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The minimum energy of H.O. is zero.

The energy of H.O. has a continuous spectrum of values.

3. The probability density of finding the oscillating particle has an inverse
proportionality with its speed.
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A o?
pi I—hz—z O\ Loy
OX
o 1 22 2 1 _p2x2
a’? 0, a?
=_[—192(—7l2—2—1 2 dx
ot OX™" 4
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= _[ 2 > € 2 dx
Jz i OX
82 —a?x2 P —a®x2
— e 2 =—(—e 2)
OX OX OX
—0(2X2
_ 0 2 2
=—(-axe )
OX
—a2x2
_ 2 0 2
=—a°—(xe )
OX
—a?x2 —a%x2
=—a’(e 2 -a’x’e 2)
—0!2X2 —a2X2
=—a’e 2 +a'x’e 2
2 © 70(2X2 7a2x2
_—ah 2 2 2 4.2
= e (—a“ e +a"X° e
N
322 © 522 ®©
a’h 2.2 a’h 2.2
“ X dx — e * *dx

=7 | =

_a3h2.\/;_a5h2-1x/;
N Jr 248

ap, = (< p? > —<p, %)
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Ap,, -

R |+

5]
S

L G sthaall g
Ap,AX = Eh
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Q ) Using the uncertainty relation Aprzg estimate the energy ground state of

harmonic oscillator

@s\jﬂ\ EERTR | PETSS P PN (D AVES ApPAX > g EEON R RYPRPRENAW
Solution:
(The Hamiltonian of H.O is) A 88l QX S gilda o)
A2
H="" 1 “mo?s?
2m 2
(The expectation value of energy is) o AUall 428 i) Aol
2 2
(Hy=g=P > Mo .2
2m 2
(Ap)? =< p?>—<p>> |  (AX)P=<X">-—<Xx>?
WSy <p>=<x>=0 280 il il Gl ) Sy

(eoasall 4a8 siall dall) < x > Sl Y

kel sty
yl//n (y) = \/g Wn—l(y) + \/@ l//n+1(y)

i ebadll e JalSis () 8 odke) Aabeal) o yuay
[V Y wa(y) dy =8 [wa () waa(y) dy+ 22 [ (y) Waa(y) dy
O Badlatia J) g0 oa () gl QAN A gall J)ga o) Ly

<y>= v, () Ywa(y) dy=0 = <y>?=0
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o<Xx>2=0

(2250 Axd il dadll) < > Slag) LG

<p>= [wa(y) Bwa(¥) dy= [, (y) (—ih%) va(y) dy

OVn 4y 2 Alstadl Sl
oy

d'/’d;ymz—ywn(y) 20y (¥)

<p>= [y, NNy, (¥) +V2n w4 (0} dy

=—ift [y, (y) ¥ wa(y) dy—in2n [y, (y) w,4(y) dy

=0 = <p>’=0
(Ap)>=<p°’>-0 = (Ap)’=<p°>

(AX)=<x*>-0 = (AX)?=<x’>

<p®> <X > Ce g
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2 2
£ = (8P, MO\
2m 2

h2

=11 o2le ) Adalaally a2l 5 (AD)? =
= (40) 4(AX)?

Ll

h? ma?
E= >+
8m(Ax) 2

(AX)?

PSR WP ENPERTENY A8Mal) Jualay A8Uall a8 J8) Al

dE R

_ 2 _
(&)~ amaxe T M (0)=0

(Ax)2 = L
2Mmow

Akl Ay (AX)? oo s sl

h’ ma?
E= 5+
8m- (AX) 2

zlhw+1hw
4 4
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H, (-y)=—H,(y) o4& &2,inSidy H (—y)=H,(y) sy n <lSoa 5 /o

n

H, ()= ()% e

n

When n even =2

2

H,(y)= (—)zt'l‘y2 j—ze_yz

> d d 2
dy(dy )

=o' L2y

— eV {-2y)-(-2y)e Y —2¢ )

=4y* -2

Ha (-y) =4(-y)* —2=4y* —2=H,(y)

S HL(=Y)=H ()

When n odd=1

H,(y) = (O)e” die-yz eV (2ye)=2y
y

H(-y) =2(-y)=-2y =—H,(y)

o gllaal g g dod nWhen H_(-y)=-H.,(y)
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Q) Verify the operator equation
2

d d d )
1. (—=-yY)(—+Yy)=—-y"+1
( dy y)( dy y) 0y y

2
2 (— y)(——y)—dT—y 1AW e
Solution:

1) (j—y— y)(diy+ V) va(y)

d d
= (d_y - y){(d_y +Y) va(¥)}

=Sy
y dy
gy -y sy, ()
y dy dy
. dzl//n(y) l//n(y) 2
g +dy o (y) —y—-= oy ) v (Y)
S0 LA A R
y dy dy
v (y) i

d
I i (V) + v, (Y) = (W —y*+D) v, (y)
Since w(y) is an arbitrary function of y, so we can write the operator equation as:

2

d d d )
—=Y)(—+Yy)=—> -y +1 sl
(dy Y)(dy y) dy? y A
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Creationand destruction operator dzadlal) g dad) ) <l Jigal)

From the following equation

1. J—(y )t//n(y) In woa(y) (1)
2 %(y—diy) o () =Nt () @

d
One can see that the effect of the operator \/_ —(y+ —) on the function ,(y) it will tun it
to the wave function that describe the first lower state on the state (n) ; while the effect of the

1 d _ _ : , :
—) on same function y,(Yy) is to turn it to the wave function that describe the first upper

E(y_dy

1 d
state of the state (n) ; for these reasons the operator E(y + d—) is called destruction operator and
y

1 d . .
the operator ﬁ(y — d—) is called creation operator and denoted by & and & respectively

Vni ) . n+1 En+1
aty,
l//n ~ n En
ay,
W1 ¥ n-1 E,;
v n E,=%ho

188



Prove that:
1

1. 4=(C2mw h) 2(Mo K+ip,)

1
2. & =(2mw ) ?(mw X-ip,)
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(7)

(8)
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1

1) Provethat a=(2me h) 2(Mak+ip,)

Solution:
1 d
a=—(y+—
E(y dy)

M@ d hod
y= —X , —:\/—
dy dx

(J J@&)

a=(\/m“f<+\/ hod,
2h 2mo dx

d d
p, =—-ih— = — =
dx dx
_ @ h lA )
2mae h
/ma)
Zh 2ma) h
_ Mo X+ip,
(2man)?

1
a=(2mw h) 2(Me R+ip,)

G slladll s
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1
2) Provethat &' =(2mo i) 2(mew X-ip,)

Solution:

R
J2 dy
h " dy Vme dx
. 1 Mo
= X —
\/E(\/ h \/ma) dx)

4% _ (\/ma) _\/ h i)
2h 2me dx

p ——ihi = i_lp

X dx dx # ~
_ @ _ Llﬂ)

2mow h

/ma)

2h 2ma)h
_ Mo X-ip,

2ma h)?

1
a=(2mah) 2(maR —ip,) Cslhadl s
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Provethat: H = ("4 +1)ho
Solution:
H :E_F%AZ
2m 2

a=(2me n) 2(me K+ip,)

1
a" =(2mo h) *(mw X-ip,)

a*a = (M2@?R2% —imawkP — imwPR + p?)
2moh
~2 s FAG 2
é+é:ma)x |xp_|prr p
2n 2k 2h  2hmo
262 - 2
A Mo* X @, .. .. p
a ahow= —(XP — PX) + —
5 5 (Xp — pX) -
[%,p,]= (%0
282 2
A% A — Ma* X _ha) p
2 2 2m
282 2
A ahp+ @ _MOX" P
2 2 2m
(@*a+Hnro=H G sllaall 8
(44" -Hrw=H
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Prove that: [é, é*]:l

Solution:

4, a'|-aa" -a'a

la, a*|y, =@a -a%ay,
=84y, —a ay,

= \/Flé'//n+l - \/ﬁé-+'//n—1
=Jn+1Jn+1 y, —nvVn y,
=(n+1-n) v,

=Whn
sosthaall sa g [é , é+]=l
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Prove that: R:(L] (a+4a")
2Mmo

Y el il

a=(2me h) 2(Mo K+ip,)
1
a" =(2mw 1) 2(mw X—ip,)

i el

a+ad" =(2me h)_;(ma) X+ip, + Mo X—ip,)
é+é+:QmwhféQmwﬁ)
(meh); & ol
(387 (2meo h)? = 2mo 3
1

. (2ma n)? .
2mw

2mMw

1
)A(:(L]Z(é.+é+) slhal s
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Prove that: p, = _i(hm_a))z (a-a")

1
a=02mw 1) (Mo X+ip,)
1
a" =(2mw 1) 2(mw X—ip,)
& g ol

1
a-4"=(2me h) (Mo R+ip, —Me K+ip,)
1

a-at=(2mo h) 2(2ip,)

195
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Prove that: [é , H]:ha) a

Solution:

Aabral) aladiuly

4, Hl=a (a"a+Yro-(a"a+ho 4

—dd'dho+sdhw-4a"48 ho-he 4

—4d"dhw-4"4 4 ho

@a -aa)=|a, a*|=1

d, Hl=roa sl s
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Operator Treatment

dl//n

+(&y = Y)W, =0

d®y,(y)
dy?

- yZWn (y) =—&W, (y)

2

(02 () = e (¥)
dy

2

d d d )
——Y)(—+Yy)=—5-y +1
( dy y)( ay y) dy? y

d2
d——y —(——y)(—+ y) -1
y

R L,
y ~dy

2E,
E =
ho
d d - 2E,
{(d—y—y)(d—y+ y)—l} wa(y)= P (y)

’“"{(—— )(—+y) 1} v (y) = —Enpa ()

2=+2-2
1 .d 1 d 1
0] {E(d—y— y)ﬁ(d_y"i' y)_5j| l//n(y):_EnV/n(y)

\/—(y_"_)
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a= -9 = a=-r oy
V27 dy V2 tdy

hoo (—aﬂa—%) Vo (¥) =—Enwa ()

-l (B

1
ho (& é+§) wa(Y)=Ew,(y) (11)
Rl a3l

la, a']=1 = (a4 -a%a)=1

ho{(a 4" 1) +§} vo(¥) = Era(y)

Dbaad) e &7 Adladl 0 et
A+t[A A+ 1 A+
ho a'{(aa _1)+E} wa(y)=E, a'y,(y)
+ 14 +
ha (a aa _Eé ) l//n(y):En a V/n(y)
Cpadll (e il e &7 )AL
A+ A 1 A+ A+
heo (& a—E) a'y,(y)=E, a'w,(y)
o1 o
A4 A 1 A+ +
hao (a a_5+1_1) a l//n(y):En a '//n(y)

+ 1 + +
ho (4 é+§_1) a l//n(y):En a l//n(y)
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i il

hoo (878+2) &7y, () - o 8, () =E, 87, ()
ho (878 +2) 89, (1) =, 89, (1) + 10 89, (y)
hoo (878+2) 879, (9) = (€, + 1) 89, (y)
H=hw (a+a+%)
H &'y, (Y) = (E, +heo) &'y, (y) )
By, () =gy O
H ¢ =(E, + o) ¢, n=m (12)
Siaall A s oS 13 gy A sall Al ol e et A s (s A ) Ak oS0y K25 5 Alilas 4 o2
(E, + ho) Wb )oedsiliad; H fsdlsam il s g =487y, b E, dldiied sl
E, 0813 (e (e (o sinna ) O RN G5 58 i (Y s B = E, + 1w el olasialys

n+1dM\‘§jaﬁu\J\A§Aﬁ En+ha) ‘n GM\‘EZ\BLH\J\JLJA

S il iy a5 e

éJrl//n (y) =vn+1 l//n+1(y)
(¢) Aalaally (g g2l

I:I vin +1Wn+1(y) = En+1 al +ll//n+1(y)

I:I l//n+1(y) = En+1l//n+1(y) ) n= 011’ 2’3 ot (13)
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8 Cadall sl (10) Adedl Uy pon o4 Ll iy s

e 1 A
ho (4 & a+§a) v, (y)=E,ay,(y)

la, at]=(aa —a%a)=1

+ +

1+4"4

Q>
[l

a

A . 1, .
he{(@a+1) a+ a8} wa(y) =By, (y)

1. .
hofd™a+1+ E}a v, (y)=E,ay,(y)
o1
hof(a é+§) +148 v, (y)=E,ay,(y)
A+ A 1 A A o~
ho(a a+§) ay,(y)+ho ady,(y)=Eay,(y)

N 1

T PR A
ha)(a a+§) a l//n(y):(En _ha)) d Wn(y)

H=ho (874+1)

I:' a l//n(y):(En _ha)) a l//n(y)
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- Ay, (y) =Vn oY)
o silly
- BV ya () = (B, —ho)n w4 (Y)
H v (Y)=(E, —ho) v, (y)
O (e (aaS (o sise () G A 38 Tiw OV L
E,-ho=E
H Wa1(Y)=E 4 woa(y) (14)
(N—1) Aesll Alall S5 5l dalae o
w, Ao sd) Al Gpea gall 881 Gl QAN A8 (o fua o) & B o) Larg
Hay, =(E -ho) vy,

Ay, =0 050 @A am )V (g sl (o J8 d8UD i3l 4503 dal 2a 53V (Ol Ly
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Hy, =E.y, ay, =0
1 1 d
ho(@ad+>)y. =E.p. —(y+—) v. =0
( Z)W 7 ﬁ(y O|y) 7
. d
ho@ay, +_-y.)=Ey Y.+ v =0
— y
dy,
Shoy, =Ey dl=—yw
y
1 tdy, 7
EO:Eha) I—:—Iy dy
v, 0
y2
* E,,=E, +ho nYn-_Y
v, 2
3 1y
E1=Eo+hco=§hw ya(y)=w.(y) e’
E2=E1+ha):gha) BﬁM\LJ&e\Jiﬁu\g v, .J\;::\QSA:g
1 T
En :ha)(n'i'j) JV/nV/n dy:]-
© 2 2
[we? pe? dy=1
w? je_yzdyzl
1)¢
pir=1 = t//=( j

T
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Q ) Consider a simple harmonic oscillator a) compute expectation values < x>

<x?>,<p>,<p’> b)find ApAx c¢) find <V(X)>,<T >, <E>

Solution:

é+ ¢ a Q\Jﬁ}d\emgdyubud\a%@

<X > ¥y
1
R h \2,. .. " »
R=| —— | (&a+4a") EAREIN[JNRERAE
2Mo
<x>= [y, R, dx o sall 4l giall Aagdll

W, =y, 8l il o) Ly

0 1
oo\5ia, A+
<x>= [y, (G —)*(@+a") v, dx

1l o 1w

<X>= (m)2 JWn ay, dX+(m)2 _[l//n a'y, dx
G aladl) aladiuly g

ay, (y)=vn v, (y)

A&, () =Vn+1 y,.(y)

e Ty v i ()2 [T g
2me” " -t 2me” 7 " e
e Ty s i (2T v O
2mae A 2mae PG

:\.I..)l:\c; Baalaia d‘}d@ Lga\jﬂ\umaiaﬂi\;}d\ d‘jﬁu\ LAQ}

L <%>=0 = <R%>?=0
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< x? > lag) Wil

1
x:(_h jz(m a*)
2Mo

'S :L(a A+4 4" +4*a+a*a")

2mm
o2 T h AA | AAT | ATA L ATAT
<®>=[y,(—)(Ad+aa" +a"a+4"a")y,dx
- 2Mmw

<R 5= (1) [ 8 A wydx+ (o) [w,d 'y,
2mae” 2 2mo” *

A+ A h T A+A+
+(—a))j yha ay, dX+(m)I‘/’na a'y,dx

—© —0

=Jn Vn-1vy,, (i)
ad'y,=a@"y,)=an+ly,,
=Jn+14 V1
=Jn+1 Vn+ly,
=(n+1) v, (i)
Ay, =a"@y,)=a"n y,,
=/n aWoy
=vn Vny,
“ny, (i)
ata'y,=a"(@'y,)=a"Vn+1ly,,
=n+1 "W
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=Jn+1Vn+2 y,,, (iv)
iy oSle) Aldadl 8 e i e e i e IS o e

=(— -1 X+ (— n+1 dx
7= (g L Yol =Ly a0 [y +D)

o\ NN e )
+(m)_{o§”n” V/ndx+(m)_[o% n+1Jn+2 y,, dx
h h
<RE>=(—)(+D+(—)n
(me)( ) (me)
o2 h
<X >=(——)(n+1+n)
2mae
2 h
R >=(——)(2n+1)
2mao

cR2s= b (n+1)
Mo

('J'ﬂw “}M\M\) <p> Alay) GG

p= _i(m_a)hjz (a-4a%) 28l alasinly
t Mok~
<p>= [y, (HI(7)7 (-2 v, dx

=—i(—)2 jwnéwn dx +i("

)2 It//n a'y, dx

=i (—)2 _[Wn\/—l//n 1dX+|(—)2 IWn vn+1 Yni1 dx

=- (—) J_It//nwn 1d><+l(—)2«/n+ ft//nwn+1dx
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. <p>=0 = <p>°=0
< p? > gl
1

p2:—(mT“m)(aa+aa++a+a+a+a+)
R

¢ Mo, A A + YA | Ata+
= [ v, (—7)(aa—éé —4a"a+4a'a")y, dx

moh, ¢ o
: ) [waaa"y, dx

. moh, T . .
<P == (50) [ wady, dx(

Mmwh
2

m

+H(,) [wnday, dx- () [y, 8787y, X

i oMot Alladll & Ve i ¢ i e T o S s

< p2o== (M) [y Vi =Ly,  dce (T2 [y, (14 Dy, oK

moh, ¢ Moh, ¢ = —>5
+( 2 )JWnnV/ndX_(T)jy/n n+1 n+2l)yn+2 dx

Mmwh
2

<@2>=(mT“m)(n+1)+( )N

=(mT”h)(n +1+41)

- (mT“’h) (2n+1)

< p?>= mcoh(n+%) G sllaall 58

206



b) ApAx
(AX)? =< X% > —< X >?

(AX)? =< x* >—-0

M 2

Ax:‘/i (n+£)
maw 2

(Ap)? =< p®>-<p>?

(Ap)® =< p® >-0

=< p% >=mah(n +%)

Ap=,/mcoh(n+%)
1

Apr:\/ma)h(n+%)-\/mia) (n+5)

Apr:(n+%)h

c) (21 sagal)) <V(X)> Al A8l dad siall Lol ds)

1 1, 1
=—how (N+=)==E
2 ( 2) 2 "
S ) dalall 428 gial) daall ol

_<p?> moh(n+])
2m 2m

<T >
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<E>=<T>+<V >:£En+lEn:En:(n+l) ho
2 2 2

Q) By using operator treatment procedure, derive the energy levels for the harmonic

oscillator. Hint: start from the formula {ro (é+é+%) v, (Y)=Ew,(y)}.

Solution:
aia 1
ho(& a+E) W =B W o (a)
+A+A 1 A+ +
ho(a"a a+§a Yw,=E & v,
o la,at]=1 = ara=aat -1

A+

A A 1,
o ho{d™(@a" -1 +§a+}1//n =E 4"y,

A+ A 1A+ A+ A+
no{a'a+JaHay,) = (E, +ho)@y,)

H(a"y,) = (E, + ho)@y,)

o &'y, =Jn+ly,, and E,+ho=E, ,

. H Yo = EnaWna
By multiplying equation (a) by & instead 4" and using a similar procedure one may
gate

I:I Vna1= En—l Vna
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So Hay, =(E, —ho) ay,
ay, =0

Then Hy, =E, .,

ho(ad"a+ %) w.=E.y,

- - E
5 4 N4
ho ¢
2
E..=E, +ho
3 5 7

E,.=—lhw, E,=—how, E,=—hw,
1 2 2 2 3 2

E,=ho(n+ %)
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