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Lattice Vibrations
For small displacement on an atom from its equilibrium position one can
expand the potential energy near its minimal value (see Fig. 1)

7(Ry)+[4E —+l[’"_] R+
VR) = V(R [w]p (R=Ro) 5| T fﬂ(R R
+ 6[ A __r;_-.] (R RII) +- (5)

If we expand the energy near the equmbrlum point and denote

(), =0 (8],

we get the following expression for the restoring force for a given displacement
X= R—Ro

/"" T_/F

F=-27=-Cx+yx’ (6)

The force under the limit F = — C x is called quasi elastic.

Repulsive Energy
r g

Encrgy

* {Eﬂuh:unl:il: } -

Bond sharing

Figure 2.1: General form of hinding energy.

One-Atomic Linear Chain
Dispersion relation

We start with the simplest case of one-atomic linear chain with nearest
neighbor interaction (see Fig. 2)

n=f m n+/f

- - + & : -
Hpor. o) U oy

Fig 2. Vibrations of a linear one-atomic chain (displacements).

If one expands the energy near the equilibrium point for the nth atom and use
quasi elastic approximation (6) he comes to the Newton equation
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mit, +C2u,—u, —u,,)=0. (7)

To solve this infinite set of equations let us take into account that the equation
does not change if we shift the system as a whole by the quantity a times an
integer. We can fulfill this condition automatically by searching the solution as

U, = Aei(qan—w t). (8)
It is just a plane wave but for the discrete co-ordinate na. Immediately we get

(see Problem 2.1)
, @, = le’:: : 9)

The expression (9) is called the dispersion law. It differs from the dispersion
relation for an homogeneous string, @ = sg. Another important feature is that if
we replace the wave number g as

q—q =q+

g oy

0=, 51'11%

7

where g is an integer, the solution (8) does not change (because
exp (27 ix integer) = 1). Consequently, it is impossible to discriminate between g
and g and it is natural to choose the region

—754%g (10)
to represent the dispersion law in the whole g-space. This law is shown in Fig. 3.

fet
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"u‘ |
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= 7 7 = 2z !
a a a

[
Fig 3. Vibrations of a linear one-atomic chain (spectrum).

Note that there is the maximal frequency w,, that corresponds to the minimal
wave length A.in = 27/0m2 = 2a. The maximal frequency is a typical feature of
discrete systems vibrations.

Now we should recall that any crystal is finite and the translation symmetry we
have used fails. The usual way to overcome the problem is to take into account
that actual number L of sites is large and to introduce Born-von Karmann cyclic
boundary conditions

Unsr =Ny . (11)
This condition make a sort of ring of a very big radius that physically does not
differ from the long chain.* Immediately, we get that the wave number ¢ should
be discrete. Indeed, substituting the condition (11) into the solution (8) we get
exp (xigalL) = 1, gaL = 2z g with an integer g. Consequently,

L L
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(it is convenient to consider L as a large even number). So, for a linear chain, the
wave number ¢ takes L discrete values in the interval (-z/a, =z/a). Note that this
interval is just the same as the Wigner-Zeitz cell of the one-dimensional
reciprocal lattice.

Density of States

Because of the discrete character of the vibration states one can calculate the
number of states, z, with different g in the frequency interval o, @ +dw. One
easily obtains (see Problem 2.2)

dz_2L 1

ac

(13)

This function is called the density of stétes (DOS). It is plotted in Fig. 4.

az
Zo|
2&
— )
g Wrez

Fig 4. Density of states for a linear one-atomic chain.

We shall see that DOS is strongly dependent on the dimensionality of the
structure.

Phase and Group Velocity

Now we discuss the properties of long wave vibrations. At small ¢ we get from
Eq. (9)
w=5sq |, (14)
where

%

5=+ (15)

Is the sound velocity in a homogeneous elastic medium. In a general case, the
sound velocity becomes g-dependent, i. e. there is the dispersion of the waves.
One can discriminate between the phase (s,) and group (sy) velocities. The first is
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responsible for the propagation of the equal phase planes while the last one
describes the energy transfer. We have

W 53111( l}
S = T 5

S f——|—-ﬂc03(ﬂq"ﬂ (16)

At the boundaries of the interval we get s, = (2/7)s while s, = 0 (boundary modes
cannot transfer energy).

Diatomic Chain. Acoustic and Optical branches.

We use this case to discuss vibrations of compound lattices. Let us consider the
chain shown in Fig. 5

@uﬂ Yol u, "

. . @Ml .M:!
le— s —!
Fig 5. Linear diatomic chain.

One can see that the elementary cell contains 2 atoms. If we assume the elastic
constants to be C,, we come to the following equations of motion:

‘ml I?I'r.-‘.-‘ - _Cl (Un_Vn) _Cz(un_vn—l)
}”3 1 = _Cl (Vn_un) _CZ(Vn_un—l) . (17)
It is natural to use once more the translation symmetry condition and search the
solution as
— Auei(qan—m t) , V, = Avei(qan—m t) . (18)
After substitution to Egs. (17) we get the set of equations for the constants A;.. To
formulate these equations it is convenient to express these equations in a matrix

form introducing the vector A=(4, A4, )and the so-called dynamic matrix
I_(:l’l_'_ I_r:l’:l _Il:_"l’1+ ':_-T:.E?_'rﬂ{-'f
b B 77y iy
B If_"fl_'_ If_'w':lgr'.f;._f_lf lf_-Tl‘l‘ If_-T:. (19)

My m

The equation for A has the form (see matrix notations in Appendix B)

wA—DA=0 . (20)
This is homogeneous equation; it has a solution only if
det (@’1-D)=0 . (21)
This is just the equation which determines the eigenfrequencies. We get
w7 —Lr':'[1+\/1— 2sin"2d ] (22)

where


http://www.edu.ioffe.ru/register/?doc=galperin/l2pdf2#fig2.5�
http://www.edu.ioffe.ru/register/?doc=galperin/l2pdf2#em2�
http://www.edu.ioffe.ru/register/?doc=galperin/apleb.tex#ur�

i) dzala — (palaall A0S — ol 5ull) and — Al daa taaa ) giSall (Aaslsd) 3 pucalaall) s gad) sl 5ud ) pudalaa dlesdus
o = (C+C)my+m,) 2 =16 ¢,C, 1 m, 1.
(C+Co) || (myti,)-

1171, /

The frequencies w. , are real because [7/=1.

We see a very important difference with the case of monoatomic chain: there
are 2 branches w, , for a given value of g. The branches are shown in Fig. 6

s 2] Optical vibration branch

[EC(]# }5;)1 —\\\_i [EL‘MI}'H

M::r]".r!l

|
i
I
m+ I
i
I
|
I

e, )2

Acoustical
vibration branch

I
0 3
K=o 1
Fig 6. Optical and acoustic vibration branches.
The lower branch is called the acoustic branch while the upper one is called
the optical branch. To understand the physical reason for these names let us
consider the limits of zero and maximal g. We get

f oW =
a)ac(o) =0 : fﬂac(ﬂ':’ H) = _'ED' 1— 1—}#
.- W =

So, we have the inequality chain
Wopt (0) = wo > wopt (/2)> w4 (/@) >4 (0) =0

What happens in the degenerate case when C, = C,, m; = m,? This situation is
illustrated in Fig. 7

wy ]
.

—_

A

- -
g % g L

Fig 7. Degenerate case.
Now we can discuss the structure of vibrations in both modes. From the
dispersion equation (20) we get
D _ Uy, _A,_ Ot Coeige
ac.opt v acopt Av (C1+Cﬂ_5311m§? . (24)

e opt

.3
aje

At very long waves (g — 0) we get ( Problem 2.3)
T~
@.ﬂr.{; - ]' * @Q_pﬁ - _J‘_l'_ll (25)
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So, we see that in the acoustic mode all the atoms move next to synchronously,
like in an acoustic wave in homogeneous medium. Contrary, in the optical mode;
the gravity center remains unperturbed. In an ionic crystal such a vibration
produce alternating dipole moment. Consequently, the mode is optical active. The
situation is illustrated in Fig. 8.

Fig 8. Transverse optical and acoustic waves.

Vibration modes of 3D lattices

Now we are prepared to describe the general case of 3D lattice. Assume an
elementary cell with s different atoms having masses m,. We also introduce the
main region of the crystal as a body restricted by the rims La;, the volume being

U = L*Dywhile the number of sites N = L2, The position of each atom is

R =a,+ R* . (26)
Here R* determines the atom's position within the cell. Similarly, we introduce
displacements u¥,. The displacement-induced change of the potential energy @ of
the crystal is a function of all the displacements with a minimum at u‘, = 0. So,
we can expand it as

1 Kk
b= T {r) l ]”rm”nﬂ ﬁT 'ED l ]”;m”nﬁ’ ”H P (27)

IHI n _I'I _I'I

(Greek Ietters mean Cartesian projections). There are important relations between
the coefficients @ in Eq. (27) because the energy should not change if one shifts
the crystal as a whole.

1. The coefficients are dependent only on the differences n—n',n-n’, etc.
2.0 | @8)
nmn n—n
2. The coefficient do not change if one changes the order of columns in their

arguments
@J,J kk-]:@a [kk] (29)
S\ In nn

3. The sums of the coefficients over all the subscripts vanish.
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E@ﬁ[“f]=0~ > @aa-[“""".“"i.]=0.

nn \nnn

nk nn kk

Now we can formulate the Newton equations
ek = Y kk| &
My ;{?_,5‘ @aﬂlnnl ]”n I (31)

As in 1D case, we search the solution as (it is more convenient to use symmetric
form)

1 4 :xF (q)ej{qa” —wi) (32)

Here we introduce wave vector . Just as in 1D case, we can consider it in a
restricted region

—r<Qga<m (33)
that coincides with the definition of the first Brillouin zone (or the Wigner-Seitz
cell). The wave vector g is defined with the accuracy of an arbitrary reciprocal
vector G, the g-space is the same as the reciprocal lattice one.

Finally, we come to the equation (20) with

N ol 9

mnn

n
This matrix equation is in fact the same is the set of 3s equations for 3s complex
unknowns A*,. Now we come exactly to the same procedure as was described in
the previous subsection. In fact, the dispersion equation has the form (21).
Let us discuss general properties of this equation. One can show (see
Problem 2.5) that

pkk=|DEF| . (35)

i. e. the matrix Dis Hermitian. Consequently, its eigenvalues are real (see
Appendix B). One can show that they are also positive using the request of the
potential energy to be minimal in the equilibrium.

The general way is as follows. One should determine 3s eigenvalues of the
matrix Dfor a given g to get the values of w;(q). These values have to be
substituted into Eq. (20) to find corresponding complex amplitudes A‘, (q) which
are proportional to the eigenvectors of the dynamic matrix 2. One can show form
its definition that in general case

D(-q)=[D(g)] . (36)
That means important properties of solutions: )
o,(~p=0;(q) . ALCp=[45@] (37)

These properties are in fact the consequences of the time reversibility of the
mechanical problem we discuss.

(30)
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Finally, one can construct a set of iso-frequency curves w; (q) = const which
are periodic in g-space the period being the reciprocal lattice vector G. The
symmetry of those curves are determined by the lattice symmetry.

In the end of this subsection, we analyze the long wave properties of 3D lattice.

It is clear, that at q =0 the component of D-matrix are real. If we put the real

dlsplacement 1FITto be k-independent and use the property (30) we readily
get w;(0) =0 for aII the 3 components o = 1,2,3. So, there are 3 acoustic branches
and 3s-3 optical ones. To describe their behavior we should write down the
dynamic equation for real displacements forg=0as

w>(0) 4“(0} Y D, [k K A%(0) (38)
e ¥k nn )’
and then sum over k (over the atoms in the primitive cell). Using the property (30)
kk'|_
:1 @“"H[Hn' ] !
we get
D myuk, =0 (39)

I. e. the center of gravity for optical modes remains constant. A typical vibration
spectrum is shown in Fig. 9

WA
;‘ }
0 -

Fig 9. Typical vibration spectrum in 3D case.

Continual Approximation for Lattice Vibrations

To elucidate the difference between acoustic and optical vibrations we discuss
here the long wave limit in continual approximation.
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Acoustic vibrations

According to the theory of elasticity, one can write equations of motion as
pg =(T+A)grad dive + TV >u (40)
[

where p is the mass density while T. Aare elastic constants It is known that

= Emlluls the rotation

B =div u(r.h)js the relative volume change while
angle. Taking into account that
curl grad y(r) = 0,div curlk(r)=0 ,V-=div grad ,

we can obtain the equations for the quantities V- ¢:

A'-I]S 2] "
CE.I— — .F_I.f"w"dlﬂ' . (41)
P" &l =y
22 = SiVe (42)

where

=T =T (43)

If u = Aexp (igr — iow t) we get

¥ = divu=iqu ,

o = 3lqu] . (44)
So, we see that the compression Uwave is longitudinal while the ¢ rotation wave
Is transversal. These wave are the analogs of 3 acoustic modes in a crystal. We
can also calculate the number of the vibrations if we restrict ourselves with a cube

with  the rim L and put zero boundary conditions. We get

% = Asin(w fsin(q, x)sin(g,, v)sin(q. z q,=n=

)for each mode with 'L, We have

© = qs =543+ 45+ 42 or each branch. Consequently, the number of vibrations

in the region R, R+dR where
g(w)dw= T ar

[l+£]m3 do . (45)

Optical vibrations

Consider a ionic crystal with 2 ions in a primitive cell with effective charges
+ e", Denoting the corresponding displacements as u . and the force constant as «
we get the following equations of motion

M, dn,

= —-x(u.-u)+ekEe ,

Ad
l.‘..-

- I'f

M —r = —x(u-u)-¢E (46)
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where E. is the effective electric field acting from the external sources and from
other ions. Then, let us introduce reduced mass

o n
J.ra..:. J.ra.+ d.ru. _
and relative displacement s = u, —u.. Combining Egs. ( 46) we obtain
Mt ‘——m+eE . (47)

Now one should express the effectlve field E. through s to make all the set of
equations complete. The effective field differs from average field, E, by the
contribution of the polarization, P. In this way, we get the following set of

equations for the normalized displacement * = VoM,

wtyw—yE = 0
Y2 W+ yE-P = 0,
VIE+4xzP) = 0 . (48)

The coefficients y; can be expressed through dielectric parameters of the crystal
(see derivation below)

= (49)

LSV Y

Here
O = o T ——opr—— - (50)

d.r.. . Avd .,

While eq., are, respectively, static and high-frequency dielectric constants.

Finally, we come to the set of equations
d-w

= —wgwtay,

(51)

This is the final set of equation we should analyze. To do it we split the
displacement w into the potential w, (curl w, =0) and solenoidal w; (div w; =0)
parts. It the absence of free charges

divD=0—divE=-4zdiv P
Using (51) we get

= —%?“./4}1-'(6,:, — em)'w; .

Substituting this relation into the equations (51) and separating potential and

solenoidal parts we get

dw, ,
- —Wo Wt ’

ar-

dw,
1 = —mnﬁ—”w . (52)
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Consequently, we come to the picture of longitudinal and transversal optical

modes with

w,  Je

o= el )
(the Lyddane-Sax-Teller relation).

The ion motion in the transversal and longitudinal modes is shown in Fig. 10
taken from the book [4].

N T S
¢ 7 ¥ °
t oy L
o ? T ? o
t o .
' T ¥
o 4{;"" _'_o-.—- - o -

s Araon
Baiy; O Cagion

Fig 10. Optical modes of vibration of a ion crystal.

We see that the two types of optical vibrations differ because of the long-range
electric forces which are produced only by longitudinal modes. Consequently,
they are called polar. The difference between the frequencies of polar and non-
polar modes depends on the crystal ionicity and allows one to estimate the latter.

Derivation of the constants y

In a cubic crystal, where polarizability is a scalar, we have
—_n. _estaE
P=No—q Nri3)a (54)

and introduce the dielectric function e according to the electrostatic equation for
the displacement vector
D=E+4zP=¢E . (55)
This function is dependent on the vibration frequency «. We get
P=SF . (56)
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Actually, € is frequency dependent and at high frequencies ions cannot react on
the a.c. electric field. Let us denote this limit as €., and put for this limit s =0 in

Eq. (54). Combining (54) for s = 0 with (56) we get
_ e, 1
T Gr N3 e, ) (57)

Then we can substitute it once more in Eq. (54) and get

P :N,:,E’*("ﬂgH},rﬁj_;lE | (58)
Making use of this equation we get
M, L5 = - M, w35+ g (59)
where
af = g~ et (60
Usually the normalized displacement * =7V oM, 5]

Is introduced, so finally we
come to the set of equations
d-w

At
[£ 41

(61)

It is reasonable to introduce the static dielectric constant ¢, from the request of
vanishing of the right-hand side of Eq. (59):

o _i |:| |ﬁ—1 l:'E +l}

€ € =37 € " —Qr

Thus we arrive to the set of equations to be analyzed.

(62)

Optical Vibration-Light Interaction

It is clear that optical vibrations in ionic compounds should interact with
electromagnetic waves. To take this interaction into account one should add the
Maxwell equations to the complete set of equations for the vibrations. We have?

[V<B] = 1[ ﬂE"’—HFQ

-C:

v<g] = 2E.
(V-B) = 0,
V- (E+4nP) = 0 |
wryyw-y. E = 0o |
P = ypow+ynE . (63)

Here B is magnetic induction,
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- €. —¢€ e —1
711 T 0 ~?’1::m':'u_n4-mm' S Rty Tl (64)

We are interested in the transversal modes, so we search solutions proportional to
exp(igr—iw t) with
ElPIwlix, Blly ., «allz. (65)
The equations for the complex amplitudes are (Check!)
WE—igB+¥1%p = 0

igE-¥B = 0 ,
y2 E+ (0®=p)w = 0,
yoE-P +pw = 0. (66)
Consequently, to get eigenfrequencies one should request
w/c 4Tt wlc —q 0
det q 0 —wl/c 0 0 6
e . =0 . 7
}'1: 0 0 - — }'11 ( )
722 -1 0 712
After the substitution of all the values of y;, we get
0* €, — @? (0 +¢*P) + w? c*q* =0 . (68)
This equation is quadratic in «? the roots being
S RS St NN I I S GO ]
@ _m(mf €, +c2q )i‘\/“ﬁ(mf €o g —wiq [@] . (69)

This spectrum is shown in Fig. 11.

ay

Fig 11. Coupled TO-photon modes. The broken lines — spectra without interaction.

It is important that there is no possibility for the light with the frequencies
between w; and w, to penetrate the crystal, it is completely reflected. The coupled
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TO-vibration-photon modes are often called the polaritons. One can easily
understand that longitudinal model do not couple to the light.

'Note that for small structures of modern electronics this assumption need
revision. Violation of this assumption leads to the specific interface modes.
2We use the so-called Gaussian system of units.
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