis, system (7) has 
only x = 0 as a bounded solution. When some aj lies on the imaginary axis, (7) has 
nontrivial bounded solutions which are indeed periodic or quasi-periodic. 

In the case of the nonhomogeneous linear system · 

x'(t) = Ax(t) + p(t), (8) 

with a locally integrable input p, we notice first that (8) has at most one bounded 
solution when no eigenvalue aj of A lies on the imaginary axis. Indeed, if u and v are 
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bounded solutions of (8), then u- vis a bounded solution of (7) and hence is equal to 
zero. If ~o:1 < 0 for all 1 :::; j :::; n, then 

(9) 

for some K > 0, some a E ]0, min1 ~j~n l~o:1 1], and all t > 0. By the variation of 
constants formula, each solution x of (8) is such that 

x(t) = eA(t-r)x(r) + l eA(t-s)p(s) ds. 

But, if xis a bounded solution of (8), it follows from (9) that 

lim eA(t-r)x(r) = 0. r--t-oo · 
Consequently, letting r --t -oo in (10), we get 

x(t) = loo eA(t-s)p(s) ds. 

It is now easy to check that (11) is a bounded solution of (8). As, fort 2: s, 

and e-a(t-·) is integrable over ] - oo, t] for each t E IR, with 

Jt 1 
e-a(t-s) ds = -, 

-oo a 

we see that the integral in the right-hand member of (11) exists and that 

lx( t) I :::; KIPioo, 
a 

(10) 

(11) 

(12) 

for all t E IR, so that x E BC. A direct verification then shows that (11) is a solution 
to (8), and hence is its unique bounded solution. 

Similarly, if ~o:1 > 0 for all 1 :::; j :::; n, one can verify that 

roo x(t) =-it eA(t-s)p(s) ds, (13) 

is the unique bounded solution of (8) and also satisfies (12). 
This existence and uniqueness result can be extended to the case where no eigen

value o:1 of A lies on the imaginary axis (hyperbolic case). This is due to Perron [26]. 
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Lemma 1. The system (8) has a unique bounded solution for all p E BCn if no 
eigenvalue O!j of A lies on the imaginary axis. This bounded solution satisfies the 
inequality 

(14) 

for some K1 > 0 and a E ]0, min1~j~n iaii]. 
Proof The assumption upon the eigenvalues of A implies (see e.g. [13]) that there 

exist supplementary projectors P_ and P+ on JRn commuting with A and numbers 
K > 0, a E ]0, min1~j~n O!j] such that 

ieAt P_xi :::; K e-atiP-xi, t ~ 0, 

ieAtp xi < Kea1iP xi t < 0. + - + ' -
From (10) we then get 

P_x(t) = eA(t-r) P_x(r) + l P_eA(t-s)p(s) ds, 

P+x(t) = eA(t-r) P+x(r) + l P+eA(t-s)p(s) ds. 

If now x is a bounded solution of (8), then letting T--+ -oo in {15), we get 

P_x(t) =too P_eA(t-s)p(s) ds, 

and letting T --+ +oo in (16) we get 

P+x(t) = -l+oo P+eA(t-s)p(s) ds. 

It is then easy to verify that 

lt i+oo x(t) = P_eA(t-s)p(s) ds- P+eA(t-s)p(s) ds -oo t 

is the bounded solution of (8). 

In [18, 8, 9], extensions of those results to nonautonomous linear equations 

x'(t) = A(t)x(t) + p(t) 

are given in terms of the concept of exponential dichotomy. 
In the special case of a non-homogeneous scalar linear differential equation 

L[y](t) = p(t), 

(15) 

(16) 

(17) 

• 

{18) 
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associated to the linear differential operator with real constant coefficients aj, ( 1 ::; 
j:Sk-1), 

L[y](t) = y(kl(t) + ak-1Y(k-1l(t) + ... + a1y'(t) + aoy(t), (19) 

the above result implies the existence of a unique bounded solution for all p E L00 if 
and only if no zero of the associated characteristic polynomial 

(20) 

lies on the imaginary axis. In this case, the estimate (14) takes the form 

(21) 

3 Linear equations with continuous forcing term 

In this section we shall consider in more detail the case of the existence of bounded 
solutions for the scalar linear differential equation (18) when p: IR -t IRis only assumed 
to be continuous, which we write p E C. Let 

BP = {x: IR -t IR: xis continuous and has a primitive bounded over IR}. 

Notice that BC C/. BP .and BP C/. BC, as shown respectively by p(t) = 1 and by 
p(t) = 2t cos t2 = (sin t2 )'. 

The following result is due to Ortega and Tin eo (25]. 

Lemma 2. Let p E C be given and assume that A = 0 is a simple zero of (20) and 
that (20) has no other zero on the imaginary axis. Then equation (18) has a bounded 
solution if and only if p E BP. 

Proof. We first consider the case where k = 1. Then, by our assumptions, L[y] = y' 
and the result is nothing but the definition of BP. 

Assume now that k ~ 2. By assumption, a0 = 0. We first prove the necessity. Let 
y be a bounded solution of (18) (so that y E Bck-1) and set 

P(t) = l p(s) ds. (22) 

Integrating both members of (18), we get 

y(k-1l(t) - y(k-1l(o) + ... + a1[y(t)- y(O)] = P(t), 

and so P is bounded as y E BC(k-1). 

We now prove the sufficiency. Let p E BC and consider the equation 
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where Pis defined in (22). By assumptions, all the zeros of the characteristic polyno
mial of (23) have nonzero real parts, and hence, by the results of the previous section, 
equation (23) has a unique bounded solution U (so that U E Bck-2 ). From the equa
tion, we see immediately that U E Bck-1, and, asP E C 1, that U E Ck, and hence 
satisfies the differential equation 

Uk(t) + ak_ 1uk-1(t) + ... + a1U'(t) = p(t). 

Thus U is a bounded solution of (18). 

The following special case was proved by Ortega [24]. 

Corollary 1. Let p E C be given and c =I 0. Then the equation 

y"(t) + cy'(t) = p(t) 

has a bounded solution if and only if p E BP. 

• 

(24) 

We can now state and prove an extension of the results of the previous section 
which is due to Ortega and Tineo [25]. 

Lemma 3. Let p E C be given and assume that (20) has no zero on the imaginary 
axis. Then the equation (18) has a bounded solution if and only if p E BP + BC. 

Proof Necessity. Let y be a bounded solution of (18). Letting 

p* = y(k) E BP, 

and 
p** = ak_ 1y(k-1) + ... + a1y' + aoy E BC, 

we see that p = p* + p** E BP + BC. 
Sufficiency. Assume that p = p* + p** with p* E BP and p** E BC. Let 

dk dk-1 d 
M=dtk+bk-1dtk-1 + ... +b1dt 

be a linear differential operator of order k satisfying the conditions of Lemma 2. Then 
the equation 

M[y](t) = p*(t) 
has a bounded solution u, so that u E BCk- 1. If we make the change of variable 

y = z + u, 

then equation (18) becomes 

L[z](t) = M[u](t)- L[u](t) + p**(t). (25) 

Notice that 

M[u] - L[u] = (bk-1 - ak-1)u(k- 1) + ... + (b1 - al)u'- aou E BC, 

and hence M[u]- L[u] +p** E BC. Consequently, by the results of the previous section, 
the equation (25) has a unique bounded solution z, and z + u is therefore a bounded 
solution of (18). • 
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Notice that, as noticed at the beginning of Section 2, the bounded solution in 
Lemma 3 is necessary unique. 

Corollary 2. Let p E C be given and let b > 0 and c =/=- 0 or b < 0. Then the equation 

y"(t) + cy'(t) + by(t) = p(t) 

has a bounded solution if and only if p E BP + BC. 

Proof. z = iu with u real is a zero of the corresponding characteristic polynomial 
>.2 +c.>. + b if and only if b = u2 and cu = 0. • 

In what follows, L will be called nonresonant if its characteristic polynomial has no 
root on the imaginary axis·and resonant if some root lies on the imaginary axis. 

4 Bounded nonlinear perturbations of a nonreso
nant linear equation 

The following result, due to M.A. Krasnosel'skii [15], is an useful tool to prove the 
existence of bounded solutions of nonlinear differential systems. Let f : lR x JRn -+ JRn 
be continuous and consider the associated differential system ( 4). 

Lemma 4. Let (tn)nEN be an increasing sequence of positive numbers and (xn)nEN be 
a sequence of functions from lR to JRn with the following properties. 
1. tn-+ +oo as n-+ oo. 
2. For each n E N, Xn is a solution of (4) defined on [-tn, tn]· 
3. There exists a bounded set B C lRn such that, for each n E Nand every t E [-tn, tnJ, 
one has xn(n E B. 
Then system (4) has at least one solution x defined on lR and such that x(t) E B for 
all t E JR. 

Proof. For each n EN, define M(n) = maxltl:5tn,xEB lf(t, x)l. From the equation 

Xn(t) = Xn(O) + l f(s, Xn(s)) ds, t E [-tn, tnJ, 

it follows that 
lxn(t')- Xn(t")l ::; M(n)lt'- t"l 

for all t', t" E. [-tn, tn]· Consequently, (xn)nEN restricted to [-to, to] is a uniformly 
bounded and equicontinuous sequence. By Ascoli-Arzela theorem, it has a subse
quence (x~)nEN which converges uniformly on [ -t0 , to]. Similarly, the sequence (x~)n~l 
restricted to [-t1, t1] is a uniformly bounded and equicontinuous sequence and has a 
subsequence (x~)n~l which converges uniformly on [-t1, ti]. Continuing in this way, we 
construct a sequence of sequences (x~)n~k in such a way that (x~)n~k is a subsequence 
of (x~- 1 )n~k-l and converges uniformly on [-tk, tk]· The diagonal sequence (x~)nEN 
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converges uniforr~lJ on every compact interval to a function x* defined on JR. and such 
that x*(t) E B for each t E JR.. If t E JR., then, for all n such that tn 2: ltl, we have the 
identity 

x~(t) = x~(O) + l f(s, x~(s)) ds, 

so that, letting n --7 oo, we obtain 

x*(t) = x*(O) + l f(s, x*(s)) ds, 

and x* is a solution of (4). • 
We apply Lemma 4 to a nonlinear perturbation of a nonresonant linear differential 

equation. 

Lemma 5. Consider the scalar differential equation 

L[y](t) = h(t, y(t)), 

with L defined in (19), and assume that the following conditions hold. 
1. The characteristic polynomial of L has no root on the imaginary axis. 
2. h : JR. x JR. --7 JR. is continuous and bounded. 
Then (26) has at least one bounded solution. 

Proof. For each integer n 2: 1, define hn : JR. x JR. --7 JR. by 

hn(t, y) = h(t, y) fortE [-2n, 2n[ andy E JR., 

(26) 

extended 4n-periodically to JR. X JR. Clearly, each hn is a Caratheodory function and, if M 
is such that lh(t, y)l :::; M for all (t, y) E JR. x JR., then lhn(t, y)l :::; M for all (t, y) E JR. x JR. 
and all integers n 2: 1. By assumption 1, the equation L[y](t) = 0 has only the trivial 
4n-periodic solution for each integer n 2: 1. If follows then from a direct application of 
Schauder fixed point theorem in the space Cf,;- 1 (IR, JR.) of 4n-periodic functions of class 
ck-l that the equation 

L[y](t) = hn(t, y(t)) (27) 

has at least one 4n-periodic solution Yn· Now, such a solution is also a bounded solution 
of (27) and hence, by (21), there exists constants K 1 > 0 and a> 0 such that 

(28) 

Consequently, for each n 2: 1, Yn is a solution of (26) defined on [-n, n] and such that 
the inequality (28) holds. Applying then Lemma 4 to the first order system equivalent 
to (26), we immediately obtain the existence of a bounded solution to (26). • 



130 1. Mawhin 

We now consider the case of the perturbation of a nonresonant linear equation by a 
bounded nonlinearity and a continuous (not necessarily bounded!) forcing term. The 
following result is due to Ortega and Tineo [25]. 

Theorem 1. Let L[y] be given by (19), p E C and g : ~ --+ ~ continuous and boun

ded be given, and assume that the characteristic polynomial of L has no root on the 
imaginary axis. Then the equation 

L[y](t) + g(y(t)) = p(t) (29) 

has a bounded solution if and only if p E BP + BC. 

Proof. Necessity. If y is a bounded solution of (29), then letting p* = y(k), p** = 

ak-IY(k-I) + ... + a1y' + aoy + g(y), we see that p* E BP, p** E BC and p = p* + p**. 

Sufficiency. Let p = p* + p** with p* E BP and p** E BC, and, using Lemma 3, let 
u be a bounded snlution of 

L[y](t) = p(t). 

Setting y = z + u, our problem is reduced to finding a bounded solution of 

L[z](t) + g(u(t) + z(t)) = 0, 

and the existence of such a solution follows from Lemma 5. • 
Corollary 3. Consider the equation 

y"(t) + cy'(t) + by(t) + g(y(t)) = p(t), (30) 

where p E C and g : ~ --+ ~ is continuous and bounded. If b > 0 and c f. 0 or b < 0. 

then (30) has a bounded solution if and only ifp E BP + BC. 

Proof. This follows immediately from Theorem 1 and the argument of the proof of 

Corollary 2. • 

One can now raise the question of the existence of a bounded solution for (30) when 

b = 0, i.e. for a nonlinear perturbation of a resonant linear differential operator. The 

study of this more delicate case requires a study of the functions belonging to B P + BC 

5 Mean values and integrals of some continuous 
functions 

The results of the previous sections show the interest of the subspace BP + BC of thl~ 
space C of continuous real functions over ~- We shall devote this section to some of its 

properties. 
If Cr c BC denotes the space of continuous and T-periodic real functions, then 

Cr C/.. BP, as shown by the example of a nonzero constant function. But it is well 
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known that p E Cr has a bounded primitive if and only if its mean value or average p 
defined by 

1 {T 
p := T lo p(s) ds, 

is equal to zero. Therefore, every p E Cr can be written as 

p(t) = (p(t)- p) + p = p*(t) + p**, (31) 

with p* E BP and p** E BC. Such a decomposition of an element of Cr into the sum a 
function with bounded (T-periodic) primitive and of a constant (its mean value) plays 
an important role in the study of periodic solutions of ordinary differential equations 
(see e.g. [19]). Notice moreover that, for p E Cr, 

1 rt+T 
p=Tlt p(s)ds 

for every t E JR. 

One can therefore be tempted to extend such a decomposition to the space A c BC 
of bounded continuous functions such that the limit 

[ 1 it+T ] p = lim -T p(s) ds 
T---t+oo t 

(32) 

exists uniformly in t E JR. Notice that elementary considerations show that this exi
stence is equivalent to the equality 

1 1t 1 1t lim inf -- p(u) du = lim sup -- p(u) du, 
r---t+oo t-s?_r t - S s r---t+oo t-s?_r t - S s 

(33) 

together with the existence of both limits. 
It is well known (see e.g. [12]) that A contains in particular the space AP of almost 

periodic functions in the sense of Bohr, i.e. the closure, under the uniform norm on IR 
of the set of trigonometric polynomials 2:~= 1 [ak cos )..kt + bk sin Akt]. But it is also well 
known that one can find some p E AP such that p = 0 and p rf. BP (see e.g. [12] p. 
31). Consequently, for p E AP, the decomposition (31) with p given by (32) does not 
in general provide a splitting into a sum of an element of BP and a constant function. 
This is indeed a small divisors problem due to the fact that, for the generalized Fourier 
series 

00 

p + ,L)ak cos )..kt + bk sin )..kt) 
k=l 

associated top, 0 can be an accumulation point of the set of the )..k· 
We shall see however that such a splitting can be done in an 'approximative' and 

suitable way, for the class BP + BC, and hence in particular for A and AP. Following 
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Ortega and Tineo [25], and motivated by (33), let us associate to each p E BP + BC 
its lower mean value or average p defined by 

p = lim inf [-1- r p(u) du]' 
r-++oo t-s?_r t - S is 

(34) 

and its upper mean value or average p defined by 

p = lim sup [-1- rt p(u) du]. 
r-++oo t-s?_r t - S is 

(35) 

Elementary considerations show that if p = p* + p** is any decomposition of p E 

BP + BC with p* E BP and p** E BC, then one has 

inf p** ::; p** = p ::; p = p** ::; sup p**. (36) 

Of course, if p exists in the sense of (32), then by (33) we see immediately that p = 
p=p. 

The following result 1s due to Ortega and Tineo [25]. 

Lemma 6. Let p E BP + BC be a given function and o: < (3 real numbers. Then the 

following statements are equivalent. 
i. 0: < p::; p < (3. 
n. There exists a decomposition p = p* + p** with p* E BP, p** E BC and 

o: < inf p** ::; sup p** < (3. (37) 

Proof If (ii) holds, then, using (36), we immediately obtain (i). 

Conversely, assume that (i) holds, write p = p1 + P2, with p1 E BP and P2 E BC, 
and let 

Pi(t) = l Pi(u) du, (i = 1, 2), P(t) = P1(t) + P2(t). 

for some T between t1 and t2 . Consequently, 

where b = 21Plloo and a= IP2Ioo· Let f > 0 be such that 

0: < p - 2t: < p + 2f < (3. 

Then there exists r _ > 0 such that 

inf - 1-ltp(u)du>p-t:>o:+t:, 
t-s?_r t - S s 

(38) 
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whenever r 2 r _ and there exists r + > 0 such that 

1 1t sup-- p(u)du<p+t</3-t, 
t-s~r t- S s 

whenever r 2 r +· Hence, if T = max{r _, r +} and r 2 T, we have 

1 1t 1 1t a+t< inf -- p(u)dus; sup-- p(u)du</3-t, 
t-s~r t - S s t-s~r t - S s 

so that, for all t E IR, we have 

1 rt+T 
a+t<Tlt p(u)du</3-t. (39) 

Let us define 
11t+T p**(t) = T t p(u) du, p*(t) = p(t)- p**(t), 

so that, clearly, p** E BC and (37) holds. To prove that p* E BP, define 

1 lt+T P*(t) = P(t)- T t P(u) du. 

Then, 

1 1 rt+T 
(P*)'(t) = p(t)- T[P(t + T)- P(t)] = p(t)- T lt p(u) du = p(t)- p**(t) = p*(t), 

so that P* is a primitive of p*. Now 

P*(t) = P(t)- P(r) 

for some T E ]t, t + T[, and hence, using (38), 

IP*(t)l S b + alt- rl S b +aT, 

for all t E IR, which shows that p* E BP. • 
The following special case was obtained by Ortega [24], and shows that a function 

with mean value zero is arbitrary close to a function with bounded primitive. 

Corollary 4. Let p E A with p = 0 and t > 0 be given. Then there exists a 
decomposition p = p* + p** with p* E BP, p** E BC and lp**loo <f. 

Proof By assumption, -t < p = p = p < t, and the result follows from Lemma 6 . 

• 
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6 Bounded restoring nonlinear perturbations of dis
sipative resonant second order equations 

To apply the considerations of the above section to the obtention of bounded solutions 
of some nonlinear perturbations of dissipative resonant second order equations, we 
need a result, due to Krasnosel'skii and Perov [14] and refined by Krasnosel'skii [15, 
16], which constitutes the method of guiding functions for the bounded solutions of a 
differential system. The proof given here is due to Alonso and Ortega [2]. We denote 
the inner product in JR.n by ( ·, ·), and use the Euclidian norm. 

Lemma 7. Assume that there exist V E C1(JR.n, JR.) and p0 > 0 such that the following 
conditions hold. 
1. limlxl-+oo V(x) = +oo. 
2. For each t E JR. and each x E JR.n with lxl ~ p0 , one has 

(V'V(x), f(t, x)) :S 0. 

Then the following is true : 
a. Every solution of (4) defined at t0 E JR. is defined and bounded in [t0, +oo[. 
b. System (4) has at least one bounded solution. 

Proof. We first prove conclusion a, and distinguish two cases. Let t 0 E JR. and x be 
a solution of (4) defined at t0 . If !x(t)! > p0 for all t ~to where the solution is defined, 
then 

d 
dt V(x(t)) = (VV(x(t)), f(t, x(t))) ::::; 0, 

so that V(x(t)) :S V(x(t0 )) for all t ~ t0 where the solution is defined. Consequently, 
by assumption 1, !x(t)! remains bounded for those t and his maximal right existence 
interval is [to, +oo[, so that lim supH+oo !x(t) I < +oo. In the second case, there will 
exist T ~ t 0 such that !x(r)! :S Po· Define 

Vo = max{V(x) : !xi :S Po}. 

By assumption 1, there will exist Pt >Po such that V(x) > Vo whenever !xi ~ Pt· We 
will prove that !x(t) I < p1 for all t ~ T. If it is not the case, we can find ti > t~ ~ T 

such that !x(t0)! =Po, lx(ti)l = Pt and Po< lx(t)l < Pt for t.E ]t(j, ti[- Then, 

Vo < V(x(ti)) :S V(x(t~)) :S Vo, 

a contradiction. 
We now prove conclusion b. For each n E N, let Xn be a solution of ( 4) such that 

Xn( -n) = 0. By the proof of part a, Xn is defined over [-n, +oo[ and !xn(t)! < Pt for 
all t E [ -n, +oo[. Applying Lemma 4 to this sequence completes the proof. • 
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We now consider the equation 

y"(t) + cy'(t) + g(y(t)) = p(t), (40) 

where c > 0, g : m. ---+ m. is continuous and p E C. Hence the characteristic equation of 
L[y] = y" + cy' has the zero eigenvalue on the imaginary axis and no other one. The 
following result is due to R. Ortega [24], and corresponds to an attractive restoring 
force g. 

Theorem 2. Assume that g has finite limits g(-oo) and g(+oo) when y ---+ -oo 
and y ---+ +oo respectively. Then a sufficient condition for the existence of a bounded 
solution of ( 40) is that 

p E BP + BC, g(-oo) < p ~ p < g(+oo). ( 41) 

Moreover, if g is such that 

g( -oo) < g(y) < g( +oo), ( 42) 

for ally E m., then condition ( 41) is also necessary. 

Proof. Necessity. If inequality (42) holds andy is a bounded solution of (40), then 
letting, 

p* = y" + cy', p** = g(y), 

we have p = p* + p**, p** E BC, and it follows from Lemma 2 that p* E BP. Moreover 

infp**(t) = infg(y(t)) 2: min g > g(-oo), 
tEIR tEIR [-IYioo,+IYioo) 

and, similarly, g(+oo) > suptEJRp**(t). It then follows from Lemma 6 that the inequa
lities in ( 41) hold. 

Sufficiency. By adding a suitable constant top in (40), we can always assume, 
without loss of generality, that 

g(-oo) < 0 < g( +oo). (43) 

By assumption (41) and Lemma 6, there exists a decomposition p = p* + p** of p with 
p* E BP, p** E BC and 

g(-oo) < infp**(t) ~ supp**(t) < g(+oo). (44) 

By Corollary 1, the linear equation 

y"(t) + cy'(t) = p*(t), 

has a bounded solution u. Letting y = u + z, we have to find a bounded solution z of 
the equation 

z"(t) + cz'(t) + g(u(t) + z(t)) = p**(t), 
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i.e. a bounded solution x = (x1 , x 2 ) to the equivalent system 

x~ (t) = x2(t), x~(t) = -cx2(t)- g(u(t) + x 1 (t)) + p**(t). 

By (43) and (44), we can find J.L > 0 and 'I> 0 such that 

z[g(u(t) + z)- p**(t)] 2: J.Lizl- '/, 

for all t E IR: and z E lit Let us define V E C1 (IR:2 , IR:) by 

V(x) = V(x1, x2) = c2x~ + 2cx1x2 + 2x~ = (cx1 + x2)2 + x~. 

so that 

and, if 

we get, using (46), 

V'V(x) = (2c2x1 + 2cx2, 2cxl + 4x2), 

V(x1, x2)-+ +oo if l(xl, x2)l-+ oo, 

f(t, x) = (x2, -cx2- g(u(t) + x1 ) + p**(t)), 

J. Mawhin 

( 45) 

( 46) 

(V'V(x), f(t, x)) = -2cx~- 2cx![g(u(t) +xi)- p**(t)]- 4x2[g(u(t) +xi)- p**(t)] 

:::; -2cx~- 2c[J.Lixll- 'I]+ 4lx2l[lgloo + lp**lool· 

It is not difficult to show the existence of p0 > 0 such that the right-hand member 

of this inequality will be strictly negative when l(xl, x2)l 2: p0 , and hence the result 

follows from Lemma 7. • 

The following special case was already obtained by Ahmad [1], using another argu

ment. 

Corollary 5. Assume that g has (finite) limits g(-oo) and g(+oo) when y-+ -oo 

andy -+ +oo respectively and that p E A. Then a sufficient condition for the existence 

of a bounded solution of ( 40) is that 

g(-oo) < p < g(+oo). 

Moreover, if g is such that (42) holds, then condition (47) is also necessary. 

Example 1. The differential equation 

y"(t) + cy'(t) + by(t) = p(t) 
1 + ly(t)l ' 

( 47) 

( 48) 

with p E C, b > 0 and c > 0 has a bounded solution if and only if p E BP + BC and 

-b < p:::; j5 < b. 
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Theorem 2 does not hold for the equation 

"() '() by(t) () y t + cy t + 1 + iy(t)ia = P t ' 

with a> 1, because in this case the nonlinear terms has equal limits at -oo and +oo. 
The following existence theorem, which can be found in [20], can handle this type of 
equation. 

Let us consider the equation 

y"(t) + cy'(t) + h(y(t)) = p(t), (49) 

where h: JR.---+ JR. is continuous and bounded, c > 0 and p E BP. By Lemma 2, equation 

y"(t) + cy'(t) = p(t) 

has at least one bounded solution, call it u(t). 

Theorem 3. Assume that there exists r0 > 0, a 2: 0, E > 0, M1 > 0 and M2 > 0 such 
that, when t E JR. and IYI 2: ro, one has 

and 

yh(y) 2: 0, 

M1 
ih(y)- h(y + u(t))l :::; IYiu+l+<' 

M2 
yh(y + u(t)) 2: IYiu. 

Then equation ( 49) has at least one bounded solution. 

Proof Letting 
y(t) = u(t) + z(t), 

(50) 

(51) 

(52) 

and noticing that z E BC1 if and only if y E BC1 , our problem is equivalent to proving 
the existence of a bounded solution y for the equation 

z"(t) + cz'(t) + h(u(t) + z(t)) = 0, 

i.e. the existence of a solution (x 1, x 2 ) E BC x BC for tlie equivalent system 

(53) 

Let 
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Take 

0 < B < min{2c, 2c2}, (54) 

and 

where 
H(y) =fay h(s) ds. 

Because of (50), we have 
H(y) ~ M2, 

for some M2 E lR and all y E lit Because of (54), ~c x~ + Bx1 x2 +ex~ is positive definite, 

and hence 

Now, 

(V'V(xt, x2), f(t, Xt, x2)) = (B- 2c2 )x~ + 2cx2[h(xt)- h(u(t) + xt)]- Bx1h(u(t) + xt) 

~ (B- 2c2 )x~ + 2cx2[h(xt)- h(u(t) + Xt)] + B(ro + luloo)lhloo· 

Notice that, from (54), we have B- 2c2 < 0. Therefore, if x~ + x~ ~ 2R2, with R ~ r0 , 

and x~ ~ R2 ~ r~, then 

(B- 2c2)x~ + 2cx2[h(xt)- h(u(t) + xt)] + B(ro + luloo)lhloo 

~ (B- 2c2 )x~ + 4clhloolx21 + B(ro + luloo)lhloo < 0, 

if R ~ r1, for some sufficiently large r1 ~ r0 . If x~ + x~ ~ 2R2, with R ~ r0 , and 

x~ ~ R2, then x~ ~ R2 ~ r~, so that (51) and (52) imply 

~ (B- 2c2)x~ + ~17 [2c~: - BM2] < 0, 

if R ~ r2, for some sufficiently large r2 ~ r 0 • Thus, for R ~ max{r1,r2}, we have 

whenever x~ + x~ ~ 2R2, and it suffices to take p0 = 2112 R, to fill the conditions of 

Lemma 7. • 
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Example 2. We consider the differential equation 

"() '() by(t) () y t + cy t + 1 + ly(t)la = p t ' (55) 

with c > 0, b > 0, a 2 2 and p E BP. For y :f. 0, 

I 
y u(t)+y I 

1 + IYia 1 + lu(t) + Yla 

Il l+ !:ill Ia- ~- (1 +!:ill) I 1 Y YIYia Y 

- IYia-1 (1 + _1 ) (-1 + 11 + !:illla) ' IYia IYia Y 

so that 

b I y u(t) + y I M 
1 + IYia - 1 + lu(t) + Yla :::; Ti/F 

for IYilarge. On the other hand, 

y(y+u(t)) 1 (1+~) 
1 + IY + u(t)la - IYia-2 (-1 + 11 +!:ill Ia)' IYia Y 

so that 
b y(y+u(t)) > _b_ 

1 + IY + u(tW - 2lyla-2 ' 

for IYilarge. Hence the conditions of Theorem 3 are satisfied with a= a- 2 and E = 1, 
and equation (55) has at least one bounded solution for each p E BP. 
Remark 1. By changing t into -t, the case where c < 0 in Theorems 2 and 3 are 
reduced to the case where c > 0, and the same existence result holds. 
Remark 2. The problem of the existence of a bounded solution for (55) when a E ]1, 2[ 
remains open. For a E ]0, 1[, one can find some results in [1]. We shall now develop 
techniques which allow to deal with cases where b < 0. 

7 Repulsive nonlinear perturbations of some reso
nant second order equations 

The considerations of this section will be based upon a simple proposition related to 
general existence statements using upper and lower solutions (see e.g. [3, 23, 30, 31, 32]) 
for the second order differential equation 

z"(t) + cz'(t) = h(t, z(t)), (56) 

where c E JR., h: JR. x JR. -t JR. is continuous and bounded on JR. x [-r, r] for every r > 0. 
We give a direct proof for the sake of completeness. 
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Lemma 8. Assume that there exist r _ < r + such that 

h(t, r _) :S 0 :S h(t, r +), 

for all t E lit Then equation (56) has at least one solution z E BC1 with r _ :S z(t) :S r + 
for all t E lit 

Proof For each positive integer n, let us consider the periodic boundary value 
problem 

z"(t) + cz'(t) = h(t, z(t)), z( -2n) = z(2n), z'( -2n) = z'(2n). (57) 

To prove the existence of a solution to this problem, we use the Leray-Schauder conti
nuation theorem (see e.g. [19]) and introduce the homotopy 

z"(t) +cz'(t) = (1- ,\) (z(t)- r_ ;r+) + >.h(t,z(t)), (58) 

z( -2n) = z(2n), z'( -2n) = z'(2n), ,\ E [0, 1[. 

Let n = {z E C([-2n, 2n]) : r- < z(t) < r +for all t E [-2n, 2n]}, and, for somf' 
).. E [0, 1[, let z be a possible solution of (58) such that z E IT. We show that then z E n. 
If not, r _ :S z(t) :S r + for all t E [-2n, 2n], and z(t0 ) = r _ for some t0 E [-2n, 2n], or 
z(tl) = r + for some t1 E [-2n, 2n]. We consider, for definiteness, the first situation, so 
that z - r _ has a minimum at t0 . If t0 E] - 2n, 2n[, this implies 

z'(to) = 0, z"(to) 2:: 0, 

and hence, by (58), 

0 :S -(1- >.) C+; r_) + )..h(t0 ,r_) < 0, 

a contradiction. If t0 = -2n or 2n, then z- r _ reaches its minimum at -2n and at 
2n, so that 

z'(-2n) 2:: 0 2:: z'(2n), 

which, together with the periodicity condition, implies that 

z'(-2n) = z'(2n) = 0. 

But then, one must have 
z"( -2n) 2:: 0, z"(2n) 2:: 0, 

and the contradiction occurs like in the previous case. It follows therefore from Lera:v
Schauder theory that, for each positive integer n, the problem (57) has at least one 
solution Zn such that 
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for all t E [-2n, 2n]. Now let us define hn: ffi. x ffi.--+ ffi. by 

hn(t, z) = h(t, z) whenever t E [-2n, 2n[, 

extended 4n-periodically fort E ffi.. Thus hn is piecewise continuous in t and continuous 
in z, and hence is a Caratheodory function. If we also extend Zn to ffi. by 4n-periodicity, 
then Zn is a 4n-periodic solution of the equation 

z" ( t) + cz' ( t) = hn ( t, z ( t)) . (59) 

Consequently, (zn, z~) is a bounded solution of the equivalent system 

with Pn(t) = hn(t, zn(t))- zn(t) piecewise continuous and bounded independently of n. 
As the eigenvalues of the matrix of the linear part are such that )11 < 0 < ,\2 , it follows 
from Lemma 1 that 

lzn(t) I + lz~ (t) I ~ KliPnloo' 
a 

for some positive constants K1 and a, which do not depend upon n, so that 

where R1 is independent of n. Consequently, fort E [-n, n], (Z"n, z~) is a solution on 
[-n, n] of the differential system 

(60) 

such that 
T _ :S: Zn ( t) :S: T + , I z~ ( t) I :S: R 1 , 

for all t E [-n, n]. Lemma 4 then implies that (60) has at least one solution defined on 
ffi. such that 

r _ :S: z(t) ~ r +' lz'(t)l :S: R1, 

for all t E ffi.. • 
We now apply Lemma 8 to the differential equation 

y"(t) + cy'(t) + g(y(t)) = p(t), (61) 

where c E ffi., g : ffi. --+ ffi. is continuous and bounded and p E C. 
The first result constitutes a nonlinear version of Lemma 3 for equation 

y"(t) + cy'(t) + by(t) = p(t), 

when b < 0. It is a special case of a result of [20], which extends in various directions 
earlier ones of Corduneanu [10, 11]. 



142 J. Mawhin 

Theorem 4. Assume that the following conditions hold. 
1. p E BP+BC. 
2. There exist r0 > 0 and J > 0 such that 

yg(y)::; -oy2, 

whenever IYI 2: ro. 
Then equation {61) has at least one bounded solution. 

Proof By Lemma 3, the linear equation 

y"(t) + cy'(t)- oy(t) = p(t), 

has a bounded solution u(t). Letting 

y(t) = u(t) + z(t), 

we see that y E BC1 if and only if z E BC\ and y will be a solution of (61) if and 
only if z is a solution of the equation 

z"(t) + cz'(t) = ou(t)- g(u(t) + z(t)). 

Now, if we set r _ = -r0 - lul 00 , then u + z :S -r0 when z :S r _,and hence 

-ou(t)- g(u(t) + z) :S o(u(t) + z)- ou(t) = oz < 0. 

Similarly, if we set r + = r0 + lul 00 , then u(t) + z 2: r0 when z 2: r +> and hence 

-ou(t)- g(u(t) + z) 2: o(u(t) + z)- ou(t) = oz > 0. 

Thus (62) satisfies the conditions of Lemma 8 and Theorem 4 follows. 

Example 3. For each p E BP + BC, a E IR, b > 0, c E IR, Duffing's equation 

y"(t) + cy'(t) + ay(t)- by3 (t) = p(t) 

(62) 

• 

has at least one bounded solution. This example shows that Theorem 4 generalizes in 
various directions the existence statement for bounded solutions in [6, 7]. 
Example 4. For each p E BP + BC, a > 0, b > 0, c E IR, the piecewise-linear, 
asymmetric or jumping nonlinearities equation 

y"(t) + cy'(t)- ay+(t) + by-(t) = p(t) 

has at least one bounded solution. Here, y+ = max(y,O), y- = max(-y,O). 

Assumption 2 of Theorem 4 is of course equivalent to 

sgn yg(y) :S -Jiyl, 
for IYI 2: r0 , and corresponds to the non-resonance situation when g is linear. We shall 
now consider to what extent this condition can be weakened to 

sgn yg(y) :S -J, 

for IYI 2: r0 , at the expense, of course, of some supplementary conditions upon p. This 
corresponds to the resonance or Landesman-Lazer situation, that we shall consider for 
the differential equation (61) with c =f=. 0. 
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Theorem 5. Assume that the following conditions hold. 
1. c # 0. 
2. p E BP+BC. 
3. There exists r0 > 0 and o_ < o+ such that 

g(y) 2: 0+ for y:::; -ro, g(y) :::; o_ for y 2: ro. 

4. o_ < f.i:::; f5 < o+. 
Then equation (61) has at least one bounded solution. 

Proof. By assumption 2, assumption 4 and Lemma 6, there exists a decomposition 
p = p* + p** with p* E BP, p** E BC, and 

o_ < inf p** :::; sup p** < 0+. (63) 

By assumption 1 and Lemma 2, the linear equation 

y"(t) + cy'(t) = p*(t) 

has a bounded solution u(t). Letting 

y(t) = u(t) + z(t), 

we see that y E BC1 if and only if z E BC1, andy will be a solution of (61) if and 
only if z is a solution of the equation 

z"(t) + cz'(t) = p**(t)- g(u(t) + z(t)). (64) 

Now, if we set r_ = -r0 - supu, then u(t) + z:::; -r0 when z:::; r_, and hence, by 
assumption 3 and (63), 

p**(t)- g(u(t) + z):::; p**(t)- 0+:::; supp**- 0+ < 0. 

Similarly, if we set r + = r0 - inf u, then u(t) + z 2: r0 when z 2: r +> and hence, by 
assumption 3 and (63), 

p**(t)- g(u(t) + z) 2: p**(t)- o_ 2: infp**- o_ > 0. 

Thus (64) satisfies the conditions of Lemma 8 and Theorem 5 follows. • 
Theorem 5 has the following easy consequence for Duffing's equations. 

Corollary 6. Let c # 0, g : IR --t IR continuous and p E BP + BC. If 

lim sup g(y) < f.i:::; j5 < lim inf g(y), 
y4+oo y4-oo 

(65) 
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then equation (61) has a bounded solution. 

Notice that condition p E BP+BC is necessary for (61) to have a bounded solution, 

because if y is such a solution, then 

p(t) = y"(t) + cy'(t) + g(y(t)) = p*(t) + p**(t), 

with p* = y" + cy' E BP because of Lemma 2. 

Corollary 6 implies in particular that if 

lim inf g(y) = +oo, lim sup g(y) = -oo, 
y--+-oo y--++oo 

(66) 

then (61) has a bounded solution for each p E BP + BC. 
If 

-oo < limsupg(y) < g(y) < liminfg(y) < +oo, 
y--++oo y--+-oo 

(67) 

for ally E JR., then p E BP+BC and (65) is also a necessary condition for the existence 

of a .bounded solution of (61). Indeed, if (61) has a bounded solution y, then 

p(t) = y"(t) + cy'(t) + g(y(t)) = p*(t) + p**(t), 

with p* = y" + cy' E BP because of Lemma 2 and p** = g(y) E BC. The result then 

follows from Lemma 6. 
Example 5. Equation 

y"(t) + cy'(t)- b1 :~2(t)l = p(t), 

with c #- 0 and b > 0, has a bounded solution if and only if p E BP + BC and 

-b < fj:::; p <b. 

Example 6. Equation 

with c #- 0, b > 0 and 0 :::; a < 1 has a bounded solution if and only if p E BP + BC. 
Remark 3. Using Theorem 5 applied to each equation 

1 
y"(t) + -y'(t) + g(y(t)) = p(t), 

n 

followed by a delicate limit process, one can prove (see [20]) the existence of a bounded 

solution for the equation 
y"(t) + g(y(t)) = p(t) 
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when p E BC, g : lR ---+ lR is continuous, bounded and such that 

g(y) ~ 8+ whenever y ~ -r0 , g(y) ~ 8_ whenever y ~ ro, 

for some 8_ < 8+ and some r 0 > 0. Those conditions are in particular satisfied if 
p E BC and 

-oo < g( +oo) < p ~ p < g( -oo) < +oo. 

For example the equation 
"( ) by( t) ( ) 

y t - 1 + ly(t)l = p t ' 

has a bounded solution if b > 0, p E BC and -b < p ~ p < b. We refer to [20] for the 
details. Is is an open problem to know if one can replace p E BC by p E BP + BC or 
if one can weaken the boundedness assumption upon g. It would be also interesting to 
have a variational proof of this result. 
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HYPERBOLIC STRUCTURES IN ODE'S AND THEIR 
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WITH AN APPENDIX ON 
DIFFERENTIABILITY PROPERTIES OF THE INVERSION 
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University of Technology, Budapest, Hungary 

Abstract. We survey some recent results of numerical dynamics centered about 
hyperbolic structures including structural stability, normally hyperbolic compact in
variant manifolds, and topological horseshoes on transversal sections. The presentation 
itself is followed by a discussion on some of the underlying abstract mathematical the
ories. The paper ends with results on the inversion operator we have no references for. 
Proposition b.) stating that "operator 'P---+ 'P-l as a self-homeomorphism of Diff1(M) 
is nowhere differentiable" seems to be new. 

1 Introduction 

The present contribution is devoted to the question if qualitative properties of ODE's 
are preserved under discretization. This question can not be answered by a simple 'yes' 
or 'no'. Even in very simple systems, large stepsize may easily lead to chaos. Weak 
stability properties, symplectic structures, attracting manifolds for singular perturba
tions etc. are preserved only by carefully selected classes of discretization methods. 
Fortunately - and this is what we deal with in the sequel - hyperbolic configurations 
are correctly reproduced by any reasonable one-step method, for stepsize sufficiently 
small. Both for differential equations and diffeomorphisms, hyperbolic configurations 
are known to persist under small C 1-perturbations. We investigate some discretization 
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aspects of this general principle and consider various global concepts like structural sta
bility, normally hyperbolic invariant manifolds, orbits connecting hyperbolic periodic 
orbits including the homoclinic case with horseshoe-type chaos on Poincare sections. 
We do not discuss bifurcation questions. Results in Sections 1-3 are continuations 
of those contained in Chapters· 4 and 5 of the beautiful survey of A. M. Stuart [56]. 
(See also his forthcoming monograph with A. R. Humphries [57].) The proofs involve 
techniques from differential topology. Discretization mappings on manifolds are de
fined. Estimates in various manifold topologies are performed on coordinate chart 
representations. 

Our interest is mainly theoretical. Practical aspects of computing play absolutely 
no role in Sections 1-3. Section 4 is of entirely different character. The most practical 
aspects of computing like cumulative round-off errors and the actual value of the right
hand side (of case j = 0) of inequality (2) become extremely important in Section 
4. 

We consider ordinary differential equations of the form i; = f(x) where f : Rn -+ 

Rn is of class CP+k+l, with all derivatives bounded, and n, p, k are integers, n 2': 1, 
p 2': 1, k 2': 0, p + k 2': 2. The generated solution flow is denoted by <P. With 
the differential equation x = f ( x), we consider also a CP+k+ 1 discretization mapping 
r.p : [0, h0] x Rn -+ Rn, with all derivatives bounded, where h0 is a positive constant 
and, as usual, the cp+k+l property of !.p on [0, ho] X Rn is understood as the existence 
of a cp+k+l extension tj; defined on some open neighbourhood of [0, ho] X Rn in R X Rn. 
We assume that r.p is of order p (sometimes we need that p 2': 2 or p 2': 3) i.e. 

I<P(h, x)- r.p(h, x)i ::; const . hp+l for all hE [0, ho] ' X E an . (0) 

Besides these assumptions, the only requirement on r.p is the existence of a continuous 
function b.: [0, h0]-+ R+ such that b.(O) = 0 and, for all x ERn, r.p(h, x) depends only 
on the restriction off to the set {z E Rnllz- xi ::; b.(h)}. Obviously, all conditions 
above are satisfied if r.p comes from a general r-stage explicit or implicit Runge-Kutta 
method of order p. 

The most important properties of r.p are as follows. (For details and proofs, see [25].) 
First of all, for h sufficiently small, as a direct application of the Hadamard-Levy global 
inverse function theorem, r.p( h, ·) is a diffeomorphism of Rn onto itself. Consequently. 
time can be reversed, and also negative iterates of r.p( h, ·) can be defined. The discrete 
time dynamical systems {r.pM(h, ·)}MEZ and {<P(Mh, ·)}MEZ. are approximating eaclt 
other in the sense that 

and, with const ( ·) denoting an appropriate continuous real function, 

I(<P(Mh, x)- rpM (h, x))~)l ::; const (IMih) · h11 (j) 

( 1) 

(2) 
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for all x E Rn, M E Z and h sufficiently small where 

J.L(j) = min{p,p + k- j} , j = 0, 1, ... ,p + k. 

In virtue of the Hadamard-Landau norm interpolation inequality, the finite set of in
equalities (2) is equivalent to the collection of its special cases j = 0, j = p, j = p + k. 

Let .C denote the supremum of the logarithmic norm of f'(x) over Rn and assume 
that .C ~ 0. (For the .C < 0 case see the first paragraph of Subsection 2.2). The main 
result of [25] provides an upper bound for canst (IM!h) in (2). Given c > 0 arbitrarily, 
there exists a constant c" such that 

canst (Mh) ::; c" · exp((.C + c)(j + 1)Mh) (3) 

for all h sufficiently small and MEN. Besides .C ~ 0, the only property of .C we need 
is that 

I<P~(h, x)l :5 1 + (.C + c)h (4) 

for all x E Rn and h sufficiently small. Actually (3) can be replaced by 

canst (Mh) ::; c"Mh · exp((.C + c)(j + 1)Mh) . 

(The proof of this somewhat stronger inequality requires only a slight modification of 
the proof of (3). The last inequality before the triple summation in proving Theorem 
1.1 of [25] can be strengthened to 

J(s) 

L Q;(s)::; (1 + c1h)jMhaje-riiMh(q + jMh)hq+v(j) 
i=1 

and consequently, the last inequality of the whole proof goes over into 

j-1 

L(q + jMh)(Mh)q::; 2l Mh(1 + (Mh)j-1) .) 

q=O 

Our basic references for numerical ODE methods are J. Butcher [9] and E. Hairer, 
S. P. Norsett and G. Wanner [30]. For d)'fl.amical systems in general, we recommend 
M. C. Irwin [36] and M. Shub [54]. As for the differential topological background, see 
M. W. Hirsch [34]. For PDE aspects, see J. K. Hale [31]. 

2 Results 

We compare two continuous-time and four discrete-time dynamical systems as indicated 
by the diagram 
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<P(t, ·) wh(t, ·) 

I I 
<P(h, ·) cp(h, ·) 

I I 
<P(T, ·) cpN(T/N, ·) 

The arrows mean that (for h small, T fixed, N large) the qualitative properties 

we investigate of the respective dynamical systems are th€ same. Moreover, in cer

tain cases, discretization is equivalent to the introduction of a new coordinate system: 

mappings <P(h, ·)and cp(h, ·)are connected by a near-to-identity conjugacy 1-{h and the 

conjugacy relation 1-{h ( <P ( h, ·)) = cp( h, 1-{h ( ·)) implies that cp( h, ·) embeds (as its time

h-map) into a new continuous-time dynamical system wh. We emphasize that "persis

tence under discretization" does not automatically follow from "persistence under small 

C 1-perturbations". Standard perturbation theory helps only when comparing <P(T, ·) 

and cpN(T/N·). The reason is that, with h---+ o+, both <P(h, ·) and cp(h, ·) approach 

the identity, a degenerate (nonhyperbolic) operator in perturbation theory. What we 

have to deal with is the one-parameter family of perturbations { cp( h, ·)} h>O of the 

one-parameter family of diffeomorphisms { <P ( h, ·)} h>O. Argumentation along vertical 

arrows of the diagram is usually based on 'weighted' asymptotic phase considerations 

and/ or growth order properties. 

2.1. Discretization as a coordinate transformation near nonequilibria. We begin 

with presenting a discretization analogue of the well-known local flow-box theorem. 

Fix x0 E Rn with f(x0 ) =f. 0. Then there is a neighbourhood N of x0 and, for h 

sufficiently small, there exists a CP+k+l diffeomorphism Vh : N -+ Vh(N) c Rn 

with the properties that I(Vh(x) - x)Vll :::; const · hf"Ul, j = 0, 1, ... ,p + k and 

Vh(<P(h, x)) = cp(h, Vh(x)) whenever x E N, <P(h, x) E N. Moreover, there exists a 

bounded CP+k function fh: Rn---+ Rn such that the solution flow wh of the differential 

equation i; = fh(x) satisfies Wh(h, x) = cp(h, x) for all x EN and l(fh(x)- f(:r))Vll :::; 
const · hJL(j+l) for all x E R n and j = 0, 1, ... , p + k - 1. In particular, the approximate 

solution cp( h, ·) in N can be interpreted as (the time-one map of) the exact solution 

of an ordinary differential equation nearby. This is a justification of the method of 

modified equations. The differential equation i; = fh(x) can be termed as perfectly 

modified. The proof is based on smooth interpolation (and not as expected on the 

inverse function theorem. For details, see [27]. We do not know if standard proofs 
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of the local flow-box theorem apply.) All the previous properties hold true if x0 is 
replaced by any compact transversal section S of <P. 

Question 1: Assume both <P and cp are symplectic. Can Wh be chosen to be symplec
tic, too? An affirmative answer would fit well in the main streamlines of the method 
of modified equations; see Maria Calvo and J. M. Sanz-Serna [10]. 

The following result is a somewhat more global version of the very same principle. 
The proof is a mixture of Liapunov theory, the method of fundamental domains and 
smooth interpolation techniques. Let A be a nonempty compact asymptotically stable 
invariant set (briefly: an attractor) of <P and let A(M) denote its region of attraction. 
By a basic result of Peter Kloeden and Jens Lorenz [37], the discrete-time dynamical 
system {cpM(h, ·)}MEZ has such an attractor Mh that, with h- o+, Mh approaches 
M in an upper semicontinuous way. Conditions implying lower semicontinuity are 
discussed in Chapter 6 of Andrew Stuart [56]. 

Theorem 1: [27]. For all h sufficiently small, there exists a CP+k+l diffeomorphism 
Vh of A(M)\M onto A(Mh)\Mh such that Vh(<P(h, x)) = cp(h, Vh(x)) whenever x E 
A(M)\M. Here of course, A(Mh) denotes the region of attraction of Mh. Further, for 
any compact subset Q of A(M)\M, there exists a constant KQ such that 

It is worth mentioning here that also Rh, the chain-recurrent subset of Mh ap
proaches R, the chain-recurrent subset of M, in an upper semicontinuous way. Lower 
semicontinuity holds true under the condition that the set of hyperbolic equilibria and 
hyperbolic periodic orbits in dense in R. (For details and proofs, see our joint paper 
with Josef Hofbauer [29].) 

Question 2: Is lower semicontinuity generic? (The question is open for attractors, 
too.) 

2.2. Discretization as a coordinate transformation near hyperbolic equilibria. If 
C < 0, then both <P(h, ·) and cp(h, ·) define contraction operators on Rn. The unique 
equilibrium point of i: = f(x) and the unique fixed point of cp(h, ·) are denoted by x0 

and xh, respectively. With M = {x0 } and Mh = {xh}, the conditions of Theorem 1 are 
satisfied. By letting 1Jh(x0 ) = xh, diffeomorphism Vh extends to a self-homeomorphism 
of Rn = A(x0 ) = A(xh) and thus constitutes a conjugacy between <P(h, ·) and cp(h, ·) 
on Rn. 

In the vicinity of saddle points, the following version of Grobman-Hartman Lemma 
holds true. It improves Wolf-Jiirgen Beyn's nonconjugacy result [7] on mutual shad
owing and generalizes Michal Feckan's conjugacy result [~8] on the Euler method. 

Theorem 2: Timo Eirola [17] and (independently) [21]. Fix x0 E Rn with 
J(x0 ) = 0 and assume f'(x0 ) has no eigenvalues on the imaginary axis. Then there is 
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a neighbourhood N of x0 and, for h sufficiently small, there exists a homeomorphism 
1-lh : N --+ 1-l(N) C Rn with the properties that J1th(x) - xJ ::; const · h.P and 
1-lh(cp(h, x)) = c.p(h, 1-lh(x)) whenever x EN, ifl(h, x) EN. 

Moreover, the global unstable manifold Wh'(xh) of Xh is an injectively cp+k+l im
mersed copy of the global unstable manifold wu(x0 ) of x0 and, with h--+ o+, Wh'(xh) 
approaches wu(x ) in the CP+k-l weak topology on CP+k+1(Wu(xo), Rn). Providing 
wu(x0 ) is of compact closure, it follows that the limiting process is also lower semicon
tinuous. The same results hold true for the corresponding global unstable manifolds 
as well. (For details and proofs, see [25].) 

Question 3: In the vicinity of nonhyperbolic equilibria, can one prove discretization 
results of Shoshitaishvili type? (The general approach of Andrejs Reinfelds [50] to 
partial linearization as well as the discretization results [8], [21] on center manifolds 
suggest the answer is affirmative.) 

Inequality (2) and all results in this Subsection can readily be generalized for nonau
tonomous ordinary differential equations. Hyperbolicity has to be replaced by expo
nential dichotomy and the single conjugacy relation goes over into a doubly-infinite 
chain of commutative diagrams. (For details, see our joint paper with Bernd Aulbach 
[5J.) 

2.3. Structural stability under discretization. The next object to study is a hyper
bolic periodic orbit. By a basic result of Wolf-Jiirgen Beyn [6] and (somewhat later, in 
a slightly more general form) Timo Eirola [16], a hyperbolic periodic orbit r goes over 
into a c.p(h, ·)-invariant simple closed curve rh (called Beyn-Eirola curve in the sequel) 
nearby. Since the respective dynamics on rand rh can be completely different- ratio
nal versus irrational rotation numbers-, the global dynamics of ifl(h, ·)and c.p(h, ·)can 
not be compared but only on the basis of rather weak equivalence concepts. Among 
conjugacy results, the following Theorem can not be far from the best possible. 

Theorem 3: [26]. Assumep ~ 2 andp+k ~ 3. Let n = {x E RnJJxJ < 1} and assum(• 
that cp is Morse-Smale without (nontrivial) periodic orbits in n and inward on an. 
Then, for h sufficiently small, there exists a homeomorphism Jh : n --+ Jh(n) c R'' 
with the properties that l.:Jh(x)- xJ::; const · hP and Jh(cp(h,x)) = c.p(h,.:Jh(x)1 
whenever X E n. 

The natural way of proving Theorem 3 is to lift (via inverse stereographic pro
jection) function f to a vector field on sn+l. This transforms the problem in the 
traditional framework of structural stability theory. What is actually proven is that 
given a compact C00 manifold M, the triple (p, ifl, c.p) of a Riemannian metric, a 
Morse-Smale dynamical system without periodic orbits and a discretization mapping 
c.p of order p on M, there exists a conjugacy Jh between cp(h, ·) and c.p(h, ·) with 
max {p(.:Jh(x),x)Jx E M} ::; const · hP, h sufficiently small. The proof itself is a 
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reconsideration of the Moser-Robbin-Robinson approach [45], [51], [52] to absolute 
structural stability, with the necessary estimates supplemented. 

The two-dimensional case of Theorem 3 (assuming only that p 2:: 2) can be proved 
[23] by standard methods of plane topology. As it is discussed in [23], an affirmative 
answer to the following question (referring to the possibility of a quantitative extension 
of the classical Schonfliess Theorem, one of the most outstanding qualitative results of 
plane topology) would make this proof considerably easier. 

Question 4: We ask if there exists a positive constant s (maybe s = 1) with the 
property as follows. For each pair of simple closed planar curves "' and r and each 
homeomorphism 1l of"' onto r, there exists a homeomorphism il of 1' onto f' with 
ilb = 1l and 

max{IH(x)- xllx E 1'}::; s · max{11lh(x)- xllx E "!} 

where 1' = "'n int b) and t = r n int (f). 
Conjecture: [26]. Let <P be Morse-Smale in 0 and inward on 80. Then, for h 

sufficiently small, there exists a homeomorphism :lh : 0--+ Jh(O) = 0 c Rn such that 
!Jh(x) - xl ::; const · hP for all x E 0 and, preserving time-orientation, Jh maps each 
trajectory segment of<P in 0 onto a c.p(h, ·)-invariant curve in Jh(O). The collection 
of these c.p(h, ·)-invariant curves is identical to the system of trajectory curves of some 
local dynamical system 'lth on Jh(O). In addition, if the rotation number of c.p(h, ·)on 
each Beyn-Eirola curve is irrational, then 'lth can be chosen to satisfy c.p(h, ·) = 'lt(h, ·). 

The Conjecture is true in a tubular neighbourhood U of exponentially stable peri
odic orbits. The existence of positively c.p(h, ·)-invariant curves near rh follows from 
Theorem 1 when applied with M =rand Mh = rh. The rest is not hard. Diffeomor
phism Vh gives automatically rise to a dynamics on the collection of these invariant 
curves in Vh(U\f). In order to define wh on rh U Vh(U\f), one needs such a time
reparametrization on Vh(U\f) that extends to a periodic motion on rh. As it is 
explained in [24], any contractive toroidal coordinate system (0, w) around r works for 
this purpose. In general, the resulting dynamics on rh has nothing in common with 
c.p(h, ·)lfh· However, if the rotation number is irrational, then c.p(h, ·)lfh embeds (as 
its time-h-map) into a continuous-time dynamical systems on rh and the coordinate 
system induced by the numerical asymptotic phase applies. 

2.4. The saddle structure about normally hyperbolic compact invariant manifolds 
is preserved under discretization. The first normal hyperbolicity result in numerical 
dynamics is due to Jens Lorenz [38]. He investigated stable tori. By using the standard 
'one-chart' torus parametrization, he proved, in our notation, the existence of Fh and 
also inequality IIFh -inclusionMII ::; canst ·hP. With Luca Dieci and Robert Russel [13], 
he developed numerical schemes for the computation of invariant tori, too. Though 
much has been done recently- see e.g. Gerard Moore [42] for later work- an effective 
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and reliable computation of invariant tori is still not always possible. 

Theorem 4: (case k = 0, Fh-part) [22]; [28]. Let M be an eventually relative 
(p + k + 1 )-normally hyperbolic (briefly: normally hyperbolic) compact invariant man
ifold with respect to i; = f(x). Then there is a neighbourhood N of M in Rn such 
that, for h sufficiently small, the maximal compact invariant set for tp(h, ·) inN is an 
invariant manifold Mh, Mh = Fh(M) for a CP+k+1 embedding Fh : M -+ N, Mh is 
normally hyperbolic with respect to tp(h, ·)and the norm distance IIFh- inclusionMIIJ 
in C1 (M, Rn) is less than const · hJL(J), j = 0, 1, ... , p + k. In particular, Mh -+ M in 
the CP+k- 1 norm topology on CP+k+1(M, Rn). Further, the global unstable manifold 
Wh' of Mh is an injectively immersed copy of the global unstable manifold wu of M 
and Wh' -+ wu in the CP+k- 1 weak topology on CP+k+l(Wu, Rn). The same result 
holds true for the corresponding global stable manifolds Wh and ws. 

The proof of Theorem 4 is a reconsideration of the Hirsch-Pugh-Shub approach 
[35] to normal hyperbolicity, with the necessary estimates supplemented. The argu
mentation goes along the chain <P(h, ·) +----+ <P(l, ·) +----+ tpN(h, ·) +----+ tp(h, ·)where 
N = N(h)EN is chosen in such a way that NhE[l, 1 +h), hE(O, h0]. Existence and 
normal hyperbolicity of Mh -with respect to tpN (h, ·) first -follows directly from the 
Hirsch-Pugh-Shub results. (It is worth mentioning that, as a byproduct of these ab
stract results in the special case M = r, the global unstable manifold Wh' around r h is 
tp(h, ·)-invariantly laminated by the injectively immersed cp+k+l 'numerical asymptotic 
phase' submanifolds 

W~~ = {x E Rnii'P-1(h,x)- <p-1(h,p)i-+ 0 as l-+ oo} , p E fh .) 

The 'estimate'-part of the proof goes via comparing <P(Nh, ·) and tpN(h, ·). The pre
liminary knowledge of the existence of the local unstable submanifold Wh,loc is used in 
deriving the estimates and simplifies this task considerably. 

Question 5: For h sufficiently small say hE [0, h1], formula F(h, x) = Fh(x) if h -=1- 0 

and x if h = 0 makes sense and defines a function F : [0, hl] x M -+ Rn. We ask 
if F is of class CP+k (in the sense that it has a CP+k extension J: defined on an open 
neighborhood of [0, hi] x M in R x M). 

We conjecture that the answer is affirmative and also that this affirmative answer 
is a consequence of the implicit function theorem. This is certainly the case when 
M = {x0 }, a hyperbolic equilibrium point of i; = f(x). Then x = F(h, xo) solves th(' 
fixed point equation tp(h, x) = x near x0 . Since x = tp(O, x) and 

<p(h, x)- x = fo1 <p~(hT, x)dT · h for all (h, x) E [0, h0] x Rn , 

formula 
'ljJ(h, x) = { h~ 1 (cp(h, x)- x) if h -=1- 0 

'Ph(O, x) if h = 0 
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defines a CP+k function '1/J: [0, ho] x Rn ----7 Rn. For h =I 0, our fixed point equation is 
equivalent to equation '1/J(h, x) = 0. Observe that '1/J(h, xo) = 0 and '1/J~(O, x0 ) = f~(x0 ). 
Thus the implicite function theorem applies. 

The amalgation of Theorems 3 and 4 leads to the following result. Let p 2: 3, 
p + k 2': 4 and assume that <I>iM is Morse-Smale without periodic orbits. Then, for h 
sufficiently small, there exists a homeomorphism Kh of M onto Mh with the properties 
that iKh(x)- xi :::; const · hP-1 and Kh(<I>(h, x)) = 'fJ(h, Kh(x)) for all x EM. 

2. 5. Connecting orbits with transversal intersection are correctly reproduced by 
discretization. Mainly as a kind of boundary value problems, the doubly special case 
j = 0 and M, M being hyperbolic equilibria and/ or periodic orbits has been thoroughly 
investigated in the last years. For references, see [57]. 

Theorem 5: (case M,M being equilibria) [25]; [28]. Let M and M be normally 
hyperbolic compact invariant manifolds with dim(Wu) + dim(W8 ) = n + 1 and assume 
that Wu\M and W 8\M have a transversal intersection point P. Let "Y = { <I>(t, P) E 

R nit E R}. Then, for h sufficiently small, there exists an injectively immersed copy "Yh 
of "Y with the properties that "Yh c wh n Wt and "Yh ----7 "Yin the CP+k- 1 weak topology 
on CP+k+l("Y, Rn). 

Transversality at P means that the linear span of the tangent spaces of wu and 
ws at p is the whole Rn. It follows immediately that "Y = (Wu\M) n (W 8\M) 
and that this intersection is, at each point of"'(, transversal. This is a rank condition 
which makes the application of standard inverse function techniques along trajectory 
"Y possible. Thus Theorem 5 is a direct consequence of Theorem 4. Observe that "Yh = 
(Wh\Mh)n(Wt\Mh) for h sufficiently small and that this intersection is, at each point 
of the 'fJ(h, ·)-invariant curve "'fh, transversal. If both M and M are hyperbolic periodic 
orbits, then the Haussdorff distance between "Y and "Yh is bounded by const · hP-1. 

The most interesting special case is when M = M = r, a hyperbolic periodic 
orbit. Then "Yh is homoclinic to the Beyn-Eirola curve rh. In virtue of the famous 
Birkhoff-Smale theorem, the original differential equation i; = f(x) is chaotic near r. 

Question 6: We ask how this property is inherited by the discrete-time dynamical 
system {'PM(h, ·)}MEZ· 

The difficulty is how to define Poincare sections for 'P( h, ·) in such a way that the 
well-known C1 perturbation theorems for topological horseshoes of diffeomorphisms 
could be applied. When combined with time-reparametrization, it seems plausible 
that 'fJ(h, ·)embeds in a continuous-time local dynamical system near r U "Y smoothly. 
This would lead to a proper counterpart of the classical Birkhoff-Smale theorem and 
would comply with the Conjecture, too. 

A weaker (and also somewhat artificial) result is implied already by the last state
ment in the first paragraph of Subsection 2.1. This approach is outlined as follows. 
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Let S be a Poincare section for the pair (<I>, r) and let R : S ~ Z --+ S denote 
the corresponding first return map. For h sufficiently small, S is a transversal sec
tion of our continuous-time dynamical system Wh whose solution curves fill a tubu
lar neighborhood U of S. Projection U --+ S along these solution curves is denoted 
by 1l"h. For z E Z, choose M = M(z) E N in such a way that Mh is near to 
T(z) = min{T > OI<I>(T, z) E S}. By passing to a somewhat smaller Z if necessary, 
we may assume that c.pM(h,z) E U. Hence Rh(z) = 11"h(c.pM(h,z)) is defined and does 
not depend on the particular choice of M = M(z). It is not hard to conclude that Rh 
is a small C1-perturbation of R. With a little care, S can be chosen in such a way 
that R satisfies the conditions of the Conley-Moser perturbation theorem; see e.g. in 
Wiggins [58]. The final conclusion is that, for h sufficiently small, certain iterates of 
the 'numerical first return map' Rh determine a topological horseshoe. 

3 Facts behind 

3.1. Function spaces and discretization on manifolds. Let M be an m-dimensional 
compact C00 manifold, e : M --+ RN a coo (Whitney, for some N E N) embedding and 
let. {(a;, U;)}iei a finite coordinate atlas on M. By definition, {U;}ie1 is an open cover 
of M and a; is a coo diffeomorphism mapping an open neighbourhood of cl (U;) onto 
an open subset of Rm. For j E N, let Ci(M, M) and Diffi(M) C Ci(M, M) denote 
the set of Ci self-mappings and self-diffeomorphisms of M, respectively. Observe that 
DifF(M) is an open subset of Ci(M, M), j ~ 1. The linear space of Ci mappings of 
M toRn is denoted by Ci(M, Rn). Given F, G E Ci(M, M) arbitrarily, formula 

max {sup {l(eFaj1 - eGaj1)(r)(s)lls E a;(U;)}Ir = 0, 1, ... ,j; i E J} (5) 

defines de;(F, G) and thus a complete metric de; on Ci(M, M). Starting from another 
finite atlas and from another embedding, the resulting metrics are Lipschitz equivalent. 
Further, deo is Lipschitz equivalent to the metric defined by max{p(F(x) , G(x))\x E 

M} on C0(M, M). Similarly, with embedding e omitted, formula (5) makes sense for 
F, G E Ci(M, Rn) and defines a complete norm distance on Ci(M, Rn). Starting from 
another finite atlas, the resulting norms II · IIi are equivalent. 

Definition: [26]. Let v be a CP+k+l vector field on M. A CP+k+l function c.p : 
[0, h0] x M--+ M is a discretization mapping of order p if 

deo(<I>(h, ·), c.p(h, ·))::; const · hp+l for all hE (0, h0] 

where <I>: R x M--+ M is the solution flow of :i: = v(x), x E M. 
An important consequence of the Definition is the following counterpart of inequality 

(2). For h sufficiently small, c.p(h, ·)is a self-diffeomorphism of M and 

de; ( <I>(M h, · ), c.pM (h, ·)) ::; const (\Mih) · hl'-(i) , 
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for all ME Z and j = 0, 1, ... ,p + k. 

Remark: With the notation we used in Theorem 4, define 

O(h, x) = { Ft;I(r.p(h, Fh(x))) ~f hE (0, hi], x EM 
X If h = 0, X EM 

where F;;I denotes the inverse of Fh on Mh, h E (0, hi]· It is easily seen that 
dco (<I> ( h, ·), 0( h, ·)) :::; const · hP for all h E [0, hi]. Thus (} : [0, hi] x M --+ M is a 
good candidate to be a discretization mapping (of order p- 1, with respect to the 
vector field f I M). However, regardless of the suspected smoothness properties of (} ( cf. 
Question 5 in Subsection 2.4), it is not hard to prove that 

d0 ;(<I.>(h, ·), B(h, ·)):::; const · hP.(i) , j = 0, 1, ... ,p + k 

and 

de; (<I>(Mh, · ), (}M (h, · )) :S const(Mh) · hp.(j)-I , j = 0, 1, ... p + k- 1 

for all M E N and h E [0, hi]· This shows that the smoothness requirement in the 
Definition is not indispensable. (For example, inequality dco (<I>( h, ·), r.p( h, ·)) :::; const · 
hP+I is enough to imply that 

dco(<I.>(Mh, ·),rpM (h, ·)) :::; const(Mh) · hP for all ME N and hE [0, h0] 

no matter if r.p is differentiable or not.) Nevertheless, as most discretization procedures 
are smooth, the smoothness requirement is incorporated in the Definition. 

Next we explain the meaning of property "W~--+ wu in the cv+k-I weak topology 
on cv+k+1(Wu, Rn)" , one of the main assertions in Theorem 4. Assume that M is 
normally hyperbolic and consider its global unstable manifold wu. In general, wu is 
not a submanifold but - like the numeral 8 in R 2 - only an immersed submanifold 
i.e. the image of an injective immersion of a submanifold. (A differentiable map is 
an immersion if, at each point of the domain, its derivative is injective.) For brevity, 
we say that S is a regular subset of wu and { (,Bi, \li)}iEI is a regular coordinate atlas 
on S if M C S C wu, I is finite, {Vi}iE1 is an open cover of S in wu, S and 
N = U{ cl (Vi) li E I} are compact, S is negatively <I>-invariant, M is the maximal 
invariant set in N, and .Bi is a coo diffeomorphism mapping an open neighbourhood 
of cl (Vi) in wu onto an open subset of some Euclidean space Rd. Then there exists 
an injective cv+k+I immersion :Ff; : wu --+ Rn such that W~ = :Ff;(Wu) and, for each 
regular subset S of wu with regular coordinate atlas {(.Bi, \li)}iEI 
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tends to zero (actually, is less than const . hJL(r)) ash--to+, r = 0, 1, ... ,p + k- 1. 

The definition of property "rh--+ r in the CP+k- 1 weak topology on CP+k+ 1(r, Rn)" 
follows a similar pattern and is omitted. 

3.2. Coordinate atlases with special properties. Theorem 4 concerns compact in
variant manifolds with saddle-like behaviour nearby. The formal definition of normal 
hyperbolicity (see Definition 3 as well as Theorem 2.4 in [35]) is too elaborate to be 
given here in details. It requires the deployment of some fiber bundle concepts. How
ever, the full richness of the definition lies within the existence of a particular coordinate 
atlas about M. This atlas consists of an infinite number of exponential bundle charts 
in which a parametrized version of the contraction mapping principle in differential 
topology (the so-called graph transformation method) works. As for an analogy, re
call the first step in proving Grobman-Hartman Lemma. This is the introduction of 
a new norm expressing contracting-expanding behaviour in such a way that is emi
nently suitable for computations - in our present terminology, the introduction of a 
single coordinate chart with special properties. Also the proof of Theorem 3 is using 
exponential charts. 

The rest of this section is devoted to some interesting properties of composition and 
inversion operators which also play a not unimportant role in proving Theorems 3 and 
4. 

3.3. Some differential-topological properties of composition and inversion. Fix g E 

cr+s(M, M) with some r, s E N. For q = 0, 1, ... , r, the left composition operator 
J --t go J maps cr(M, M) in cr-q(M, M) and is of class cs+q. The right composition 
operator f--+ fog is less interesting: it is a continuous linear self-mapping of Cq(A1, M), 
q = 0, 1, ... , r + s. With both g E cr+s(M, M) and f E cr-q(M, M) varying, operator 
(g, f) --t g 0 f maps cr+s(M, M) X C(M, M) in cr-q(M, M) and is of class cs+q, 
q = 0, 1, ... , r. Similarly, the inversion operator f--+ f- 1 maps DiW(M) in DiW-q(M) 
and is of class cq, q = 0, 1, ... 'r. 

It is Lipschitz consequences of these facts plus inequality (2) that lie beyond the 
frequent appearance of the "magic" exponents J.L(O) = p, J.L(j), J.L(j) + 1 and J.L(j + 1) in 
all inequalities of Section 2 above. 

While working on coordinate chart representations, inequalities 

J(ab- AB)(j)l ~ K · max{Ja(k)- A(k)l + lb(k)- B(k)llk = 0, 1, ... ,j} 

and 
J(c- 1 - c- 1)(jJI ~ L · max{Jc(kJ- C(klJJk = 0, 1, ... ,j} 

are particularly useful. Here a, A, c, C E BCJ+1 and b, B E BCJ are functions an open 
subset of Rd we do not specify (letter B preceding C = "continuity" stands for "bound
edness") and K resp. Lis a polynomial function of the norms {la(kll, lb(kll, IB(kll}i= 1 
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and {IA(kli}{!,~ resp. {lc(k)l, l(c-1)(k)l}{=1 and {IC(k)l, I(C- 1 )(kli}{!,~. It is of course 
assumed that the inverse functions exist and c-1 , c- 1 E BCJ+1• This can be ensured 
by requireing that the linear operator c-1 is invertible and ic- Cl and lc-1 - c-11 are 
sufficiently small. Estimates for the size of the respective domains as well as for the 
norms {l(c1)(k)l, I(C- 1 )(kli}{!,~ are also at hand. 

3.4. Some combinatorical properties of composition and inversion. The proof 
of inequality (2) is based on simple Pascal triangle properties of chain rule formu
lae for ( <pM ( h, ·) Wl. More precisely, a rather lengthy but straightforward inductive
enumerative application of the classical/Pascal binomial theorem shows that (2) is a 
consequence of (1) and (4). Starting from the elementary inequality 

I(<I>(h, x)- <p(h, x))~i,-;)1 ::::; const · hf.L(i+j)-i+l 

similar considerations for mixed partial derivatives yield also that 

I(<I>(Mh,x)- <pM(h,x))~i:;)l::::; const (IMih) · hf.L(i+j)-i (6) 

for all (h,x) E [O,h0] x Rn, ME Z and i,j EN, J.L(i+j) ~ i, i+j = 0,1, ... ,p+k. 
In case of £ ~ 0, it is not hard to show that, given c > 0 arbitrarily, 

const (Mh) ::::; Ce • exp ((£ + c)(i + j + 1)Mh), MEN. 

For j = 0 (and even for J.L(i) ::::; i), as it is shown by the one-dimensional linear example 
<I>(h,x) = exp(h)x with Euler method <p(h,x) = x + hx, exponent J.L(i)- i in (6) is 
sharp. In fact, with hM --+ 1 and h --+ 0, a direct computation shows that 

lim{hi- 1(eMh- (1 + h)M)~i)} = T 1(1 + i + i2)e , i EN. 

Also Abel's version of the binomial theorem can be used. For example, with F denoting 
a coo real function and pa the a-t.h power (not self-composition!) ofF, it holds true 
that 

t (n) (k + .Xtl(pk+A)(k)(n + jl- ktl(pn+JL-k)(n-k) 
k=O k 

=(.A- 1 +J.L- 1)(n+..\+J.Lt 1(Fn+A+JL)(n) whenever n,A,J.LEN+. 

(With F = exp, the latter formula simplifies to one of Abel's identities.) The case 
..\ = J1 = 1 is of particular interest. It results in the formal expansion 

00 

(id - Ftl = id + ~)k!tt(Fk)(k-1) 
k=l 

and implies also that 
00 

u(t, x) = F((id - tFt1(x)) = L:)(k + 1)!t1tk(pk+l)(k)(x) , (t, x) E [0, oo) x R 
k=O 

is a formal solution of Burger's initial value problem u~ = uu~, u(O, ·) = F. 
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4 The real problems, on their way of being solved 

It is much harder to decide if the solution flow of a particular equation has a certain 
qualitative property than to construct a dynamical system with a prescribed geometric 
behaviour. Instead of the qualitative properties of x = f(x), we axe usually given some 
qualitative properties of a numerical approximation/simulation. Does it follow that 
the original ODE possesses the same qualitative properties? More generally, assume 
that numerical/computer simulations have led to certain conjectures on the qualitative 
behaviour of a particular continuous-time or discrete-time dynamical system. Can such 
conjectures be proved rigorously? These are reverse perturbation problems where also 
the effect of rounding errors has to be taken into consideration. 

Assume that inequality (0) is replaced by 

i<I>(h, x)- rjj(h, x)i :::; chp+I + T for all hE [0, ho] , x ERn 

where rjj(h,x) = <p(h,x) + error(h,x) and c,r are nonnegative constants, T small. 
Depending on the finer structure of equation :i; = f ( x), the standard error estimate 

(valid for all (h,x) E [O,h0] x Rn and MEN where £+E is taken from inequality (4) 
and assumed to be positive) can often be considerably improved. Under the conditions 
of Theorem 3, there is a positive constant C (independent of h and r) and, for all 
h sufficiently small, there exists a not necessarily continuous or invertible mapping 
Kh : 0 -+ Rn such that 

i<I>(Mh, Kh(x)) - r.pM (h, x)i :::; C(chP + T /h) whenever X E n and M EN 0 

According to their Remark (ii), this is a special case of Theorem 2.3 of Shui-Nee 
Chow and Erik Van Vleck [12]. The geometric meaning is that numerical solutions are 
shadowed (uniformly, on the whole time-set {Mh}MEN) by exact solutions. The r = 0 
case is already settled by Theorem 3 which implies that 

i<I>(Mh,x)- <pM(h,J'h(x))i = i<I>(Mh,x)- Jh(<I>(Mh,x))i:::; const · hP 

for all x E n and M E N, a result (because Jh is a homeomorphism) on mutual 
shadowing. This is not bad at all but we can hardly know a priori that the conditions 
of Theorem 3 are satisfied. 

What we are usually given is only a finite sequence of numerical iterates 
{rjJM(h0 ,x0 )}Z.=o· However, if one is lucky enough in choosing the starting point xo
and one is often lucky especially near to hyperbolic sets suspected -, a numerical in
vestigation of the variational equation by computer can point out a sort of exponential 
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dichotomy along {t,OM(h0 ,x0 )}Z.=o and can lead to a shadowing assignment ~(x0 ) with 
the rigorous error estimate 

!<I>(Mh0 , ~(x0))- rpM (h0 , x0)!:::; C(f, xo)(chg + r/ho) whenever M = 0, 1, ... , N. 

The above considerations summarize biefl.y several papers by James Yorke as 
well as Kenneth Palmer and their associates on long-term path-following algo
rithms. The point is that constant C(f, x0 ) might be much-much smaller than 
(.C + c:)-1exp((.C + c:)Nh0 ) and that C(f, x0 ) is 'constructed' by the computer during 
the numerical procedure. Moreover, still within the broad framework of exponential 
dichotomy, the method can be used for computer-aided establishing the existence of 
periodic trajectories. Characteristic representatives of this development are e.g. [47], 
[53]. 

The most exciting results of computer-assisted dynamical systems theory relate to 
rigorous chaos verification. The high-point is the work of Konstantin Mischaikow and 
Marian Mrozek [40], [41] who created a general method for proving the existence of 
horseshoe-type chaos by computer. The underlying abstract results are perturbation 
theorems of algebraic topology establishing Conley-Moser-like geometric criteria for 
shift dynamics. These geometric criteria- the presence of the 'skeleton' of a geometric 
horseshoe on a transversal section - have already been checked by computer for Lorenz 
and Rossler equation, with a wide range of parameter values including the classical 
parameters. Further, as it was pointed out by Piotr Zgliczynsky [59], the seventh iterate 
of Henan's map (with the classical parameter values) has a topological horseshoe. 
Beautiful, isn't it? 

For details, see the contributions of Marian Mrozek [44] and Roman Srzednicki [55] 
in this volume surveying recent results and demonstrating the role of the Wazewski 
school- named after the distinguished Polish mathematician Tadeusz Wazewski(1896-
1972), late professor of the Jagiellonian University in Cracow- in the development of 
the subject. 

The original approach of [40] has been considerably simplified in the meantime. It 
has turned out that discrete Conley index [43] can be replaced by traditional categories 
of algebraic topology including fixed point index. Also computing time has been con
siderably reduced by using numerical algorithms that fit better to interval arithmetics 
(see the references in Oliver Abeth [1]), the theory of rigorous estimation of computer 
errors. It is a must to refer here to an alternative approach as well. Its essence - a 
rigorous computer search for suspected intersection points between stable and unstable 
manifolds - manifests itself in the title of a paper by Brian Hassard and Jianhe Zhang 
[33]: 'Existence of a homoclinic orbit of the Lorenz system by precise shooting'. We 
can well imagine that, in a few years or so, chaos-checking computer programs become 
part of standard software. For an introductory paper, we recommend Arnold Neumaier 



164 B.M. Garay 

and Thomas Rage [46]. For details and further development, see an avelanche of papers 
to come. 

Very recently, Xinfu Chen [11 J has given the first analytical proof for the existence 
of a transverse homoclinic point in the Lorenz equation (still not for the classical 
parameter values). To the best of our knowledge, the existence of a strange attractor 
is still unknown. On the other hand, the existence of a strange attractor for the Henon 
map is already known (for a set of parameter values of positive Lebesgue measure, see 
e.g. in Mark Pollicott [49]). 

5 Appendix 

Concluding this paper, we return to the differential-topological properties of composi
tion and inversion discussed in the· first paragraph of Subsection 3.3. Results on the 
composition operator go back to Smale, see Abraham [2]. Their proofs (with slightly 
different order of generality) can be found also in Abraham, Marsden and Ratiu [3], 
Foster [19], Franks [20] and Irwin [36]. The one-dimensional case is throughoutfully 
discussed in the monograph of Appell and Zabreiko [4]. 

With C00 (M, M) carrying an appropriate Fnkhet structure, operator (g, f) --->go f 
maps C00 (M, M) X C00 (M, M) in C00 (M, M) and is of class C00 • Similarly, operator 
f ---> J- 1 maps C00 (M, M) in C00 (M, M) and is of class C00 • These two latter facts 
belong to the fundamentals of infinite-dimensional Lie group theory, see e.g. Section 2 
in Ebin and Marsden [15] or Milnor [39]. We are indebted to Prof. J. Szenthe for his 
kind help in setting up the above list of references. 

However, contrary to the case of composition operators, differentiability results on 
the operator f ---> f- 1 between spaces of finite degree of smoothness do not seem to 
be widely known. It is usually remarked in surveys on map spaces that f ---> f- 1 

as a self-map of Diff1(M) is not Frechet differentiable. We erroneously stated in a 
half-sentence remark accompanying (but wholly independent of) the proof of Theorem 
3.8 in [26] that it was of class C00 • Actually, as we shall show below, it is nowhere 
Frechet differentiable. This is the first aim of the present Appendix. The second aim 
is to investigate the inversion operator as a mapping from Diff(M) to Diff-q(M), 
q = 0, 1, 2, ... , r. Our lemma below is surely known. Its proof goes along the standard 
route of obtaining differentiability results for the composition operator. Nevertheless, 
we could not find it in the literature. Its presentation as a separate Lemma is thus not 
without any reason. 

Proposition a.) Operator r.p ---> r.p- 1 is a self-homeomorphism of Diff1 ( M) but b.) it 
is not Frechet differentiable at any point. 

Proof. a.) This is a well-known consequence of the inverse function theorem. 
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b.) Suppose not. Working on coordinate chart representations, there exists a C 1 

diffeomorphism f and a bounded linear map L : BC1 - BC1 such that 

where BC1 is the vector space of Rm-valued bounded C1 functions (defined on an 
unspecified bounded open subset of Rm) with bounded first derivative and llhllo = 
sup{lh(x)llx E domain}, lihlh = max{llhllo, llh'llo}. There is no loss of generality in 
assuming that u-1)' = [f'(f-1)]-1 is uniformly continuous. 

Next we show that operator r.p - r.p-1 as a mapping of Diff1(M) in C0(M, M) is 
differentiable and (in a coordinate chart representation) that its derivative at f is the 
bounded linear map BC1 - BC0 , h- -[(f-1)']h(f-1). Thus we have to check that 

II(!+ h)- 1 - r 1 + [(f-1)']h(r1)ilo = o(iihiii) for hE BC1 small. (8) 

In fact, withy= (! + ht1(x), an elementary computation yields that 

IJ-1U(y))- J-1U(y) + h(y)) + ru-1YU(y) + h(y))JhU-1U(y) + h(y)))l 

=I fo1[(!-1)'(f(y) + h(y))- u-1)'(J(y) + rh(y))Jh(y)dr+ 

[(f-1)'((J(y) + h(y))]{h(y)- h(f-1(f(y) + h(y)))}l 

:::; o(iihlio) + const ·lih'llo ·lf-1(f(y))- f- 1(f(y) + h(y))l 

= o(iihlio) + const · lih'lio ·I fo1[(r1)'(f(y) + rh(y))]h(y)drl = o(iihlii) 

for hE BC1 small. Taking supremum in y, (8) follows. 
Comparing (7) and (8), uniqueness of the derivative yields that 

inclBct--.Bco(Lh) = -[(f-1)']h(f-1) . 

In particular, [(f- 1 )']h(f- 1) E BC1 for h E BC1, lihlh small. Consider now the matrix 
representation {Qi,j(x)}f.J=1 of [(f-1)'(x)]. Varying r with h = r(f) in BC\ we see via 
Cramer's rule that Qij E BC1 , i, j = 1, ... , m. By passing to the inverse matrix, we 
end up with the C1 property for [(f-1 )']-1 = f'(f-1 ). The final conclusion is - via 
!' = (!' (f-1)) f - that f is of class C2. By a slight restriction of the domain, we may 
assume that f" is uniformly continuous and lf'l, 1!"1 :::; K for some constant K. 

For brevity, set B = (!' + h')(f + ht1 and A= f'(f- 1). We claim that 

max{IIB-1 - A- 1llo, liB- Allo}:::; const · llhll1 for hE BC1 small. (9) 
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As a simple consequence of (8), II(! +h}-1 - f-1 llo :=::;canst ·llhll1 . It follows easily that 
liB- Allo :=::; Kll(f + h)- 1 - f- 1 llo + llh'(f + h}-1llo :=::;canst ·llhll1· On the other hand, 
the resolvent identity B-1 - A- 1 = -A-1(B- A)B-1 implies that IIB-l- A-1llo :::; 
canst· liB- Allo and (9) follows. 

Now we are in a position to simplify (7). Differentiating (f + h}-1 - r 1 - Lh, we 
see that (7) is equivalent to 

IIB- 1 - A- 1 + [(A-1)']h(f-1) + A-1h'(r1)A-1IIo = o(llhllr) for hE BC1 small. 

Since B-1 - A-1 = -A-1(B- A)A-1 + (A-1 - B-1)(B- A)A-1 and 

[(A-1)'jh(r1) = -A-1j"(f-l)A-1(A-lh(f-1)) = -A-lf"(f-1)(A-lh(f-l))A-1, 

inequality (9) implies that (7) is equivalent to 

for h E BC1 small. A twofold application of (8) plus the uniform continuity off" yield 
that 

llf'(f + h)-1 - f'(f-1) + f"(f-1)A-1h(f-1)llo = 

II fo1 {J"U-1 + r((f + h)-1 - r 1))- f"(f-1)} · ((f + ht1 - r 1)dr 

+f"(f-1) · {(f + h)-1 - r 1 + A-1h(r1)}llo = o(llhli1) 

and consequently, (7) is equivalent to 

lih'(f + ht1 - h'(r1)llo = o(llhlh) for hE BC1 small. (10) 

With h replaced by AS, for some A E Rands inS= {s E BC1IIIsll 1 = 1}, (10) can 
be rewritten as 

sup{lls'(f + As)-1 - s'(f-1)ilols E S}-+ 0 whenever A-+ 0. (u:, 

Given T > 0 arbitrarily, define Br = {s E BC1IIIslh :=::; T}. As a trivial consequence of 
(11), it holds also true that 

sup{lls'(f + Ast1 - s'(f-1)llols E Br}-+ 0 wh~never A-+ 0 (12) 

for each T > 0 separately. 

We claim that (12) is impossible, even at x = x0 arbitrarily fixed. In fact, ther·~ 
is no loss of generality in assuming that f is defined for all v E Rm with lvl < 1 and 
f- 1(x0 ) = 0. In virtue of (8), 

A-1 • sup{ll(f + As)-1 - r 1 + A[(j-1)'Js(f-1)llols E Br}-+ 0 whenever A-+ 0, 
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for each T > 0 separately. In particular, 

A-1 · sup{l(f + As)-1(xo) + A[(f'(O)t1s(O)IIs E Br}---> 0 whenever A-...:.; 0, 

for each T > 0 separately. Let a > max{1, l[f'(O)t1l-1} and pick ad E Rm with 
ldl = (2at1. For each N = 1, 2, ... , it is not hard to construct a coo function SN E B2 
with the properties that [f'(0)]-1sN(O) = d, lsN(O)I < 1/2, s~(O) = 0 and, last but not 
least, 

ls~(v)l > 1 whenever lv + N-1dl < (4aN)-1 . 

It follows that 

and consequently, 

But this contradicts (12) and thus concludes the proof of Proposition b.). However, 
some little more care is needed. We have namely to ensure that our functions f + h (i.e. 
f + r(f) and f +As (in particular f + N- 1sN)) are coordinate chart representations 
of self-diffeomorphisms of M. This latter requirement relates to (7), (10), (11) and 
(12), too. The coordinate chart constructions can be lifted to M and our functions, 
constituting local diffeomorphisms on M, can be extended to self-diffeomorphisms of 
M. 

Example: (In collaboration with Prof. G. Petruska.) The operator we discussed in 
Proposition b.) is not the simplest example for nowhere differentiable homeomorphisms 
in infinite dimension. In fact, with £1 denoting the usual Banach space of real sequences 
x = (x1, X2, X3, .. . ) with norm llxll =I: lxnl, consider the mapping 

Ji: £1 --t £1, X --t (llxll + 2x1,X2,X3, · · .) · 

It is elementary to check that 1i is a self-homeomorphism of £1 and 'H-1(x) 
(a(x), x2, x3 , .. . ) where a= a(x) E R is the unique solution of equation 

But the norm function II· II : £1 ....... R+, x ....... llxll is nowhere differentiable. The easy 
proof can be found e.g. in Phelps [48,p.8]. The final conclusion is that 1t is not differ
entiable at any point of £1. Alternatively, let j : R ---> R be a nowhere differentiable 
continuous function. For (x1, x2) E R 2, define J(x 1, x2) = (j(xt) + x2, xt). It is ob
vious that J is nowhere differentiable. Further, J is a· self-homeomorphism of R 2. 
This two-dimensional example gives rise to a similar example in all Banach spaces (of 
dimension 2: 2) including £1. The speciality of 1i is its Lipschitz property. We ask if 
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such a Lipschitz example exists in other (which?) infinite-dimensional Banach spaces 
- Rn is excluded by the classical Rademacher theorem. 

Remark: Returning to the proof of Proposition b.), let S be an arbitrary subset 
of S. Assume that f is of class C2. The equivalence of (7) and (11) shows that the 
convergence properties 

A-1 ·sup {II(!+ Ast1 - r 1 + A[(f-1)']s(r1)l[lls E S}---. 0 as A---. 0 (13) 

(observe that S = S resp. S = {singletons} in (13) means standard Frechet resp. 
Gateaux differentiability) and 

sup {lis'(!+ As)-1 - s'(f-1)llols E S}---. 0 as A---. 0 (14) 

are also equivalent. By a standard Arzela-Ascoli argument, (14) holds true provided 
that S is compact in S C BC1. Using a terminology which goes back to Hadamard, 
this means that operator <p---. <p-1 as a self-homeomorphism of Diff1(M) is compactly 
differentiable at all points of Diff2(M) C Diff1(M). Since BC2 is compactly embedded 
in BCl, it follows also that <p---. <p-1 as a mapping of Diff2 (M) in Diff1(M) is (Frechet) 
differentiable. In spaces of distribution functions on the unit interval or the real line, 
compact differentiability of the inversion operator at certain special distributions has 
been known for some time and plays a role in probability theory. For details, see 
Dudley [14]. We are indebted to Prof. J. Appell for pointing out this reference. 

Lemma: The inversion operator <p ---. <p-1 maps Diff"(M) in Diff"-q(M) and is of 
class cq, q = 0, 1, 0 0 0 'r. 

Proof Case r = 0 follows from an easy compactness argument. From now on assume 
that r ~ 1. Case q = 0 is a well-known consequence of the inverse function theorem. 

The next step is to settle case q = 1. As in proving Proposition b.), we pass to 
coordinate chart representations. What we have to prove is that 

II(!+ ht 1 - r 1 + [(f-1)']h(r1)llr-1 = o(llhllr) for hE BCT small (15) 

where f is a diffeomorphism in BCr, the vector space of Rm-valued cr functions with 
all derivatives bounded and equipped with norm llhllr = max{llhllo, llh'llo, ... , llh(r)llo}. 
Property (15) is derived from (8) via induction on rand can be found in Hamilton [32, 
p.92]. 

Like higher order versions of the classical C 1 inverse function theorem, the q ~ 2 
case of the Lemma follows now from the formula for the first derivative. For simplicity, 
we write Qf = r 1. Our aim is to show that Q E Cq(BCr, Bcr-q) or equivalently, 
that DQ E cq-1(BCr, L(BCr, Bcr-q)). This can be done via induction on q. (Here, 
of course, L(BCr, Bcr-q) stands for the Banach space of bounded linear operators 
from BCr in Bcr-q.) Recall that 

{DQ(f)}(h) = -[f' o r 1t 1 · (h o r 1) for all hE BCr . 
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As a composition of cq-1 mappings (including the two-variable composition operator 
itself; see the first paragraph of Subsection 3.3), operator 

is of class cq-1. It remains thus to prove that operator 

or equivalently (due to linearity in 0, operator 

is also of class cq-1. Since operator BCT --+ Bcr-q, f --+ f- 1 is assumed to be of class 
cq-1, we have to show lastly that operator 

is also of class cq-1• But this is exactly Lemma B.14 of Irwin [36] and so the proof is 
completed. 

Question: We ask if r.p --+ r.p-1 as a self-homeomorphism of Diff'"(M), r ~ 2 is 
nowhere Frechet differentiable. Similarly, we ask if it is compactly differentiable at all 
points of Diff'"+1 ( M) C Diff'" ( M), r ~ 2. Both answers seem to be affirmative. 
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THE CONLEY INDEX AND RIGOROUS NUMERICS 

M. Mrozek 

Jagiellonian University, Cracow, Poland 

1 Introduction 

The Conley index is a topological invariant of isolated invariant sets, invented by 
C. Conley and his students in early 70's. The theory originated from the paper on 
existence of smooth isolating blocks by Conley and Easton [5]. The first concept of the 
index appeared in a conference announcement by Conley [3], in which main ideas of the 
homotopy and cohomological index were presented. The basic idea of the Conley index 
is to generalize the Morse index so as to make it defined also in the degenerate case 
and to give it features similar to the fixed point index (homotopy property, additivity 
property etc.). 

The foundations of the theory, in a locally compact setting, were established in the 
papers of R. Churchill [2] and J. Montgomery [55] (the cohomological index), in the 
book of C. Conley [4] (the homotopy index and the generalized Morse index) and in 
the paper of H. Kurland [33] (the Morse index). The generalization of the theory to 
the case of a non locally compact space was given by K. Rybakowski in [78, 79, 80]. 
This admitted direct applications of the theory to partial differential equations and 
functional differential equations. The more recent developments of the theory can be 
found in [1, 16, 18, 19, 20, 21, 22, 31, 34, 35, 39, 40, 41, 43, 57, 58, 59, 60, 61, 62, 65, 
66, 77, 88, 89, 94, 95]. 

The Conley index theory found numerous applications in the theory of ordinary and 
partial differential equations and in dynamical systems (see [6, 7, 8, 9, 10, 11, 12, 13, 
14, 15, 23, 24, 28, 29, 30, 42, 44,45,46,47,48, 72, 73, 74, 75, 76,81,82,83, 84, 85, 86]). 
In recent years the theory also showed its importance in the field of rigorous numerics. 
The goal of rigorous numerics is to perform numerical analysis in such a way that 
the results of computations provide proofs of interesting results. Examples of such an 
approach may be found in [17, 25, 26, 27, 32, 36, 37, 50, 51, 52, 53, 70, 71, 93]. 

*Research supported by KBN, grant 0449/P3/94/06 
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The aim of this review paper is to present how the Conley index theory may be 
fruitfully applied to rigorus numerics. 

Throughout the paper the sets of reals, nonnegative reals, integers, nonnegative in
tergers, natural numbers and rationals are denoted by JR., JR.+, Z, z+, N, Q, respectively. 
For any set X the notation P(X) will stand for the family of all subsets of X. If X is 
a metric space with metric d and A c X, then we denote the boundary, the interior 
and the closure of A respectively by bd A, int A and cl A. If x E X and r > 0 then 
B(x, r) will denote the closed ball of center x and radius r. Similarly, if A C X then 
we put B(A,r) := {y EX I d(y,A)::; r}. The Alexander-Spanier cohomology of a 
pair of topological spaces (X, X 0 ) other a fixed ring R will be denoted by H* (H, X 0 ; R) 
or briefly by H*(X, X 0 ). 

2 The Conley index for flows 

The Conley index is assigned to isolated invariant sets of dynamical systems. Assume 
X is a locally compact metric space and 1r : X x JR. -t X is a flow on X. For a compact 
N C X we define the invariant part of N by 

InvN := {x EN I Vt E lR1r(x,t) EN}. 

We say that 5 is invariant if 5 = Inv 5. We say that 5 is an isolated invariant set if 
there exists a compact set N such that 5 = Inv N and 5 C int N. The set N is then 
called an isolating neighborhood. 

There are several ways to define the Conley index, depending on the tools used 
in the construction (the cohomological, homotopy, shape Conley index). Thus it is 
convenient to give an axiomatic definition of the Conley index. 

Assume£ is a category and Cis a certain class of pairs (5, 1r), where 5 is an isolated 
invariant set of the flow 1r. 

By a Conley index on C we mean a map C : C -t £, which satisfies the following 
four properties: 

1. Wazewski property: If C(5, 1r) is not the zero object of C then 5 is non-empty. 

2. Homotopy property: Assume 7r5 , s E [0, 1], is a family of dynamical systems 
continuously depending on s and N C X. If (Inv N, 7r5) E C for all s E [0, 1] then 
C(Inv N, 1r5 ) does not depend on s. 

3. Additivity property: If (51, 1r), (52, 1r) E C then (51 U 52, 1r) E C and the 
Conley index of 51 u 52 is the co-product or product of the indices of 51 and 52· 

4. Normalization property: Assume X and 1r are smooth and Xo is a hyperbolic 
stationary point of1r. Then ({x0},1r) E C and C({xo},7r) is non-zero. 



Conley Index and Rigorous Numerics 177 

The above axioms were chosen among the most often used properties of the Conley 
index for flows. It is not known to the author if the axioms are independant and if 
they uniquely characterize the Conley index. 

The definition of the homotopy (cohomological) Conley index for flows rests on the 
concept of a Wazewski set. A compact set W c X is called a Wazewski set if 

w- := {x E WI 3t: > 0 : ¢(x, t) (j. w for 0 < t < t:} 

is closed. In order to define the Conley index one first proves the following two theo
rems. 

Theorem 2.1 Every isolating neighborhood N contains a Waiewski set W such that 
InvN C W. 

Theorem 2.2 The homotopy type of the quotient space W ;w- {the Alexander-Spanier 
cohomology H* (W, w-)) does not depend on the index pair but only on the isolated 
invariant set S. 

This common value is taken as the homotopy (cohomological) Conley index. 
Though the homotopy index is more general and easier to introduce (all necessary 

definitions from homotopy theory are elementary), the cohomological Conley index is 
easier to apply, because the cohomology is easier to compute than the homotopy type. 
Thus we will restrict our attention to the cohomology Conley index in the sequel. 
The cohomology Conley index takes the form of a graded modulus if the cohomology 
coefficients are in a ring or a vector space if the coefficients are in a field. 

The definition of the Conley index for semidynamical systems is similar (see [78, 
79, 80]) but conceptually more complicated, so we omit the details. 

3 The Conley index for maps 

The first step towards applying the Conley index in rigorous numerics is constructing 
it for discrete dynamical systems. This is because, when a differential equation is 
investigated numerically, a discrete numerical scheme approximating the equation is 
iterated. Recall that the discrete dynamical system on X is a group 1r = { 7rt} tEZ of 
homeomorphisms of X. Unlike the flow, a discrete dynamical system is generated by 
a single element, namely 1r1 (or 7r_I). Hence it is often identified with its generator. In 
other words, if f : X --t X is a homeomorphism then we can think of f as a discrete 
dynamical system 'lrJ = {r}nEZ given by the iterates of f. 

Already Ch. Conley [4] observed that the construction of an analog of the index for 
discrete dynamical systems would be of interest but the first construction (in smooth 
setting) is due to Robbin and Salamon [77]. Parts of the theory (the notions of isolating 
neighborhood and isolated invariant set) can be carried over directly to the discrete 
case. However, the notion of Wazewski set does not make sense in the discrete case. 
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This is because the trajectories may jump over the boundary. Thus it is necessary 
to extend the concept of exit set in such a way that it is not necessarily a subset of 
boundary. This is done via so called index pairs. 

Definition 3.1 The pair P = (P1, P2) of compact subsets of N will be called an index 
pair of S in N iff the following three conditions are satisfied 

x E Pi, f(x) E N ::::? f(x) E Pi, i = 1, 2 

X E pl' f (X) tt N ::::? X E p2 

Inv N c int(P1 \P2). 

Like in the case of a flow (Theorem 2.1) one can prove 

Theorem 3.2 Every isolating neighbourhood admits an index pair P. 

However there is no direct analog of Theorem 2.2. The cohomology of index pair does 
depend on its choice. The proof fails, because the fundamental tool in the proof of 
Theorem 2.2, i.e. the homotopy built along trajectories of the flow, does not make any 
sense in the discrete case. In this respect entirely new ideas are needed. We follow here 
the author's approach presented in [58]. 

Let P = (P1, P2) be an index pair inN. It can be easily derived from the definition 
of the index pair that f induces a map of pairs 

and the inclusion 

induces an isomorphism in Alexander-Spanier cohomology. 

Definition 3.3 The endomorphism 

H*(fp) o H*(ipt1 of H*(P), 

is called the ( cohomological) index map associated with the index pair P and denoted 
by [p. 

The index map contains information which is essential in the construction of the discrete 
Conley index. This information is not important in the continuous case, because it is 
then trivial in the sense that the index map associated with the time-one translation 
map of a flow is always the identity. 

In order to make use of the extra information we need some definitions. Together 
with each category E we consider the category of endomorphisms of E denoted by 
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Endo(E). The objects of Endo(E) are pairs (A, a), where A E E and a E E(A, A) 
is a distinguished endomorphism of A. The set of morphisms from (A, a) E E to 
(B, b) E E is the subset of E(A, B) consisting of exactly those morphisms cp E E(A, B) 
for which bcp =cpa. We write cp: (A, a) ---+ (B, b) to denote that <pis a morphism from 
(A, a) to (B, b) in Endo(E). We define the category of automorphisms of E as the full 
subcategory of Endo(E) consisting of pairs (A, a) E Endo(E) such that a E E(A, A) is 
an automorphism, i.e., both an endomorphism and an isomorphism in E. The category 
of automorphisms of E will be denoted by Auto(£). There is a functorial embedding 

E 3 A---+ (A, idE Auto(£)), 
A 

E(A, B) 3 cp---+ cp E Auto(E)(A, B), 

hence we can consider the category E as a subcategory of Auto(£). Assume C is a 
full subcategory of Endo(E) and L : C ---+ Auto( E) is a functor. Let (A, a) E C. 
Then L(A, a) is an object of Auto( E). Let a' denote the automorphism distinguished 
in L(A, a). Obviously a : (A, a) ---+ (A, a) is a morphism in Endo(E) and since C 
is a full subcategory of Endo(E) it is also a morphism in C. Hence L(a) is defined 
and it is a morphism from L(A, a) to L(A, a) in Auto( E). However, it need not be 
L(a) =a' in general. L(a) need not be even an isomorphism in Auto(£). We say that 
L : C ---+ Auto( E) is normal, if for each (A, a) E C the morphism L(a) is equal to the 
automorphism distinguished in L(A, a). 

There are many ways to define normal functors and actually one can prove the 
existence of a universal normal functor (see Szymczak [ 91]). One of the simplest con
structions applies to the category of finitely dimensional graded vector spaces V. 

Let (F, f) E Endo(V). Define the generalized kernel off as 

gker(f) := UU-n(O)In EN}. 

Since f(gker(f)) C gker(f), we have an induced monomorphism 

f': F/ gker(f) 3 [x]-+ [f(x)] E Fj gker(f). 

Put 
L(F, f) := (F/ gker(f), f'). 

It is easy to verify that f' is in fact an isomorphism. Thus L(F, f) E EI. One can 
easily extend the above definition to morphisms, so that we indeed obtain a covariant 
functor 

L: EE---+ EI. 

We will call it the Leray functor. One easily verifies that the Leray functor is normal. 
Other examples of normal functors may be obtained in terms of the direct and inverse 
limits (see [62]). 

Let M denote the category of graded moduli over the ring Rand let L: Endo(M) ---+ 
Auto(M) be a normal functor. The analog of Theorem 2.2 in the discrete case is the 
following theorem. 
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Theorem 3.4 Assume f : X --+ X is a homeomorphism and S is an isolated invariant 

set with respect to 1fJ· Then L(H*(P),fp) does not depend on the index pair but only 

on the isolated invariant set S. 

The above theorem allows us to define the Conley index in the discrete case as 

L(H*(P), lp). Let us emphasize that in the discrete case the Conley index has the 

form of a pair 
Con*(S) = (CH*(S), x*(S)), 

where CH*(S) is a graded vector space and x*(S) : CH*(S) --+ CH*(S) is a graded 

automorphism. 
As we stated above, iff is the time-one-map of a flow and S is an isolated invariant 

set, then lp is an identity. Consequently 

Con*(S, 1fJ) = L(H*(P), id) = (H*(P), id) = H*(P). 

Hence we have the following 

Theorem 3.5 (sec {61}} The cohomological Conley index of an isolated invariant set 

of a flow coincides with the corresponding cohomological Conley index of the time-one

map of this flow. 

There is also 

Theorem 3.6 (see {61}}. S is an isolated invariant set with respect to a flow iff it is 

an isolated invariant set with respect to the time-one translation of the flow. 

Hence our index can be considered as a generalization of the cohomological Conley 

index for flows. 

4 A horseshoe example 

In this section we want to show how the Conley index for maps may be computed 

directly from its definition. For the convenience of the reader we first briefly recall 

basic definitions and notation concerning the Alexander-Spanier cohomology. 

For a locally compact metric space X and n E N, let rn(X) denote the Z-module 

of all functions <p: xn+l--+ Z. The coboundary homomorphism 6: rn(X)--+ rn+ 1(X) 

is defined by the formula 

n+l 
6<p(xa, ... ,Xn+l) = ~)-l)i<p(xa, ... ,X;-l,xi+l,···,xn+d· 

i=O 

Since 66 = 0, f*(X) := (rn(X), 6) is a cochain complex over Z. For <p E rn(X) define 

the support of <p by I 'PI := 

{x EX I VV C X open x E V => 3xa, ... ,xn E V s.t. <p(xa, ... ,xn) # 0}. 
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Then, r~(X) := { 'P E rn(X) I I 'PI = 0} is a submodule of rn(X) and fo(X) := 

(f~(X), <5) is a cochain subcomplex off*(X). The quotient cochain complex r· (X)/f0(X) 
is denoted by f'*(X). If u E f'*(X) then I 'PI does not depend on cp for all representations 
'P E u. Hence one can set lui := I'PI, where <p E u. 

If Y is another topological space and g : X ----+ Y is continuous then there is an 
induced cochain map g#: f*(Y)----+ f*(X) defined by the formula 

(g#cp) (xo, . .. , Xn) = cp(g(xo), ... , g(xn)). 

Since g#(f0(Y)) c f 0(X), there is also an induced map g#: f'*(Y)----+ f'*(X). 
If i : X 0 '-t X is an inclusion, then f'*(X, X0) := ker i# is a cochain subcomplex 

of f'*(X). The Alexander-Spanier cohomology of the pair (X, X0) is defined as the 
homology of the cochain subcomplex f'*(X, X0) and denoted by H*(X, X0). If (Y, Yo) 
is another topological pair and "' : f'*(Y, Y0) ----+ f'*(X, X0) is a cochain map then it 
induces the map "'* : H*(Y, Y0) ----+ H*(X, X0 ). In particular if g : (X, X0 ) ----+ (Y, Y0) is 
a continuous map then one has a map (g#)* : H*(Y, Y0) ----+ H*(X, X0), which for the 
sake of simplicity will be denoted by g*. 

Proposition 4.1 (see [38], Sect. 1.1) Assume cp E f*(X). Then 

Proposition 4.2 .see [50], Prop. 3.5 Assume X 0 , X 1 C X are closed subsets of X 
such that 

X= intX0 U intX1. 

Then 
H*(X, Xo n X1) ~ H*(X, X 0 ) EB H*(X, X1) 

One can show (see [56]) that every isolating neighborhood admits a regular index 
pair, i.e. an index pair P which additionally satisfies the following condition 

In case of regular index pairs one can define the index map also on the chain level. For 
this end we need the following proposition 

Proposition 4.3 . If P is a regular index pair then ip : (P1, P2) ----+ (P1 U f(P2), P2 U 
f(P2)) induces an isomorphism i#: f'*(P1 U f(P2), P2 U f(P2))----+ f'*(P1, P2) and 

(i~·Ptl([cp]) = [-\p(cp)] 

where Ap: f*(Pl, P2)----+ f*(Pl U f(P2), P2 U f(P2)) is defined by 

Ap(cp)(xo, ... ,x) = {cp(xo, ... ,xp) ifxo, .. _.,xp E P1 

P 0 otherwzse. 
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Proof: The proposition follows easily from the proof of Lemma 4 in [90], Sect. 6.4. 
QED 

The cochain map J# o (i#)-I is called the cochain index map and is denoted by 
J#. Obviously 

!? = (!#)*. 

Let Jo := [-12, -6], JI := [6, 12], J := [-12, 12]. Fori= 0,1 define the maps 

1-li: Ji 3 8--+ 68+ (-1)i54 E lR 

Vi: [-18, 18] 3 8--+ (8- ( -1)i54)/6 E Ji 

Put N := J x J, Ni := J x Ji and for i = 0, 1 define maps 

Now extend the map fo U !I to a homeomorphism f: IR2 --+ IR2 in such a way that 
f(N \(No U NI)) n N = 0. An elementary computation shows that 

ri ( N) n N n f ( N) = U Ki x Kj, 
i,j=O,I 

where K0 := [-11, -7], KI := [7, 11]. In particular we obtain 

Inv(N, f) c ri(N) n N n f(N) c int N, 

which shows that N is an isolating neighborhood for f. 
One easily verifies that (N, E), where E := [ -12, -11] U [ -7, 7] U [11, 12] is an index 

pair for finN. Taking E0 := [-12, -11] U [-7, 12] and EI := [-12, 7] U [11, 12] we get 
E = E0 n EI and by Proposition 4.2 we obtain 

H*(N, E)= H*(N, E0) EB H*(N, EI)· 

Using the exact sequence of a pair (see [38], Sect.8.2) we conclude that 

Hi(N E)= Hi(N E)= { Z fori =.1' 
' 0 ' I 0 otherwise. 

and 
Hi(N E)= { Z2 fori =.1, 

' 0 otherwise. 

Let us turn now our attention to computing the index map. For 8 E J define the 
map 

{ 
1 if Xo < 8, XI 2: 8, 

'Ps: N 2 3 ((xo,Yo),(xi,YI))--+ -1 ifxo 2: 8,X1 < 8, 

0 otherwise. 
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and let Us := ifs + fB(N). One easily finds that Ius I = { (x, s) I x E J }. In particular 
we get 

for s E Lo 
for s E L1. ' 

where L 0 := (-11,-7), L1 := (7,11). Let s1,s2 E L0,s1 < s2 . Define 

1/Js 1 ,s2 : N 3 (x, y)-+ { ~ if S2 >X 2: St, 

otherwise. 

and put Vs!,S2 := 1/Jst,S2 + rg(N). An elementary computation shows that bv = Us! -

Us 2 and bus= 0, i.e. UsuUs 2 are homologous co-cycles in f' 1(N,Eo). An analogous 
argument shows that Us 1 , Us 2 are homologous co-cycles in f' 1 ( N, E1) for s1 , s2 E L 1 , s1 < 
s2. Let o:i := [us], where s E Li. 

Since by Proposition 4.1 Us =f. 0 and obviously Us is not a non-trivial multiple of 
another function, we conclude that o:i generates H1(N, Ei) fori= 0, 1. 

Now we easily verify that 

and 

Thus the matrix of f~ in the basis o:0 , o:1 is 

Since An = 2n-l A, we see that gker A = ker A and we easily conclude that in case of 
coefficients in the field of rationals and the Leray functor 

Conn(N, f) = { ~Q, 2 id) if n=l, 
otherwise. 

5 Properties of the Conley index for maps 

Similarly to the Conley index for flows the Conley index for maps has several properties 
which faciliate its computation. Some of them are analogous to the properites of the 
Conley index for flows but some are specific to the discrete case. In this section we 
would like to summarize them. 

Theorem 5.1 Wazewski property: If N is an isolating neighbourhood with respect 
to 1r f and Con(Inv N, 1r f) i- 0 then lnv N is non-empty. 
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Theorem 5.2 Stability property: If N is an isolating neighbourhood with respect 
to 1r 1 then it is an isolating neighbourhood with respect to 1r 9 for g sufficiently close to f 
in the compact-open topology and the Conley indexes with respect to f and g coincide. 

Theorem 5.3 Homotopy property: Assume 1r8 , s E [0, 1], is a family of dynamical 
systems on X continuously depending on s. If N C X is an isolating neighbourhood 
with respect to every dynamical system 1r8 then Con(Inv N, 1r8 ) does not depend on s. 

Theorem 5.4 Additivity property: If N, N 1 , N2 are isoltaing neighbourhoods such 
that Inv N = lnv N1 U lnv N2, lnv N1 n lnv N2 = 0 t,hen 

Theorem 5.5 Normalization property: The whole space X is an isolating neigh
bourhood and Con(X,1rJ) = (H*(X),f*) . 

. Theorem 5.6 Commutativity property (see {61}). Assume f = 'lj;¢, g = ¢'1/J, 
where ¢ : X ---t Y, 'lj; : Y ---t X are continuous,. If S c X is an isolated invariant 
set with respect to 1r 1 then ¢( S) is an isolated invariant set with respect to 1r 9 and 
Con(S,1rJ) = Con(¢(S),1r9 ). 

Theorem 5.7 Relation to fixed point index (see {58}). Assume X is a compact 
ANR and Sis an isolated invariant set of7rJ· Let Con(S,1rJ) = (E,e) E £I. Then E 
is of finite type and A(e), the Lefschetz number of e is exactly the fixed point index of 
f in a neighbourhood of S. 

Let x0 be a hyperbolic fixed point of f. Let k denote the number of eigenvalues of 
Df(x0) with modulus greater than one (counted with multiplicity). Let l denote the 
number of real eigenvalues of Df(x0) which are less than -1. Then the pair (k, l) will 
be called the Morse index of x0 • 

Theorem 5.8 Assume x0 is a hyperbolic fixed point of a C 1-diffeomorphism f: JR.n ---t 
JR.n. Then { x0 } is an isolated invariant set and 

where {k,l) is the Morse index of {xo}. 

fori# k 
fori= k, 
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6 The Conley index for multivalued discrete dyna
mical systems 

The only way to obtain some rigorous information from numerical computations is to 
perform rigorous error analysis. Such an analysis is possible (see [63]). As an outcome 
we obtain a multi valued map: the exact values are not known but a set enclosing the 
exact values is computer rigorously. This makes necessary extending the Conley index 
theory to multivalued maps. Such a theory for multivalued flows was proposed in [57]. 
The generalization in that case is quite natural. However, the discrete case is different, 
because it is not evident how to define an isolating neighbourhood in that case. 

Let us recall that a multivalued (mv) map is a map F : JRP ---+ PIRII. For A c 
JRP, B C !Rq the image of A, weak preimage of B and strong preimage of Bare defined 
by 

F(A) := U { F(x) I x E A} 

F*-1(B) := { x EX I F(x) n B # 0} 

F- 1(B) := {x E domF I F(x) C B} 

F is upper semicontinuous (usc) if F- 1(U) is open for any open U C !Rq. 

In [31] an extension of the Conley index theory, based on the following definition 
of the isolating neighbourhood, was proposed. 

Definition 6.1 Assume F : X ---+ PX is a multivalued map and N C X. The set 
lnv(N, F) is defined as the set of x E N such that there exists a function a : Z ---+ N 
satisfying a(O) = x and a(n + 1) E F(a(n)). The set N is said to be an isolating 
neighbourhood for F if 

BdiamN F(Inv N) C int N, 

where diamN F is the maximal diameter of the values ofF inN. 

The generalization of the notion of the index pair is then straightforward: 

Definition 6.2 Let N be an isolating neighbourhood for F. A pair P = (P1, P2 ) of 
compact subsets P2 C P1 C N is called an index pair if the following conditions are 
satisfied: 

F(Pi) n N c Pi, i = 1, 2; 

F(P1 \P2) c N; 

lnv N C int(P1 \P2) 

The definition of the index map does not essentially differ from the single valued 
case. One only needs to put some admissibility conditions to ensure that the multiva
lued map induces a map on cohomology level. This is all what is necessary to develop 
the Conley index theory for multivalued discrete dynamical systems. 
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Obviously not all multivalued maps may be treated by computer. To do this some 
finite way of representing these maps is necessary. For this end let us introduce the 
following definitions. 

Let i. C lR be a given finite set. Elementary representable sets {over R) are the 
elements of 

£ := { Al X A2 X •.• X Ad I 
Ai ={a} or Ai =(a, b) where a,b E i., a<< b}, 

where a < < b means that a is an immediate predecesor of b. 
Representable sets are the elements of 

A mv map F : JRP ~ PJRII is representable if 

domF := {x E JRP I F(x) # 0} En, 

Vx E domF F(x) E 'R, 

VEE£ FiE= const, 

If U C JRP and f . : U ~ JRq then F : JRP ~ PJRII is a representation of f if F is .. 
representable and f is a selector of Fju, i.e. 

U C domF and Vx E U f(x) E F(x). 

Assume that {Rn} is a given, monotonically increasing sequence of finite subsets of 
lR such that U {Rn} is dense in JR. We have the following theorem. 

Theorem 6.3 (see {31, 63}) Iff is £-Lipschitz continuous, then there exists a sequence 
{Fn} : JRP ~ PJRII of usc multivalued representations off such that Fn ~ f. 

The above theorem shows that, given a sufficiently powerful computer, any Lipschitz 
continuous map admits an arbitrarily close multivalued representation. 

7 Inheritable properties 

Multivalued representations of single valued maps enable passing from the world of 
continua to the world of finite mathematics. To be able to go back one needs th(~ 

concept of inheritance. Assume A is a collection of mv maps and <p(F) is a property 
of such maps. We say that <p is inheritable if for every single-valued selector f ofF iu 
A 

<p(F) '* <p(f) 
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We say that an inheritable property cp is strongly inheritable if for any single valued 
map f E A such that cp(f) and for any sequence {Fn} C A satisfying Fn --+ f we have 
cp(Fn) for n sufficiently large. 

If a(F) is a term then we say that a is inheritable (strongly inheritable) iffor any 
x the property a(F) = x is inheritable (strongly inheritable). 

Example 7.1 Take A = { F : JRP --+ 'PJR} and consider the following three properties 

a(F) {::} 3x E JRP F(x) > 0 

(3(F) {::} 3x E JRP F(x) ~ 0 

"f(F) {::} 3x E JRP F(x) 3 0 

The first property is strongly inheritable. The second property is inheritable but not 
strongly inheritable. The last property is not inheritable. 

Example 7.2 Assume A = {F : JRP --+ PJRv'} and let B be the unit ball in JRP. 
Consider the following three properties 

M(F) {::} F(B) c int B 

v(F) {::} F(B) c B 

r;,(F) {::} 3x E B x E F(x) 

Again the first property is strongly inheritable, the second property is inheritable but 
not strongly inheritable and the last property is not inheritable. 

Remark 7.3 1. Multivalued representable maps behave like combinatorial objects; 
operations on them are algorithmizable. 

2. Multivalued representable usc maps are conceptually close to ordinary continuous 
maps, so some theories carry over from single-valued continuous maps to multi
valued usc maps. This allows for many natural inheritable properties. 

3. Multivalued representations of single valued maps may be used to prove inheritable 
properties of single valued maps. 

4. If a single valued map satisfies a strongly inheritable property then a sufficiently 
powerful computer will prove it. 

5. Usually properties of real interest are non-inheritable 

6. To get interesting applications we need theorems which convert inheritable pro
perties to non-inheritable properties 
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An example of such a theorem, which converts property o: in Example 7.1 to pro
perty "(, is the Darboux Theorem. Similarly, the theorem, which converts property p, 
in Example 7.2 to property "'is the Brouwer Fixed Point Theorem. 

The following theorem is essential in applications of the Conley index to rigorous 
numerics. 

Theorem 7.4 (see [63}). The isolating neighborhood, the index pair, and the Conley 
index are strongly inheritable terms. 

Of course, in order to be able to compute the Conley index of a multivalued repre
sentation we need to know if there exists an index pair consisting of representable sets 
and how to construct it. 

This is relatively easy under extra assumptions as in the following theorem. 

Theorem 7.5 (see [63}) IfF: JR.d-+ PJR.r is usc representable and N is a representable 
set such that 

BdiamN p(F*- 1(N) n N n F(N)) C int N. 

then N is an isolating neighborhood and (N, N\F- 1 (int N)) is an index pair in N 
consisting of representable sets. 

A general answer to the question of the existence and construction of representable 
index pairs may be found in [64]. 

8 Chaos in the Lorenz equations 

The world of representable multivalued maps and inheritable properties opens the way 
to rigorous computations of the Conley index for concrete dynamical systems. Since 
there are various qualitative descriptions of dynamics in terms of the Conley index, 
many new interesting results may be obtained this way. As an example let us announce 
a result concerning chaotic dynamics in the classical case of the Lorenz equations (see 
[53] and also [51, 52]). The result is based on a generalization of the Conley index 
theory proposed by Szymczak [92]. 

For a k x k matrix A= (Aij) over Z2 put 

L:(A) := { 0: : If.-+ {1, 2, ... , k} I Vi E ZAa(i)a(i+l) = 1} 

a: L:(A) 3 o:-+ (Z 3 i-+ o:(i + 1) E {1, 2, ... k} E L:(A). 

Theorem 8.1 (see [53}). Consider the Lorenz equations 

± s(y- x) 
Rx- y- xz 

i xy- qz, 

(1) 
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and the plane P : = { ( x, y, z) I z = 27}. For all parameter values in a S'ufficiently small 
neighborhood of (s, R, q) = (10, 28, 8/3) there exists a Poincare section N c P such 
that the associated Poincare map is Lipschitz and well defined. Furthermore, for 

0 1 1 0 0 0 
0 0 0 1 1 0 
0 0 0 0 0 1 A·-.-
1 0 0 0 0 0 
0 1 1 0 0 0 
0 0 0 1 1 0 

there is a continuous surjection p: Inv(N, g) -+ E(A) such that 

po g =a o p. 

Moreover, for every a E E(A) which is periodic there exists an x E Inv(N, g) on a 
periodic trajectory such that p(x) =a. 

The main tool in the proof of the above theorem is a criterion of chaos (see [53]) 
based on the Conley index theory. In order to verify the assumptions of that theorem 
we choose a candidate for a representable isolating neighborhood N for the Poincare 
map f and compute a multi valued representation F of f. If N turns out to be an 
isolating neighborhood for F, we compute an index pair and find the Conley index for 
F. By inheritance, f has the same Conley index inN. If the computed index satisfies 
the assumptions of the chaos criterion, which indeed is the case, the theorem is proved. 
If not, the proof fails. In case N fails to be an isolating neighbo~hood for F, one is free 
to find a better mv representation of f and repreat the verification process. 
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ON GEOMETRIC DETECTION OF PERIODIC 
SOLUTIONS AND CHAOS 

R. Srzednicki 

Jagiellonian University, Cracow, Poland 

1 Introduction 

In this note we consider a differential equation 

x = f(t,x) (1) 

where f : lR x M ~ T M is a continuous time-dependent vector-field on a smooth 
manifold M. We assume that the Cauchy problem 

x(to) = Xo (2) 

associated to ( 1) has the uniqueness property. Fix some T > 0 and let the map f ( ·, x) be 
T-periodic for every x E M. Examples of equations of that form arise, for example, in 
mechanical systems perturbed by periodic forces. One of the most important problems 
referred to (1) in that case is to determine the existence of its periodic solutions with 
the period being a multiplicity of T. Classical methods related to that problem are 
presented in [RM]. The purpose of this note is to describe a geometric approach to 
it, introduced in the paper [82] (see also [81] and [84]). Actually, we present (without 
complete proofs) its minor modification and applications to detecting chaotic dynamics. 
Full exposition of the topics concerning chaos which are presented here is contained in 
the papers [85] and [8W]. 

The basic idea of our approach is to find conditions for a set W c lR x M and f 
restricted to the boundary of W ensuring the existence of (t0 , x0 ) E W such that the 
solution of the Cauchy problem (1), (2) is T-periodic. Those conditions should involve 
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only information on geometry of Wand flaw- no a priori conditions on solutions of (1) 
outside of aw must be provided. That approach to detection of periodic solutions is 
partially motivated by a topological method of proving of the existence of a solution of 
the equation G ( x) = 0 for a vector-field G : !Rn --+ !Rn. Let U E !Rn be a closed bounded 
set, U = cl int U with no zeros of G in au. A sufficient condition for the existence of 
solution of G(x) = 0 in U is the nontriviality of the Brouwer degree deg(O, G, int U). 
If U is an n-dimensional submanifold with boundary, by a result of Marston Morse 
(see [G]), the degree is completely determined by the Euler characteristic of U and 
the restriction of G to au. If, moreover, G represents some suitable (but generic) 
behavior, the degree can be determined by the Generalized Poincare Index Formula 
which involves only the Euler characteristics of U and some subsets of au described by 
Glau, compare [P]. For smooth G, the existence of zeros of Gin U is equivalent to the 
existence of stationary points of the flow 'ljJ generated by the equation x = G ( x) inside U 
(see [F] for a formula in the latter case in a purely topological setting). One can expect 
that the existence of periodic points inside U can also be determined by Glau and 
some topological conditions imposed on U. However, except of !-dimensional (where 
everything is trivial) and 2-dimensional phase space (where the Poincare-Bendixson 
theory is valid), there is no general higher-dimensional result on that subject; for 
example there can be no periodic orbits inside a solid torus even if the vector-field 
restricted to its boundary is directed inward (this relates to the Seifert Conjecture, see 
[K] for a construction of a C00-counterexample). We make some additional assumptions 
an modifications; the first one which we propose is a rotation of the flow 1/J. More 
precisely, we assume that the phase space of 'ljJ has (up to a homeomorphism) the 
form 8 1 x M (recall that M is a smooth manifold) and the velocity of 'ljJ with respect 
to the 8 1-variable is nonzero. We assume also that U is an isolating block (see [C] 
or [Sm]); in practice it means that there are no points of inward tangency of 'ljJ with 
respect to the boundary of U. (The latter assumption is motivated, in some way, by 
the lack of periodic solutions for arbitrary small 21r-periodic resonant perturbations of 
the oscillator equation.) We make also some other assumptions on geometry of U, in 
particular (U, u-), where u- is the exit set, must be the total space of a pair of locally 
trivial bundles over 8 1• At this moment we reformulate the problem: we identify 8 1 

with IR/TZ and, after a change of variables if necessary, we assume that the velocity 
of the rotation around 8 1 is equal to 1. Thus the autonomous equation we consider is 
of the form 

{ i = 1 
x = f(t, x), 

(3) 

where f is described at the beginning of this text; the phase space of (3) can be 
either 8 1 x M or its covering space lR x M; our choice will depend on the current 
context. Moreover, there is a one-to-one correspondence between periodic orbits of 'ljJ 
and periodic solutions of (1), hence instead of determining conditions for U and u
in 8 1 x M we will deal with the corresponding conditions for their lifts W and w- in 
[a, a+ T] x M for some a E R Such a W will be called a periodic isolating segment. 
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its precise definition will be given in Section 2. In Section 3, an automorphism J.Lw 
of homologies of (W, w-) is defined. The main result, Theorem 1 states that if the 
Lefschetz number of J.Lw is nonzero then the equation has a periodic solution. whose 
graph over [a, a+ T] is contained in W. If the Lefschetz numbers determined by 
segments W and Z, with Z C W, are different then there is a periodic solution with 
graph over [a, a+ T] contained in W and not contained in Z (see Theorem 2). 

Those theorems were successfully applied to problems on the existence of periodic 
solutions of non-autonomous planar polynomial equations in [S3J, planar rational equa
tions in [KS], and equations of higher order in [SS]. They can also be useful in detection 
of chaotic dynamics. Usual approach to that problem is based on proving the existence 
of suitable homoclinic or heteroclinic orbits (this leads to proofs of chaos for systems 
which are closely related to Hamiltonian ones, compare [W], or to computer-assisted 
proofs, like in [HHTZ]). Recently a new method, based on the discrete Conley index 
theory, was presented in [MM], however it still needs estimates on possible position of 
some solutions, which can be provided only by computer calculations. On the contrary 
to that methods, we· are able to avoid calculations leading to global information on 
any concrete solution. As it can be seen below, suitable forms of periodic isolating 
segments guarantee the existence of a compact invariant set such that the Poincare 
map restricted to that set is semiconjugated to the shift on two symbols and the coun
terimage (by the semiconjugacy) of any periodic point in the shift contains a periodic 
point of the Poincare map. If that condition is satisfied, we call (1) chaotic. It follows 
in particular, that a chaotic equation has kT-periodic solutions for all k = 1, 2, .... 
Obviously, one can modify that definition of chaos (and, consequently, results on its 
existence) by considering subshifts of finite type. Although chaos in that sense does 
not satisfy, in general, all the three axioms from the Devaney's definition (see [D]), it 
is stronger that the one defined in [MM], and guarantees positive topological entropy 
of the Poincare map. The latter condition does not follow from the Devaney's axioms 
and its importance is indicated by some authors (compare Introduction in [GW]). We 
describe two different criteria for detecting chaos using periodic isolating segments. 
One of them, Theorem 3, comes from [S5] and the other, Theorem 4, from [SW] (its 
extensions will be given in [Wo]). 

We give examples of planar differential equations to which the results presented 
in this note apply. More exactly, we indicate how to prove that the planar equation 
(written in complex numbers notation) 

i = ei<Ptizi 2z + 1 

has a 271' I ¢>-periodic solution for ¢> -=/= 0, 

i = (1 + ei<Pt izi2).z 

has a nonzero 271' I ¢>-periodic solution for¢> i= 0 and is chaotic if 0 < ¢> :S 11288, and 

i = ~e-i<Ptz(~¢>(z + 1) + e*(z + 1))(~¢>(z -1) + ei<Pt(.z- 1)) 
2 2 2 

is chaotic provided ¢ > 0 is small enough. 
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2 Isolating segments 

Let u be the evolutionary operator for the equation (1), i.e. u(to,s)(x0) E M is the value 
of the solution of the Cauchy problem (1), (2) at the times E JR. u is continuous with 
respect to all its variables, the domain of each map U(t,s) is open (possibly empty) in 
M and two conditions are satisfied: 

\It E JR. : U(t,t) = idM, 
Vr, s, t E JR.: U(t,r) = U(s,r) o U(t,s)· 

Iff is T-periodic with respect to t then 

hence, in order to determine all T-periodic solutions of the equation (1), it suffices to 
look for fixed points of the Poincare map U(s,s+T) for any s E JR. 

Let a, bE JR., a < b. Denote by ?T1 : [a, b] x M ---+ [a, b] and ?T2 : [a, b] x M ---+ M the 
projections, and for a subset Z C JR. x M and t E JR. put 

Zt = {x EM: (t, x) E Z}. 

Let (W, w-) be a pair of subsets of [a, b] x M. We call W an isolating segment over 
[a, b] (for the equation (1)) and w- the exit set of W if: 

{i) W and w- are compact ENR's (i.e. Euclidean neighborhood retracts, compare 
[Do]), 

(ii) there exists a homeomorphism 

such that ?T1 = ?T1 o h, 

(iii) for every t E [a, b) and x E 8Wt there exists a 8 E (0, b- t] such that for every 
s E (t, t + 8) either U(t,s)(x) ¢ W8 or U(t,s)(x) E int W8 • 

(iv) w- n ([a, b) x M) = {(t, x) E W: t < b, 38 > 0 \Is E (t, t + 8): U(t,s)(x) ¢ W8 }. 

Isolating segments over [a,b] can be constructed in the following way. Let V, ... , U : 
M---+ JR. be continuous functions (for somes~ 1), let g: JR. x M---+ TM be a C1 time
dependent vector-field (in general, a priori not related to f) such that every solution 
of the equation x = g(t, x) is defined in the whole interval [a, b], and let v be the 
evolutionary operator of that equation. Define Ai : JR. x M ---+ JR. by 

(4) 
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Proposition 1 The set 

W = {(t,x) E [a,b] x M: Vi= 1, ... ,s: Ai(t,x) ~ 0}, 

is an isolating segment over [a, b] with the exit set 

w- = {(t,x) E w: 3i = 1, ... ,r: N(t,x) = 0}. 

provided the following conditions are satisfied: 

(j) the set Wa = {x EM: Vi= 1, ... , s: Li(x) ~ 0} is compact, 

(jj) Li is C1 in some neighborhood of the set {x E Wa: £i(x) = 0}, for each i = 1, .. , s, 

(ill) for every x E Wa the set {V' Li(x) : i such that Li(x) = 0} is linearly independent, 

(jw) the inequalities 

V' Ai(t, x) · (1, f(t, x)) > 0 (Vi= 1, ... , r, (t, x) E W, Ai(t, x) = 0), 

V' N(t, x) · (1, f(t, x)) < 0 (Vi= r + 1, ... , s, (t, x) E W, Ai(t, x) = 0) 

hold. 

Indeed, it is easy to see that (j) and (jjj) imply (i), (jw) implies (iii) and (iv), and h in 
(ii) can be defined as h(t, x) = V(a,t)(x). 

An isolating segment W over [a, a+ T] is called periodic if 

Iff is T-periodic in t then the image of a periodic isolating segment over [a, a+ T] by 
the covering map lR x M-+ S 1 x M (where S1 = lR/TZ) is an isolating block for the 
flow generated by (3). 

Example 1 Consider the planar equation 

(5) 

where z E C, ¢ =!= 0, a ~ 0, and (3 > 0. It can be easily replaced by a system of two 
equations of real variables x and y if we put z = x + iy; actually, we do not distinguish 
between (x, y) and z. By Proposition 1, one can construct periodic isolating segments 
over [0, 2-n-j¢] for (5) as follows. Let R > 0 be a given number. For (x, y) E JR? put 

1 1 2 2 1 2 
L (x,y) = R2 x -1 L (x,y) = R2 y -1. 
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Let g be a planar vector-field given by g(z) = ~icf;z. The evolutionary operator v for 
the equation i = g(z) satisfies V(t,o)(z) = e-i¢tf2z, hence (4) has the form 

Ak(t, x, y) = R12 (x cos( p_t) + y sin( p_t)) 2 - 1, . 2 2 

A~(t, x, y) = ~2 (xsin(~t)- ycos(~t)) 2 - 1. 

One can check that for r = 1 and s = 2 the condition (jw) is satisfied (for every R), 
hence 

W(R) = {(t,x,y) E [0,21r/¢] x R.2 : Ak(t,x,y) 'S 0, i = 1,2} 

is an isolating segment for (5) and its exit set is given by 

W(Rt = {(t,x,y) E [0,21r/¢] x R.2 : Ak(t,x,y) = 0, A~(t,x,y) 'S 0}. 

If we suitably perturb the equation (5) then W(R) still is an isolating segment for some 
values of R, as the following results show. Let p : R. x R.2 --+ R.2 be a smooth map. 

Proposition 2 If a > 0 and 

p(t, z) . . 271' 
lzll+a: ---+ 0 as lzl-+ oo uniformly zn t E [0, ¢] 

then there exists Roo such that for every R 2 R00 , W(R) is an isolating segment with 
the exit set W(R)- for the equation 

(6) 

Proposition 3 If a 2 0 and 

p(t,z) . . 271' 
lzll+a: ---+ 0 as lzl-+ 0 uniformly zn t E [0, ¢] 

then there exists Ra such that for every R satisfying 0 < R 'S Ro, W(R) is an isolating 
segment with the exit set W(R)- for the equation 

i = ~icf;z + ,8ei¢tlzl"z + p(t, z). (7) 

Remark 1 In the above propositions, W(R) still remains an isolating segment with 
the exit set W(Rt for the given values of R if we perturb (6) (or (7), respectively) 
by adding a term q(t,z) (for a smooth map q) with lq(t,z)l small enough for each 
(t, z) E W(R). This is a consequence of the strong inequalities in (jw). 



Periodic Solutions and Chaos 203 

3 Periodic solutions in segments 

Let W be an isolating segment over [a, b]. Define the homeomorphism 

by h(x) = 1r2h(b, 1r2h-1 (a, x)) for x E Wa, where h satisfies the condition (ii) in the 
definition of isolating segment. Geometrically, h moves a point x E Wa to Wb along the 
arc h([a,b] x {1r2h-1 (a,x)}). A c!ifferent choice of the homeomorphism h in (ii) leads 
to a map which is homotopic to h, hence the isomorphism 

induced by h in singular homology over the field of rational numbers Q, is an invariant 
of the segment W. 

In the reminder of this note we assume that f is T-periodic in t. If the segment W 
is periodic over [a, a+T], then vw is an automorphism of H(Wa, wa-) and its Lefschetz 
number is defined as 

00 

Lef(JLw) = 2::(-lttr h•n· 
n=O 

In particular, if Jlw = idH(Wa,W;) then Lef(Jlw) is equal to the Euler characteristic 
x(Wa, wa-)· The following theorems (up to slightly different notation) was proved in 
[S2] (see also [Sl]): 

Theorem 1 If W is a periodic isolating segment over [a, a+ T] for the equation (1) 
and 

Lef(Jlw) # 0 

then (1) has a T-periodic solution ¢ : JR. --+ M such that rp(t) E int Wt for every 
tE[a,a+T]. 

Theorem 2 Let W and Z be two periodic isolating segments over [a, a+ T] for (1), 
Z c W. If 

Lef(Jlw) # Lef(JLz) 

then there exists aT-periodic solution¢: JR.--+ M of (1) such that rp(t) E int Wt for 
every t E [a, a+ T] and rp(s) ~ Zs for somes E [a, a+ T]. 

In [Sl] and [S2] the term periodic block (being the union of the copies of W translated 
by kT along the t-axis, k E Z) was used in the above statements. In the mentioned 
papers, and also in [KS], [S3], and [S4], there are many examples of equations satisfying 
Theorems 1 and 2. Below we shortly describe some of them. 
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Example 2 For every ¢ -:/= 0 the equation 

i = ei<f>tlzl 2z + 1 (8) 

has a 21r /¢-periodic solution. 
Indeed, by Proposition 2, W(R) is a periodic isolating segment for (8) if R is 

sufficiently large. Since Lef(J.Lw(R)) = 1, Theorem 1 implies the result. 

Another proof of the existence of a periodic solution of (8) can be found in [MaJ. 

Example 3 For every ¢ -:/= 0 the equation 

i = (1 + e*lzl2)z 

has a nonzero 21r /¢-periodic solution. 

(9) 

Indeed, as in Example 2, W(R) is a periodic segment for (9) if R is large enough. 
Put 

Z(r) = [0, 21r /¢] x {(x, y) E JR? : lxl ::; r, IYI ::; r }, 
Z(r)- = [0,21r/¢] x {(x,y) E IR2 : lxl = r, IYI::; r} 

Z(r) is a periodic segment with the exit set Z(r)- for sufficiently small r > 0. Actually, 
we can put R = 3 and r = i· Obviously, we have Z(i) C W(3). Since Lef(J.Lz(r)) = 
x(Z(r) 0 , Z(r)0) = -1, the result follows by Theorem 2. 

4 Chaotic dynamics 

Let ~2 denote the set of hi-infinite sequences of two symbols and a is the shift map 
(compare [W]). Recall that we already assumed that fisT-periodic in t. The equation 
(1) is called chaotic (or, more precisely, T-chaotic) provided there is a compact set I c 
M, invariant with respect to the Poincare map U(a,a+T) (for some a), and a continuous 
surjective map g : I ---+ ~2 such that: 

(k) a o g =go U(a,a+T), i.e. U(a,a+T) is semiconjugated to a in the set I, 

(kk) for every n-periodic sequence s E ~2 its counterimage g-1(s) contains at least 
one n-periodic point of U(a,a+T)· 

It follows in particular that if (1) is T-chaotic then it has a periodic solution with 
basic period kT for every k E N and the topological entropy of the Poincare map is 
positive. Examples of chaotic equations can be given by classical results on detection of 
the existence of Smale's horseshoes for Poincare maps. In particular, many equations 
T-periodic in t, considered in [W], are also kT-chaotic for some large number k. 

We give two criteria for chaotic equations based on notions introduced in the pre
vious sections. Let W and Z be periodic isolating segments over [a, a+ T] for (1). A 
proof of the following theorem will appear in [S5]: 
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Theorem 3 Assume that: 

{Al) (Wa, W;) = (Za, Z;;), 

{A2) :Js E (a, a+ T) : Ws n Zs = 0, 

(A3) :Jn EN: Hn(Wa, wa-) = Q, Vk-:/= n: Hk(Wa, Wa) = 0. 

Then ( 1) is T -chaotic. 

The next theorem is the main result of [SW]: 

Theorem 4 Assume (A 1) and: 

{Bl) Z c W, 

(B2) J.Lz = J.Lw 0 J.Lw = idH(Wa,wa-)' 

{B3) Lef(J.Lw) -:/= x(Wa, wa-) -:/= 0. 

Then (1} is T-chaotic. 
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Proofs of the above theorems are based on results of Section 3. One can construct 
segments of the form V0 U Tr(VI) U ... UTkr(Vk) over [a, a+ (k + 1)T], where T8 denotes 
the translation by s E lR along the t-axis and Vi is either equal to W or to Z, calculate 
possible values of the Lefschetz numbers of the corresponding homomorphisms, and 
apply Theorem 1 in the proof of Theorem 3 and, respectively, Theorem 2 in the proof 
of Theorem 4 in order to get the required periodic solutions. 

5 Two chaotic equations 

In this section we provide equations satisfying the criteria given in Section 4. As a 
consequence of Theorem 4 we get: 

Corollary 1 The equation {9) is 21rj¢-chaotic provided 0 < ¢ :S 1/288. 

Segments satisfying hypothesis of Theorem 4 for (9) can be constructed as follows 
(see [SW] for details of that construction). Recall that the sets W(R) and Z(r) are 
defined in Example 1 and Example 3, respectively. Put W = W(3). The segment 
Z can be obtained as a proper modification of ZG) in order to get the concordance 
(Wo, W0-) = (Z0 , Z0). To this purpose we construct a (nonperiodic) segment P over 
[0, 16] by Pt = Z(3- it) and Q over [27r /¢- 16, 2·rr /¢] by the mirror image of P with 
respect to the hyperplane {(t, x, y) : t = 1r /¢}. Put Z = P U Z(~) U Q. It follows that 
J.Lw = -id, Lef(J.Lw) = 1, and x(Wo, W0-) = -1 hence Theorem 4 implies the result. 

The final result of this note can be proved using Theorem 3. 
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Corollary 2 The equation 

is 2rr !¢-chaotic provided 0 < ¢> $ ¢>0 , for some ¢>0 > 0. 

We explain briefly how to prove that result -details will be given in [85]. By g(t, z) 
denote the right-hand side of (10). In order to find proper segments for (10), observe 
first that 

g(t, z) = ~eit/>t1z1 2 z +{terms of order$ lzl 2} +¢>·{terms of order lzl 3}, 

hence, by the form of considered terms, Proposition 2 and Remark 1, W ( R) is a segment 
for (10), with the exit set W(R)-, if R is large and ¢> is small enough. Similarly, since 

g(t, z) = (~i¢>(z- 1) + e*z- 1) +{terms of order> lz- 11 2 } + z -
¢> · {terms of order lz- II}, 

Proposition 3 and Remark 1 imply that 

U(r) = {(t,x,y): (t,x -l,y) E W(r)} 

is also a segment for (10) with the exit set 

U(r)- = {(t,x,y): (t,x -l,y) E W(rt} 

provided r and ¢> are sufficiently small. Fix such R and r, assume additionally that 
r < 1 and R > 1 + r. Choose a (large) number w > 0 and a (small) number t: > 0 such 
that the sets 

r-R 
P = {(t,x,y): t E [-w,O], lxl $ R, IYI :S --t+r}, 

w 

1-r+R r+l-R 
Q={(t,x,y):tE[O,t:], t-R:Sx:S t+R, IYI:Sr} 

f f 

are isolating segments for the equation 

1 
i = 2z(z + l)(z- 1), 

which satisfy hypotheses of Proposition 1 (especially, the condition (jw) is of our inte
rest), such that their exist sets are given by 

r-R 
p- = {(t,x,y): t E [-w,O], lxl = R, IYI $ --t+ r}, 

w 
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Q- = 
1-r+R r+1-R {(t,x,y): t E [O,t:],x = t- R or x = t + R, IYI ::=:; r}. 

€ € 

Define W, the first of the segments considered in Theorem 3, as follows: 

Wt = 
U(r)t fortE [t:, ~- t:], 
W(R)t fortE [~ + w, 2; - w], 
{ (t, x, y) : (t, (x- ~) cos(~t) + y sin(~t) + ~' (x- ~) sin(~t)

ycos(~t)) E Q} fortE [O,t:], 
{(t,x,y): (t- 2;,xcos(~t) + ysin(~t),xsin(~t)- ycos(~t)) E P} 

for t E [271' - w 271'] 
¢ ' ¢ ' 
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and fort E [n /¢- E, 7!"/ ¢ + w], the set Wt is defined in an analogous way as in [0, t:] and 
[2n 1¢-w, 2n /¢]. It can be proved (after precise formulation of the above construction) 
that if ¢ is small enough (actually, much smaller than 1/ w), then W is a periodic seg
ment for (10) over [0, 2n /¢]; it sourrounds points with the x-coordinate equal to 1. By 
the symmetric argument, we can construct a periodic segment Z, surrounding points 
with the x-coordinate -1, which coincides with W over the interval [ 1r /¢, 2n /¢]. Mo
reover, W, is disjoint from Z, and homologies of (W0 , W0-) are equal to the homologies 
of 5 1, hence Theorem 3 implies the result. 
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