Algebra

* The principle of Counting

If an act could be performed by n ways, another act could be
performed by m ways, then the two acts can be performed
together by m X n ways.

Example 1 :

A student could go to his school by 3 ways and go back to
his home by 2 ways by How many ways could he go and
back ?

Sol:
The n Number of ways = 3 X2 = 6 ways.

Example 2 :

A school gives 3 prizes for the gifted pupils in Tennis
,Swimming and football. If the Number of Competitors are
respectively 8, 7 and 12.

By how many ways the 3 prizes can be Distributed ?

Sol:
The n Number of ways = 8 x7x12 = 672

* Permutations

Def : if we have a set of elements, any arrangement by
taking some or all of these elements in a definite order is
called a permutation.

l.e. if the Number of elements is n, taken r of them in a

definite order, this could be written as No of permutations

+
="P, ,n2r, n,r € z .

* Important Rules



1)8Ey =11 (11 =1} {1 —Z2) ceriemn in — r +1;

2 npp, = n (n-1) in —2).. e X3 ®2x]l = n .
LE_iS called Factorial n
3y = n n-1 =n (n-1; n -2 = ...
E
4y n B, =
n - r
5y g =1
ey |1 = 1
Ty 0 =1
Example 3 :

How many permutations can be Performod from 5 kinds
of fruit, each of them consists of 2 kinds with out repetition

Sol :
Number of permutations =°P,=5 x4 = 20

Example 4 :

From the digits 1,2,3,4,5 How many Numbers could be
performed from it without repetition such that the unit digit
is not 4 and the tenth digit is not 5.

Sol :

No of ways for writing = 5x4x3x2x1= 120

No of ways to write the unit digit is 4 and the tenth digit is 5
= 1X1X3x2x1=6

" The No of required ways

= 120-6 = 114.

Example 5 :

if n={120, find* "P,



Sol :

0 -l120 ~n=5

2np, =19p, =10 x9x8x%x7 = 5040.

Example 6 :
Frove that |Z2n = 1x3=x5=.,..x{Zn —-1)=x Zn x|n
Sol:
L.H.5 = 211
2n (Z2n -1y (Z2n—2) (Zn—23).... = 4= 3w Zx 1
2y (2n—2Y... =4=2={2n-1y= (2rn—3)=... = an]
= Zx(nx{n-1i=.x Z2x li=x{Z2n-1l)={Z2n—-3)=..... LR
= Z0 »x n =x{Zn-1) ={Zn-3) =..x3xl= R _H.35.
Example 7 :
Find the wvalue of ¥p, 1if
¥*¥py = 210 , |xH— ¥ = &
sol :
SXHEP; = 210 Lty =T - 1
¥ -y = 3xZxl x -y = 3———=2 z
Add 1 , 2
L2 =10 = =5 = vy =2
Example 8:

if B; = 2x'Pyy  , find the walue of

r+l1 r r—z
— 4 — + —I—
-

r + 2 r +1 1




s e B — r = 2 = r = &
:- I+ 1 + | r r =2
r 42 |r +1 [ -1
B 1 1 1
- r +2 r+1 r -1 =
_ o+ .1 _ 11
2] 7 5 280
Example 9 :

Find the Number of the elements of the set A
X={x:X€Z -2=x<6}
A={(a,b,c),abceX,a#b #c{

Sol :
N (X)=9
No of element of A=°P; = 9x8x7 = 504

Example 10 :
if 3X"Py=5X%x"P,,™P,=2X"P, .Findn,r

If:



n +1 -r 3
in = 5n + 5 - 5r
5r = 2n +5 —————- - 1

ntlp, = Z

* Combination

Definition :

If we have a set of elements ,any arrangement by taking all or some
of these elements -without consideration of the order of these
elements -is called a combination .

l.e. ...If the number of elements is n ,taken r of them each time
-without consideration of the order of its elements -then ,the number

of combinations is symbolized by "C; ,n = r, n.rez"

* Important rules



n.:r —
=
2) ne, - In_
r n—-r
3) WZy = BCh 4
4y noy, =1
5]' Wlzera = 1
gy If nop = nZy -—-———2 r=d or r+d =n
Tyonz, _ n-r+1
n':]:—_]_ r
Example 1:

Find the value of n if "C,= 435

I = "Fz = = n = - n=
Cx _IE = 435 ———- By =870——— n=30
Example 2:
If nCr2+2r= nC2r+5 ; nC3 =120
find the value of "C7+3
Sol :

HPS

Co= L2 =120 . "P, =120Xx3x2x1=720
-10x9%8  n=10

10c:r2+2r =1OC2r +5
Ser+2r=2r+5 or  r’+2r+2r+5=10

r?= S.r’+4r-5 =0



r==++5 (r+5)(r-1)=0

refused r=-5 refused or r=1
"Crrss ='°C 10=1
Example 3:

Prove that "C+"C, ., = "1C,,;
Then find the value of

) 17C; +17C:

18C,
INProve that"C,. + "C, + 7C, + "C,, = "1,
Sol:

I) L.H.S. =Cy+ B4 -
n + N
lr |n -r lr 41 |n - r - 1

= {r+l}) |n + {n-r) |n_

r +1 n -r
= (n +1) |n = In +1
(r +1 In — r | +1 n-— r

= ®wHC.,) =R .H .3

172 + Cs = 18 =185-6+1 = 13
18z ¢ 18, & 5]
IT) L.H.3 ={BCpy + BHC.) +{nC+ BT, )
= n+l|:;r+l+ n+lcr :n+2|:;]:_'_l =F _H.=

Example 4:

By how many ways ,you can choose 7 persons from a

group of 9 girls ,5 boys such that the chosen group
contains 3 boys

SOL :
No. of ways =°C, X °C; =126 x10 =1260



Example 5 :
Find the expansion of »MC, ,then prove

that [17 i1s diwvisible by [12 | 5

Sol:
wHC, = m+n = a, ae &t
D |m
m+n = 4 Il Im
Jlm o +n 1s Divisible by |[n I
Let n = 12 , m= 5
. L7 = al|lz 5
17 1is Divisible by |12 5
Example 6:
If npy =360, lr__ =24,
Find the valus of 2.
SOL .
npg =360 -—2 n=6 , |k _ =24--—-2 =4
iz, =120, =495
Example 7:

If "P; =210 ,™"P3; =720
Find the value of "C,.

SOL :
"P; =210 ---> m=7
mP, =720 ---> m+n =10 ----> n =3
"Cn ='C3=7X6X5 =35
3x2x%x1



Example 8:
|n = 720, gy - on+lo, ) =3/5
Find the wvalus of ™lC,_,

SOL:
In = 720 ——-= n=56
ntlc, (n +1) -r+l _ 3
n+l(:r 1 T g
8-r __3 -————- - r=5
r S
n+lcr 2 =?|:3 =35
Example 9:
If Sp, =60,| n =120 ,
Find &»Cy
SOL :
Spy =60 ————=> r =3
n =120 ————=> n= 5
ne, = 3C3 =10
Example 10:

If5 X "Ce=12 X "C4
Find the value of ™3P;
SOL :

12

n-5 n-4
— X

6 5 5 (x30)
(n-5)(n-4) =72 =8 X9
<en-5=8 --—-> n=13

n-3P3= 10P3 =10 X 9 x 8 =720




Example 11 :
If *Cp= & , 10py=720
Find the walue of p—xt+5

SOL :
X0y = 6 ———P X =4
0py =720 ——-=> v = 3
Example12:
If EPI=12|:| r n+l|::r - n+lc:[—_'|_ =z
Find the valus of |n-r
Sol:
6p, =120 —————2 r=3
n+l1l1-r+1
n+l.:r - n+l.::r__]_= ( ) =
r
n-1 =2 --——= n =7
3
n—-r =[7-3 =4 =24
Example13:
Prove that n2y — o-lCy; = n-r
L n
1000 233
: l:ltltl_ I:S'S'
Hence find the walue of Tooe
C
100
SOL :
ne, } n—lcr_l
L.H.5 = —5— """ ng,
1 n -1 r|l n - r
- r—-1] n—-r '~ n
= ]1- r = n-r = R.H.S
n n
P e L, 1000-100 900 5.5

w0 1000 1000



The Binomial Theorem With a (+ve) integer power *

(a+b)'=a+b
(a+b)*=a*+2ab+b?
(a+b)’=a’+3a%b+3ab*+b?

Theorem:
(a+b)"="coa"+ "cia®'b + "c,a" b +....... + "cnb".
Results:1) (1 +x) = 1+“clx+“czx2 o + x".
2 (-x=1-"cxtcx — ..., + (%)

The general term in the expansion of (x+a)".
T :ncr % <2nd)r % <1st)n—r

r+1 Y, r=0,1, 2 , ... , N
Example(1):
Find the expansion of (a+b)*.
Sol :
(@ + b)' = a'+'ca’bt+'c,a’v’+'c,ab’ + b
= a' + 42’ + 6a’p” + 4ab’ + b’
Example(2) :
Find the expansion of (1-3x)°
Sol :
1 — 3x)° = 1-"¢,3x+°c,(3x)’ =" c,(3x)’+ ¢, (3x) = c. (3x)°
“ (1 —3x)° =1 - 15x + 90x” — 270x> + 405x" — 243x°
Example(3) :
Find T,in the expansion of
2 =y
*\..E - =
sol :

Tr+1 - nCr X ( 2nd)r X (1st)n-r
—f 2
T, = e, L I APl Y-
4 C3 (—2 ) («.-";)



~(x)? 2°

=165 X (@ X J&)°

— 5280
= x’x
Example(4) :
Find the coefficient of Tsin the expansion of (2x-3)°
Sol :

Tr+1 - nCr X (2nd ) r X (1st )n-r
Coeff of Te= 8cs X (-3)°X (2X1)?
= 56 X (-243) X8 = -108864

Example(5) :
Find the coeff. of the r" term in the expansion

of (X += )2
x

Sol :
Coeff . of T,
=2r1(-_;r_}I ” (%)H ” (1)2n +1-r
=nC | = J@
r_1—‘r—i|. Z2n +1 -t
Example(6):
Find the value of (1+x) ”- (1-x)’
Sol :

Exp. =2(To+ Ts+ Te+Ts )

=2('C1 Xx+7'C3 x*+7Cs x>+ 'C7; x" )
=2( 7x + 35x> + 21x° + x")

=14x + 70x° + 42x° + 2x’

Example(7) :



Without using calculator ,find the value of :

(1.01)°+(0.99)°, approximate your result to 3 decimal
places

Sol :
(1.01)5+(0.99)° = ( 1+ 0.01)° +( 1- 0.01)°
=2 ( T+ Ts+ T5)
=2 [ 1+ 5C, X (0.01)2 + 5C4 X (0.01)* ]
=2 [1+10 X (0.01)2 + 5 X (0.01)*]
=2+ 20 X (0.01)2 + 10 X (0.01 )’
=2.002

* The middle term in the expansion of(x+a)"

(1) If nis odd:
The No of terms = n+1 (even )

. ] n+1 n+23
S. There are 2 middle terms of order AT

(2) f nis even:
The No of terms =n+1 {odd)

. There is only one middle term of order % +1

Example (8):
Find the middle term in the expansion of

(2%2 +£)1D
x

Sol:
- N=10 the No of terms = 11
’ There is only one middle term
which is Te
Te =1°Cs X (X'1)5 X ( 2x2 )5
= 10C X x5 X 25 X x10

=32 X 10C; X x°



Example (9) :
Find the middle terms in the expansion of

X _Zy7
)
Sol:
- N=7 the No of terms =8
.. There are 2 middle terms which are
Ty, Ts
Ty =7Cyx ( Z2) x ( £y
Vi 3
=_ 2 x"C3 x x
81 v*
=7 Y 243
Ts Cy x ( . ¥ ox - )
= 18 C xx—4
27 '
Example (10) :

If a ,b are the2 middle terms in the
expansion of

(}{-l )15 according to the descending
x

power of X Prove that a+bx? =0

Sol :
Te=a , Tg=
LHS =a+bx? =T; + X2T,

= 15C; x (‘?1)? « X+ X2 x 15Cq x

=15C; x (-X) + 8C; xX =0 =R.H.S



Example (11) :

Sol:

Example (12):

Sol:

Find the coeff. Of ¥* inthe expansion of

3_ 1y
(X X4)
Toa = 10C, x( S5 ) (%0 )10

— 1I:I|::r ><(_*‘I)r 5 }{—dr e }{SD-Sr

=0C, e (-1)x ¥
- 30-7r =9 —=> r=3

. The term which contains ¥° is T,
Coeff . of T, =10C; x (-1)* =-120

Find the term free of x in the expansion of
1 9
Zx’

(x-

T =9C, x (;_})rx (x) 9
A

=9C, x (_?1)r D Tl

=9C, x (‘?1)r x X0

.. 9-3r =0-—— r=3
S.the term free of Xis T,
Ty Cs x ( > ) .



Example (13):
Prove that there is no term free of x in the

expansion of (2x° -3)Ej
x
Sol;
T = 9C, x (2= ) x ((2x3) &
X

=90, x (-3)'x X' x (2)F

e KE?-Sr
=BCr w (_3)r . (2)9-r w xE?-flr
S 27-4r =0 —>>

= i_’” g 20
.. There is no term free of ¥ in this
expansion

Example (14):

Prove that in the expansion of (X2 + = )r
*x

there exists aterm free of xifn. is a
multiple of 3 ,and find this term when n.

=12

Sol :
Tr+1 - nCr)( (X-1)r)( (X2)n-r
=nCr X X 2n-3r
2n
S.2n-3r=0 ---> r=3 €2 U {0}
if nis divisible by 3
( a multiple of 3)

atn=12
2xX12

3

3 =8
To="2Cg ="2C4=495

r =

* The ratio between any term and its precedent in the
expansion of( x+a )"



n-r+1 2¢
1 _ XF

T r

Example (15) :
If the middle terms in the expansion of (2x+3)"" are
equal .find the value of X

Sol :
The middle terms are To,T1o

T
Tg =T1|:| R |

a
7-%+1 3 _
] EREe
2 o= 3

3
H = —
2

Example (16):
T, ,T5,T4 in the expansion of (x+y)" are respectively
240, 720,1080
Find the values of x,y and n.
Sol :



Q:n_lezwzé (1)
T, 3 x 720 2
Ezn_lxlzﬁz 2)
T, 2 x 240
(D+(@2)
_n—2x 2 _1 (Xé)

3 n—1 2
n—-2 3
n—1 4
~4n—8=3n-3 ~n=5 (3)
from (3)in (2)
Ix(Ly=2

X

y 3 3x
S == Ly == 4
x 2 Y 2 )
T, =240

sy xyxx" =240
~Se ><37x><x4 = 240

x> =32=2°
Sx=2 y=3

Example 17:
The coefficients of 3 consecutive terms are respectively
20,190,1140 . Find the value of n, and the order of these

terms in the exp. of (1+x)"

Sol :

Let these terms are T, Trs1, Tz
Coefficient of Trio="C+1=1140 -> (1)
Coefficient of Ty = "¢, = 190> (2)
Coefficient of T, ="c.1=20 -=> (3)

Ea.(1) + eq. (2)

G _R-T 6
“c, r+1

N-r=6r+6

n=7r+6 ---> 4)

eq.(2) + eq.(3)



e, m-r+1 19

X

c r

-1

Crt+b-r+1 13
; , Sz
br+7 18
r 2
18 =12r4+14 = r==2
Ln=7x2+6 — n =20

Example (18) :

L terms are T, 1T,

In the expansion of (1 + x )" according to the powers

25

of x in ascending order, If T4 = 3 Tand if Ts=Ts,

Find the values of n , x

Sol :
T, 3
IRV e

L L 3
H_Exn_lxszﬁ (x6)
3 2 3
(n—2)r-11x* = 50 (1)
T
L B |
T
n—4

xx=1 x5
X% (x3)
nh-dixx=>5 by squaring

(x6)



n -9 xx?=25 (2
eg(l) + eq(2)
n'-+2 2

2 —Bn+16 1

C2nt —1En+32=n—m+2 L n =13 +30=0

(—10n—-2=10
Ln=10 n=3
{refused because number of terms # only 4

from (3) in (2)

e
36
5 -5
L= = orE = —
6 6

(refused because T; Tihave the same )

Example 19 :

In the expansion of ¢C* + %}9 according to the

powers of X In descending order ,
[y find the term free of X
I)If the ratio between the term free of x and the
gth term is 2:3 , find the value of X

Sol :
|)Tr+1 - 9Cr X (X-1)r X(xZ) 9-r

— 9Cr X X-r X X18-2r

= gCr X X18-3r
5 183r=0 —>  r=6
.. The term free of X is T;=°Cg = °C;
= 84



Example 20 :

In the expansion of (x*- =7 )'? according to the power of
x in descending order, find the term contains x*, and find the Ratio
between the coefficient of this term and the middle term

Sol :
-1
Tr+1 = 1ZCr X ( x 2 )r X (XZ) 12-r
- 12Cr X (_1)r X (X)-Zr X (X)24-2r
- 12Cr X (_1)r X ( X)24-4r
. 24-4r=4 > r=5
.. The term contains x* is Ts
Te="Csx* Te=-"CsX*
T7is the middle term

Coff.T, 6 (M _-6
T 12-5 (1) 7
Example 21 :
If the coefficient of X' in the expansion of
+21) s
Y

equal to the term free of X in this expansion ,
find the value ofa .

Sol :
2
In (x®+x)8
2

Tr+1 =8Cr X (X )r X (X3)8-r
- 8Cr X ar X X-r X X 24-3r
=8Cr X a X X24-4r

S 24 -4r =16 > r=2



<. Coeff .of x' = Coeff. of T5

=8C2X a2=2882

To find the term free of x

c.24-4r=0 > r=6

T7 is the term free of x

T,=%Cex a® =8%C,xa°=28a°
<. 28a®=28a? (+ 28)

a’(a*-1)=0-> Soa=+1

Example 22:

Find the value of the term free of X in the
expansion of

(9% + Bi)9 . Then prove that the middle
X

1
terms are equal when H_E
Sol :
T =°C % () X (9:0) %"
=

=90, x (%)r Xy x 3182 x y182r

=9C, x 3183 x yI8-3r
S18-3r=0-—> r=6
The term free of xis T;
T; = BCE = 903 = 84

The 2 middle terms are T, T¢
1
(—I
3 _ 8 - 4 y A -1
T 5 Ox°

Example 23 :



Sol:

In the expansion of (@ x+ ]Di)1|j
x
according to the powers of X in
descending order , ifthe term free of x
is equal to the coefficient of the 7t term
provethat 6ab=>5
T =10C, x (=) % @@x) ™
bx

=10C, X (% )y x xTx (@)1 -rx(x)10-T

=10C, x (E ) x (@)10r x (x)10-2
b

S10-2r=0 -=> r=5
. The term free of X is Tg

To=10Cs x ()% (a)°

a-\:\
- TEi= ‘lDC:5 » F

Coeff. of T, = 10C; x (% ¥ x (a)!

=00y B
CE X x
T
S 0C:Ex o
& o]
=0C;xF (<)
2 10Cs x ab = 10C, (+1°Cs)
Soab = % :%
S Bab =5

COMPLEX NUMBERS



* Introduction
Ifthe S.S=R

Solve the eq x*> +1=0

Sol :
X2 = -1
x= F -1
If S.S.isR <. the solution set is @
and if we consider i = J-1
S.S. =i, -i}
Where, | = V-1
i =-1, i>=-, ‘=1
In general:

i4n :],i4n+l =i,i4n+2 =i2 =-],i4n+3=i3 =-i ,nez

* The set of complex Numbers (C)
C={x+vyix yIR, i?=-1}

The complex number is symbolized by Z = x + i

x is called the real part, y is called the imaginary part.
Andifx =0,y # 0 = Zis a pure imaginary.

Andify=0,x#0= Zis a pure rule.

* Operations on complex numbers
1- The 2 complex numbers
Zi=X1+ Y1, Zy = Xz + Yo



Are equal iff X1 =Xz, Y1 = V2

2-If Z1 =X4+ y1i, Zz =X+ yzi,
Then Z, + Z, = (X1 + Xz) + (y1 + yz)l

Z1Z; = (X1X2 - Y1y2) + i(X1 Y2 + X2Y1)
* Properties of addition and subtraction of complex

Numbers

1- Commutative: Verified in addition, multiplication.
2- Associative: verified in addition, multiplication.
3- Identity: a- In addition is zero.

b- In multiplication is one.
4- Inverse:a- In addition: -Z is the inverse of Z.

1
b- In multiplication: Z is the inverse of Z.

ex. if Z=x+yi
-Z=-X-Yi
1 X yi
E= X2+y2 ) X2+y2

5- Distribution of multiplication over addition
2y (Lo + Z3) = 2124y + 2425

* The conjugate of a complex number
If Z=x+vyi, then 7 =x- yi is the conjugate of the complex

number Z.



Properties of the conjugate

1)Z+ Z =2x (pure real)
2) Z- Z = 2yi  (pure imaginary).
3)Z.Z =x*+y>
4)Z+£2 =17, * 2z
5) %% =7 . 7,
6) IfZ=x+yi is a root of an eq., its coeff. € R then

Z =x-yi is another root for the same eq.

Example 1
Write in the simplest form

i83, i-62, i_15, i12n+7

Sol
i83 - i3 - -i i-62 - i2 - _1
i-15 - | i12n+7 - i3 - -i
Example 2
Find the value of 3-2+-72 (5+\/3)
Sol:

Exp=(3—2\/§i) (5+\/§i)=(15+4)
i (342 - 102
=19_7\/§i



Example 3
(3+1)(3-1i)
Putin the form of x + yithe number ~ 3-4i by 2 methods
Sol :
10 3+4i _ 3+i)(3-1) _ 10G+4) _ 6,8
3-4i 3+4i 0 3-4 25

Example 4

26 2(3+2i)
If x = 5-i, y = 1+1

Prove that x, y are conjugate, also find the value of x? + xy

+y?
Sol :
26 5+i 26(5+1)
X:5-ix5+i: 26 =5+ (1)
2(3+2i) 1-i 23+2i)(1-i)
y= l+i x1-i= 2
2(5-1)

From (1), (2) .. X, y are conjugate.
X2+ xy+y’=5+i)2+B+i)(B-i)+ (5
- )2
=(24+10i)+26+(24-10i) =74
Example 5
Find the values of X, y € R if



X+yi= (1'i\/§)5

Sol :
WAVE lf)[(l lf) I

= 7+ 432i+7V2i+8
=1+11V2i = x=1,y=11V2
Example 6
If(@+bi)(1-i)=2+i
Prove that 2(a® + b®) =7

Sol :
24+1 1+1 1431 1 3

X = =—+
a+bi=1-1 1+1 2 2

3
2

N | —

Ta= , b=
[1+2j 2%28
LHS=2(@+b%)=2\8 8 )= 8 =7=RHS.
Example 7
Find the S. S. of



Sol :

Example 8

Sol :

Example 9

2x-x+3=0ifxeC

X =

X =

-b Fb* -4ac
2a a=2,b=-1,c=3

1 F1-(4%x2x%x3)

4
15V -23 1F4231

ox= 4 4

{uwﬁﬁi1—J§§?
S.S. =

b

4 4

If Ze C, find the S. S. of

47 +7L =8

LetZ=x+1iy

4 (x+iy)+7(x-iy) =8

4x + 4yi + 7x-7yi = 8
8 8
S 1lx=8= x=11 y=0=2zZ=11

If (-1) is a root of the equation

x2-x2+2=0,



and Prove theis find the other 2 roots are conjugate

Sol :
- -1is a root of the given equation

X + 1 is a factor for the expression
X3-x2+ 2

and to find the other factor, we use long division

x%?-2x + 2 =0, by the use of formula

-b FVb* -4ac
X = 2&
2F,\/4-(4%x1x2)
X = 2x1
2 7+/-4
x= 2
2 F21
X = 2 =1 +i

The other 2 roots are:

1 +1i, 1 -1which are conjugate



* Graphical representation of complex numbers

The complex number Z = x + yi is represented by a point in the plane
where:

F A

L J

k J

X - axis represents the real part,

y - axis represents the imaginary part.

2 2
r= 2 = Jxt+y is called the modulus of the complex number.

y
0 = tan™ X is called the amplitude (Argument) of the complex
number.,
0° <6 < 360°
X Y
Coso=r1 , sinfg=r

Z =r(cos 6+ isin 0)

Is called the trigopnometric form a complex number.

Example 10



Find the modulus and the principle amplitude of each
of the following complex numbers and represent each

of them on Argand Diagrams.

a) -1 b) 1- V3 o) - V34
Sol :
a)zZ-=-
‘Z‘z , 0 =180°

Z = cos 180°+ isin 180°
Y

i I-X

F 3

b)Z=1- 3
c=1d =143 25
0 € 4™ quad.
0 = 360 - 60 = 300°
Z =2 (Cos 300° + isin 300°)



ol 1
+ 5 PX
3
v
c)Z—-\/§+|
r—‘Z‘ VI+3 =2
0 € 2" quad.

0 =180 - 30 = 150°
= 2 (Cos 150° + i sin 150°)

F

Example 11
Write in the Alg form each of:
a)Z =7 (Cos 60° +isin 60°)

b)Z =4[Cos (- 150°) + i sin (- 150°)]



Sol :
a)Z =7 (Cos 60° +isin 60°)

Lo
=7(2+ 2 i)
70743
:2+ 2 |
b)Z =4[Cos (- 150°) + i sin (- 150°)]

=4 [Cos 210° + i sin 210°]
NEI
=4[ 2 -2i]=-2Y3 -2
Example 12
If Z=r(Cos 6 +i Sin 0). Find each

1

of -Z, Z in Trig. form.

Sol :
-Z =r1(-Cos6-iSinb)

=r [Cos (180 + 6) + i Sin (180 + 0)]

1 |
7 — 1(Cos 0+1Sin 0)

1 ><Cose—iSinG
Cos0+1Sin® Cos6-1Sin6

1
—X
=T

l[(:ose-ism 0]
=T



1[(:os (360 -0) +iSin (360 - 0)]
=T

Remember
1- Sin (A +B)=SinACosB + CosASinB
2- Cos (A +B)=CosACos B +SinASinB
3- Sin2A =2 Sin ACos A.
4- Cos 2A = Cos*A-Sin*A

=2 Cos*’A- 1

=1-2Sin*A.

* The modulus and amplitude of product and quotient of
2 complex numbers

First: Multiplication
2,2,| Z12.]1Z,]
Amp (Z1Z;) = Amp (Z1) + Amp (Z>)

Second: Division
z|_lz|
Z,| |z,

=)

Amp 2, ) = Amp (Z1) - Amp (Z2)
Results: If Z=r (Cos 6 + i Sin 0),
Then:i) Z"=r"(Cos n 6 +iSin n 6)

1 1
iy Z=Z"=r [Cos (-0) +i Sin (-0)]



Example 13

Zl

Find the trig form for each of Z1Z,, Z, where;

in in
Z,=6[Cos 8 +iSin 8 ]

z z
Z,=2[Cos 8 +iSin 8]

Sol :
T T

7.Z,=12[Cos 2 +iSin 2]
5 T T
Z, =3[Cos 4 +iSin 4]

Example 14
1

Find the trig form for each of Z, , Z

where Z =4 (Sina-i Cos a).

Sol :
xe R* , ye R
o Z14% quad.
.. Z=4[Cos (270 + a) + i Sin (270" + a)]
72 = 16[Cos(180 + 2a) + i Sin (180 + 2a)]

-

1
Z =4 [Cos (90 - a) +i Sin (90 - a)]
Example 15



Write down the trig form for each

Sol :

-1

V3

1
Zi=2(-1+v31)2=2 - 2 ialso

3 3
prove that Zi =24y =1
143
Z:= 2 + 2

-1 V3
X;= 2 AV 2
‘Zl‘ =ry= \IX12+YI2 =1

g: € 2™ quad q;= 120°
Z; = Cos 120° +1iSin 120°
Z3; =Cos 0° +iSin 0°=1—(1)

-143 -1
22:2-2iX2_2,

V3

2

V3
, Sin 6, = - 2

9, e 3¢ quad = 0, = 240°

-1
Cos6,= 2

Z, = Cos 240° + i Sin 240°



Z5 = Cos 0° +i Sin 0° = 1= (2)
From (1), (2)

7 =75 - 4
Example 16
If Z1 =13 (Cos 6 +i Sin 0), Z, = Sin 20 + i Cos 260)
Where 6 € }O’ E[ et %
Find Z1Z,
Sol :

Z1=13 (Cos 6 + i sin 0)

Z,= Cos(90 - 2 6) +i Sin (90 - 2 0)
Z1Z>= 13[Cos(90 - 8)+ i Sin (90 - 0)]
=13 [Sin 6 + iCos 6]

{5 12}
—+—i
1313 13

=5+ 12i
* De Moiver’s theorem

Example 17
Find the cubic roots of the complex number

Z =8 (Cos m+iSin n)



Sol :
Z =8 (Cos = +i Sin m)

Z'* =8"[Cos m+iSin 7"

[Cosn+2mn+ismn+2mn}
=2

m=0,1,2
When: m=0

T ... T
Cos—+1Sin —

z“3=2( 3 3)=1+\/§i
When: m = 1
Z'"™=2(Cosm+iSinm)=-2
When: m =2

(Coss—n+iSin5—n)
7" =2 3 3 )=1_+3
Example 18
Use De Moiver’s theorem to find the square roots of
the complex number

Z=1+ 3]



y 3
Sin 6 = ;_7

6 =60°

Z = 2 (Cos 60° + i Sin 60°)

, \/E{COS 60 +22mn+isin 60 +22m7tj

VAE m=0, 1
atm=20
! \/5(C0s30°+iSin30°):£—£_
RAVAR- 2 2 at m=1
1
22 =x/§(c0s2100+isin2100)=¥—gi
Example 19

Find the square roots of the complex number Z = 3 + 4i. Without

transforming it into trig form

Sol

Let Z*=3+4i

(X +vyi)? =3+ 4i

(X?-y?) + 2 xyi =3+ 4i

X2-y?=3 - = (1)
2xy =4
%
y=X--= (2)
From (2) in (1)
4

x2- x> =3 (x x2)



x*-3x2-4=0
(x*-4)(x*+1)=0

or

When

When

Z=2+I

. The square roots are 2+i , -2-I

Example 20
If a = 8- 0Oi
3
Find a’
Sol :
Let

From (2) in (1)

x'-8x%2-9

(x?-9) (x*+1)

refused

Z=-2-]

=0



X°-9=0= x2=9 =x==+3
x>+1=0 --> x?=-1 refused

when:

1
XxX=3-> y=-1-->a% =3
Or when :

1

Xx=-3-> y=1-—> a’>=_34

a?  =(3-iy
= (8 - 6i) (3-i)
=24-6-18i-8i
3
s.a? =18 - 26i

or a’ =(3+iP=- (3-i)

3

a’ =-18 + 26l

Example 21
Use De Moiver’s Theorem in finding cos 26, sin 26 in

terms of cos 0, sin 6

Sol :
(cos © + isin B8)*=(cos’® 6 - sin® 0)+

2icos 6 sin 6



= (cos 20) + (sin 20) |

Cos20= Ccos?’6 - sin?o
sin 26 = 2sin® cosb
Example 22
Find the s.s. of
(1+i) x* - (1+3i)x + 2(2-3i) =0
Sol :

(1+3i] 2(2-3i)
x2-\1+1 )y v 141 =0

1+3i><1_-i 2(2-31) (1-1)

P O R T IV (E ) Rt B
4+2i)

x2-\U 2 ) + (-1-5i) =0

Lx2-(240) X+ (-1-5i) =0

—b++/b?-4ac

X — 2a

(2+i)£/3+4i-4(1)(-1-5i)

X = 2
241 £A/7+241

X = 2

Tofind V7 + 24

Let (a+bi)2=7 + 24i



(a? - b?) + 2a bi =7 + 24i
a2 b2=7 ... (1)

12
2ab=24 -> b=a_. (2
From (2) in (1)

144
a2- a’ =7 ( x a%)
a*-7a*-144 =0
(a>-16) (@*+9) =0

a’-16=0-> a*=16-->

a=zt4 -2 b=1x3

a?+9=0 ---> a%=-9 (refused)
s NT+24i =4 4 3
241 % (4431)
X = 2
X =3+4+2i or X = -1-i

* The exponential form of a complex nhumber

If Ze C , itsmodulus =r , and its amplitude is 6
e Z =re%is called the exponential form of a complex number.

Operations on complex numbers in exp. form

(1) rie’ xre®’ = rir, ¢+ %)



m=0,1,2, ....... , m-1
Example 23
[2(1+i) ]7
Write down in the exp. form (1-1)
Sol :
2(1+i)  (2(1+i)(1+i) )
(1-1) ~ | (I-1)(1+1)
201+ Y
_ 2
=[(1+i)?]” = (1+2i-1)" = (2i)’
T ?ﬂi
=(2x¢e*) =128¢’
Example 24
T T
Ifz=2(cos 3 + isin 3)

1
Express each of z, Z in the exp. Form



Sol :

Example 25

Sol :

Example 26

T
r=2 g=3
z =re"

z =2><eg
1 LI
z :2)(63
1 LR
4 =2xe?

If z=1+i , find z° in the exp. form.

z=1+i
T
r=+2 0=45°=
z  =(¥2) x =
ox, i,
z° —(\/E)Gx et =8xe?



: '
Find each of ziz, , *2 , %

Sol :
ST,
Z122=2\/E x e
Zl 23w,
Z, =\/§Xelz1
4 2n,
Z, =16xe¢’
g+2mn
Vo 242 e o m=0,1,2
§+2mn‘
V2 W2 e * m=0,1,23
Example 27
4 2
Put (\Bﬁj on exp. form
Sol :

4 Y 4 AB-i)
z:(\/5+i] _ |3+ V3-i

- Z= 4 = (\/§ -i)2

s =2-2V3



Sm.

—1
o.o Z=4><63

Example 28
Put 1-\/§i on trig. form, then find its roots on exp.
form
Sol :
z=1-3] r=2
LN
zZ = e’
R
6=300°= 3
s s
z=2(cos 3 + isin 3)
| 5—ﬂ:+2mﬂ:-
ZE = \/5 x € 2 ’ m=20, 1
1 L
whenm=0: 22 =2 xe®
1 1,
whenm=1: 22 =2 xe®
Example 29
2(5-3V31)

Put 1+2v3i inthe exp. form, and find its square

roots in exp. form.



Sol :
2(5-3v31)  1-243i
7= 14231 o 1-243i

2(5-3v31)(1-24/30)

zZ= 13 =-2-2\/§i
X=-2 y=-2\/§

4n
r=4 0=240°= 3

z =4 (cos 240° + isin 240°)

4m,
—1

[ 240° +2mm . . 240 °+2m7t)
1 coS—————+ 1siIn————
z? =2 ,m=0,1
atm=0

1

z? =2 (cos 120° + isin 120°)
=,

=2 X€3

atm=1

1

z? =2 (cos 300° + isin 300°)
ST,

=2 x63

Example 30



( T . n)( T .. nj
COS—-SIn—1 COS —+181n —
Put 6 6 4 4 Jin the exp.form .

Sol :
z, = cos 30° - isin 30°

= cos 330 + isin 330
Z> = c0oS 45° + i sin45°

Z1Z,=cos 15 + isin 15

Example 31
J3+i

Put the complex number z= V3-i on exp. form and

find its cubic roots

Sol :

V3 +i V3 +i 2 +2-/3i
2= V3-i x V341 = 4

3
2

1
L7Z=2 + i

w3




when m=0: z'=¢
! =,
when m=1: z’=¢’
I
when m = 2: z3=¢’

* The cubic roots of unity

x3=1, find the values of x , x e C

Sol :

1 1
x= (1)* = (cos0 + isin0")*

0+2mm 0+2mm
x=cos 3 +isin 3
m=0,1,2
whenm = 0:

S.x=cos0°+isin0°=1

whenm = 1:
143
X=c0s 120° +isin120°=-2 + 2 |
whenm=2: X = cos 240° +
143
isin240°=-2 - 2 j

The cubic roots of unity are



b=
l\)‘&l

1 1
1, -2 + i -2 -2

which called 1, w, w?

* The properties of cubic roots of unity
1)One of them is real and the others are complex.

)
2)The 2 complex numbers are conjugate.

3)The modulus of each of the roots is one.

4)The square of any of the 2 complex numbers equals the other.
51 +w+w?=0

6)1 X WX w?=w’=1

7)w™ = w" where n is the rest of dividing m by 3.

8)w-w?=+ V3

Example (1)
Prove that
(1-w+w?) 1T+w-w?)=4
Sol :
L.H.S = (-22w) (-2w?) = 4w* =4
=R.H.S
Example (2)

Prove that



Sol :

Example (3)

Sol :

Example (4)

(1-w+w?) (1-w+w)(1-w+w’)x

terms equals 2%

L.H.S= (-2w) (-2w?) (-2w) ....... to 2n terms

= (-2w)" (-2w?)"
= (4w =4"= (22 =22 =RH.S

—1++/3i
If x= 2

Prove thatx® + x*+1=0

V3
+ 2

| =

= - i Letx =w

L.H.S =x®+wr+1=wd+ w+1

=w’+w+1=0=R.H.S

If x=a+b

y = aw + bw?

z=aw’+bw

Prove that 1t xyz=a’+b?

2 x*+y*+2z°=6ab



Sol :

1t Xyz = (a+b) (aw + bw?) (aw? + bw)
= (a+ b) (a® + abw? + abw + b?)
= (a+b) (a®*-ab +b?) =a°+b?
2" x2+y?+Zz°=(atb)* +
(aw + bw?)? + (aw? + bw)?
= a® + 2ab + b” + a’w? + 2ab + b*w + a°w +2ab +
b%w?
=6ab + a? (1 + w? + w) + b?(1 + w + w?)
=6ab + 0+ 0 =6ab

Example (6)

1 1
Prove that 4 + 30 + 20° + 5 + 30w + 40° =1

Sol :

1
LHS= 20" +20 +2 + ® + 2

1
4+ 30+ 30" + 3+ @ + 2

1 1
=W+ 2 + 0 +2

W+ 2+ w+ 2 3

=@+ 2) (@ +2) =@ +20° + 20 + 4
303

=1+4-2 =3 =1=RH.S

Example (7)



5 - 30" 2—7a>J2

Find the value of ( 50 -3 20" -7

Sol :
(wz (50 - 3) © (20° - 7)}2
Exp = (5w - 3) (20" - 7)
= (w2- a))2=(-|_-\/§ i)? =-3
Example (8)
Find the eq. whose roots are
(1+w-w2)®* |, (1-w+w?2)
Sol :
1% root = (1+w-w2)® =(2w2)=-
2" root = (1-w+w2)® =(-2w2)*=-

. The eq. : x* -(sum of roots)x + product of roots = 0
x?+16x+64=0

Example (9)
Prove that:

1 1
(1+0 +i) (1+

Co4i) =

Sol :
LHS=(1+@2+i)(1+ @ +i)
=(wHi) (- i)

=1-wi -w?i -1



= -i(w+w?)=i =R.H.S
Example (10)
Prove that:
2+7w +2w? ) (247w +2 w* ) =25
Sol :
LHS=2+7w+2w? ) (2+7 w* +2 w)
=(Tw-2w)(7w? -2w?)
=(5w)(5w?)=25w® =25
Example (11)

1
If x=w+ @ ,
1
y=_’|_a)2
7 + 5w
z=5+70" | prove that XX+y+z=0

Sol :
¥ +y+z= (W+w? ¥ +(-1- w)

w (70° + 5)
+ 5+ 70

=1+w+w=0=R.H.S
Determinants

Definition *
A determinant of degree n (consists of n rows and n columns) arises from
.eliminating (n-1) variables from a system of n linear equations

Example (1)



Write the determinant arises from each of the following
.systems of equations

2X =-6 a)
x+3=0
:Sol
2x =-6
X =-3
-6
-3 A
xty=3 b)
X-y=
2x +3y =7
: Sol
1 3
-1 1
3 7 A=

Remark
The value of a determinant of degree two is the product of the elements of
.the main diagonal minus the product of the elements of the other diagonal

The co-factors of the elements of adeterminant *

Let a determinant of degree 3, the element a;;
.(which lies in i" row, j* column)
If we cancel the i" row and j™ column, and multiply the resulting
determinant by (-1)™ , the resulting determinant is called the cofactor of a;;
. and denoted by Aj;

Example (2)
:Find the value of each of the following

E

(a



W 3
S~ D W

(b
:Sol
A=2%X1-3x5=-13 a)
By the use of the element of 1¥ row D)
J 7 ‘ 7 2 4 2
3A =1xP Mook B A3k
(69-) +12-22 =
Example (3)
:Solve the equation
x 0 0
1 X X|=3x
3 2 X
: Sol
By using of the element of the 1% row
X (x? - 2x) = 3x
= X (X?-2x - 3)
X(x-3)(x+1)=0
& x=-1 & x=3 x=0
Example (4)

Find the value of k which makes (x-1) one of the
.factors of the following determinant

-3 1 -1

2 1 5

2 x+1 x+1+k

: Sol
x-1 1s a factor for the determinant
x =1 is a root for the resulting eq



X-3 1 -1

2 1 5 =0
2 X+1 x+1+4k
-2 1 -1
2 1 5 =0
2 2 k+2

by the use of elements of 1* row
0=(4-2)-2k+4-10)-(k+2-10) 2-
2=0-(2k-6)-(k-8)2-
2k + 16 -2k + 6 -2 = 0-
k=5 4k + 20 = 0 Pp-

The Binomial Theorem With a (+ve) integer *
power

(atb)'=a+b
(a+b)*=a®+2ab+b?
(a+b)*=a*+3a’b+3ab’+b?

Theorem: (a+b)"= "coa" + "cia®'b + "c,a™b? +....... + "cob".
Re sults : 1) 1+ x)" = 1+nclx+nc2x2 R + x".
2) (1 -x"=1""cxtc,x — ..., + (—x).

The general term in the expansion of (x+a)".
T :ncr X (2nd)r X (lst)n—r.

r+1l

Example(1)
Find the expansion of (a+b)*.

Sol :
@+ b = a'+'ca’bt'c,a’®+'c,ab’ + b
= a' + 4a’b + 6a’b’ + 4ab’ + b’

Example(2)
Find the expansion of (1-3x)°



Sol :

1 - 3x)” = 1-"c,3x+°c,(3x)°—"c,(3x)’+ ¢, (3x)*—"c, (3x)’

(1 —3%)° =1 —15x + 90x” — 270x° + 405x" — 243%x’

Example(3)
Find T,in the expansion of
2 Jx
( Jx_ o )
sol :

Tr-1 - nCr X ( 2nd)r X (1st)n-r
- Vx 2
T, = MesX (2 ) x (Vx)
~(X)? 2)°

=165 x @ x V&'

— 5280
= x’x
Example(4)
Find the coefficient of Tsin the expansion of (2x-3)®
Sol :

Tr+1 - nCrx (2nd ) rox (1st )n-r
Coeff of Te= 8cs X (-3)°% (2%X1)?
= 56 X (-243) X8 = -108864

Example(5)
1
Find the coeff. of the r'"term in the expansion of ( x + x )"
Sol :
Coeff . of T,
1

- 2nCr_1 X (I)r-1 X (1) 2n +1-r



= C . = Jﬂ
-1 r -1 2n + 1 -r

Example(6)
Find the value of (1+x) - (1-x)’
Sol :
Exp. =2(To+ Ta+ Te+Ts )
=2(7C1><X'|‘703><X3'|'7(35><X5
+'C, X x’ )
=2( 7x + 35x% + 21x°> + X" )
=14x + 70x> + 42x° + 2x’
Example(7)
Without using calculator ,find the value of :
(1.01)°+(0.99)°, approximate your result to 3 decimal
places
Sol :

(1.01)°+(0.99)° = ( 1+ 0.01)°> +
(1-0.01)°

=2 ( T+ Ts+ T5)

=2 [ 1+ 5C, X (0.01)% + 5C4 X (0.01)"]
=2 [1+10 X (0.01)2+ 5 X (0.01)*]
=0+ 20 X (0.01)2 + 10 X (0.01 )’
=2.002

*

Properties of determinants

In any determinant if the rows replace the columns and -1
the columns replace the rows in the same order the value of
.the determinant is unchanged

The value of a determinant is not changed by evaluating it -2
.in terms of the elements of any of its rows (columns)



In any determinant if the positions of 2 rows (columns) are -3
interchanged, the value of the resulting determinant is equal
.to the value of the original determinant multiplied by (-1)

If the corresponding elements in 2 rows (columns) of any -4
.determinant are equal, the value of the determinant is zero

If there is a common factor in all the elements of any row -5
(column) in a determinant, then this factor can be taken
.outside the determinant

If all the elements of any row (column) in a determinant -6
.are zero, then the value of the determinant is zero

In a determinant if all the elements of any row (column) -7
are written as the sum of 2 elements, the value of the
.determinant can be written as the sum of 2 determinants

In a determinant, if we add to all the elements of any row -8
(column) a multiple of the elements of another row (column),
.the value of the determinant is unchanged

If we multiply the elements of any row (column) of a -9
determinant by the cofactors of the corresponding elements
.in another row (column), the sum is zero

The value of the determinant-10

11 aZl a31 11 O 0
a22 a32 12 a22 0

. 0 a
1S a a» asp a33 or 13 a23 33

The determinant of this form is called triangular and a;; , a,,, as3 are called
.the elements of the principal diagonal

Example (5)



Without evaluating the determinant, prove that the value
of each of the following determinants is zero, and
.mention the used property

51
=0 becauser; =1, 51 a)
1 7
because the elements of r, are zeros =10 0 b)
1 ‘
because after taking 3 common = 0j 3 C)
from r,

then the 2 rows are equal

o X
oo

Without evaluating the determinant
prove that its value = (x+2a) (x-a)’

c + (C3 + C2)

42 a a
42 X a
Ha2 a x A =
a a
X a
4 X1 (x+2a)=
-1 s I3 -1
| a
X—a
0

Ao xt20) A
A=(x+2a) (x-a)-.

Example (6)

:Sol

Example (7)



:By the use of the properties of determinants, prove that
—a b

a 0 ¢
O - b —C 0
: Sol
0O —-a b
a 0 c¢
JLet I bo—c 0 _y
When replacing columns by rows and rows by columns
by the same order, we get

—a b
a 0 ¢
X = b —C 0 3(1_)
X =X-. .
x=0..

.The value of the determinant is zero

* The middle term in the expansion of(x+a)"

(1) If nis odd:

The No of terms = n+1 (even )
n+1 n+3

. There are 2 middle terms of order 2 2

(2) If nis even:
The No of terms =n+1 (odd)

~+1
.- There is only one middle term of order 2

Example (8)
1

Find the middle term in the expansion of (2x? +x )"
Sol :
“"N=10 the No of terms = 11
) There is only one middle term
which is Te



Te =1°Cs X (X7)° X (2x2)°
- 10C 5>< X-5 X25 X X10

=32 X °Cs X x°
Example (9)
x 2
Find the middle terms in the expansion of (3 -Y )
Sol :
0 N=7 the No of terms =8
-". There are 2 middle terms which are T, , Ts
-2 x
T, =7CaX (Y )P x( 3)
g %
= 81 XICyX V'
-2 X
3y

16
= 27 X 'Cy X Y*

Example (10)
If a ,b are the2 middle terms in the expansion of
1
(x-x )™ according to the descending power of X
Prove that a+bx? =0
Sol :
Te=a , To=
L.H.S = a+bx? = Tg + X2.Ty
-1

=15C, X (X ) XXB+ X2 X 15Cq X

-1
(X XX
= 15C, X (-X) + '°C; XX =0 =R.H.S

Example (11)
1

Find the coeff. Of x® in the expansion of ( x® - x' )
Sol:



-1
Tr+1 — 10Cr X( x? )r X ( X3 )10-r
- 10Cr X(-1) rox X-4r X X 30-3r
=10Cr X(_'])rX X30-7r
S 30-7r =9 > =3
"~ The term which contains x° is T4
Coeff . of T4="C; X (-1)*=-120

Example (12)
1

Find the term free of x in the expansion of (x - 2x” )?

Sol:
T =°Cp X (27 )X (x) ®F
-1
- 9Cr X (?)r X X-2r X X9-r

-1
= 9C, X (T)r X O30
"+ 9-3r =0---—-> r=3

" the term free of x is T,
-1 - 21

T, :9C3X( 2 )3= 2

Example (13)
Prove that there is no term free of x in the
3

expansion of (2x3-;)9

Sol:
-3
Tr+1 — 9Cr X ( < )r X ( 2X3) 9-r
- 9Cr>< (_3) rX xT X (2) 9-r

X x 27-3r
- QCr X (_3)r X (2)9-r X X27-4r
o 27-4r =0 -—->
27

= 4¢ 2 ufo



-« There is no term free of x in this expansion

Example (14)
Prove that in the expansion of
1
(x*+x )" there exists a term free of x if n. is a
multiple of 3 ,and find this term when n. =12

Sol :
Tr+1 - nCrX (X-1)rx (X2)n-r
=nCrX X 2n-3r
2n
<e2n-3r=0 -—-> r=3 €Z U {0}
if nis divisible by 3
( @ multiple of 3)
atn=12
2 x 12
r = =
3
T9=12C8 =12C4 =495
* The ratio between any term and its precedent in the

expansion of( x+a )"

T n—-r+1 ond
r+1 __ X

T r 1°°

r

Example (15)
If the middle terms in the expansion of (2x+3)" are
equal .find the value of X

Sol :

The middle terms are To ,T1o
P R
To =T1o E
17 -9+ 1 3
.‘ - X



Example (16)
T, ,Ts,T4 in the expansion of (x+y)" are respectively
240, 720,1080
Find the values of x,y and n.

Sol :

ﬂzn—2XZ:108022 1)
T, 3 x 720 2
T _
_3:”_1XZ:E:3 )
T, 2 x 240
(H+@2)
n-2>< 2 :l (xg)

3 n-1 2 2
n-2_3
n—-1 4
s 4n—-8=3n-3 ~n=5(3)
from (3)in (2)

y., 3
sAX(=) ==

(x) 2

y 3 3x
L= Ly =— 4
x 2 79 )
“'T, =240
sle X yxx" =240
e X xt = 240

2
x0T =32=2
sLx=2 y=3
Example 17

The coefficients of 3 consecutive terms are respectively
20,190,1140 . Find the value of n, and the order of these
terms in the exp. of (1+x)"

Sol :
Let these terms are T;, Tw1, Tr2
Coefficient of Tr.2="c1=1140 - (1)
Coefficient of Tr+1 = "¢, = 190>  (2)



Coefficient of T, ="c.1=20 -> (3)
Eq.(1) + eq. (2)

cr+1:n—r:6
"c, r+1
n-r=6r+6
n=7r+6 --> 4)
eq.(2) = eq.(3)
"‘c, n-r+1 19
ncrfl_ r S 2
o lr+6-r+1 19
r 2
or + 7 19
r 2
. 1% = 12r + 14 —
“n=7X2+6 -

20

Example (18)
In the expansion of (1 + x )" according to the powers

of x in ascending order, If T, = 3 T,and if Ts=Ts,

Find the values of n, x

Sol :



L L2
T, 3
n_2x—n_1><x2:§ (X6)
3 2 3
(n—-2)(n-1)x> =50 (1)
T _,

T,
n_

4

xx=1 (x5)

(n-4)xx=5 by squaring
(n-4)>xx* =25 (2)
eq(l) + eq(2)

n’-3n+2 2

n*—8n+16 1

s2nt—16n+32=n*=3n+2n*>-13n+30=0

(n—10)(n—-3)=0
~n=10 n=3

(refused because number of terms # only 4

from (3) in (2)

X =2
36
5 -5
SLX=— OorX=-—
6 6

(refused because T, Tiof different signs)

Example 19

Sol :

(X? +l)9
In the expansion of X

(x6)

according to the powers of X In descending order ,

) find the term free of X

I1)If the ratio between the term free

of x and the 6" term is 2:3 , find the value of X

|)-|-r+1 = 9Cr % (X-1)r X(xZ) 9-r



- QCr X X-r X X18-2r

— QCr X X18-3r
".18-3r=0 > r=6
.. The term free of X is T;=°Cs = °C,
= 84
T2
ii) — = —
3
1
6 3

Example 20

In the expansion of (x> x* )™ according to the
power of x in descending order, find the term
contains x*, and find the Ratio between the
coefficient of this term and the middle term
Sol :
-1
T = 120r % ( x> )r % (XZ) 12-r
12Cr X (_1)r X (X)-Zr X (X)24-2r
12Cr X (_1 )r X ( X)24-4r
<o 24-4r=4 > r=5
'+ The term contains x* is T
Te = 12C5 X 4
T7is the middle term
(Coff.T, 6 D _ -6

T 12 -5 (=1) 7

.

Example 21

a

If the coefficient of x'® in the expansion of (x3+;)8 is
equal to the term free of x in this expansion , find the
value of a..

Sol :



a2
In (x3+x)8
2
Tr1=8Cr X (%) x (x3)%
- 8Cr X ar X X-r X X 24-3r
=8Cr X ar X X 24-4r
S 24 -4r =16 --> r=2
<. Coeff .of x' = Coeff. of T;
=8C, X a°=284a?
To find the term free of x
S 24-4r=0 > r =6
T7 is the term free of x
T,=8Cex a® =8C,x a®*=282a°"
. 28a=28a? (+ 28)
a’(@*-1)=0---> Soa=+1

Example 22
Find the value of the term free of x in the expansion

of
1

(9% + 3_><)9 . Then prove that the middle terms are
1

equal when x=3
Sol :
S
Tr+1 — 9Cr x (3X )r x (9 X2) 9-r
1

— 9Cr X (3 )rx X-r X 318—2r X X18-2r
=9C, x 3183 x x183r
5 18-3r=0--> r=6
The term free of xis Tz
T;=°Cs =°C3=84
The 2 middle terms are Ts, Ts
1
T, 9 -4 (?X)
T 5 ox’
1
C27x°

=1 JooX =

w |~



Example 23
1

In the expansion of (a x+ bx )'® according to the
powers of x in descending order , if the term free
of x is equal to the coefficient of the 7™ term , prove

that 6ab=5

Sol :
1

T.i= °C, X (&)r X (a x) 1o
1
=1OCr X (b )r X X-r X (a)10-rx(x)10-r
1
=1OCr X (b )r X (a)10-r X (X)10-2r
510-2r=0 -> r=5

<. The term free of x is Ts
1

Te="Cs X ()5 X (a)°
a5

S Te="1Cs X b°

1
Coeff. of T;="Cs x (P )°x (a)*

4
a

= 1OC6 X o}

.. 1005X
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