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I dedicate this book to my parents, James and Joyce Wilson.



Preface

Littlewood-Paley theory can be thought of as a profound generalization of the

Pythagorean theorem. If € R%—say, « = (x1, 23, ... , £q)—then we define
2’s norm, ||z||, to be ( ‘fa:fl)l/? This norm has the good property that, if
v = (Y1, Yo, --. , Yq) is any other vector in R%, and |y, | < |z,| for each n, then

llyll < ||z]|. In other words, the size of z, as measured by the norm function,
is determined entirely by the sizes of x’s components. This remains true if
we let the dimension d increase to infinity, and define the norm of a vector
(actually, an infinite sequence) = = (x1, 22, ...) to be ||z| = (37" 22)/2.

In analysis it is often convenient (and indispensable) to decompose func-

tions f into infinite series,

F@) =" Agn(x), (0.1)

where the functions ¢,, come from some standard family (such as the Fourier
system) and the \,’s are complex numbers. (For the time being we will not
specify how the series 0.1 is supposed to converge.) Typically the coefficients
A, are defined by integrals of f against some other functions v,. If we are
interested about convergence in the sense of L? (or “mean-square”), and if
the ¢,’s comprise a complete orthonormal family, then each 1, can be taken
to be ¢,,, the complex conjugate of ¢,; i.e.,

A= [ £@)bn(a) d,

and we have
[1s@rde =3

(For the time being we will not specify the domain on which f and the ¢,’s
are defined.) If we are only interested in L? functions, then the natural norm,

i1, = (| If(x)Ide>1/2 = ()"
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has the same domination property possessed by the Euclidean norm on R:
if g = > Yn¢n and |y,| < |Ay] for all n, then ||g||, < || f]|,. Even better, if, for
some € > 0, we have |v,| < €|\, | for all n, then [|g||, < €| f]],-

Unfortunately, L2 is not always the most useful function space for a given
problem. We might want to work in L*, with its norm defined by

i1 = (| If(x)|4dx>1/4.

To make things specific, let’s suppose that our functions are defined on [0, 1).
The collection {exp(2mwinx)}>,  defines a complete orthonormal family in
L?[0,1). Now, if f € L*[0,1), then the coefficients

An = /01 f(z) exp(—2minx) dzx

are defined, and the infinite series,

Z An exp(2ming),

—00

converges to f in the L* sense, if we sum it up right. But the domination
property fails in a very strong sense. Given f € L*, and given an integrable
function g such |y,| < |A,| for all n, where

1
n :/ g(z) exp(—2minz) dz,
0

there is no reason to expect that ||g||, is even finite, let alone controlled by
£l

Littlewood-Paley theory provides a way to almost preserve the domina-
tion property. To each function f, one associates something called the square
function of f, denoted S(f). (Actually, the square function comes in many
guises, but we will not go into that now.) Each square function is defined via
inner products with a fixed collection of functions. Sometimes this collection is
a complete orthonormal family for L2, but it doesn’t have to be. The square
function S(f)(x) is defined as a weighted sum (or integral) of the squares
of the inner products, |{f, g25>|27 where ¢ belongs to the fixed collection. The
function S(f)(x) varies from point to point, but, if f and g are two functions
such that (g, )| < |{f, ¢)| for all ¢, then S(g)(x) < S(f)(x) everywhere. The
square function S(f) also has the property that, if 1 < p < oo, and f € LP,
the LP norms of S(f) and f are comparable.

The combination of these two facts—domination plus comparablility—lets
us, in many situations, reduce the analysis of infinite series of functions,

flx) = ZAini(x)v
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to the analysis of infinite series of non-negative functions,

o) = (X hPh@r?)

and that greatly simplifies things. We have already mentioned the practice,
common in analysis, of cutting a function into infinitely many pieces. Typi-
cally we do this to solve a problem, such as a PDE. We break the data into
infinitely many pieces, solve the problem on each piece, and then sum the
“piece-wise” solutions. The sums encountered this way are likely to contain a
lot of complicated cancelations. Littlewood-Paley theory lets us control them
by means of sums that have no cancelations.

The mutual control between |f| and S(f) is very tight. We will soon show
that, if f is a bounded function defined on [0, 1), there is a positive a such that
exp(a(S(f))?) is integrable on [0,1)—and vice versa. (This is not quite like
saying that |f| and S(f) are pointwise comparable, but in many applications
they might as well be.) This tight control is expressed quantitatively in terms
of weighted norm inequalities. The reader will learn some sufficient (and not
terribly restrictive) conditions on pairs of weights which ensure that

Jlr@rods < [s()@rwds (0.2)

/wm@Wmms/mmWMx (0.3)

holds for all f in suitable test classes, for various ranges of p (usually, 1 < p <
00). He will also learn some necessary conditions for such inequalities.

The usefulness of the square function (in its many guises) comes chiefly
from the fact that, for many linear operators T', S(T'(f)), the square function
of T(f), is bounded pointwise by a function S(f), where S(-) is an operator
similar to—and satisfying estimates similar to—S(-). This makes it possible
to understand the behavior of T, because one can say: |T'(f)| is controlled by
S(T(f)), which is controlled by S(f), which is controlled by |f|. Obviously,
the closer the connection between |f| and S(f), the more efficient this process
will be. The exponential-square results (and the corresponding weighted norm
inequalities) imply that this connection is pretty close.

We have tried to make this book self-contained, not too long, and ac-
cessible to non-experts. We have also tried to avoid excessive overlap with
other books on weighted norm inequalities. Therefore we have not treated
every topic of relevance to weighted Littlewood-Paley theory. We have not
touched on multi-parameter analysis at all, and we have dealt only briefly
with vector-valued inequalities. We discuss A, weights mainly with reference
to the square function and singular integral operators. We prove the bounded-
ness of the Hardy-Littlewood operator on LP(w) for w € A, and we prove an
extrapolation result—because we need both—but we don’t prove A, factor-
ization or the Rubio de Francia extrapolation theorem, excellent treatments
of which can be found in many books (e.g., [16] and [24]).
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The book is laid out this way. Chapter 1 covers some basic facts from
harmonic analysis. Most of the material there will be review for many people,
but we have tried to present it so as not to intimidate the non-experts. Chapter
2 introduces the one-dimensional dyadic square function and proves some of its
properties; it also introduces a few more techniques from harmonic analysis. In
chapter 3 we prove the exponential-square estimates mentioned above (in one
dimension only). These lead to an in-depth look at weighted norm inequalities.
In chapter 4 we extend the results of the preceding chapters to d dimensions
and to continuous analogues of the dyadic square function.

Chapters 5, 6, and 7 are devoted to the Calderén reproducing formula.
The Calderén formula provides a canonical way of expressing “arbitrary”
functions as linear sums of special, smooth, compactly supported functions.
It is the foundation of wavelet theory. Aside from some casual remarks!, we
don’t talk about wavelets. The expert will see the close connections between
wavelets and the material in chapters 5-7. The non-expert doesn’t have to
worry about them to understand the material; but, should he ever encounter
wavelets, a good grasp of the Calderén formula will come in very handy. We
have devoted three chapters to it because we believe the reader will gain more
by seeing essentially the same problem (the convergence of the Calderén in-
tegral formula) treated in increasing levels of generality, than in having one
big portmanteau theorem dumped onto his lap. The portmanteau theorem
(Theorem 7.1) does come; but we trust that, when it does, the reader is more
than able to bear its weight.

Chapters 8 and 9 give some straightforward applications of weighted
Littlewood-Paley theory to the analysis of Schrédinger and singular integral
operators. This material could easily have come after that in chapter 10, but
we felt that, where it is, it gave the reader a well-earned break from purely
theoretical discussions.

In chapter 10 we return to theory. The scale of Orlicz spaces (which in-
cludes that of LP spaces for 1 < p < oo) provides a flexible way of keeping
track of the integrability properties of functions. It is very useful in the study
of weighted norm inequalities. The material here could have come at the very
beginning, but we felt that the reader would understand this theory better if
he first saw the need for it.

As an application of Orlicz space theory, chapter 11 presents a different
proof of Theorem 3.8 from chapter 3. This ingenious argument, due to Fedor
Nazarov, completely avoids the use of good-A inequalities (which we introduce
in chapter 2). These have been a mainstay of analysis since the early 1970s.
In the opinion of some researchers, they have also become a crutch. We are
neutral on this issue, but please see our note at the end of chapter 2.

Chapter 12 applies the theory from the preceding chapters to give a new
(and, we hope, accessible) proof of the Héormander-Mihlin multiplier theorem.
Chapter 13 extends the main weighted norm results from earlier chapters

! Like this one.



Preface XI

to the (2-valued setting. In chapter 14 we prove one theorem (Khinchin’s
Inequalities), but our discussion there is mainly philosophical. We look at
what Littlewood-Paley theory can tell us about pointwise summation errors
of Haar function expansions.

We have put exercises at the end of almost every chapter. Some of them
expand on topics treated in the text; some tie up loose ends in proofs; some
are referred to later in the book. We encourage the reader to understand all
of them and to attempt at least a few. (We have supplied hints for the more
difficult ones.)

The author wishes to thank the many colleagues who have offered sug-
gestions, helped him track down references, and steered him away from
blunders. These colleagues include David Cruz-Uribe, SFO (of Trinity Uni-
versity in Hartford, Connecticut), Doug Kurtz (of New Mexico State Univer-
sity), José Martell (of the Universidad Auténoma de Madrid), Fedor Nazarov
(of Michigan State University), Carlos Pérez Moreno (of the Universidad de
Sevilla), and Richard Wheeden (of Rutgers University, New Brunswick). I
must particularly thank Roger Cooke, now retired from the University of
Vermont, who read early drafts of the first chapters, and whose insightful
criticisms have made them much more intelligible and digestible.

The author could not have written this book without the generous support
of the Spanish Ministerio de Educacién, Cultura, y Deporte, which provided
him with a research grant (SAB2003-0003) during his 2004-2005 sabbatical at
the Universidad de Sevilla. My family and I are indebted to so many members
of the Facultad de Matematicas for their hospitality, that I hesitate to try to
name them, for fear of omitting some. However, I must especially point out
the kindness of my friend and colleague, Carlos Pérez Moreno. Without his
tireless efforts, our visit to Sevilla would never have taken place. I do not
have adequate words to express how much my family and I owe to him for
everything he did for us, both before and after we arrived in Spain. Carlos,
Sevilla, y Espana se quedaran siempre en nuestros corazones.
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1

Some Assumptions

Every area of mathematics—and, indeed, of learning—is a minefield of pre-
suppositions and “well-known” results. In this section I will try to acquaint
the reader with what things are taken for granted in weighted Littlewood-
Paley theory. Some of these things are definitions and notations, and some of
them are theorems.

We assume that the reader has had a graduate course in measure theory, at
least to the level of chapters 5 and 6 in [21]. Roughly speaking, this includes:
the theory of the Lebesgue integral (in 1 and d dimensions), L? spaces in R?
(1 < p < o00) and their duals, and some functional analysis. We also assume
that the reader knows a little about the Fourier transform.

We will use certain definitions and conventions repeatedly.

The definition of the Fourier transform we shall adopt is:

f& = (x) e ™ da,
R(i
originally defined for f € L*(R?), and then by extension to f € L?. We have
the Fourier inversion formula

fl)y= [ f(&e=ede,
Rd

which holds pointwise for appropriate f, and extends, by beginning functional
analysis, to all f € L2
Our definition of the Fourier transform satisfies

1£1lz = 11711

and
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where f * g is the usual convolution,

fro@ = [ fa-nowdy= [ )o@y dy

defined for appropriate pairs of functions f and g.

We use C5°(R?) to denote the family of infinitely differentiable functions
with compact supports. The Schwartz class S(R?) is the family of infinitely
differentiable functions f such that, for all differential monomials D® and all
positive integers M,

/ IDf| (14 |2)™ d < oo,
Rd

A measurable function f is said to be locally integrable if fK |f|dz < oo
for every compact subset of f’s domain. This domain will always be R? or
some nice subset of it (such as an interval, ball, rectangle, or half-space). The
only half-space we ever look at is Ri+17 which equals R? x (0, c0). We denote
the space of locally integrable functions defined on R¢ by LL (R?).

loc
If E is a measurable subset of RY, we denote E’s Lebesgue measure by |E|.
We will try to make it clear from the context when | - | means the measure of

a set and when it means the absolute value of a number. We will also use | - |
to denote the norm of a vector in R<.

If I C R is an interval, we let £(I) denote I's length (which is the same as
IT]). A cube Q C R? is a cartesian product of d intervals all having the same
length. We refer to this common length by ¢(Q), and we call it Q’s sidelength.
Notice that |Q| = £(Q)<.

Incidentally, we use ‘C’ to denote “subset,” not just “proper subset.”

A dyadic interval is one of the form [j/2%, (5 + 1)/2%), where j and k are
integers. A dyadic cube Q C R? is a cube whose component intervals are
all dyadic. The family of all dyadic cubes in R? is denoted by D,. Strictly
speaking, the family of dyadic intervals should be Dy, but we will usually refer
to it by D.

The reader’s first exercise is to show that, if Q and Q' are two dyadic cubes
in R%, then either Q C Q', Q' C Q,or QN Q' = 0.

The reader’s second exercise is to show that, if I C R is any bounded
interval, there exist dyadic intervals I, I, and I3, all having the same length
27k such that (1/2)¢(I) < 27% < ¢(I) and I C I; UlyUI3. (This is like saying
that every interval is “almost” a dyadic interval.)

The reader’s third exercise is to generalize the second exercise to R%.

The first exercise has this consequence: If F C D, is any collection of
dyadic cubes such that

sup ¢(Q) < oo (1.1)
QeEF

then there exists a disjoint collection F' C F such that every Q € F is con-
tained in some @' € F'. The proof is: For every Q € F, let Q' be the mazimal
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element (in the sense of set inclusion) of F that contains @); such a maximal
element must exist because of 1.1. The collection of all such Qs is F'.

If f is locally integrable and F is an appropriate measurable subset of f’s
domain (in practice, F is almost always a cube), then fg is f’s average value

over F, defined by )
fE= —/ fdx.
P IEN

Very early in the book, the reader will encounter two conventions, endemic
in Fourier analysis, which he might find a little disturbing. They are “the
constantly changing constant”! and the use of ‘~’.

Much of analysis is about proving inequalities. We have two positive
quantities—call them A and B—that depend on something else: a variable,
a vector, a function, or some combination of these. Suppose it’s a variable t.
We typically want to show that there is a positive, finite constant C' so that,
for all ¢t under consideration,

A(t) < CB(t). (1.2)

We often want to prove such inequalities because they help us prove equations.
For example, we might have two complicated but continuous functions f(t)
and ¢(t), and want to show f(0) = ¢g(0). This is an immediate consequence of:

[f(t) —g(t)] < CB(t)
tlg% B(t) = 0.
In practice, |f(¢) — g(t)| is hard to estimate directly, but B(t) is easy (or
easier) to handle.
An inequality like 1.2 usually follows from a chain of inequalities, like so,
At) < C1 A1)
< CrAs(t)

A

< Ci29B(t),

but usually not so long. However, unless one is keeping careful track of the
constants Cj, it is normal for analysts to write the preceding inequalities as:

A(t) < CA (1)
< CAy(t)

A

< CB().

The “constant” C, which is understood to be different at every stage, is “the
constantly changing constant.” It is understood that C' can depend on the
functions Ay, etc., but NOT on the parameter ¢.

! The name is due to T. W. Kérner.
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The other disturbing convention also concerns inequalities. Sticking with
our example, suppose there are two positive, finite constants, C; and Cs, such
that, for all relevant t,

C1B(t) < A(t) < C2B(1). (1.3)

The inequalities 1.3 say that A and B are roughly the same size. An example
of such a pair of functions is A(t) = t(log(e +t)) and B(t) = t(log(534 + %)),
where the range of admissible ¢’s is [0, 00); the reader should check this. A more
interesting example is given by A(t) = t/(log(e + t))? and B(t) = the inverse
function of ¢(log(e + t))>—and the reader should check this one, too.

Unless we are very interested in the values of C; and Cs, we will often
express relationships like 1.3 by means of the “semi-equation,”

A(t) ~ B(1).

When the context does not make it clear, we will say what the admissible ¢’s
are.

We will conclude this section with a deceptively simple observation and a
few of its profound consequences.

Suppose that f is a locally integrable function with the property that, for
every € > 0, there exists an R > 0 such that, if @ is any cube with £(Q) > R,

then )
M/Q|f|dx < e. (1.4)

This hypothesis is not very restrictive: it is satisfied by every f € LP, for all
1 < p < oo (but not for p = ). Let A be a positive number, and let F) be
the family of dyadic cubes @ such that

1
— d A.
|Q/Q|f v >

Our hypothesis on f implies that every @ € F) is contained in some maximal
Q' € Fx. (This, by the way, holds even if F) is empty: check the logic!)
Call this family of maximal cubes F3}.

If @ € F}, then
7l
— fldz > A
QlJo”

1
— dx < 29\,
|Q/Qlf z <

To see this, let Q be the unique dyadic cube such that Q C Q and £(Q) =
20(Q). Then, because of @’s maximality,

1
= d <A.
|Q/@'f v=

I claim that, as well,
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_12l,
|Q\/'f'dx \Q|/‘f'd Q™

from which the inequality follows.

Notice that, by the Lebesgue differentiation theorem, |f| < A almost every-
where off the set U ]:;\Q.

Now, what is this good for?

Harmonic analysis is about the action of linear operators on functions.
Usually we are trying to show that some operator 7' is bounded on some L?;
i.e., we wish to show that there is a constant A such that, for all f € LP,

1T, < AlFI,-

This is often accomplished by splitting the function f into finitely many pieces,

N
f:me
1

and showing that each T'(f;) is “well-behaved” in some fashion. (There are also
times when we split f into infinitely many pieces, but that story can wait.)
Such splittings typically work because the pieces f; are “well-behaved”—and
so give rise to good T'(f;)’s—for different reasons.

The best-known and most widely used technique for splitting functions,
due to A. P. Calderén and A. Zygmund, is based on the foregoing observation
about dyadic cubes. It lets us write any function f satisfying 1.4 as the sum
of two functions (usually called g and b, for “good” and “bad”). As we shall

e, “good” and “bad” must be used advisedly, because the functions g and b
are both “good” (also “bad”), but in different ways.

But

Theorem 1.1. Let f satisfy 1.4. For every A > 0, there is a (possibly empty)
family F of pairwise disjoint dyadic cubes such that f = g+ b, where ||g||, <
29\ and b = ZQG]—' bq)- Each function biqy has its support contained in Q

and satisfies
/b(Q) dr =0

[ bayldz <23l

Moreover, the family F can be chosen so that

and

2
- dz. 1.5
Efj\mgA g 1 (15)

Before proving the theorem, we should explain how the functions g and b
are good and bad in their own ways.
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The function ¢ is good because it is bounded. It is bad because it might
have unbounded support.

The function b is bad because it is in general unbounded. However, it is
good because it is a sum of non-interfering pieces (disjoint supports) with
controlled L' norms, and which satisfy a cancelation condition, and with a
total support that is also controlled, at least in terms of measure.

Proof of Theorem 1.1. We will essentially prove the theorem twice. The
first proof will give us ¢ and b that almost do what we want. Then we will
show how, with only a small modification, we can get the desired g and b.

To begin: let F, (note that we have dropped the ‘prime’) be the family of
maximal dyadic cubes satisfying

1
— d A.
|Q/Q|f v >

By our observation,
1

— d an
|Q|/Q|f| v <2

for every Q € F,.
Define )
(2) = flx) if v ¢ Ur, Q;
9\r) = oo fdt ifreqQeF

Then g is clearly bounded by 29\ almost everywhere. Set b = f — g. A little
computation shows

{0 z ¢ Ur,@Q;
bx) = {f(x)—fQ freoe R,

We set bg)(z) = (f(x) — f@)xq(z). Then this gives the desired splitting in
most respects. We have the right bound on g and, for every Q € F),

/|b<Q>|dw <2+15Q),

which is only off by a factor of 2. What about 1.57 I claim that we are close
to having it. Every Q € F) satisfies

1
@< [ 11

But these cubes are also disjoint. Therefore

1 1
QI [ Ml < [ifldt,
ST =5/

which is nearly right.
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To get our final decomposition, we first split f in a naive fashion. Set

fix) = {ﬂx) if [ f(2)] > \/2:

0 otherwise,

and define fo = f — f1. Notice that |f2| < \/2 everywhere. Now we apply the
previous splitting argument to fi, but use A/2 as our cut-off height, instead
of X. We obtain two functions § and b, and a disjoint family of dyadic cubes
Fy such that b = > Fy I;(Q), where the functions E(Q) satisfy the support and
cancelation conditions, and also have

[ aylds <21 0210 = 2Q,

Summing up the measures of the @Q’s, we get

SICTED D5y NIy TS
Fx Fx

fI>Xx/2

which is 1.5. ~
We now set b = b and g = g+ fo. Then b is what we want, and |g| <
A2+ 29)\/2 < 29\, That finishes the proof.

The reader could reasonably ask what purpose is served by being able to
split f this way for every positive A. Why isn’t it enough to split it just for
A = 17 That is another story that will have to wait.

Notes

The Calderén-Zygmund decomposition (Theorem 1.1) first appears in [8]. The
treatment here is based on that in [53].
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An Elementary Introduction

We begin with the simplest object in Littlewood-Paley theory: the dyadic
square function.
Let D be the collection of dyadic intervals on R. For every I € D, we let
I; and I, denote (respectively) the left and right halves of I. For each I € D,
set
Y2 ifxel;
hay(@) = —117Y? ita eI,
0 ife el
Notice that each h(yy satisfies [h() = 0 and ||, = 1. These functions
h(ry are known as the Haar functions.
We claim that {h;)}sep is an orthonormal system for L*(R). We've just

seen that
/h([) (l‘) h([) (m) dl‘ =

Suppose I and J belong to D and I # J. If INJ = () it is trivial that

Suppose INJ # (. Without loss of generality, we may assume that I C J. But

then, since I # J, the support of h(ry is entirely contained in J; or J,—across
which h(y is constant. But [ h(;) = 0, and so

/h(])(.r) h(J)(.r) dr =20

in this case, too.
For any f € L}, (R) and I € D, we define

n= [ ramn

={(f, h(z))
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where we are using (-,-) to denote the usual L? inner product. The number
Ar(f) is known as f’s Haar coefficient for the interval I. By Bessel’s Inequality,
we immediately have:

AP < [ 1f@)f do
2 /

for any f € L?(R). We claim that the Haar functions actually form a complete

orthonormal system for L?(R). To see this, take f € L? and suppose that

(f h(ry) = 0 for all I € D. The claim will be proved if we can show that f = 0.

For this it is sufficient to prove that f is (a.e.) constant on (—o0,0) and (0, co).
A little computation shows that, for any I € D,

M(f) = (fr, — Y2 = —(fr, — f)lI12, (2.1)

where we are using the convention that f; equals f’s average over the interval
J: fy= ﬁ fJ f. Now, let 2 and y belong to (0, 00). There is a minimal dyadic
interval Iy such that both x and y belong to Iy. Suppose that Jy and K are
two very small dyadic intervals such that

€ Jy Cly
yEK()CIQ.

We can find a sequence of nested dyadic intervals Jy C J; C Jo C...C J, = I
so that each Jj is a right or left half of Jx41. Because of 2.1, we must have

fro=Ffr == f1,= fro-

But a similar argument proves that fx, = f1,. Thus f;, = fk,. Since Jy and
K are arbitrarily small, the Lebesgue differentiation theorem implies that f
is a.e. constant on (0,00). Obviously, the same argument works as well on
(—00,0). This proves completeness.

Elementary functional analysis now implies that, for all f € L?(R), the
sum » ; Ar(f)h(r) converges to f in L?, and that

/ @) de =3 () (2.2)

We will be saying a lot about 2.2, but before we start that, it might be a
good idea to say a few words about the convergence of ) ; A\r(f)h(r). This is
not just any old Hilbert space sum.

Suppose that f’s support is contained inside [0,1) and that [ fdz = 0.
The reader should satisfy himself of the truth of the following statement: If
I € Dand I ¢ [0,1), then A\;(f) = 0. This says that the sum »; A7(f)hn
is, in a very useful sense, localized. For, suppose now that f is an arbitrary
locally integrable function. Write f = f1 + f2, where
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1 .
i) = {f(x) —Jo Fdt iz e01);
0 otherwise.

Again, the reader should see for himself that

[ A(fr) EIC]o,1);
Ar(f) = {)\j(f;) otherwise.

and that, in fact, if J is any dyadic interval, and we split f into f; + f2, where

fulz) = {f(x)—fJ ifx e J;

0 otherwise,

we will have

_X(fr) HICT;
Ar(f) = { )\j(f;) otherwise.

We can even go further. Suppose that {Ji }x is an arbitrary disjoint collection
of dyadic intervals. Now split f into f1 + f2, where

A= {0 TS 2

This definition forces fs to equal

fn. ifxe g
fa(z) = {f%x) if ¢ U];Jk.

This splitting has the consequence that, if I is any dyadic interval not properly

contained in some Jj, then
/fdm = /f2 dz. (2.4)
I I

Establishing 2.4 is an excellent exercise for the reader. Equation 2.4 implies
that, for all dyadic intervals I,

Ar(f1) if I is a subset of some Ji;

Ar(f) = {)\I(fg) otherwise. (2:5)

To put all this in plain, but approximate, language: A\;(f) measures f’s
deviation from its mean, at the scale (1/2)¢(I), on I. This fact is expressed
more precisely by 2.1. Another way to understand 2.5 is to think of the inner
products (f, h(y)) as filters that “catch” the action of f on I, at scale roughly
equal to ¢(I), and allow everything else to pass through.

If we combine 2.1 with the formula for hyy, we get this convenient fact: If
I is any dyadic interval, and I’ is I’s right or left half, then

frr = fr=X(Hhuy(z),

where z is any point in I’.
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Why is it convenient? Consider a “tower” of dyadic intervals Iy C Iy C
I, C -+ C Iy, where {(Ixy1) = 20(1I)) for all 0 < k < N. Then, for any
x € Iy:

N-1

flo _fIN = Z(flk _flk+1)

v
=3 A (Hhay ().

We can rewrite the last sum as

> Ar(f)hn ().

IeD: IgCI
e(Ig)<e(n)<2N e(1g)

There is clearly nothing special about Iy, I, or x in this argument. We
are allowed to say the following: If I and J are dyadic intervals, I C J, and
z € I, then

fr—fr= Z Ak (f)hk)(x). (2.6)
KeD:ICKCJ
LI <L(K)<e(J)
But I has a length—call it 2P—and so does J—call it 2" (where, of course,
r > p). If we sum up 2.6 over all dyadic I with length 27 and all dyadic J
with length 2", we get

Yoo @ - Y faxw@ = Y Ax(Dhaolx). (2.7)

— T _or KeD
IeD:4(I)=2» JED:L(J)=2 2P <e(K)<2r

Look closely at what is going on in 2.7. The sum on the far left is what you
get when you replace f by its average values over dyadic intervals of length
2P, The sum contains infinitely many terms, but, for every x, at most one
term will be non-zero. Similar comments apply to the second sum on the left.
The sum on the right side of the equals sign also has infinitely many terms.
However, for any x, at most r — p of these terms will be non-zero.

Before going further, the reader should prove to himself that everything I
have just said is true.

Notice what happens if we let p — —oo and r — oo. If f € L2, the
far-left sum converges to f almost everywhere, while the second sum on the
left converges to zero everywhere; so, the left-hand side of 2.7 converges to f
almost everywhere. Meanwhile, the right-hand side of 2.7 will converge to f
in L?. THEREFORE, the left-hand side of 2.7 also converges to f in L?, and
the right-hand side also converges to f almost-everywhere.

Here is a question: To what extent does this equivalence extend to other
L? spaces, and even to weighted LP spaces? (We’ll explain what weighted
spaces are in a bit.) To put it more generally: When can we use a vector-space
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decomposition of a function, via Haar functions, to get information about
the function’s actual values—and vice-versa? This is one way to phrase the
problem that Littlewood-Paley theory tries to address.

Let’s get back to 2.2. We begin by rewriting it in a funny way. Notice that

1= ﬁ/xf(m) dx.

Therefore,

2 2 1
;m(m =;|w>| m/wmx
_ / (Z |AI|<IJ|C>| XM)) .
I

The one-dimensional dyadic square function, which makes sense for any
f €L} _(R), is defined by the equation

loc
5 1/2
S(f)(x) = (Z 'Aﬁ)'xm) . (2.8)
I

We have approached this formula through an L? result 2.2, which says
that

1£llz = ISCHIl (2.9)

for f € L?. Before going one step further, it will be profitable to reflect on
the meaning of 2.9. It is a peculiar equation.
Let’s first consider

£l < IS (2.10)

Notice that |f|* = |3, Ar(£)hen|®, while (S(£)? = S, IAr(£Hha|*. We
usually expect the square of a sum to be a lot bigger than a sum of squares,
but inequality 2.10 says that, on the average, this isn’t true for sums of Haar
functions. The reason is that the sum ) ; A7(f)h(;) has a lot of cancelation
in it. It’s remarkable that this cancelation should work out so neatly as to
give 2.10. If it doesn’t seem remarkable, that’s only because we’ve been spoiled
by a too-close familiarity with functional analysis.
Now let’s consider

1flly = (1S (2.11)

This says that the square of the sum is not, on the average, much smaller
than the sum of squares. Given what was said in the preceding paragraph,
that doesn’t seem like a big deal; but it is, precisely because of the sum’s
cancelation. Inequality 2.11 says that there isn’t too much cancelation in
> Ar(f)h(r). Tt only seems obvious because of Bessel’s inequality, which is a
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general fact about Hilbert spaces, and so hides the numerical nitty-gritty in
this special case.

Another way to consider 2.9 is in terms of energy and amplitude. Think
of f = f(t), a function of time, as if it were a signal. Then | f||, gives one
measure of f’s average amplitude. The expression ||S( f)||§7 which is a sum
of squares of f’s component pieces, provides a measure of the energy of the
signal. Equation 2.9 says that there is a direct relation between a signal’s
amplitude and its energy. Later, when we consider weighted forms of 2.10,
and their applications to the study of Schrédinger operators, we will make
the connection between amplitudes and energies more explicit.

We have emphasized the non-obviousness of 2.9 because the burden of
Littlewood-Paley theory is to extend 2.9 to settings where it is patently not
obvious. These include LP (p # 2) and so-called weighted spaces, in which the
underlying measure is no longer the familiar Lebesgue one. For example, it
turns out that, if 1 < p < oo, there are constants ¢, and C), so that, for all
f € LP(R)a

cpllFll, < NSO, < Coll £11,,

This fact is so central to what we will be doing that it deserves to be stated
in a theorem.

Theorem 2.1. For all 1 < p < oo, there are constants ¢, and Cy, depending
only on p, so that, for all f € LP(R),

pllFll, < NSO, < Coll £1],, (2.12)

We will prove Theorem 2.1 shortly. However, before doing so, we wish
to describe one possible application of an inequality like 2.12. It may help to
convince the reader that Littlewood-Paley theory really is good for something.

It involves that notorious buzzword-of-the-hour, “wavelets.” Now, Haar
functions aren’t wavelets, strictly speaking, but they’re near enough for this
example. Suppose we have a function f which belongs to some L?(R), with
1 < p < oo. It is fundamentally important to know to what extent the
sum ) ; A7(f)h(r really represents f. This is not a stupid question; and its
non-stupidity comes from the fact that the coefficients A\;(f) are bound to
have errors in them. In other words, the sum we have to contend with isn’t
Yo Ar(H)hey, but D Ar(f)hy + > ; exArh(r), where the numbers e reflect
the relative errors in our “measurements” of the A;’s. Inequality 2.12 says
that if the €;’s all have small absolute values, then the relative error in the
sum will also be small, as measured in various LP spaces. This property is,
alas, not shared by Fourier coefficients for p # 2.

But why do we care about L? for p # 2, when L? is so nice? The reason
is that having a “small” LP norm means different things for different p. For
small p, it means that f has good decay at infinity; for large p, it tells us
that f doesn’t ever “spike” too sharply. So, an inequality like 2.12 says that



2 An Elementary Introduction 15

> 1 A1(f)h(r) can represent f pretty well, and that good estimates of ¢, and
C), tell us how careful we have to be in computing the A;(f)’s, if we want this
representation to be faithful.

Our first major goal is a proof of Theorem 2.1. There are at least two
approaches we could take here. We could give a quick-and-dirty, relatively dir-
ect proof. Unfortunately, this proof does not generalize to small p (0 < p < 1)
or to weighted settings. The other proof—the one we will give—is more
involved, but we believe it better shows what is going on in Theorem 2.1.
It also generalizes readily. Readers wishing to see the quick and dirty proof
first will find it sketched in exercises at the end of the next chapter. We feel
it fair to warn the reader that this “simpler” proof has complications of its
own, including discussions of things which, at first, seem to have nothing to
do with the square function.

Our proof of Theorem 2.1 will not work directly with f, but with f’s
averages.

Definition 2.1. Let f : R — R be locally integrable. The dyadic mazximal
function of f, f*, is given by:

@)= sup |[fil.

I:x€leD

The dyadic Hardy-Littlewood mazimal function of f, Ma(f), is defined by:

Ma(f)(x) = sup ISl

We will be seeing a lot of maximal functions like these. Before actually
proving Theorem 2.1, we will make a rather long digression to investigate
some of their properties. This will also provide a chance to introduce the sorts
of arguments we will frequently see in this book, and to review some of the
fundamentals from chapter 1.

By the Lebesgue differentiation theorem, |f(z)| < f*(z) almost every-
where.

Because My(f) has the absolute value inside its defining integral, we always
have f*(x) < Ma(f) ().

What makes My(f) really useful is the following:

Theorem 2.2. For all 1 < p < oo there is a constant C,, depending only p,
such that, for all f € LP,

[1Ma(f)ll, < Coll £1],,- (2.13)

We will prove Theorem 2.2, and we will apply some ideas from the proof
to investigate the “fine structure” of My. (These fine structure properties
will be used in the next chapter.) Then we will continue with the proof of
Theorem 2.1.
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The proof of Theorem 2.2 is based on the following well-known equation:
For any 0 < p < o0,

/Nfuwwu:p/mkaux:uwn>xbdm (2.14)
X 0

which is valid for any measure space (X, M, u). (Equation 2.14 is frequently
stated to hold for o-finite measure spaces, and proved by Fubini-Tonelli. If the
reader tries to do this, he will find that the trickiest step comes in proving the
measurability of certain sets in X x (0,00). If he’s lucky, he’ll stumble upon
a proof for the general case.)

Now, take g € L' and let A > 0. The set {z : My(g)(x) > A} consists of

Sx=U{IeD: |g|, > A}

But, if I is big enough, |g|; < A (because g € L'). So, we can replace the
union defining Sy by a union over a subcollection; namely, those I € D such
that |g|; > A and are mazimal (in the sense of set inclusion). Call this set of
maximal intervals {I;}. Because these intervals are dyadic, they are pairwise
disjoint.

Each I; satisfies

1

1
|nsf/’mﬁ
ESA

implying

Therefore,

|SA| :Z|Ii|
1
Az;LwMt

1
< X/|g\dt.

This is the celebrated weak-type inequality for the Hardy-Littlewood maximal
function.
Now take f € LP, with 1 < p < 0o, and write f = f1 + fo, where

he) = {§0 B> o

IN

A

0 otherwise,

where A is an arbitrary positive number. Then My(f) < Mu(f1) + Ma(f2) <
My(f1) + A/2 (because |f2] < \/2 everywhere). Therefore,

{z: Ma(f)(x) > A} C{x: Ma(fr)(z) > A/2}.
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The celebrated inequality implies that

o Malh)@) > N2} < 5 [ 1]
2

-3 s(olat
{t: [F®I>Ar/2}

We plug in our estimate for [{x : My(f)(z) > A}| and apply 2.14:

Joutnyas <y [“ [i N C! dt] a

0
2| f()]
= NP2 d\| d
/If(t)VO » ] '

—2E [l
—rE [1fora.

We’ve used Fubini-Tonelli in the antepenultimate line.

This implies ||Ma(f)|l, < Cpl f]l, for 1 < p < oco. Of course, the case of
p = oo is trivial.

The kind of argument used to prove Theorem 2.2 is called interpolation.
We showed—or could see directly—that My was “controlled” on L' and L*°,
and we used that to prove that it was actually bounded on L?, for 1 < p < co.
A general principle is lurking here, which the reader might want to investigate
for himself. When he gets tired of that, he can turn to the end of this chapter,
where we state and prove a special case of the Marcinkiewicz Interpolation
Theorem.

The “fine structure” of M, referred to above concerns its action on L.
This might seem pointless, since My is obviously not bounded on L'(R): if
[ = Xj=1,1], then My(f) ~ || " when || is large. However, if f’s support
is contained in a dyadic interval I, we have two substitute results. The first
one is

Il

[ls@logte+ s @IAf) o~ [ a9
1 1

The second result is

i e <o (o [ Ifldaf)ﬁ, (2.16)

valid for 0 < f < 1.

Inequality 2.15 says that, if we restrict our attention to an interval, then
M4(f) is integrable if and only f, in a precise sense, is a little better than
integrable. Inequality 2.16 says—with the same restriction—that, if f is inte-
grable, then My(f) is almost integrable.
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We will prove these inequalities when f > 0 and |I| = |f|; = 1, leaving
the general cases as exercises.

The splitting argument we used to prove Theorem 2.2 implies that, for
every A > 1,

el Mip@ >M<S [ rold, @)
, £1>A/2
with the bound of
Hrxel: My(f)(z) >N} <1 (2.18)

for A < 1. If we multiply both sides of these estimates by pA?~! (i.e., 1) and
integrate from 0 to oo, we get

/Md<f>da:s/0 {x €1 My(f)(x) > A} dA

1

|

> (C

— dt | dX\
+ ( . /f|>A/2|f<t>| t)
201 ¢

C —dA d

<14 /Ilf(t)l</l > >+t

<14 / )] log* (17 (1)) dt

<c / ()] log(e + | £(x)]) dz,

proving one direction of 2.15.
To show the other direction in 2.15, define {I]k}J (k=0,1,2,...) to be

the family of maximal dyadic I f C I such that
fre > 28,
J
By maximality, these intervals also satisfy

f]k S 2k‘+1.
J

Then
MA@ ~ 1+ 3 Jray o)
J
on I, since the sum on the right is comparable to 1 + Y ° 2kX{Md(f)>2k}.
Therefore

Mt (ay iz~ 1+ X (o) | as

=1+ [ f(x) w(z) | dx
/ %X{J

N / f(x) log(e + Ma(f)()) dz
> C/If(x) log(e + f(x)) dz,

proving 2.15.
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Inequality 2.16 is proved very much in the same manner as the second
inequality in 2.15. Simply multiply the estimates 2.17 and 2.18 by SA?~! and
integrate from 0 to co. The integral from 0 to 1 is bounded by 1 (because
of 2.18), and the integral from 1 to co is bounded by a constant times

2/f|
/|f| / M=2dx | de < Cs,
I 1 +

from our normalization on f and the fact that 5 < 1.

Note that 2.15 implies that My(f) is not bounded on L!(I), and it even
points the way to building a counterexample. For example, the function de-
fined by

fa) = { 2 ifee2h 2R k> 1
0  otherwise,

is in L', but fol |f| log™ (| f|) dz = oo, as the reader should have no trou-
ble showing. (He might have a little more trouble showing directly that

Jiy Ma(f) dz = oo, but we think it will do him good to try.)
This concludes our digression on M.

The proof of Theorem 2.1 will use the method of “good-\ inequalities.”
Since we will be using this method several times, we’ll state it here in a general
theorem.

Theorem 2.3. Let f and g be non-negative measurable functions defined on
a measure space (£2, M, ). Suppose that, for every e > 0, there is a v > 0
such that, for all A > 0,

s f(z) > 20, g(@) <) < enlfz s F@) > A). (2.19)
Let 0 <p <oo. If f € LP(§2,u) then

/quwwsc/@mvwm7
(9]

9]

where the finite constant C' only depends on p and the way that € depends on
v (to be made explicit below).

Proof of Theorem 2.3. Suppose that 2.19 holds. Then, for any A,
s f2) > 200 < pulfa: g(a) > 32D +ul{a: f(2) > 27, g(2) <42}
<z gla) > 3A) +enlfo: f(z) > A,

If we multiply both sides of this inequality by pAP~!, integrate from 0 to
infinity, and do two easy changes-of-variable, we get:

27 [ @y dne) <97 [ gay duta)+e [ far duta
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Let ¢ = 27P~! and pick the appropriate v. When we subtract and divide
(which is okay, because f € LP), we get

[ f@rdutz) <2490 [ gla) duto),
Q Q
which was to be proved.

The proof of Theorem 2.3 goes by so fast, it can be hard to see the idea
behind it. Rewrite 2.19 for A = 2F. It is:

p({z: fla) > 2% g(x) <72%)) < ep({z - f(z) > 2%)). (2.20)

Imagine that f and ¢ are having a race. For any z, let F(x) be the set
{k : f(z) > 2¥} and let G(z) be the set {k : g(x) > 72*}. There are
two possibilities: F'(z) C G(x), or G(x) is a proper subset of F'(z). If the first
happens, then f(x) < 2y~ !g(x), and we can say that g is “keeping pace” with
f(x) (up to a factor of 2y~1). If the second happens, then at some point f
has clearly pulled ahead of g: there is a k such that k € F(x) N G(z), but
k+1e F(z)\ G(x): as if to say, g kept pace with f to stage k, but failed to
do so at stage k + 1. The meaning of 2.19 (or of 2.20) is that the set of z’s for
which this happens is negligible.

The proof of Theorem 2.1 will go more smoothly with the help of a useful
definition, one that will follow us through later chapters.
Definition 2.2. If N is a positive integer, we set
D(N)={IeD: Ic[-2"2N), ¢1)>27N},
where £(I) is I’s length.

In plain language, D(N) consists of the dyadic intervals that aren’t too
small, aren’t too big, and aren’t too far from the origin.

We observe that each D(N) is finite, D(N) C D(N + 1) for all N, and
UND(N) =D.

We are finally ready to prove Theorem 2.1. (After such a long digression,
the reader might want to review the definition of the dyadic square function,
given by 2.8.)

Proof of Theorem 2.1. We will actually prove that, for all finite sums
J =2 Ath(yand 0 < p < o0,

Sl < USHN, < Coll £, (2.21)

This implies Theorem 2.1. To see this, let N be an integer, and define

fN = Z )\[h(]).

I: IED(N)
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If we prove 2.21, we will have
epll fnll, S ISCUM, < ISHIL,-

Let’s set J3, = [0,2") and Jy = [-2V,0). The reader who has understood
why 2.7 is true will have little trouble seeing that

In

Z frxr _(fJ;XJ;‘f'fJ;XJ;)

. +
I: ICJNLJJ
o(ry=2—N

= (In) — (I1n).

If fe LP(R) (1 < p < o0), then (Iy) — f almost everywhere, and
(IIn) — 0 uniformly; and so the left-hand inequality of 2.12 would follow
from Fatou’s Lemma.

As for the right-hand side: If f € LP (1 < p < o0), then
|f;+ X+ + f;-x,-| converges to 0 in LP as N — oco. Now, for any N,

N N N N

N

INS T+ ‘fJ;XJ; =+ fJ];XJ};L
Thus, if we prove 2.21 for finite sums, we’ll have
||S(fN)Hp SCP”f*—’_‘fJ;XJ; +fJ;XJ;,|||p (2.22)

for all N. Letting N go to infinity, we get, by Monotone Convergence,

SO, < Coll £711,,

for arbitrary f € LP, from which 2.12 follows by Theorem 2.2.

So, it’s enough to show 2.21 for finite linear sums.

At the outset let’s observe that, for all f in our test class (finite linear
combinations of Haar functions), f* and S(f) are bounded and have compact
support, and so belong to L? for all p.

Proof of the first inequality in 2.21. By the good-A inequality, it will be
enough to show that, for all € > 0, there is a v > 0, such that, for all A > 0
and all f in our test class,

Hz: f5(x) >2X, S(f)(x) <A < elfw: [7(z) > A} (2.23)

Let {I}} be the maximal dyadic intervals such that |f;x| > A. The intervals

I} are disjoint and {x : f*(z) > A} = UI}. Therefore (modulo the usual
business about quantifiers), it is enough to show that, for every i,

e e}: fr(x) > 2\ S(f)(x) <A <€l (2.24)
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Fix the interval If‘, and let J; be its “dyadic double”; i.e., the unique dyadic
interval for which I? is either a right or left half. Because of I}’s maximality,
|fs,] < A Now, if |fya| > 1.1\, then |f;, — f;»] > 1A, and so S(f) > .1\ on

all of I. In this case, if we pick v < .1, the left-hand side of 2.24 is zero, and
we have nothing to prove. Henceforth we assume that v < .1; and, without loss
of generality, we may also assume that |f;»] < 1.1\, Given this, our problem
now reduces to showing '

fo eI} (F = f)"(2) > 9N S(f)(@) < WY < I (2.25)

Set
o(x) = {f(ﬂc) — I ifaelX
0

otherwise.

IfI C IZ-)‘, then A\r = (f,h)) = (9, hr)), and if T ¢ If‘, then (g, h(py) = 0.
(Work it out!) Therefore S(g) < S(f) in I and is equal to 0 outside I;*. This
reduces our problem to showing

{z € I': g"(x) > 9N, S(g)(x) < yAH < el}]. (2.26)
Let {Q;} be the maximal dyadic subintervals of I;* such that

A 2
Z ] > (yA)°.

J: Q;CJ

Define (‘s’ stands for “stopped”):

_J9q, ifreqQy
9*”—{mm if o ¢ U;Q,.
I claim that S(gs) < A on all of I}, and that (g5); = gr for all dyadic
intervals I C Ii)‘ which are not properly contained in any @;. This claim, to
put it mildly, requires some justification, which we reserve for the end of the
proof. For now, let us take the claim for granted.

Suppose that g*(x) > .9\ and S(g)(z) < vA. Then there is an I C I}
such that |g7| > .9A. This I is either properly contained in some ), or it
isn’t. If it is contained in a Q;, then S(g) > YA on all of I, which we are
assuming does NOT happen, because S(g)(z) < ~A. Therefore: I is NOT
properly contained in any @;. The second part of the claim now implies that
[(gs)1] > -9A. Therefore,

{zel}: g(z) > .9\ S(g)(x) AN C{z € I}: gi(x) > 9N},

S

with the corresponding inequality in measures.
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But now we can write:

< C(yN?I1,

where the last inequality follows from the first part of the claim. Now
Chebyshev’s inequality implies

{z € I} : gi(x) > 9N} < C(v/.9°17),

finishing the proof.

The justification of the claim is not hard. It is an application of 2.5 and 2.4,
where our intervals Q); are the Ji’s, and g, is fo. If I C I? and I is not a
subset (proper or otherwise) of any @;, then Ar(gs) = Ar(g). On the other
hand, if I is a subset of a Q;, then A;(gs) = 0 (because g, is constant across
Q;). Therefore, if x € Q;,

2
S?= X B <o,

because of Q;’s maximality; and, if ¢ U;Q;, then S(gs)(z) < S(g)(x) < A
That is the first part of the claim. The second part is simply a translation
of 2.4.

Proof of the second inequality in 2.21. We’ll need another maximal func-
tion. Remember that I; and I, denote the left and right halves of a dyadic
interval I. Define the “look-ahead” maximal function L, (f) by:

Lo(f)(x) = sup max(|fp],|f1,])-

I:xel

It’s clear that f*(z) < L.(f)(z) pointwise. However, a moment’s thought also
shows that, for all A > 0,

Hz: La(f)(z) > A} < 2|{z: f7(2) > A}.

Therefore, in order to prove the right-hand part of 2.21, it will be enough to
show the appropriate good-A inequality between S(f) and L, (f).
Let {I}} be the maximal dyadic intervals such that

DY
g > \°.
]|

J:I?CJ
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Clearly, {z : S(f) > A} = U;I}. Arguing as in the proof of 2.23, it is
enough to show that, for each 7,

e eI S(f)(x) > 2), La(f)(x) AN} < €|, (2.27)

Now, for whatever v we decide on, if |f;»] > A, then the left-hand side
of 2.27 will be 0, and we’ll have nothing to prove. Therefore, without loss of

generality, we can always assume |fa]| < yA.
If '

|)‘J‘2 2
> o> (1.1X)2, (2.28)
J: I}CJ
then
Al = [f )| > AN/ (2.29)

Let I; and I, denote I}’s left and right halves, respectively. Inequality 2.29
implies that

|fr, = fr.l > 1A,
which in turn implies that L,(f) > .05\ on all of I}. Therefore, if v < .05
(which we henceforth assume) and 2.28 holds, then the left-hand side of 2.27
is 0 and, again, we have nothing to prove. So, in perfect analogy with the
proof of 2.23, we may assume that 2.28 does not hold.

Let’s now define
floc = Z Alh(l)a
Ic

which we think of as the “localized” version of f. Since |f;x| < v\, we have
that '

{rel}: La(f)(x) SyA} C{z € D' Lalfioe) () < 297}
Also, because 2.28 does not hold,
{wel}: S(f)lz) > 20} C{z € I+ S(fioc)(x) > 9A}.
Putting these two inclusions together, we see that it is enough to show that
{z € I+ S(fioe)(@) > 9N, Lalfioc)(x) < 29N} < el I},

and it is this inequality which we will now prove.

Let {Jx} be the maximal dyadic subintervals of I having the property
that either the right or left half of Jy—call it J}—satisfies \(floc),]; > 29\
Set (once again, ‘s’ is for “stopped”):

| (froe) g, ifx € Ji;
fs(x) - {flolc(xj if ¢ U];Jk.

Because of Jj’s maximality, |fs(x)| < 2y almost everywhere.



2 An Elementary Introduction 25

Suppose that z € I} is a point such that S(fiee)(z) > .9\ and
Lo(fioe)(x) < 29yA. Then = ¢ UiJy. We claim that, if * ¢ UgJy, then
S(fs)(x) = S(fioc)(x). The proof of this is simply the fact that

(fss hiry) = (froes hry) (2.30)

if I is not contained in any Jy—which is just equation 2.5 showing up again.
Therefore,

{x e It S(fioe)(@) > 9N, La(fioe) (@) < 29} C {z € I+ S(f)(x) > 9A}.

However,

2 Xr = X 2 i
‘me»d [NMNd
< @I,

and now our result follows (again!) by Chebyshev’s inequality. This finishes
the proof of 2.21, and thus of Theorem 2.1.

If we look closely at the proof of Theorem 2.1, we can see that we have
obtained something slightly stronger. Recall that we proved 2.21 for all p,
0 < p < oo, for finite linear sums of Haar functions. The only role this
finiteness hypothesis played was to ensure that S(f) and f* belonged to L.
Therefore we have actually shown that, if 0 < p < oo and f* € LP, then

1770, < enllSCHIs (2.31)

and, if S(f) € LP, then
IS, < Cpll £71,- (2.32)

It would be nice to obtain the statements f* € LP (respectively S(f) € LP)
as conclusions of 2.31 (respectively 2.32) rather than having to assume them
as hypotheses.

Unfortunately, some extra hypothesis is needed in 2.31: if f is identically 1,
its square function is identically 0. But a case like this, it turns out, is essen-
tially the worst that can happen. That is, if |fJ;\ and |ij;| both go to 0 as
N — oo, then 2.31 holds. Because, if these averages go to 0, f*(x) will equal
the limit of f} (z) for every z, implying, by Fatou’s Lemma,

Jur@ypras = [t sy s
< Cli [ (S(fw)) da
—¢ [(s(r)7 da.
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However, we do not need to assume anything about S(f) in 2.32. This is
because, if 0 < p < oo, then, for any positive IV,

IS, < Coll Nl

But fy < 2f* everywhere; while ||[S(fn),, /" [IS(f)l, because of Monotone
Convergence. Therefore, if f* € LP, S(f) € LP.

A moment’s (or perhaps several moments’) thought shows that weighted
forms of 2.21’s component inequalities,

/ (F* @) vda < c(p,v) / (S(f)P vde (2.33)

and
/ (S(F))Pvda < C(p,v) / (f* ()P v de (2.34)

should follow for any weight v that is “regular” enough. But, before we say
what “regular” means here, let us first explain what we mean by a weight.

Definition 2.3. A weight v is a non-negative, locally integrable function.

If v is a weight and E is a measurable set, we use v(E) to denote [, vdz.
With those preliminaries out of the way, let’s now introduce two classes of
weights.

Definition 2.4. A weight v is said to belong to AL (pronounced, “dyadic
A-infinity” or “A-infinity dyadic”) if, for every € > 0, there is a § > 0 such
that, for all dyadic intervals I and measurable E C I, |E|/|I| < § implies
v(E) < ev(l).

Remark. If the preceding implications hold for all bounded intervals I, v
is said to belong to A.

Definition 2.5. A weight v is said to be dyadic doubling if there are positive
constants ¢ and C' such that, for all dyadic intervals 1,

cv(lp) <wv(I,) < Co(Iy).

Remark. If
cv(I) <o(I') < Co(I)

for any two congruent intervals that touch, v is said to be doubling. This is
equivalent to saying that v(2I) < Cw(I) for some C, for all intervals I, where
27 means the concentric double of I. If v is defined on R¢, v is said to be
doubling if v(2Q) < Cv(Q) for all cubes @ C RY, and it is said to be dyadic
doubling if, for every @ € Dy, v(Q) is bounded by a constant times v(Q") for
any dyadic @ C @ such that £(Q") = (1/2)¢(Q). The reader might want to
check that this reduces to Definition 2.5 when d = 1.
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What do these definitions mean? They are two different ways of saying that
a weight v is “almost constant.” Notice that they apply to constant weights
and to weights v for which v(x) and 1/v(z) are both bounded functions. They
also apply to weights of the form |z|", where r is any positive real number.
With a little work the reader can see that they even apply to certain weights
|z|" for negative 7.

Essentially, the property of belonging to A% means that, considered as
a measure, v is absolutely continuous, uniformly, with respect to changes in
scale. Another way to say this is that, if v € A% | then, on any I € D, v does
not put very much of its mass, relative to I, on very small subsets of I.

We have the following characterization of A2, which we will prove in the
next chapter (Theorem 3.3):

Theorem 2.4. Let v be a weight. Then v € AL if and only if there is a
positive constant A such that, for all dyadic intervals I,

/IMd(UXI) dx < Av(I). (2.35)

This characterization yields a cornucopia of A% weights. Here is how.
Suppose that a weight w belongs to LP, with 1 < p < co. We know that there
is a constant C), such that [[My(f)|, < Cpllf|, for all f € LP. I claim that
there is a weight w such that

I

w(zx) < Cq pw(z) everywhere (2.36)
@], < Copllwl, (2.37)
My(w)(z) < C5 pw(z) a.e. (2.38)

The first two inequalities say that w and w are roughly the same size. The
third inequality implies that w satisfies 2.35.

There are at least two ways to construct such a weight w. The first method,
due to José Luis Rubio de Francia, is theoretically elegant, but a little hard
to compute. Simply set:

w(w) = w(z) + (2C,) 7 Ma(w)(@) + (2C,) Mi(w)(@) + -, (2.39)

where M é“ denotes a k-fold application of the operator My. This yields a w
for which C4 , <1, Cy ), <2, and C3 ), < 2C),: 2.36 is trivial; 2.37 follows from
the operator bound on My; and, applying My to both sides of 2.39 yields

My(0)(z) < Ma(w)(x) + (2C,) ' MF(w)(x) + (2C,) > M (w)(z) + - -
< 2C,w(x),
which is 2.38.

The second method is cruder but, in many cases, more computable. It
makes use of the following lemma, which we will also prove in the next chapter.
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Lemma 2.1. If v and My(v) are weights, and 0 < 3 < 1, then
Ma((Ma(v))?) < Cp(Ma(v))”
almost everywhere.

How does this give us a weight like w? Suppose w € LP, p > 1. Let
1<r<p,and set v =w" and 8 = 1/r < 1. Then My(v) is a weight, because
it belongs to LP/". Indeed:

IMa(0)ll,0 < Cpr

‘U”;/r
_c,, / (w(x))? da.

We can then take @ to be (My(v))?. The advantage of this construction is
that it yields w through the application of only one maximal function. One of
its disadvantages is that this w can easily be a lot bigger than the one given
by 2.39.

Notice that both of these constructions, by making use of maximal func-
tions, tend to “homogenize” the weight. This is consistent with our observation
that A weights are “almost constant.”

We can see this homogenization in action if we apply the second construc-
tion to w = X(0,1) + X[n—1,n), Where n >> 1. Put v = w", where r > 1 is fixed.
Observe that My(v) =0 on (—o0,0). The function (Mgy(v))? has a value of 1
on [0,1), then decreases, to bottom out at around n~?, near = n/2. It then
rises, to equal 1 again on [n,n + 1), after which it decreases toward 0, being
comparable to |z — n| ™ when z is large.

The result of the construction has been, in effect, to drape a tent over
the graph of w. A good exercise for the reader is to show that these sorts
of constructions (“finding L?, A% majorants”) are impossible in L'. In other
words, the reader should show that if v is an A9, weight, and v is not identically
0, then v ¢ L'(R).

The property of being dyadic doubling means that, if v assigns positive
mass to any dyadic interval I, it assigns roughly equal positive masses to
I’s right and left halves. One consequence of this property is that if v is
dyadic doubling and v(I) > 0 for any dyadic I C [0,00), then v(I) > 0 for
every dyadic I C [0,00), with the analogous fact holding for subintervals of
(—00,0).

It is easy to see that v € A% does not imply that v is dyadic doubling;
and the reader is invited to build a counterexample showing this. If we require
that the e — 0 implication should hold for all intervals I, then we do get dyadic
doubling; and, indeed, doubling, i.e., the existence of a constant C' such that,
for all intervals I, v(2I) < Cv(I), where 21 is I's concentric double. This is
not especially hard to prove, and we have made this an exercise in the next
chapter. It is harder to show that the dyadic doubling property does not imply
v € AL ; exercise 14.1 outlines a proof of this fact.
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The relevance of these classes to weighted problems is:

Theorem 2.5. If v € AL | then 2.33 holds for all finite linear sums of Haar
functions.

Theorem 2.6. Ifv € A% and is dyadic doubling, then 2.34 holds for all finite
linear sums of Haar functions.

If the reader goes over the proof of 2.21, he will see that the v-weighted
version of the good-\ inequality, namely

o({re}: (@) > 2\ S(f)(@) <A} < o)

(and that’s all that’s needed for Theorem 2.5), only requires v € A% . Dyadic
doubling yields

v({La(f) > A}) < Cu({f* > A},

which is the extra element needed in the proof of Theorem 2.6.

What can we say if v ¢ A% ? In that case it is impossible for the conclu-
sion of Theorem 2.5 to hold; we shall see a proof of this later. As to whether
Theorem 2.6 holds, the author doesn’t know. In any event, the general in-
equalities we can prove when v ¢ A% have the form

/(f*(x))pvdx < C/(S(f))pu)dx (2.40)

[y < [1@rwa (2.41)

for pairs of weights (v, w). A complete “solution” to the problem presented
by 2.40 (respectively 2.41) would be a set of testable necessary and sufficient
conditions on pairs (v, w) for inequality 2.40 (respectively 2.41) to hold for
all finite linear combinations f = » Arh(r). Such an achievement is probably
too much to hope for, at least in this lifetime. We will content ourselves with
obtaining strong sufficient conditions for these two inequalities.

By setting f = h(r), for I arbitrary, we see that a necessary condition for
either 2.40 or 2.41 to hold is that v < Cw almost everywhere. It is therefore
natural to look for sufficient conditions that automatically imply v < Cw.
We have already seen two such sufficient conditions, though not their proofs
(which will come in the next chapter). If R is any number larger than 1, we
define the Rubio de Francia mazimal function of v, with parameter R, by the
following equation:

> MFE(v
Mpg(v) = ;%,(C ),

0

where MY (v) is just v. Likewise, if 7 > 1 and v is a weight, let us define

M, 4(v) = (Mg(v"))Y/".
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Both of these functions are pointwise > v. We know that the first one satisfies
the inequality Mg4(w) < Cw, and we have asserted (but not yet proved) that
the second one does too. We have also asserted (but not yet proved) that, if
w is any weight satisfying

My(w) < Cw, (2.42)

then w € A% . Therefore, if we can prove 2.42 for M, 4(v), and the implication
“2.42 = the weight w belongs to A% ,” we will have:

Theorem 2.7. a) If v and MRg(v) are weights, then for all 0 < p < co and
all f =3 ; Arhp, finite linear sums of Haar functions,

/ (f*(2)) vda < Cyr / (S(£))” Mg (v) da (2.43)

and

[P vde < Con [(La1)(2))? Ma(o) da (2.44)
b) If v and M, 4(v) are weights, then for all0 < p < co and all f = Arh(r),

finite linear sums of Haar functions,

/(f() vdw<0pr/ )P M, q(v) de (2.45)

and

/(S(f) udx<c,,,/ )P My a(v) da. (2.46)

The proofs of these inequalities are fast and easy. For 2.43, we write,
[ @rvds < [ @) Maw) ds

<C'p7 / pMR )d

where the first inequality comes from the fact that v < Mg(v) and the second
is due to the AZ property of Mp(v). The proofs of the others are practically
identical.

Corollary 2.1. a) If v and w are two weights and Mpg(v) < w almost every-
where for some R > 1, then

Jur @y vds < G [st07w s
and
Js@rvds < [Lan@rwis

hold for all 0 < p < oo and all finite linear sums f =3 ; Arh(ry. b) If v and
w are two weights and M, 4(v) < w almost everywhere for some r > 1, then
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/(f*(x))”vdx < Cp,r/(S(f))pwdx

and

Jstyreds <y, [(Lan@)y v
hold for all 0 < p < oo and all finite linear sums f = Arh(r).

In essence, Theorem 2.7 and Corollary 2.1 say that (v,w) is a good pair
for our weighted problems if w is bigger than or equal to “enough” (infinitely
many, but rapidly damped down) iterates of M, applied to v, or a “bumped
up” version of My(v) (bumped up to (Mg(v"))'/"). Tt is reasonable to ask:
Can we get away with just v? If not, is plain old unbumped My, applied to
an arbitrary weight v, enough?

The answer to the first reasonable question is “definitely not.” For k =
0,1,2,...,let Iy = [0,2%), and set \x = 2¥/2/(k +1). For N > 0, define

N
gn = Z Aeh(ry)-
0

Then [|S(gn)|l, < g (k + 1)72)Y/2) independent of N, but gn(z) =
Zév(k +1)7r /oo for all z € [0,1). Therefore

/|gN|pvdm§C/Sp(gN)vdx

cannot hold, for any p, with a constant C' independent of v and N: just set
v = Xo,1)- Similarly,

[s@yrvis<c, [@myod

cannot hold with a constant independent of f and v. To see this, again let
v = Xo,1)- For k > 0, define A\, = 2k/2 /\/k + 1. Using the same I}’s as before,

define, for N > 0,
N

JN = Z(—l)kxkh([k).
0

The alternating factor (—1)* ensures that ||gn||,, (hence ||Lq(gn)||,,) has a

bound independent of N. Hence

/ (La(@w) (@) vdz < C,.
But

N p/2
/(S(QN))pvdx = (Z(k + 1)1> — 00.
0
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The answer to the second question—about whether My(v) is ever big
enough—is, “sometimes yes and sometimes no—but ‘no’ is the safer bet.” We
will see this in the next chapter. At the same time we will learn some pretty
good sufficient conditions on pairs of weights (v,w) which ensure that 2.40
or 2.41 holds for all f in some large test class, with constants independent
of f.

The search for these conditions will be somewhat circuitous. It will begin
with an examination of what is probably the least forceful link in the proofs
of Theorem 2.5 and Theorem 2.6: namely, the weak-type L? — L? bounds
between f and S(f). At present we know that, if f (respectively, S(f)) is
bounded, then, on any bounded interval, the measure of the set where S(f)
(respectively, |f|) is bigger than A decays at least as fast as A 72.

We will see that these measures actually decay a lot faster.

Mini-Appendix: Interpolation

We will now give the promised proof of (a special case of) the Marcinkiewicz
Interpolation Theorem (Theorem 2.8).

Definition 2.6. An operator T is called subadditive if |T(f + g)| < |Tf|+|Tg|
pointwise for all f and g such that Tf, Tg, and T(f + g) make sense. The
operator T is called homogeneous if, for all scalars o and all f in T’s domain,
|T(af)| = |a||Tf|. If T is subadditive and homogeneous, it is called sublinear.

Definition 2.7. Let (X, M,u) and (Y,N,v) be two measure spaces,
0<p<oo, and suppose that T is a sublinear operator mapping from
LP (X, M, 1) into the space of Y -measurable functions. T is said to be of weak
type (p,p) if there is a constant C' such that, for all f and for all X > 0,

v({yeY : [Tfy) > A\}) < CAP /X F@)) dpa(z).

T is said to be of weak type (00,00) if there is a constant C such that
1T fl e vy < Cllfll o (x) for all bounded f.

We note (and the reader should show) that if 7" maps boundedly from
LP(X) into LP(Y'), then T is automatically weak type (p,p). The converse is
false. We proved that My is weak type (1,1), but the example of f = xo.1)
shows that it is not bounded on L!.

Theorem 2.8. Suppose that (X, M, ) and (Y,N,v) are two o-finite measure
spaces. Let T' be a sublinear operator as defined above and let 0 < p; < p <
pe < oo. If T is of weak type (p1,p1) and (p2,p2), then it maps boundedly
from LP(X) into LP(Y).
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Proof. Let f € LP, fix A > 0, and write f = f; + f2, where
fi(z) = {f(x) if | f(@)] > A;

0 otherwise.
Notice (prove!) that f; € LP* and fo € LP2. Let’s first assume that ps < oo.
Because T is sublinear,

v{yeY : [Tf(y)| > A})
v{ye Y [TH@I > N2 +v({yeY : [Thy)>A/2}).

The first term following the ‘<’ sign is no bigger than

v )
|fIP" dp(z), (2.47)
AP p15
while the second term is no bigger than
v
172 dpu(a). (2.48)
A2 1<

If we multiply 2.47 by pA?~! and integrate from 0 to oo, we get a constant
times

/OOOAP*—’“ (/lwlﬂdu ) = [ 1 (/' ot dA) du(x)

— (p—p)! /X PP d(a)
—(p-p1)! /X P du(z)

and that’s what we want. Notice how crucial it was for p — 1 — p; to be larger
than —1.
If we perform similar manipulations on 2.48 we get a constant times

[ s ( i dA) dpu();
X If]

which (because p — 1 — ps is less than —1) is equal to

=)™ [ 1P ) = 2 =)™ [ 1P dta)

and that’s also okay.

If po = oo, we split f at e\ (instead of \), where € is positive, but chosen so
small that {y € Y : |Tf2(y)| > A/2} has v-measure equal to 0. The theorem
is proved.
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Exercises

2.1. Prove equation 2.14. (Hint: Follow this trail: characteristic functions —
simple functions — monotone limits of simple functions.)

2.2. Prove 2.15 and 2.16 without the assumption that |f|, = [I| = 1.

2.3. The Hardy-Littlewood maximal function of f, a locally integrable func-
tion, is defined by

I:zel

M) = s o [ 170]

where the supremum is over all bounded intervals containing . It is trivial
that My(f) < M(f) pointwise. Show that there are positive constants ¢; and
co such that, for all f and all A > 0,

{z: M(f)(x) > M < aal{z: Ma(f)(x) > c2A},

with the consequence that, for all 1 < p < oo,

IM (P, < Cpll £l

2.4. We can generalize My and M to d dimensions as follows. If f : R? — R
is measurable, then we set

M(f)(@) = sup |Q|/ St

QEDd

and

M@ = s o [ 17l

Q a LubL
Trivially, Ma(f) < M(f) pointwise. Show that, for all 1 < p < o0,

M), < CpallfIl,-

2.5. State and prove d-dimensional versions of 2.15 and 2.16, in which M, is
replaced by the operator M, and the interval I is replaced by an arbitrary
d-dimensional cube Q.

2.6.1f t € R? and y > 0, the ball B(t;y) is the set of * € R? such
that |z —t| < y. The classical Hardy-Littlewood maximal operator, M, is
defined by
1
Mc(f)(x) = sup  —
(t,y)ERj_+1 |B(t7y)| B(ty)
z€B(t;y)

|flds.
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Show that there are positive constants ¢; and ¢o, depending only on d, such
that, for all measurable f and all z € R?,

aMc(f)(x) < M(f)(z) < caMe(f)(x),

and that therefore ||[Mc(f), < Cpal f[l, for all 1 < p < oco.

2.7. Let h : [0,00) — [0,00] be non-increasing. (Notice that we allow h to
be infinite.) Define @ : R? +— [0,00] by ®(x) = h(|z|), and suppose that
Jra @(z) dz = 1. Show that, if g : R? +— R is non-negative and measurable,
then, for all z € R% and all y > 0,

g* Py(z) < Mc(g)(x). (2.49)

(Hint: It’s enough to prove this when x = 0 and y = 1. You might have an
easier time seeing what’s going on if you try to prove something stronger;
namely, that

1
geo0 <L [ ygas)
y>0 | B(0;)] B(05y)

If we replace 0 by an arbitrary point x, the supremum on the right is called
the centered Hardy-Littlewood mazximal function of g, evaluated at the point x.
An important special case of 2.49 is when @(z) = cg.4(1 + |2[) ¢~ for some
B > 0. For this particular ¢ we actually have (and the reader should show it):

sup g xPy(t) < C(B,d)Mc(g)(x).

(ty): le—t|<y

In other words, the inequality isn’t spoiled even if we “jiggle” the kernel @ a
bit. We use this fact in the proof of Theorem 6.1.

2.8. Suppose that v is a weight defined on R? and f is a non-negative mea-
surable function. For every cube Q C R?, set

s {v(l@fQ f®)v(t)dt if v(Q) > 0;
B if v(Q) = 0.
Define

Mya(f)(z)= sup  foq.
Q:x€QEDy

This is the v-weighted dyadic maximal function of f. We can similarly define

the v-weighted maximal function of f. a) Show that

||Mv,d(f>||Lp(Rd,U) < Cp”fHLp(Rd,v)
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for all 1 < p < oo, where the constant C), only depends on p and not on d
or v. b) Suppose that v has the doubling property; i.e., that v(2Q) < Cv(Q)
for all cubes Q. Show that

10 ()| oty < CIMoa() ey

for all 1 < p < oo, where the constant C' now depends on p, d, and v.

2.9. Recall our definition of fy:

n="Y M(Hhay.

IeD(N)

Show that, if f € LP (1 < p < o), then fy — f in the L norm. Show that
this implication fails for p =1 and p = co.

2.10. Now define
m(fin=Y_ fixn

IeD
e(ry=2—N
i.e., this is just f replaced by its averages over dyadic intervals of length 277
Show that, if f € L? (1 < p < c0), then m(f)y — f in the LP norm: notice
that this time we’re including p = 1. Show that convergence can still fail
for p = co. (Hint: Almost-everywhere convergence comes from the Lebesgue
differentiation theorem. For the norm convergence, first show that it works
for continuous functions with compact support.)

2.11. Let F; C F5 C F3--- be an increasing sequence of finite subsets of D
such that U, F;, = D. Elementary functional analysis implies that, if f € L?,
the sequence of functions

fr. = Z A () (2.50)

I1eFy

converges to f in the L? norm. Using Littlewood-Paley theory, we can show
more: If f € LP (1 < p < 00), the sequence defined by 2.50 converges to f
in the L? norm. One argument goes like this (the missing steps are left to
the reader.) We know that [|f|, ~ [[S(f)l,- Since f € L?, S(f — fr,) <
S(f) < oo and S(f — fr,) — 0 almost everywhere. Therefore, by Dominated
Convergence, S(f — fz,) — 0 in LP, implying the result. We could also go
another way: the sequence of operators defined by f +— fr, is uniformly
bounded on LP (1 < p < o), and the sequence converges to the identity on
finite linear sums of Haar functions, which are dense in LP.

2.12. Show that, if v € A2 N L', then v = 0.
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Notes

The Haar functions first occur in [27]. The interpolation theorem (Theorem
2.8) is first proved in [40]. The Hardy-Littlewood Maximal Theorem (a general
term referring to the results expressed in Theorem 2.2, exercise 2.3, exercise
2.4, exercise 2.5, and exercise 2.6) was first proved in its non-dyadic, one-
dimensional form in [28]; it has since been generalized in a large but finite
number of ways. The Rubio de Francia maximal function, which has many
variations, first appeared (in a non-dyadic form) in [49]; see also [23]. Good-A
inequalities first appeared in the work of Burkholder and Gundy [1] [2]. This
work was followed by the seminal papers [3] and [19], which established the
surprising L? equivalence between certain maximal and square functions. This
equivalence was sharpened significantly in [20] and [43].

Good-\ inequalities have fallen out of fashion lately, because they are not
well-suited to two-weight problems. Nevertheless, the author believes they
are something every analyst should know about. One must walk before one
can run, and, when even the one-weight problem looks intractable, good-A
inequalities can be just the tool one needs to pry things open.
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Exponential Square

A function f is said to be uniformly locally exponentially square integrable if
there exist positive constants o and (3 such that, for all finite intervals I,

ﬁ/lexp(alf — fiP)de < 5. (3.1)

We express this in symbols by f € Exp(L}.).
By Chebyshev’s inequality, f € Fap(L? ) implies that, for all intervals
I and A\ > 0,

e el: [f—fil >N} < Bexp(—ar?)|I]. (3-2)

Conversely, by integrating distribution functions, the existence of positive
numbers « and 3 such that 3.2 holds for all A > 0 and intervals I implies
that f € Exp(L},) (with different o and 3, of course).

The good-\ inequalities used in the proof of Theorem 2.1 turned on the
facts that, if f is bounded on I, then S(f) is in L?(I), in a controlled ways;
and, if S(f) is bounded on I, then f is in L?(I), in a controlled way.

But much more is true.

Theorem 3.1. There exist positive constants o and (3 such that, if || f|| .. <1,
then for all dyadic intervals I and positive numbers A,

Hzel: S(f—fr)> A< alllexp(=BA%).

Theorem 3.2. There exist positive constants « and [ such that, if
1S(f)lloe <1, then, for all dyadic intervals I and positive numbers X,
o el |f —fil > N} < alllexp(—B2?).
Essentially, we are saying that f € L implies S(f) € Exp(L?,) with
respect to dyadic intervals I, and vice versa.

We shall prove these theorems momentarily. Before doing so, let us note
that they imply the following improved good-X inequalities:
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Corollary 3.1. There exist positive constants C1 and Co such that, for all
finite linear sums f =3 Arh(y and all X >0,

{z: S(f)(z) > 2, La(f)(z) < 9AY < Crexp(=Ca/y*)[{z = S(f)(z) > A}|.

Corollary 3.2. There exist positive constants C7 and Cy such that, for all
finite linear sums f =3 Arh(y and all X >0,

{a s f7(2) > 2, S(f)(z) <A} < Crexp(=Ca/y*){z: f7(z) > A}].

Remark. These corollaries, of course, follow from the analogous inequal-
ities on the maximal dyadic intervals I that make up {z : S(f)(z) > A}
(respectively, {z : f*(x) > A}).

The proof of Theorem 3.1 is pretty short, and it follows from a simple
trick. The proof of Theorem 3.2, while also fairly short, uses a cleverer trick.

Proof of Theorem 3.1. We claim that there is a constant C' such that,
for any weight v and function f,

/(S(f))%dm < C/|f(x)|2Md(v) dz. (3.3)

This will yield the result. How? Since the estimate we are seeking is purely
local, we can, without loss of generality, assume that f’s support is contained
in I and that [ ; fdx =0. In chapter 2 we proved inequality 2.15, which says
that, if v is supported on a dyadic interval I and f] v > 0, then

cl/IMd(v) dx < /Iv(x) log(e + v(x)/vr) dx < CQ/IMd(U) dz,

where ¢; and cy are positive, absolute constants. Supposing we have 3.3, let
I be a dyadic interval and set Ex = {z € I : S(f)(x) > A}. Define v = xg,.
Then the left-hand side of 3.3 is bounded below by A\?|E)|, while, because of
our assumption about f’s support, the right-hand side is bounded above by
C|Ex|log(e+|I|/|EAl). If |Ex| = 0, we're done. Otherwise, after canceling, we
get

A2 < Clog(e + |T1/|E)),

which, after some algebra, yields
|E\| < C1 exp(—CoA\?)|I|.

So, how do we prove 3.3? For each integer k, let F* denote the family of
dyadic intervals I for which

2k < ﬁ vdr < 2’““,
I
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and define D¥ = {z € R : Mgy(v)(z) > 2*}. We observe that U{I : I €
FF¥} € DF, and that every dyadic I for which fI v > 0 lies in one and only
one of the sets FF*.

Now we write

2 B IAr|? v de
/(S(f)) vdxfEIj i / d
5 1

=22 m/f”“

k IeFk

<Y oSN NP (34)
k

IeFk

Now comes the trick. For any I, A\; = (f, h(p)). However, if I € FFk then
I c DF, implying that \; = (fXpr,h(r)). Therefore, the right-hand side of
3.4 is equal (respectively, less than or equal to):

S S s o) < 5240 ([ 170 o)

k IeFk k

= / ()] (Zz’”lm) dx
k
<4 / 1 (@)2 Ma(v) de,

because Y, 2¥*1y pr < 4Mgy(v). This finishes the proof of Theorem 3.1.

Proof of Theorem 3.2. The result will follow from a lemma.

Lemma 3.1. Let g be supported in [0,1) and satisfy fol gdx = 0. Then:

1
/ exply — 5(S(9)?) dr < 1. (3.5)
0

To see how this applies to our problem, note that, by rescaling, it is
enough to prove Theorem 3.2’s exponential square estimate for I = [0, 1),
under the hypotheses that f is supported in [0,1) and satisfies [ fdz = 0.
Under these assumptions, and with the additional one that S(f) < 1 almost
everywhere, set g = Af. Then 3.5 says

1
1
/ exp(A\f — =\ dx < 1,
0 2
or

1
/ exp(Af)dz < GXP(%)\Q)»
0
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from which Chebyshev’s inequality yields:
1
{z €[0,1): flz) > A} < exp(=5A%).

Switching —\ for A gives the same inequality for [{z € [0,1) : f(z) < —A}|.
Combining the two, we get

e e0.1)5 /@) > A} < 2exp(~33?),

which is what we want. So our problem reduces to showing Lemma 3.1.
The proof works by induction.
Define gg = 0 and, for & > 0,

9k = gk—1+ Z Arhr).
I: 0(1)=2-+1

Notice that gi is simply what we get when we replace g by its averages over
dyadic intervals of length 27%. We have implicitly assumed that g € L.
Therefore g — ¢ and S(gx) — S(g) almost everywhere as k — oo, and it
is enough to prove 3.5 for g, since the general result will follow by Fatou’s
Lemma.

The case of k = 0 is trivial (both go and S(go) are 0). Now assume that

1
| oot = 580 o < 1.

Let I C [0,1) be any dyadic interval of length 27%. It will be enough to show
that

[ eslain = 5(S(o)) de < [ explon — 5(5(0)?) do.

But, since g; and S(gx) are both constant across I, this will follow if we show
that

[ eplass = 01 = 5(S(as))? - (S do < 1.

Let I; and I, denote I'’s left and right halves, respectively. The function
gk+1 — gk has constant value—call it c—on I; and value —c on I,.. The func-
tion (S(gx+1))?—(S(gr))? has constant value ¢ on all of I. Thus, our problem
reduces (last time!) to showing

/ exp(c) dx—i—/ exp(—c) dx < |I|exp(c?/2).
I I,
Transposing, this is the same as:

I%I M exp(c) dx+/ exp(—c) dm} < exp(c?/2). (3.6)

I
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However, an easy computation shows that the left-hand side of 3.6 is just
cosh(c), which is < exp(c?/2) (compare their power series). Theorem 3.2 is
proved.

Remark. The reader might reasonably wonder why we didn’t prove
Theorem 3.2 by first showing that

/ f@)Pode <C / (S(F))? Ma(v) da (3.7)

for all v and all appropriate f. The reason is simple: inequality 3.7 is false. The
counterexample isn’t hard to present. For k = 0, 1, 2, ..., let I;, = [0,27%).
Now let N be a large integer and define

v(z) = 2Vx1, (2)
N-1

fl@) =" 2k/2(1N_k)h(1k)(x).

k=0

Then |f(z)|=14+1/2+1/3+---+1/N ~log N on Iy, and so
/\f(x)|2vdx20(logN)2.

However, on 27571 27%] (0 < k < N — 1), My(v) ~ 2* and

) 1 1 1
(S(£))" < (N—k)2+(N—k+1)2+"'+W

§ C/(Nik)v

implying [(S(f))? My(v)dz < ClogN.

In the preceding chapter we devoted approximately equal space to in-
equalities of the form

/ (f*(2)) vda < C / (S(F)vdn
and those of the form
/ (S(f)Pvde<C / (@) vda.

We are now forced to change that practice. We want to understand the two-
weight problems

/(f*(x))pvdx < O/(S(f))pwdx (3.8)

and

/(S(f))pvdz < C’/(f*(x))pwdx. (3.9)
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At present, the theory of 3.8 is well-developed and (we think) well-understood;
and the exponential-square result Theorem 3.2 plays a big role in this theory.
But what I have just said is only partly true of 3.9. The basic L? inequality,

/ (S(f)?vde < C / (@) Ma(v) de,

can be generalized to L for 1 < p < 2, yielding

/ (S(F)Pvdz < C / F ()P Ma(v) da. (3.10)

However, the proof makes no use of exponential-square estimates: it works by
an interpolation argument like the one used to the prove the Hardy-Littlewood
maximal theorem. If p > 2 then 3.10 fails; we show this at the end of the
chapter. When p is large, substitutes for 3.10 are available, in which My(v)
is replaced by bigger maximal functions of v—such as iterations of My(-).
However, the proofs of these results also make no use of exponential-square
estimates. What they use is the theory of Orlicz spaces, which we will develop
later in the book.

In order to maintain the flow of our narrative, we will temporarily shift
our attention entirely to inequalities of the form 3.8. At the end of this chapter
we will prove 3.10 for 1 < p < 2, show that it fails for p > 2, and show an
extension to 0 < p < 1. Unfortunately, the “large-p” analogues of 3.10—akin
to what we will do with inequalities of the form 3.8—will have to wait until
we have looked at Orlicz space theory.

So, given all that, our next order of business is to show how Theorem 3.2
lets us generalize the inequality

/(f*(w))”vdx < C/(S(f))pvdx

to two-weight settings
/(f*(:c))pvd:c§C/(S(f))pwdac (3.11)

in which neither v nor w is assumed to belong to A% . We begin by introducing
a useful functional.

Definition 3.1. If v is a weight and I is a bounded interval, we define

[ == [y v(@) log(e +v(z)/vr) dz if v(I) > 0;
YiLv) = { i if o(I) = 0.

The Y-functional measures the extent to which v concentrates a lot of
its mass on a small subset of I. For example, if we take I = [0,1) and set, for
n >0,
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v(z) = 1 ifo<<z<2™™;
0 otherwise,

then Y (I,v) ~ n.
The following theorem, which we mentioned in the last chapter, shows
the intimate connection between the Y-functional and the A% property.

Theorem 3.3. Let v be a weight. Then v € AL if and only if there is a

positive constant A such that, for all dyadic intervals I,

/IMd(UXI) dx < Av(I). (3.12)

Proof of Theorem 3.3. Suppose first that, for all dyadic intervals I,

/1Md<vXI) dz < Av(I).

By our inequality 2.15, this implies

/v(w) log(e + v(z)/vr) de < CAv(I) (3.13)

I

for all I € D. Fix I, and, for A > 0, define Ey = {z € I : v(z) > e*vr}. By
3.13 and Chebyshev’s inequality, we have

o(By) < (A/N)u(D). (3.14)

Let € > 0 and take A so large that e=*/2 and A/\ are both less than ¢/4. Now
let E C I and suppose |E|/|I| < e~*. Then:

’U(E) < U(E N EA/Q) + ’U(E \ E>\/2).

By 3.14, the first term on the right is no bigger than (24/A\)v(I) < (e/2)v(I).
The second term is less than or equal to

M2 |E| < e M2u(I) < (¢/2)v(1).

Therefore, v € AL .

For the other direction, let § > 0 be so small that, for all dyadic I and
measurable E C I, |E|/|I] < ¢ implies v(E) < (1/2)v(I). Fix a dyadic interval
Iy, which we can, without loss of generality, take to be [0,1), and suppose—
also without loss of generality—that || I vdr = 1. Set R = 267!, and, for
k=1,2,...let {If}j be the maximal dyadic subintervals I;C C I such that
vpe > RF. By maximality, each I Jk satisfies

Uk S 2Rk
J
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or
/ vdr < 2RF|I}).
I

Therefore, following the argument for the weak (1,1) estimate for My,

2Rk
k+1 k
Z |Ij’ | < Rk+1 |Ij |
j/:IJ’?,“cI;
_ sk
for all k£ and j. Because of our choice of R, this implies, for all k and j,

SO eIt < (1/20(If), (3.15)

kL -k
J .Ij, CI].

and

> () < (1/2)0(lo) = 1/2. (3.16)

j’:I;, Clp

If we sum 3.15 over all j, for fixed k > 1, we get:,

Do) < (1/2) 3 w(I),
I+

is contained in some I¥. We can continue this, going

because every ;

backward in k, to obtain, for each k > 1,

Zv(lf) < (1/2) Zv(fﬁ”)
(1/2)* 3 (L)

i

J

IN

IAIA

2 Fy(Iy) = 27",

An argument we used in chapter 2 implies that Mg(vxy) ~ 1 +
Dk ijXIk on Iy, with approximate proportionality constants depending
’ J
on R. Therefore:

Ma(vxr,)dx < Cgr 1+/ ZRkXIJ’? dz
Ip k,j

< Cg |1+ ) RMIJ|
k.j
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< Cg 1+Z/kv(x)dx
kg UL

< Ch (1 + Z2k>
k
< Cr = Crv(lo),

which was to be proved.

Theorem 3.3 implies the following sufficient condition for a weight v to
belong to A% , which we mentioned in chapter 2.

Corollary 3.3. If v is a weight and there is a positive constant A such that
My(v) < Av (3.17)
almost everywhere, then v € A% .

As we have seen, we can obtain weights satisfying 3.17 by applying the
Rubio de Francia maximal function Mg to a weight w. Another way is by
means of the following lemma, also mentioned in chapter 2.

Lemma 3.2. . Let 0 < 3 < 1. If v and (My(v))? are weights, then (My(v))®
satisfies 3.17, with a constant A depending only on (.

Proof of Lemma 3.2. Let I = [0, 1) and suppose that g € I is arbitrary.
It will be enough to show that

/I (Ma(v)(x))’ dix < Cp(Ma(v)(0))?,

because then, by rescaling and translating, we will have, for all dyadic intervals
J and all points y € J,

ﬁ /J (Ma(v)(2))” da < Ca(Ma(v)(y))?,

which is 3.17.
Write
v = V1 + V2 = UXT + UXR\I-

We will show

/1 (Ma(on) (2))? dz < Co(Ma(v) (x0))° (3.18)

and

/(Md(vz)(ff))ﬁ dz < Cp(Ma(v)(wo))”. (3.19)

I
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For the first inequality 3.18, we use inequality 2.16. It directly gives us

(Ma(v1)(2))" dx < Cp (| |v1]d ’ < Cp(Ma(v)(20))"
J (o)

For the second, we note that My(vy) must be constant on I. This is because
any dyadic interval that meets both I and vs’s support must contain I as a
subset. This constant value—call it ¢—is less than or equal to the infimum of
M4(v) on I, from which 3.19 now follows.

We have seen that Theorem 3.3 and Lemma 3.2 imply, for many weights v,
the existence of weights w such that

/ (F*(2))Pvde < C / (S()? wda (3.20)

holds for all finite linear sums of Haar functions. Unfortunately, the w’s so
obtained tend to be rather singular (i.e., likely to blow up) maximal functions
of v. We are about to use the Y-functional to find less singular w’s, at least
for some ranges of p. (Later we will able to do so for all p.)

A careful examination of the proof of Theorem 3.3 reveals the following
very useful quantitative estimate: There is an absolute constant C' such that,
for all positive A and A, if Y(I,v) < A and E C I satisfies |E|/|I| < e,

then CA

We shall use this fact in the following

Theorem 3.4. Let 0 < p < oo. There is a positive constant C, so that, for
all weights v, if

sup Y(I,v) < A,
I1eD

then, for all finite linear sums f =3, Arh(r,

Jur@pvi <c,a [(sy var

Proof of Theorem 3.4. Write {x € R: f*(z) > A} = U; I}, where the
I{\ are the usual maximal dyadic intervals. For every v > 0 and I{\7 we have

{z e I} : f*(z) > 2) S(f)(z) <A} < Crexp(—Cay~?)| 17
Because of our hypothesis on v, this implies
v({z € I} : f*(x) > 2), S(f)(z) <A} < (CAY (L)

If we choose 7 such that CAy? = 27771 we will get
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/(f*(x))”vdx < gptly—p /(S(f))pvd:r.

(The reader might want to go through the original good-A inequality proof
again and check this.) But

1
7= 20+1) /2 /C A’

and that implies our estimate.

In order to squeeze the most out of the Y-functional, we will need a more
severely “localized” form of Theorem 3.4.

Theorem 3.5. Let v be a weight and let F be a finite family of dyadic inter-
vals such that, for all I € F, Y (I,v) < A. If f = ;e Ath(ry then, for all
0 <p<oo,

Jwr@yvas<c,a [y v,
where the constant C), only depends on p.

Remark. The proof of this theorem might at first appear trivial, since the
only intervals that “count” are those in JF, which satisfy the good estimate
Y (I,v) < A. However, things are not quite so simple, because we need to
prove our good-\A estimate on the stopping intervals If‘, each of which is a
right or left half of some I € F, and we don’t know anything about those.

Proof of Theorem 3.5. Let I be a maximal dyadic interval such that
|fixl > A As always, we can assume that [f;x[ < (1.1)A; and we do so.
Let {K;} be the family of mazimal I € F which are also subsets of I}. We
“observe” that if J C I is a dyadic interval that is not properly contained
in any K, then f; = f;». This observation is the key to the proof. Why is it
true? Note that, for anyz dyadic interval L,

fr = Z Athay | s

IeF
IgL L

because the terms Arh(;y with I C L integrate to 0. Therefore,

fr=to=1{ > Mha| - (3.21)

IeF:ICI)
i
1zJ J

However, because of our assumption on .J, the sum in 3.21 is empty. (Remem-
ber: we are using ‘C’ to mean “subset,” not “proper subset.”) So the obser-
vation is true.
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Because of the observation, we can now state that

v ({x eI}: fr(z)>2) S(f)(x) < 'y)\})
<v(feens (f=fp) @ > 9% S()@) < \})
=Y v({z € Kyt (f = fr,)*(x) > 9A, S(f)(z) < yA}).

But each K; satisfies Y (K;,v) < A. So, by choosing, as before, v =
(2(P+D/2\/CA)~1, we get

Yoz ek (f = fx,) (@) > 97, S(f)(z) <vA})

<2715, u(K))
<2 rh(D),

and that does it!

Remark. Let us observe (what we’ve already seen) that

This will be useful shortly.

Before considering applications of Theorem 3.5 to the two-weight prob-

lem,

[ @rear<c [y v
we note in passing an easy generalization. For n > 0, define
_1 n i .
Y, (L,v) = { 7D J;v(x) (log(e + v(x)/vr))" da ¥f v(I) > 0; (3.22)
1 if o(I) =0.

The proof of the next theorem closely follows that of Theorem 3.5, and is left
to the reader.

Theorem 3.6. Let v be a weight and let F be a finite family of dyadic inter-
vals such that Y, (I,v) < A forall1 € F. If0 <p < oo and f =3 ;. A\rh(p
then

[ @prvds < care [(spypods,
where the constant C' only depends on p and 7).

The proof of the next theorem will be a model for the LP arguments
which follow it.
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Theorem 3.7. Let v be a weight and let 7 > 1. There is a C = C(1) such
that, if f =" Arh(ry is any finite linear sum, then

/(f( vdm<CZ||l| / ) (log(e 4+ v(z)/vr))" dz.

Proof of Theorem 3.7. By an easy limiting argument, we can assume
that Y'(I,v) is finite for all I in our sum. For k =0, 1, 2, ..., define

Fr={I:2F <Y(I,v) <21}

and

f(k)E Z )\[h(]).

I:I€Fy
Now set 6 =7 — 1 > 0 and write:

/(f*(x))2vd:r</(Z(f(k))*(x)> vdx

k

<C, 22k5/f(k) ))?vdz
<oy [ ()2 vdo

2
—C, Zz’” Z |;| /Ivdx, (3.23)

I1€Fy,

where the next-to-last line follows from Theorem 3.5 (applied to each f())
and the last line is a consequence of our remark above.
For every I € Fy,
: 1 T
25Ty (1) dx < v(I) (U(I)/v(l’) log(e + v(x)/vr) dm)
I

< v([)ﬁ /IU(:E) (log(e + v(x)/vy))7 dx

< /v(a:) (log(e + v(x)/vr))" dx.
I
Therefore, the right-hand side of 3.23 is less than or equal to

Cr 2k Drer, /\\f\l Jrv(@) (log(e + v(@)/vr))" dz
< 0 30, B [ (@) (log(e + v(x) for))” d
which is the result we sought.

We immediately get this sufficient condition for the L? — L? two-weight
inequality.
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Corollary 3.4. Let 7 > 1, and let v and w be weights such that

/v(z) (log(e +v(x)/vr))" dx < /w(m) dz

I I

‘ﬂﬂm%mgaﬂmm%m

for all finite sums f =3, Athp.

for all I € D. Then

Things are relatively simple in the L? case, because (as we've already

noted),
/( 2vde = Z [Ar |I|

In dealing with LP, p # 2, we shall have to be trickier. Temporarily fix 0 <
p <ooandlet f=2); Arh( be a finite linear sum. For every I € D, define

p/2

p/2 2
Al A
e(p,I) = < 3 '|J| ) -z
J: ICJ J: ICJ
J#£I
The non-negative numbers {¢(p, I)} have two valuable properties.
First, c(p,I) # 0 if and only if A; # 0.
Second, (S(f)(x))? = j..erc(p,I). (It’s a telescoping sum.)
We now have the tools to prove a pretty good sufficient condition for the
two-weight inequality 3.8.

Theorem 3.8. Let 0 < p < 0o and let 7 > p/2. Let v and w be weights such
that
/U(CC) (log(e + v(x)/vr))" da < /w(x) dx

I I
for all I € D. Then, for all finite sums f = ; Arh(r),

lﬂF@vagc/wuwwm,

where the constant C' only depends on p and 7.

Proof of Theorem 3.8. The proofs for p > 2 and p < 2 are slightly
different, but since the one for p > 2 more closely resembles those of Theorem
3.7 and its corollary, we’ll do it first.

As before, we may assume that Y (I,v) < oo for all I. Define F, and f)
as we did earlier, and set € = 7 — p/2 > 0. Write:
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/ (Z(f(*k)(x)> vz < O3 2k / (Fy (@) v da
k k
<C) 2tk / (S(f)))" vda

k

:CZQIC(E"FP/Q)/( Z C@J)) vdz

I:xeleFy,

_OZ Z p12ke+p/2) (I).

k I I€Fy

However, arguing exactly as in the proof of Theorem 3.7 (recall that 7 =
€+p/2),

ok(e+p/2)y (1) < /,vu:) (log(e + v(x)/vr))" dz
< w(I).

Thus:

Z Z c(p, T)2MEFP/2)y( <CZ/< I)) wdz
I:xeleFy,

& I:IeF,
oy [(stupruds

= C/< S(fwy)) ) wdzx
<c [y wds

where the last line follows because (S(>_;, fx)))* = >_,(S(f)))? when p/2 >
1. This finishes the “p > 2” half of the proof.

Now take p < 2 and let p/2 < n < 7. The reader should recall the
definition of Y, (Z,v) from 3.22. We assume that Y (I,v) is finite for all I.
Now define, for k=0, 1, 2, ...,

g =11 28 <Y, (I,v) < 2811
femy = D Mhay.

I€Fk,,

Let € = (1/2)(7 — p/2)/mn > 0 and (much as before) write:

/(f*(x))Pvdm <o ok /(f(*k,n)(q:))pvd:v
K
< O akegtn/n) / (S(f))P v dz

k
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:Cz2k(6+p/(2ﬂ))/ > elp,) | v

IixeleFy, n

= CZ Z c(p, T)2F(HP/m)y ().

k L:I€F;,

But, for I € Fy 4,

1 7
2k < oD /Iv(:c) (log(e + v(x)/vr))" dx

(3” /f”(“) (log(e + v(w) fvr))” dx> "
(

Y

<

which implies
v(I) < 27F7/my(I).

When we substitute this estimate in, we get:

Z Z I1)2* (etp/(2m)) )< Z Z c(p, I)2" (e+p/(2m))9— kT/nw( )

k LIEF,, k I:I€Fy .,

:(722_kE Z e(p, Nw(I)
k

LI€Fy

:CZQ"“/ Z e(p,I) | wdz
k

Lixel€Fy y

= CZQ ke/ f(k)))pwd:c
<c / (S()P wda,

where this time we need that extra e at the end. Theorem 3.8 is proved.

Theorem 3.8 immediately suggests a question: Given a positive number
7 and a weight v, what weights w satisfy

/v(m) (log(e + v(z)/vr))"dx < /w(x) dx (3.24)
I I
for all I € D? We have seen that
/v(x) log(e + v(z)/vr) do ~ /Md(XIv) dz;
I I

so, if n < 1, we may take w = cMy(v), with ¢ some positive constant. It turns
out that, for any positive integer k,
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/v(x) (log(e + v(x)/vp))* do ~ /IMZJC(XIU) dz, (3.25)

I

where M (fl“ denotes the k-fold iteration of the operator M. This approximate
equivalence is well-known; we will give a proof of it in our chapter on Or-
licz spaces. Granting the result, we can see that one candidate w for 3.24 is

chyHlv, where [] is the greatest integer in 7. We get:

Corollary 3.5. Let 0 < p < co. There is a positive constant C = C(p) such
that, for all weights v and all finite sums f =3, Arh(r)

/(f (z) vdx<0/ )P MPPH (4 da.

Note that, if p < 2, Corollary 3.5 yields:

/ (f*(x))P vde < C / (S(f))P My(v) da. (3.26)

The reader will recall that 3.26 is false for p = 2. This fact—in light of
Theorems 3.1 and 3.2 and inequality 3.3—seems to say that, while the control
that S(f) exercises over f and the control that f exercises over S(f) are
essentially equivalent, f’s control over S(f) is just a hair’s breadth tighter.
For large k, the function M§ (v) is an unsatisfactory majorant of v, for
two reasons: 1) it’s hard to estimate (it requires us to apply the M, operator
repeatedly); 2) it’s sloppy—i.e., much too big—when 7 is not an integer. When
we study Orlicz spaces, and just about the same time we see a proof of 3.25,
we will learn about a family of majorants which avoid both of these problems.

Mini-Appendix I: The Necessity of the A% Condition

We will show that the inequality

[u@rvar<c [ syt
R R
cannot hold if v ¢ AZ . Recall that if I € D and v is a weight,

Y(I,v) ~ {f[Md xiv)dz/ [;vdz if v(I) > 0;
otherwise.

We have seen that if
supY(I,v) = A< o0
I

then

/|f(x)|2vdx < CA/(S(f))%dx, (3.27)
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valid for all finite linear sums of Haar functions, for some constant C' indepen-
dent of f and v. Now we will show that the bound C'A in 3.27 is essentially
sharp. It is sharp in a strong sense. It is not merely the case that, for every
A > 1, we can find a weight v and a finite linear sum of Haar functions, f,
such that
supY ([,v) =A
I

and
[1s@F vdz = ca [(s(p)Pvda.
where ¢ > 0 does not depend on f and v. Instead, we have

Theorem 3.9. There is a constant ¢ > 0 such that, for all dyadic intervals J
and all weights v, if Y(J,v) > A > 1, then we can find a function f, a finite
linear sum of Haar functions, supported in J, satisfying fJ fdz =0, and such
that

/JIf(x)Idex ZcA/(S(f))dex.

Proof of Theorem 3.9. The proof depends on a construction and a few
observations. Without loss of generality, we assume that J = [0, 1), v(J) = 1,
and A is very large (but finite). For R = 10 and k > 1, we let {Ij’?}j be the

maximal dyadic subintervals of J such that vy > RF. Let us set EF = U, ;k
J
for k> 1. Our value of R ensures that |[E'| < 1/3 and, for all Ij’?,

|[EFTY A TE < (1/3)|1F].

By our previous work, we know that

/U(x) Yo xp(@) | dr > e,
J k.j

where ¢ is an absolute constant!. We will build a (possibly unbounded) f,
supported in J, with integral 0, and satisfying

@)= (1/2) Y xp(@).
k.j
But its square function S(f) will satisfy

/(S(f))zydng/Jv(x) kzjxjjk(x) dz.

This is nearly what we want. Set ¢(z) = >_, , X+ (). Then
? J

L It depends on R, but we’ve fixed that.
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[ @ vde = 1/a) [ i) ods
J

J

while
/(S(f)) vdr < C/Jw(x) v(x) d;
implying

fJ|f vdm fJ (a:)dex
f(S(f vda: fJ x)v(z)dz

> 0/11/)(3:) v(x)dx > cA,

where the next-to-last inequality follows by the Cauchy-Schwarz inequality
and the normalization of v. A trivial approximation argument will then yield
the f we seek.

Define, for x € J,

if x € B,

1
do(@) = { ~|EYJIJ\E"| ifxgE"

If k> 1, we “relativize” the definition of ¢y to IF by setting

1 if:vEEk“ﬂIJ’?;
Prj(T) = 4 —|BFINIE/|IF\ B if o e IF\ BM
0 otherwise.

The functions ¢y ; all have supports contained in J’-“, have values lying
between 1 and —1/2 (because of our choice of R), and satisfy [}, ¢y jdz =

0. Similarly, ¢ is supported in J, has absolute value < 1, and satisfies
J; dodx =0. We set

f(@) = do(2) + Y drj(x)
k.j

To see that |f(x)] > (1/2) 35, ; xp+(x), suppose that = € I} \ E'F!. Then, for
some indices ji, jo, ...,

f(@) = ¢o(x) + @15, () + 2,5, () + - + d1—1,5,_, (@) + 1,5, ()
>14+1414--+1—(1/2)

> (1/2) (X1, () + X200 (2) + -+ Xi— 1,50, (2) + X105, (2))

because all the summands defining f(z) equal 1, except possibly the very last,
and that one is no smaller than —1/2.

To establish our bound for S(f), we look at (f,hy), where I C J. If I
is not contained in any I Jk then Ay is orthogonal to all of the ¢y ;’s, and
(f,h(r)) = (b0, h(r)). Otherwise, there is a unique ]j’? such that I C IJ’Ac but
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I¢ Uj/Ij]-“,H. For this I we will have (f, h(r)) = (ér,j, h(r)): the inner product

(érr 5o, hery) will be zero for all other ¢ j, because either I and Ijk,l are
disjoint, or Ay integrates to 0 across an interval on which ¢y j is constant,
or the reverse happens. Therefore

(S(f)* = Z (61.5))%

and

/ (S(F)?vde = / (S(¢o))2vd$+%j: /If<s<¢k,j>>2vdx.

We finish the construction by showing

/J(S(%))de:c < Cw(J)

and, for each k and j,
[ (Ston?ede < cotth).
I*
J
Since the arguments are very similar, we will only show the first of these
inequalities.

Let F={IeD: ICJ I¢ UjI}}. The two important things to notice
are that each of these intervals satisfies v; < R and

Z I{ ¢07h(1) o

IeF

because only the I's in F yield non-zero inner products. Therefore

[ (st vdx—z'%’h(” o(I)

IeF

<RY (o, )l
IeF

& [ on(o)l da

< R=10v(J

which is what we wanted.

Exercise 14.1 outlines a proof that the dyadic doubling property
(Definition 2.5) does not imply the dyadic A, property. Therefore, dyadic
doubling in a weight v is not sufficient for the inequality

2 2’[} X
/R @) Pode <C /R (S(F)?vd

to hold.
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Mini-Appendix II: Going the Other Way

We will show to what extent inequality 3.3 can be extended to p’s below
2—leaving aside, for the time being, the problem of extending it to larger p’s.
We will need the following lemma:

Lemma 3.3. If v is a weight and f is locally integrable then, for all A > 0,

olfe: Mif)e) > ) < 5 [ 1710Mao) d

Proof of Lemma 3.3. We first assume that f € L'. Let {I;} be the
maximal dyadic intervals such that

)
— [ |fldt > A
1 ), M

By maximality,

1
J J

Therefore,

1
L~ < dt
Al
for each j. We need to estimate 3, v(I;). This is the same as

I
S5
i J
which is bounded by a constant times
> — | |f]dt.
= 11 A

However, My(v) > U|(II,-j|) on all of I;. Therefore,

v(l;) 1 1
zj: II]-]| /\/,j |f|dtS;A/lj | f| Ma(v) dt

<5 [ 1M at,

proving the lemma for integrable f. For the general case, replace f by fy =
IX[=n~,n) and let N — oo. (We will leave the details of this to the reader, but
give him the crucial hint that My(fn) / Ma(f) by Monotone Convergence.)

Lemma 3.3 says that My is weak type (1,1) when mapping from
LY(My4(v)) to L'(v), with a constant independent of v. Since My is trivially
weak type (00, 00), Theorem 2.8 implies
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Corollary 3.6. If 1 < p < oo, there is a Cp, such that

Joupyrvis <, [ 15w Ma)da

for all functions f and weights v.

We now recall our condition 1.4 from chapter 1: for every € > 0, there is
an R such that, if I is any interval with ¢(I) > R, then

1

Theorem 3.10. If 1 < p < 2 then

/(S(f))pvdx < C’p/|f(x)|p My(v) du,

for all weights v, and all functions [ satisfying 1.4, where the constant C),
only depends on p.

Proof of Theorem 3.10. We know that
Jsteds <c [ 1@ Mao)

which amounts to saying that S(-) maps boundedly from L?(Mg4(v)) to L?(v).
By Theorem 2.8, all we need to do is to show that it is also weak type (1, 1).
Let A > 0, and let I J’\ be the maximal dyadic intervals such that

),
— fldt > X\
|1} 1;"

such intervals exist by 1.4. We write f = g + b, where g and b are the “good”
and “bad” functions corresponding to the intervals {I ;‘} In other words,

z) ifx T
ﬂ@:{f()f AU

and b =) b;, where
by =(f— fIJ%)XIj%

We observe that |g| < 2\ everywhere, and that

1
wm—/fﬁ
13 > d

on each [ ;‘ We also observe that the support of S(b) is contained entirely
inside Ujfj‘ (this follows from equations 2.4 and 2.5).
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We recall that £2) = UjIj‘ is the set where My(f) > A. Lemma 3.3 says
that this set has v-measure no larger than

$ [t as

Therefore it is enough to show that
C
v({od i SO >N < [ 171 Mafo) o

But S(f) < S(g)+ S(b), and S(b) = 0 on the complement of §2). Therefore it
suffices to show

Ve 0 S > < S [ @29

and that is what we will do.
The proof of 3.28 requires a simple lemma, whose proof we leave to the
reader.

Lemma 3.4. If v is any weight and J is any dyadic interval,

sup Mg(vxr\s)(7) < C inf My(v)(x).
z€J zeJ

Given this, we use our L? inequality:

/ (S(g))? vd = / (5(9))? (vxmy ) de
R\ 2

< C’/\9|2Md((UXR\m))d93

o P M+ Y / 192 Ma((vxmo,)) da
R\ 2, =/

=)+ (ID).
Since |f| < A almost-everywhere off {2y, quantity (I) is no larger than
C)\/ |f| Mg (v) dx.

Each of the summands in (/1) is no bigger than

1
C\ (Ij’\| /J,A |f] dt) /I% Md((vXR\QA)) dt,

J J

which, by Lemma 3.4, is no larger than

cx/p || Ma(v) dt.
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These facts imply that (I) + (II) is no bigger than a constant times

C)\/|f|Md(v) da.

Inequality 3.28 now follows from Chebyshev’s inequality (dividing both sides
by A2).

Theorem 3.10 fails for p < 1. If f = x[o,1) and v = 1, then

/ @) Ma(w) ds = 1.

When 2% < 2 < 2¥+1 (k > 0), we have S(f) = 2%, implying that

/ (S(F))? Ma(v) d = o0

ifo<p<1.
However, for small p, a substitute inequality is true.

Theorem 3.11. If 0 < p <1 then

[ty vas<c [y M ds,

where the constant C' only depends on p.

Proof of Theorem 3.11. We can assume that v has bounded sup-
port; the general result will then follow by Monotone Convergence. For
k = 0,41, 42,..., let {I}} be the maximal dyadic intervals such that

vpe > 28, Define EJ’C to be the collection of I € D which are subsets of ]j’?
J

but are not contained in any Ij’-“,H. Write:

foeg) = Z Ar(f)hay-

IIEEX
Then (S(f))? < > 4 j(S(f(r,5)))?s because p < 2. Also, each S(f(xj)) is sup-
ported in [ jk Therefore

Js@rvae <3 [ ($()r v
kg 17
We will be done if we can show that

/ (S(fp)P v < Cp2" / (Ffus))? d. (3.20)
I]’? I]’?
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because, summing on k and j will then yield:

/(S(f))pvdm < CPZ/(fZ‘k,n)p (2kxf§“) dx
k,j

<, [ Maw) do.

since f(j < 2f* and Dk 26y x < 4My(v).
So let’s show 3.29.
If we knew that

[ (S vde <02 [ (St da. (3:30
1% I¥

we’d be done, because we already know that

/I (SU)y dr <G,y / Uiy

J

Inequality 3.30 isn’t hard. Look at (S(f(x,;)))?. It is a function of the form

<Z ’YIX1> )
IeF

where a > 0, the ~;’s are non-negative, and F is a bounded family of dyadic
intervals such that v; < C2F for each I € F. Inequality 3.30 will follow if we

know that
/(Z 'YIXI) deSCQk/ (Z 71X1> dz,

IeF IeF

and this turns out to be true.
We can phrase this fact in a lemma.

Lemma 3.5. Let F be a bounded family of dyadic intervals and let v be a
weight such that vy < A for all I € F, where A is a non-negative number. If
{v1}1e7 is any collection of non-negative numbers and o > 0 then

/ <I€fom,>a vdr < A/ (;WXIY da.

Proof of Lemma 3.5. There is nothing to prove if & = 1. But the
general case reduces to a = 1 by writing

(Z wa) . > A

IeF IeF
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where
(e} «
E YIXJ - § YIXJg
JeF JEF
IcJ ICJ,I#J

All we have done (let the reader note) is to write the function

(o)

as a telescoping series. This proves Lemma 3.5 and Theorem 3.11.

What about p > 2?7 The theory we have developed in this chapter implies
the following chain of inequalities, valid for all 1 < p < oo and any r > 1. The
reader is invited to provide the justifications:

[srode< [0y Maw)ds
< Cpr [(Lal ) My a(w) o
< Gy [O1(9)) My a(0) o
< Gy [ 1F@I MalMyato) de
< Gy [ 1@ Myato) da,

yielding
/ (S(f)Pvde < C,, / @) My a(v) da

for all p > 1. If p < 2, we know that we can replace M, 4(v) with M; 4(v) =
My(v). Tt is natural to ask whether we can do so when p > 2, and perhaps
somewhat unfortunate to find out that we can’t.

For N > 0, let gy be as we defined it near the end of chapter 2; i.e.,

N
an = Y _(=1)* Nk,
0
where I, = [0,2%) and A, = 2¥/2/\/k+ 1. Put v = X[o,1)- It is easy to see that
Mgy(v) = 27% on [2F71,2F) (k > 1), and therefore that ka , My(v)dz = 1/2.
On the other hand, if x € [2¢=1,2%) and 1 < k < N, then

1 1 1 1 1
- — + — 4+ ... £
N+1 N VN-1 /N-=-2 Vk+1

lin ()] = | <

2
VE+1
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Therefore

N
[l M)z < €30+ )2 <,
0
independent of N, because p > 2. However, as we saw in chapter 2,

[y vds - oo

as N — oo.

This example shows that a more fully developed, “large p” LP theory of
these inequalities really is necessary. And now would seem to be the right
time to start. Alas, such inequalities turn out to be not so simple, and their
extension to p > 2 will have to wait until we have become acquainted with
the theory of Orlicz spaces.

However, before doing that, we will make a quick detour into higher
dimensions, and into continuous analogues of the square function.

Exercises

3.1. Let p(z) be any non-trivial polynomial. Show that v(x) = |p(z)| is an A

weight. Show that any such v satisfies 3.12 with a constant A only depending
5 . . . «@

on p’s degree. Generalize this result to functions of the form |p(z)|”, where o

is a positive number.

3.2. Show that, if v is any weight, then v € A% if and only if there are a
constant K and a number 7 > 1 such that

1/r

1 K

(/(v(x))r dx) < — [ v(z)dx (3.31)
11 J: 1] Ji

for all I € D. In the weighted-norm business, 3.31 is called the “reverse Holder

inequality.” (Hint: Assume |I| = v; = 1. The key step is to show that, for some
A>1andsome0<n<l,

/ v(x)dr < nk
{z: v(z)>Ar}

for all k£ > 0, because it implies that

>/ (@) 4 de < 3 4G,
0 JAF<v(z)<Ak+L 0

which converges if € is small enough.) Use the reverse Holder inequality to
prove another characterization of A% : v € A4 if and only if there are positive
constants a and b so that, for all dyadic intervals I and all measurable E C I,
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v(E)<a (ﬂ)bvu).

(These results are proved in a later chapter.)

3.3. Recall the definition of A, (without the superscript d) from the last
chapter. Show that a weight v belongs to A, if and only if there is a constant
A such that, for all bounded intervals I,

/IM(UXI)(x) dz < A/v(a:) da.

1

Then show that v € A, if and only if there are a constant K and a number

r > 1 such that
(}/I(U(x))r daz>1/r < %/IU(Q«") dx (3-32)

for all bounded intervals I. (These results are proved in a later chapter.)

3.4. Show that if v € A, then v is doubling; i.e., that there is a constant
C' so that, for all bounded intervals I, v(2I) < Cwv(I), where I denotes I’s
concentric double. (This result is proved in a later chapter.)

3.5. Show that there is a constant C' so that, for all f, all weights v, and all
A >0,

vlfe: M) > A < S [ I71MG)da,

with the consequence that, if 1 < p < oo, there is a C,, such that

/(M(f))pvd:v < Cp/\f(x)|pM(v)dx

for all functions f and weights v. In other words, show that the non-dyadic
analogues of Lemma 3.3 and Corollary 3.6 are also true.

3.6. Here is one way to dispense with the hypothesis 1.4 in Theorem 3.10. For
N a positive integer, define the restricted square function of f by the equation

1/2

ssiH@=| 3 ML)

I€D(N) ]

Notice that Sy (f) = Sn(fx1y), where Iy = [-2V 2V) and that fx;, sat-
isfies 1.4. It is now easy to adapt the proof of Theorem 3.10 to show that, for
all Nand all 1 < p <2,

[sxtnyvds <) [Iranl M) da.

Theorem 3.10 (unrestricted form) follows by letting N — oco. (The reader is
invited to recall the appropriate limit theorem.)
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3.7. We proved the inequalities,

£l ~ 1S (3.33)

valid for 1 < p < oo, by means of good-\ inequalities. This approach has the
advantage that it generalizes easily to 0 < p < 1 and to weighted problems.
But if we only want to know 3.33 for 1 < p < oo, we don’t have to work so
hard. We will sketch the argument, inviting the reader to fill in the details.
The inequalities,

/ (S(f)? vdz < C(p) / @) M(v) de

valid for 1 < p < 2, imply that [|S(f)[[, < C(p)| fll, for all 1 <p < co. (Hint:
If 2 <p < oo,

1/2
IS(HI., = [bup{/ 2vde |v]], < 1}} ,

where r = (p/2)’, the dual exponent to p/2.) If 1 < p < oo, f is a finite linear
sum of Haar functions,
F=> M(Hhw,

and ||h||p, = 1, where p’ is p’s dual exponent, then

[ 1has| < S

- [(ZP ) w

< [ ()8 do
< IS IS,
cEISWI,,

implying [|f]l, < C(®")IS(f), for finite linear sums. How to extend this to
general f is left to the reader.

3.8. Show that having v € A, does not imply

[y e [ia@pod.

for any 0 < p < oo, even if f is bounded and has compact support. (Hint: A
good place to look for “bad” A,, weights is among the powers |a:|R, with R
very large, depending on p.)

3.9. We proved Theorem 3.7 (respectively, Theorem 3.8) under the simplifying
assumption that Y (I, v) (respectively, Y,, (I, v)) was finite for all I € D. Justify
those assumptions.
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Notes

Theorem 3.2 and inequality 3.3 are from [10]. The Y-functional Y (I,v) first
appears in [60]; it is further developed in [62]. Theorem 3.7 is implicit in [62]
but is first stated explicitly in [64]. Theorem 3.9 is essentially from [61]. Lemma
3.3 and Theorem 3.6 are both from [18]. The extension of 3.3 to 1 < p < 2
is based on the main result from [12], which treats a “continuous” version of
the square function (we deal with this in a later chapter). The authors there
also show that the inequality fails for p > 2, but they prove that the result
can be salvaged if My(v) is replaced by (Mg(v))?/?v'=?/2. The corresponding
inequality for 0 < p <1 is proved in [63].
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Many Dimensions; Smoothing

If I C R is a bounded interval (not necessarily dyadic), we say that a function
acry(x) is adapted to I if:

a) supp a(y C I;

b) [ a(ry dz = 0;

c) for all z and y in R,

la () — aqy(y)| < |12 <|=’L'£(I)y|> .

Remark. The reader might wonder why we wrote condition c) in this
peculiar way; since, for an interval, |I| and £() are identical. We did so because
this definition readily extends to higher dimensions, and we’ll be looking at
those shortly.

We shall consider how our estimates for finite sums ) ;. Arh() may be
extended to finite sums ) ;. vra(r), where G is a family with some especially
good properties.

Definition 4.1. A family of bounded intervals G is called good if: 1) for every
I € G, I; and I, both belong to G; 2) every I € G is the right or left half of
some other interval in G; 3) if I and J belong to G, then I C J, J C I, or
InJ=90.

It turns out that a finite linear sum of adapted functions, ;. ~yra(p),
indexed over a good family F, is almost as easy to work with as a finite linear
sum of Haar functions ), p Arh(yy. Perhaps the simplest way to see this is
by way of F-adapted “Haar functions.”

Definition 4.2. Let F be a good family. For I € F, we set
= ifzel;

hrm(@) =9 —|17Y% ifeel,;
0 otherwise.
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Corresponding to these are the F-adapted square function and maximal
function.

Definition 4.3. If f = > ;.- Athy 1) is a finite sum, where F is a good

family, then
|)\1|2 1/2

xzeleF

Definition 4.4. If F is a good family and x € Uz, we define

/Ifdt‘. (4.1)

Mz (f)(@) = |fI"(2),
the F-adapted “dyadic” Hardy-Littlewood maximal function.

1
sup  —
lI:xeleF |I|

fr(x)

We similarly define

(We drop the subscript F when F = D. We shall follow this convention
in higher dimensions as well: see below.)

The estimates we proved earlier for S(f) and f*, regarding finite sums
> rep Arh(ry, hold for Sx(f), f7, and finite sums ) ;. » Arhz (1), with proofs
that are identical, except for (what we hope are) obvious modifications. What
are “obvious” modifications? Well, instead of having

/ (S(f) (@) vdz < C / 1 (@)2 Ma(w) d,

we have, for example,

Jrn@)? v <€ [ 170)F Mre) .
with a constant C' that is independent of F. Or, suppose that

[= Z Arhz (1),

IeGCF

is a finite sum, and every I € G satisfies ¥;,(I,v) < A. (Recall the definition
3.220f Y,,(I,v).) Then

/ (FE(@)P vde < Cy , AP/ / (S5 (f)(@)) vda, (4.2)

with C,, only depending on 1 and p (0 < p < c0). We shall refer to such
generalizations casually, in passing. We vigorously encourage the reader to
check up on us occasionally to make sure we aren’t cheating.
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We have need now to speak of functions f that are not expressible as
finite sums ) ;. » Arhg (1) but are still “nice”: i.e., controllable by a square
function based on the A;’s. Let’s say that f is nice, relative to F, if there is an
increasing sequence of finite families 71 C F5 C ---F such that F = UpFy
and

[ = klij;o Z (f, hr,y)hr,

I1eFy,

almost everywhere. For such an f, we extend our square function definition

in the obvious way, and set
1/2
[ hr )

IeF

By Fatou’s Lemma, any inequality of the form
Jwr@poi <c @y,

valid for finite sums f = > ;.- Athr () (= Do (f, hr 1))l 1)), holds
automatically for “nice” f’s, with the same constant C.

The “nice” functions we have in mind are finite linear sums of adapted
functions, f = ;. vra(r), indexed over a good family F. To see that these
are “nice”, consider a single function a5y, where I € F. We leave it as an
exercise to show that

agy(x) = lim > (awy, hr)hrw) (4.3)

k—oo
JeF:gcz2k
L(J)y=>2—k
almost everywhere (and indeed, in L*°). (The reader will have an easier time
proving this if he first observes that (a(p), bz (s)) = 0 for J ¢ I.) The families
{JeF: Jc2FI, £(J) > 27} are clearly finite, increasing, and have union
equal to F.
For such a function f =), ~vra(r), we define a “semi-discrete” square
function by:

1/2
Sear(f <Z il ) : (4.4)

IeF

Our first order of business is to establish an inequality between Ssq #(f)

and Sz(f).

Theorem 4.1. There is an absolute constant C' so that, for all good families
F and all finite sums f =Y ;o7 V1a(1),

Sr(f)(x) < CSsar(f)(x)

pointwise.
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Proof of Theorem 4.1. Temporarily fix J € F. We must estimate
A; = (f, hz,(5)- Since—as noted above—(a(r), hr (5)) = 0 for J ¢ I, we may

write
A< D ey, hron)l.
LJcl

Temporarily fix an I containing J. Because [ hz (ndr =0,

agnys s )| = ] [ @ o)

- ] [@w® -anenbrom@al 1)

where z; is some fixed (but arbitrary) point in J. Our estimate of a(p’s
smoothness (condition c)) says that

|z — 7|

(e~ aunal < 11177 (5 < ey
for all x € J. Therefore,

< (DN g ol

= (1) /6D 1/ V).

\ [ (@) = a3 by 0 o

Plugging this in and summing, we get

2
¥l o
M < (Z |I|WW(”>> ,

I.JCI

which is less than or equal to

( 3 ﬁ(f@)/f(f))) ( 3 (eu)/w))) | (46)

I.JCI I:JCI

But, for each k =0, 1, 2, ..., there is exactly one I € F such that J C I and
€(I) = 2%0(J). Therefore Y., ;(£(J)/€(J)) < 2, and we can bound 4.6 by

2
2 3 D ey,

I:JCI

Now we sum over all J’s containing a fixed x € R—and take care to remember
that if x € J C I, then x € I:
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<2 5 B o e
J:xed |I|

I.JCI

—2 % ”m< > <f<J>/£<I>>>

I:zel J:xeJCI

= 4(Saa.7(f)(x))?,

where the next-to-last inequality comes from the fact that

Y. WD) <2

JxeJCI

because, for each k =0, 1, 2, ..., there is only one J C I that contains x and
satisfies £(J) = 27%¢(I). This proves Theorem 4.1.

Before continuing, we want to take special notice of equation 4.5, which
is the key to Theorem 4.1. This is actually a particular example of a general
technique, in which a cancelation condition in one function (hz () in this case)
is played off against smoothness in another, such as a(r). We shall enshrine
this idea in a lemma.

Lemma 4.1. Let f and g be locally integrable functions defined on a cube
Q C R%. Suppose that g’s support is contained in Q, ngdaz = 0, and, for
some positive numbers A and «,

[f(z) = f)l < Alz —y[*
for all x and y in Q. Then:

] [ 1) 96w s

< CanAL(Q)" /Q l9(2)| de,

where we can take Cyq o to be ((1/2)Vd)°.

Proof. Let xg be the center of Q. Because of g’s cancelation,

‘ [ srgte) s

_ ‘ / (f(z) = f(zq)) g(x) dx

However, for all z € Q,
f(x) = f(wq)| < Alx —zq|™ < A((1/2)Vd)*U(Q)",

from which the inequality follows.
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Remark. The point of Lemma 4.1 is not the value of the constant Cy 4,
but the factor £(Q))%, which goes to 0 as £(Q) — 0. Had we chosen a different
fixed point in @ (as we did in the proof of Theorem 4.1), we would have got
a slightly bigger constant Cy o, but the same factor of £(Q)~.

Theorem 4.1 implies easy corollaries of our main results from the preced-
ing chapter. For example, we obtain:

Theorem 4.2. Let 0 < p < co and let 7 > p/2. Let F be a good family and
let v and w be weights such that

/v(m) (log(e +v(x)/vr))" dx < /w(m) dz
I I
for all I € F. Then, for all finite sums f = ), r7ra(r), where each a(yy is
adapted to I,
Jurpvas<c [Sustpyruds,
where the constant C' only depends on p and 7.
Also:

Corollary 4.1. Let f = ;. rv1a(r) be as in the statement of Theorem 4.2,
let v be a weight, and let 0 < p < co. If 0 < p < 2 then

Jusrrvis <o) [(Sartny sz s

Assuming that we can prove the appropriate Orlicz space results, we will
also have this generalization of Corollary 3.5:

Corollary 4.2. Let 0 < p < oo. There is a positive constant C = C(p) such
that, for all weights v and all finite sums f =, rvrac,

/ (fF)Pvde < C / (Soa ()P MEP () da.

For many purposes, these generalizations are entirely adequate. However,
when we come to study weighted inequalities of the form

i< [1vs7a,

we will want a little more control than this straightforward approach provides.
That is why we will prove the following, more delicate estimate.

Theorem 4.3. Let F be a good family, and suppose that G C F is such that
Y, (I,v) <A foralll €G. Let f =3 ;cgrac be a finite sum. Then

/\f|pvdm < C AP/ () /(Ssd,f(f))pvd%

where C' depends on p and n, and 0 < p < co.
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Proof of Theorem 4.3. We control f1(z) via a good-) inequality. There
is a small subtlety here. We cannot simply use inequality 4.2 and Theorem
4.1 to get

/ (f3)P vds < CAP/@ / (Sr(f)Pvda
< CAP/(2n) / (Ssar(f))Pvde,

because, if we write f =) ;.- Arhr (1), it’s almost certain that some A7s will
be non-zero for I's that don’t belong to G. Therefore we have to directly control
the partial sums of ;s vra(r). We can’t assume that these will be constant
across our stopping intervals I}, but the smoothness of the a(rys implies that
they will be almost constant, and that’s good enough. The crucial observation
is the following. Let J € F and set

9= Z YIa(1)-

Ieg
JCI

Define
1/2

\71\2
R= —_
,Z 1]
€g
JCI

Then, for any z and y in J,

lg(xz) — g(y)| < CR. (4.7)

The proof of this inequality is very simple. For any = and y in J, we have

l9(x) = g)] < Jvllag (@) — ag (y)]

Ieg
JCI

<l ™2 (e — yl /o)

<)Y Il Pea)
Ieg
JCI

1/2

SR (UD/UD? |
Ieg
JCI
where the last inequality is due to Cauchy-Schwarz. Now 4.7 follows from the
fact that

;(zu)//z([))2 <1+ i + % +=4/3.

JCI
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With 4.7 in hand, let us now consider a maximal I} € F such that
|f;2] > . Let P be I}'s immediate (relative to F) superinterval. Then |fp| <

X and [ o] = |f]| < sup, e p |3(x) — 3(y)], where

glx) =Y yra.

Ieg
I Cr

Because of 4.7, if | f;»| > 1.1\, then we have (setting J = I}) R > c), implying

that Seq7(f) > X on all of I}, and we have nothing to prove. For the same
reason, inequality 4.7 lets us assume that

Z ’y]a(]) S 1.1\

IeF
IAcr
i

on all of If‘. Thus, we only need to worry about the summands which are
supported in I}. Set
h = Z Y1G(1)-

IeF

1cr}
Following our earlier procedure (in the “pure dyadic” case), we need to show
that

v({z eI} : hr(@) > 9N Sear(f) <A} < ep)o(1})

for v ~ A=/ As in the dyadic case, the problem is that I} probably
doesn’t satisfy Y, (I},v) < A. But, just as in the dyadic case, the solution
presents itself. Let {Ji}x be the maximal J € G which are also contained in
I?. Because of the cancelation in the acry’s, if K € F but K is not properly
contained in any J, we must have || b= 0. Therefore,

v({z e} hi(x) > 9N Swar(f) <A}
=Y vz e dp: hix(x) > 9N, Ssar(f) <A},

but we do have our estimate Y;(Jy,v) < A for each k. An application of
Theorem 4.1, combined with the dyadic exponential square good-\ inequality,
yields

v({z e Ji: hWp(x) > 9N, Ssarz(f) <AA}) < e(p)v(Jy)

for each k, for v ~ A=Y/(7_ Summing on k now yields our inequality, and
finishes the proof of Theorem 4.3.
By following the pattern of Theorem 3.7, we obtain:

Corollary 4.3. Let 7 > 1. There is a constant C = C(7) such that, for all
weights v and all finite linear sums f = 3,z Aracpy, where the ap)’s are
adapted to intervals I belong to a good family F,
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/lf( m<cZ|A§| / ) (log(e + v(x) /o))" da.

IeF

(See also Theorem 4.6 at the end of this chapter.)

Everything we’ve said so far generalizes with almost no extra work to
R?, d > 1. We must replace dyadic intervals with dyadic cubes,

i1 1+l 2 j2+1 d Ja+1
Q:[gikﬂjwc ) [;7167‘72]C )X" X[;k7]2k )7

where k and the j; are integers. The sidelength of such a cube, denoted 4(Q),
is 27%. The cube @Q is contained in a unique dyadic cube Q' with sidelength
2= (=1 and it contains 2% congruent dyadic subcubes of sidelengths 2~ (F+1)
We denote the family of all dyadic cubes by Dg.

There are many (essentially equivalent) ways we can define the dyadic
square function for R%. We elect the following. If f € LL _(R?) and k is an
integer, we set

loc

fe = > foxes (4.8)
QEDy: 4(Q)=2""F
i.e., fx is what we get when we replace f by its averages over dyadic cubes of
sidelength 27*. Following our convention in the 1-dimensional case, we define
f*(z) = supy, | fx(@)]. If Q € Dy and £(Q) = 27%, we set

a@)(f) = (fer1 — fr)xo

The function a(g)(f): a) is supported in Q; b) is constant on Q’s immediate
dyadic subcubes; and c) satisfies [ a(qg)(f) = 0. Let H(Q) denote the space
of functions satisfying a), b), and c). It has dimension 2¢ — 1. At the end
of this chapter we will show how to construct a canonical orthonormal basis

{h(Q)7i}%d_1 for it, one that reduces to a single Haar function when d = 1.
For now we will take the existence of this basis for granted, and note some of
its properties:

lhgyll . ~ Q7Y%
aQ)(f) = Z<f, )i hQ).i

”a(Q) ”2 Z| fvh(Q)z 5

lacg) (Dl ~ llag (HI|Q"
~ m§X|(f’ h(@y.i)l-

The family {a(g)(f)}gep, is pairwise orthogonal. If f € L*(R%) then
= ZQ a(g)(f) in L?, implying

/|f|2dx ~ Y Jlay (NI
Q
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We rewrite the sum on the right as

2
[ (st ) o

Q

We define our d-dimensional dyadic square function by:

1/2

Sa(f)(@) = [ ”CMT)Q({)HQXQ(@ : (4.9)
Q

We can make this look more like the 1-dimensional version S(f) (see 2.8) if
we write it as:

1/2

> ﬁ <Z (£, h(Q),i>|2> xq(x)
Q

%

What of our exponential-square and weighted norm estimates? For one
class—those in which f controls Sy(f)—we need only minor changes in the
proofs to extend them to d dimensions. The basic weighted L? inequality,

/ (Sa(f))? vz < Cy / |12 Ma(o) da,
R Rd

is proved essentially as in R!, as are its extensions to L? (1 < p < 2),

/ (Sa(f))? vdz < Cayy / 1P Ma(w) da

and
| Satnyods < Cay [ (57 Malw) do
Rd RA

for 0 < p < 1. Following our convention, noted above, we are using f* to
denote the “ordinary” dyadic maximal function of f with respect to Dy:
fr@)= sup |fql
rEQEDy

(We strongly encourage the reader to check that what we have just said
is true.)

For the other class, we need to modify the arguments a little more. The
heart of the 1-dimensional proof was the observation that if fol fdr=0and f
is constant on the two halves of [0,1) (say f(x) =t on [0,1/2) and f(z) = —t
on [1/2,1)), then

1
/0 exp(f(z)) dx = cosh(t);

and what was really needed was that the integral was < cosh(t). As a substi-
tute for this simple fact we have:
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Lemma 4.2. Let (£2, 1) be a probability space and let f : 2 — R be a random
variable (i.e., a measurable function) such that |f(z)| <t for all x € 2 and

[ 1@ dut) =o.
2

Then
/Q exp(f(x)) du(x) < cosh(t).

Proof of Lemma 4.2. Let v be f’s distribution measure on R. This
means that v is a Borel probability measure, supported in [, t] and satisfying

v(E) = p({z € 2: f(x) € E})

for all Borel E C R. We recall a theorem from basic probability theory: If
F:[—t,t] — R is any continuous function, then

/Q F(f(x)) du(x) = / F(s)dv(s). (4.10)

If the reader hasn’t seen 4.10 before, an easy way to prove it is to observe
that, for all —oo < a < b < o0,

p{ze: a<F(f(x)) <bl)=v({se[-tt: a<F(s) <b}),

from which 4.10 readily follows by an approximation argument.
Given 4.10, our hypotheses on f imply that

t
/ zdv(z) =0, (4.11)
—t
and the conclusion of the lemma is equivalent to

t
/ exp(z) dv(x) < cosh(t).

—t

We prove the conclusion this way. The function exp(z) is convex. On [—t, ]
it lies below the line connecting (—¢,exp(—t)) and (¢,exp(t)). This line has
equation y = ma + b, where b is exactly cosh(¢). Thus:

/tt exp(z) dv(z) < /tt(mx +b) dv(z)

= /ttbdu(as)

= b = cosh(t),

where the next-to-last line follows from 4.11. That proves Lemma 4.2.
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Remark. 1learned this proof from Juan Sueiro Bal while he was a graduate
student at the University of Wisconsin in Madison.

Now consider one of our difference functions aq)(f). It is supported in @,
has integral 0, and satisfies

lagg) ()l < C(d)llagg) ()l 1Q1>.

By Lemma 4.2,

612|/Qexp(a(Q)(f))dx < cosh(C’(d)||a(Q)(f)||2‘Q|71/2)’

which is less than or equal to

exp <C’(d)WQ<|f)H2> :

The expression

lagey (NIl
Q)

corresponds to what we got in the 1-dimensional case:

Al
1]

If run our 1-dimensional proof again, but now in d dimensions, we obtain:

Theorem 4.4. Let Q be a dyadic cube in RY. Let f € L'(R%) have support
contained in Q and satisfy [ f dx = 0. Define fi as in 4.8 and Sq(f) as in 4.9.
For all integers k and positive numbers t,

6,12|/Qexp(tfk(x)_C/(d)t2(5d(fk))2)dx§ 1.

where C'(d) only depends on d. There exist positive constants c1(d) and co(d)
so that, if [|Sa(f)ll., <1 then, for all A >0,

[
Hz e Q: |f(@)] > A} < e1(d)|Q] exp(—ca(d)A?).

The Y-functional and its variants are defined exactly as in R!. For n > 0,

Y (@,0) = /Q v(@) (log(e + v(x) fvg))" da (1.12)

1
v(Q)
when v(Q) > 0, and is 1 otherwise. Also as in the 1-dimensional case, we set
Y(Q,v) = Y1(Q,v). The proofs from the 1-dimensional setting go through
almost verbatim, and yield:
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Theorem 4.5. Let 0 < p < oo and let n > p/2. If v and w are non-negative
functions in L (RY) that satisfy

loc
/ v(z) (log(e + v(x)/vg))" dz < / w(z) dx
Q Q
for all Q € Dy, then, for all finite linear sums

F=3 ah),
Q

we have
| urds <o) [ (sip)rwds,
Rd Rd
where Sq(f) is as defined in 4.9.

We continue our generalizing process by defining d-dimensional adapted
functions. (We refer the reader to the definition of 1-dimensional adapted
functions given at the beginning of the chapter.)

If @ € R% is a cube (not necessarily dyadic), we say that b(q) is adapted
to @ if:

a) supp by C Q;

b) [ b dx = 0;

¢) for all z and y in R,

_ —1y2 |z — y|)
(o)~ oyl <1072 (222

Similarly, we define d-dimensional “good” families of cubes, following the
pattern for R'. The only twist is that, no longer having a right and left half
of a cube @, we speak of the 2¢ congruent subcubes obtained by bisecting
@’s component intervals. We will refer to these as Q’s “immediate dyadic
subcubes” even if @) isn’t dyadic.

A family of cubes G is called good if: 1) for every Q € G, all of its
immediate dyadic subcubes belong to G; 2) every @ € G is an immediate
dyadic subcube of some other cube in G; 3) if @ and Q' belong to G, then
QCQ,Q cQ,orQnNQ =0.

Just as in R!, we can define G-based versions of our Haar functions,
the dyadic maximal function, and the dyadic square function. We will denote
these respectively as hg (q),i, f§, and Sg q; their definitions should give the
reader no problems.

If G is a good family of cubes, and f = ZQeg A@b(@) is a finite linear sum
of adapted functions, we define the G-based semi-discrete square function by

1/2



82 4 Many Dimensions; Smoothing

The reader will recall that in one dimension we had Sz (f)(z) < C Ssq,7(f)(z)
pointwise (Theorem 4.1), valid for finite linear sums of F-based adapted func-
tions, and that this was a useful inequality. The corresponding inequality,
Sg.a(f)(x) < CSsa,6(f)(z), holds in d dimensions, with almost the same
proof. The key ingredient is an estimate on [{b(q), hg,(@/),i)l, Where @ and
Q' belong to G and b(q) is adapted to Q. This estimate is:

0 ifQ' ¢ Q;

b ,h A% 1/2 .
1{b@)- he.@ >,>|{<C||%|1/2 49 g cq,

which has a close analogue (and almost identical proof) to one obtained in
the proof of Theorem 4.1. Working out this estimate and how it implies that
Sg.a(f)(x) < CSsa,¢(f)(x) will make a good exercise for the reader. He should
also have no trouble proving the following theorems.

Theorem 4.6. If 7 > 1, there is a constant C = C(7,d) such that, for all
weights v, all good families G, and all finite linear sums f = ZQGQ AQb@),
where each b(qy is adapted to Q,

Aol .
/R |f(z)|]" vda <OZ 0] / ) (log(e + v(z)/vg))" du.

QEeg

Theorem 4.7. If 0 < p < 00, n > p/2, and v and w are weights such that

/v(x) (10g(e+v(x)/vQ))”dx§/w(m)dx
Q

Q

for all cubes Q € G, a good family, then, for all finite linear sums f =
ZQeg AQbq), where each by is adapted to Q, we have

/ (f3) vdz < Cp,m, d) / 8, o(fwdz.
R(i Rd

We will use Theorem 4.6 when we look at the Calderén reproducing
formula and Schrédinger operators.

Multidimensional “Haar Functions”

Let Qo = [0,1)¢ be the unit dyadic cube, and consider the space H(Qo) of
all functions f supported in @)y that are constant on QQy’s immediate dyadic
subcubes, and which satisfy [ fdz = 0. This space has an L? orthonormal
basis of 2¢ — 1 elements. We shall construct a canonical basis for H(Qo), one
that reduces to a single Haar function when d = 1. By translating and scaling,
we get a corresponding set of “Haar functions” for every cube Q C R%.
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The construction depends on the following lemma.

Lemma 4.3. There exist 2% — 1 pairs of subsets of Qo, (E;, Fj) (1 < j <
2¢ — 1), such that:

a) each E; or F; consists of a union of immediate dyadic subcubes of Qo;

b) for each j, E; N F; = 0;

c) for each j, |E;| = |F;| > 0;

d) if j # k, then either (E; U F;) N (Exy U Fy) =0, or E; UF; is entirely
contained in one of Ey, or Fy, or Ky U Fy, is entirely contained in one of E;
or Fj.

Remark. What on earth does this mean? Set

X, (@) (@)

hj(z)
’ |B; UF|?

Each h; belongs to H(Qo), because of a) and c). Because of b), |||, = 1.
If k # j, then either h; and hj, have disjoint supports or else one of them—Ilet’s
say it’s hj—has its support entirely contained in a set across which the other
function, hy, is constant. But [ h;dz = 0, implying [ h;j(z) hy(z)dz = 0.
Therefore the family {hj}fd*1 is an orthonormal basis for H((Q)y)—assuming
we can prove Lemma 4.3.

Proof of Lemma 4.3. We do induction on d. The result is trivial when
d = 1. Assume the result for d — 1, and let (E}, F}) (1 < j < 2% —1) be the
corresponding pairs of subsets of Q) = [0,1)?~1. Write Qo = Q} x [0, 1). For
i =1, 2, define
1 _
E; = E}; x[0,1/2)
1_
Fj = Fjx[0,1/2)
2
E? = B} x [1/2,1)
2 _
F7 = Fj x[1/2,1),
and set G1 = Qf x [0,1/2) and G = Qf x [1/2/1). Then the pairs (E}, F})
(i=1,2,1<7<2%1 1) and (G, G2) make up the collection we seck.

Exercises

4.1. Prove equation 4.3.

4.2. Recall Theorem 3.10 and Theorem 3.11. State and prove appropriate
d-dimensional generalizations of them.

4.3. State and prove appropriate d-dimensional generalizations of all of the
exercises from the preceding chapter.



84 4 Many Dimensions; Smoothing

Notes

The extension of Theorem 3.2 to d dimensions is found in [10]. The idea
of treating adapted functions like “nearly” Haar functions has been used by
many authors, notably in [9] and [57]. Most of the d-dimensional weighted
norm inequalities in this chapter are from [62]. The construction of multi-
dimensional Haar functions is from [65].
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The Calderén Reproducing Formula I

The theorems at the end of the last chapter dealt with functions f expressible
as nice sums of adapted functions. That is, given a function f = ZQ AQa(Q)s
where the cubes @) belonged to a good family, we could say something about
its size, in various weighted spaces, in terms of the coefficients Ag. But those
theorems didn’t tell us what to do if we were just given the function f.

In essence, the Calderén reproducing formula allows us to express “arbi-
trary” functions as sums of adapted functions, indexed over good families of
cubes, and with useful (or at least intelligible) bounds on the coefficients.

It would probably be more correct to call the Calderén formula a
“method.” It is based on a trick involving the Fourier transform.

We warn the reader that a small part of our discussion (not too much,
we hope) will refer to the theory of distributions. The only concept we will
use from it is that of “support.” It will do no harm if the reader thinks of
the support of a distribution as being the support of a measure—since, in our
case, it will be.

Let ¢ € C5°(RY) be real, radial, have support contained in {z : |z| < 1},
satisfy [+ dz = 0, and be normalized so that, for all £ € R%\ {0},

| e -1 (5.1)

Formula 5.1, to put it mildly, calls for a few words of explanation. Since ¢ is
radial, so is ¢. Thus, by a change of variable u = y|£|, we see that the left-
hand side of 5.1 is independent of £ # 0. Indeed, if we set £ = (1,0,0,...,0),
the left-hand side of 5.1 is simply

2 dy

b(y,0,0,...,0
/O 1(y I

(5.2)
Since 1 is compactly supported and has integral 0, we have |1/A1(y, 0,...,0)] <
Cyy for small y; since 1 is smooth, we have |¢(y,0,...,0)] < C/y when y
is large (strictly speaking, we have < C/y™ for any M here, but M = 1
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will do). Together these imply that the integral 5.2 is finite for any such .
Now we just take some non-trivial ¢ and multiply it by an appropriate positive
constant, to get a function satisfying 5.1.

Let’s write R‘f‘l =R% x (0,00). If d = 1, this is the familiar upper half-
plane from complex analysis; we usually call it the upper half-space. Notice
that Rffrl is an open subset of R¥!. This has the consequence that any
compact subset of le_H has a strictly positive distance to BRff_H, which we
think of as R9.

For y > 0, we let 1, (t) stand for y~%)(t/y), the usual L!-dilation. We
claim that, if f € L?(R%), then

S R 1
Jisra= [ ol . (53)

The proof is easy. By the Fourier Convolution Theorem, and by the Plancherel
Theorem, the right-hand side of 5.3 is

[ r ([ el <) ae

which equals fRd | f \ d¢ because of 5.1. Equation 5.3 follows by another
application of the Plancherel Theorem.
We now claim that, if f € L2(R%), then

7= / (F %4, (0) 0 (x — 1) LY

in some “useful” sense. Let us now make this sense precise! It is clear that,
if K C Rf’l is any measurable set with compact closure contained in Rf‘l,

then
dt dy

foo (@) = /K (f by (1)) thy (& — 1) (5.4)

belongs to L?(R%) (because it’s continuous and has compact support). We
have a nice bound on f(xy’s L? norm; to wit, I fxyll, < flly, independent

of K. To see this, let h € L?*(R?) satisfy ||h||, = 1, and check the inner
product [ f(x)hdz. It is

dt dy

/ (f 0y (8)) (5 6y (1))
K Yy

By the Cauchy-Schwarz inequality, this integral is bounded in modulus by

1/2
(/R £xbu(0F £ ) (/R sy (0 )

(Notice that we have dropped K.) The first factor is no bigger than || f||, and
the second equals 1. Thus, since h is arbitrary, || fi)ll, < [[fl]o-

1/2
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We will say that {K;}; is a compact-measurable exhaustion of R‘_i:’l if
each K1 C Ko C K3 C --- is an increasing sequence of measurable subsets
of R‘fl, such that each K; has compact closure K; contained in Rffrl, and
U;K; = R’f‘l. Note that we do not require any K; to be contained in any
Ki—i—l-

Remark. The only reason we require the K;’s to have compact closures
is to ensure that the integrals defining f(x,) will yield continuous, compactly
supported functions.

The next theorem describes one sense in which the Calderdn reproducing
formula converges.

Theorem 5.1. Let f € L>(R%). If {K;}; is any compact-measurable exhaus-
tion of R, then fixy — [ weakly; i.e., [ fixyhdr — [ fhdz for all
h € L?(R%).

But, with just a little more work, we can see that the convergence of the
Calderén formula is actually much better.

Theorem 5.2. Let f € L?(R%). If {K;}; is any compact-measurable exhaus-
tion of R‘fl, then fix,) — f in the L2 norm.

Proof of Theorem 5.1. Because of equation 5.3, we have, for any
fe L2

f(x)f(x)d:B:/ (f * 1y (1)) (f:kq/)y(t))%.
Rd

d+1
RY Y

Notice that both integrals are absolutely convergent. By polarization (i.e.,
algebra), this implies that, for any f and h in L?,

f(2) Blx) di = / (f %y (0) iy (8) BY (5.5)
Rd

d+1
R} Y

and, again, both integrals are absolutely convergent. Therefore, the left-hand
side of 5.5 equals the limit of

= dtdy -
/KL(f*wy(t)) (h*wy(t))T—/Rd f(Ki)hd.Z

Theorem 5.1 is proved.

Proof of Theorem 5.2. Let f € L? and {K;}; be as in the preceding
theorem. For every m and n, m <n, | f(x,.) — f(x,)l, is less than or equal to

1/2
( [ irswor dtdy)
K’Vl\K’VYL y
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(Repeat our earlier duality argument, but this time don’t drop the K's.)

Because dtd
Z/
ROl
R+

this implies that || f(x,,) — fx,)ll, = 0 as m — oo, and so { f(x,)} is Cauchy
in L2. Call its L? limit g. But the sequence { f(k,)} converges weakly to f.
Therefore g = f. That proves Theorem 5.2.

We have just shown that the linear mapping

dt dy

f—Tf= / [y (t) Yy (x —t) (5.6)

(where the integral is defined as the L? limit of integrals over a compact-
measurable exhaustion) is equal to the identity operator on L2.

The statement that Tf = f, in the sense (and with the restrictions) we
have described, is the Calderén reproducing formula.

Remark. Before saying more about this formula, we should notice that it
comes with an unfortunate limitation: the equation T'f = f only applies (for
now) to functions f € L. It turns out that this formula holds for all f € L?
(1 < p < 00), in precisely the same sense: If K3 C Ko C K3... C Rﬂlfl is
any compact-measurable exhaustion of R‘fl, then fig,) — f in LP. We will
prove this after we develop some more theory. The reader should think of the
Calderon formula as a continuous analogue of the result from exercise 2.11.
The cornerstone of its proof will be a continuous analogue of the dyadic result

£l ~ (1S CHIL-

The Calderén formula 5.6 looks a little like our earlier Haar function
decomposition sum,
F=> (f hanhan;
I

and it should. The convolution f %, (t) is an inner product between f and a
suitably localized and normalized smooth function with cancelation, which is
then multiplied by 1, (x —t) (which is another suitably localized and normal-
ized smooth function with cancelation), and summed (integrated) up. That’s
roughly what happened with the Haar functions.

We’re about to make 5.6 look a lot more like a Haar function decompo-
sition.

Definition 5.1. If Q C R? is a cube then
T(Q) ={(z,y) eRI™: z€Q, €Q)/2<y <LQ)}.

Analysts often refer to T'(Q) as the top half of the so-called Carleson
bor Q = Q x (0,£(Q)). Before going further, let’s observe some simple (and
intentionally redundant) properties of T'(Q) and Q.
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1. If Q and Q' are cubes, then Q C Q' if and only if T(Q) C Q', if and
only if Q C Q'.

2. If Q and Q' are dyadic cubes and Q # Q’, then T(Q) NT(Q’) = 0.

3. If @ is a dyadic cube, then

Q=U{T(Q): Q €Dy, Q CQ},

and this is a disjoint union (by 2.).

4. The family {T(Q)}qep, tiles R

Because of 4., we may cut up the integral in the Calderén reproducing
integral as follows:

dtd
F= Jugn o001 fa =0 S5 Y
B dt dy
Q;d/ wy wy(x " y
=D bo@)
QEDq

Our preceding arguments about compact-measurable exhaustions imply that
this sum converges to f in L? in the following sense: If F; C Fy C --- are
increasing, finite families of dyadic cubes such that U,F,, = Dy, then

> b —

QEFn

in L? as n — oo.
Now, if t € Q and y < £(Q), then v, (z — t) can only be non-zero for ’s
in @, the concentric triple of Q. It is also clear that

e v (o) 5

S RGEIONOE
T(Q) y

=0.

We often express this fact by saying that b) “inherits cancelation from .”

So, b(g) is supported in Q and has integral 0. How large is b(p)? The
function 1), (z — t) doesn’t get any bigger than c£(Q)~¢ when (¢,y) € T(Q).
Therefore, by Holder’s Inequality and a little arithmetic (which the reader is
encouraged to work through),

byl < eA(HIQI™?,
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where we can take Ag(f) to be

dt d 1z
( / 1 x by (0 y) | (5.7)
T(Q) Y

Similarly, the gradient V.1, (x —t) has size no bigger than ¢ ¢(Q)~'~¢ when
(t,y) € T(Q), which, after we differentiate under the integral sign, yields

IVl < A(HUQ) Q2.

In other words, by is equal to cAqa(qg), where a(q) is adapted to Q, and
¢ > 0 depends only on ¢ (and, of course, d).
Putting it all together, we can decompose any f € L? as

f=c¢> Auq,

QEDq

where the sum converges in L2, each a(q@) is adapted to Q, and the Ao(f)'s
satisfy
S e = [ 11 da. 58)

1/2

SulN@) = [ 3 ReWE o) (5.9)

Qe’Dd |Q|

Let’s define

(The reason for the Q’s will become clear in a moment.)

Equation 5.8 implies that ||Ssa(f)|, = || f|l, for f € L?. However, the
coefficients Ao (f) make sense for any f € Ll _(R?), and even for f’s that
are distributions (which the reader is free to think of as measures). We want
to know: To what extent does Ssd( f) control f’s size in spaces other than
L?(R%)—in particular, weighted LP spaces?

This is really several questions, which we will try to confront in a logical,
intelligible order!.

Using the Calderén formula, we can represent an arbitrary f € L?
as a limit of finite linear sums of adapted functions. We know how to use
Littlewood-Paley theory to control such sums, if they are indexed over good
families of cubes. Now, our sums are indexed over {Q : Q € Dy}, which is
clearly not a good family.

Our first question is: How do we get around this?

Fortunately, the answer is not too bad.

If @ is any cube, and m > 0, we let m(@ denote the cube having the same
center and orientation as Q, and sidelength mé(Q) (e.g., Q is 3Q). We set
mDg ={mQ : Q € Dg}.

The answer to our first question is:

L “Logical” does not always imply “intelligible,” nor vice versa.
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Theorem 5.3. Let m be an odd positive integer. The collection mDy is equal
to the union of m® pairwise disjoint good families.

Remark. When reading through this proof for the first time, the reader is
advised to set m equal to 3. In fact, he’s encouraged to do so, since we won'’t
be needing it for higher values of m.

Proof of Theorem 5.3. It is sufficient to prove the theorem when d = 1.
For the purposes of this proof, [k] shall mean ‘k mod m.” Since m is odd, 2 is
invertible mod m; let p be its multiplicative inverse (mod m).

Every I € mD has the form

mj+s m(G+1)+s
2k 7 2k
where j, k, and s are integers, with 0 < s < m. For fixed k and s, denote the
family of intervals satisfying 5.10 for some j by G*.
Now comes the fun part. If we divide I € G* in half, the resulting subin-
tervals (check them!) belong to g[’“g]l. A slightly more detailed computation

shows that every I € g§ is either the right or left half of some J € g[’;;]l

(the question of “right” or “left” depends on the parity of j). If we define, for
s=0,1,...,m—1,

1=

), (5.10)

Gy = (UroGng ) U (Ui Ghey) -
then these are the required families.

Therefore, if f = ZQeDd AqQa(q) is a finite linear sum of adapted func-

tions, with each a(g) adapted to Q, we can write f = Zi’d fj, where each
fi = Zéegj AQa(q@), with the G;’s being good families. The methods of the
previous chapter now let us control each f;—and therefore f itself—with
S'Sd( f). We just need to make sure that the hypotheses on our weights imply
that appropriate inequalities hold for all the Q’s, Q@ € Dy. Usually we do this
by asking that certain inequalities hold for all cubes @, period.

One example should make our meaning clear.

Theorem 5.4. Let 0 < p < oo and let p/2 < n. Suppose that v and w are two
weights such that, for all cubes @ C RY,

/ o() (log(e + v(x) fvg))" dz < / w(z) dz.
Q Q

Then, if f = ZQeDd AQa(q) 1s a finite linear sum of adapted functions, with
each aqgy adapted to Q, we have

/ |f[Pvde < C/ (Ssa(f))P wdz,
R4 R

where S’sd(f) is as defined in 5.9, and the constant C only depends on p, n,
and d.
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Of course, what goes for such finite sums of adapted functions f =
ZQeDd AQa(g) goes just as well for functions in L?(R%); because, given
f € L?(R%), we can find a sequence of finite, nested subsets Fy C Fp C ---
such that UF; = Dy and the sequence of functions

fm =Y. Xeuwe

QEF

converges to f almost everywhere. The corresponding theorem for f will then
follow by Fatou’s Lemma.

So, arbitrary functions in L?(R?) are no problem.

What about the others?

That brings us to our second question: To what extent, and in what
sense(s), does the Calderén formula represent f’s in spaces other than L?(R%)?

To answer it we need to step up and look more closely at the Calderén
formula. When we do, we find that the formula is not so mysterious as it at
first appeared.

Set n = 1 x 1. We can rewrite 5.2 as

f *My(T) —,
| ren@?
which (formally) is the convolution of f with

dy

A7mm;, (5.11)

whatever that means. Our preceding work in L? amounts to a case for saying
that 5.11 gives a representation (in some sense) of dg, the Dirac mass at 0.
Let’s make this “in some sense” more precise.

Define - J
_ ay
M@—[?M@y-

It’s not hard to see that the integral defining ¢(x) converges absolutely, uni-
formly in . A simple change of variable shows that, for any ¢ > 0,

mm=[ﬁmmf.

So, the Calderén formula 5.2 can perhaps be reinterpreted as
f= lim [y
t—0+
or

f=lim frou—fxor,

T — 00
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both of which are true a.e. for f € LP (1 < p < c0), if ¢ is nice enough. (See
exercise 5.7 at the end of this chapter.)

How “nice” is ¢?

For R > 1 let’s temporarily define

R
oy (@) = / (@) %’

It’s clear that g(g) € L'. Taking Fourier transforms, we get
. B a2dy
ami©) = [ oo L
1 Y
As R — o0, g(my(€) / to

o= [ 1o we) =3

By Minkowski’s Inequality for integrals:

( / |F<§>|2d5)1/2 <[ ( / |¢<y5>|4d5)1/2 o
/ ( / |¢(£>|4d£)1/2yfﬁ§/2

o0

N

< o0,
because 1) belongs to the Schwartz class. The Monotone Convergence Theorem
now implies that the functions g ry—and hence the functions g g)—have an

L? limit. But we already know that the g(r)’s converge pointwise to ¢. Thus,
¢ € L?, and its Fourier transform is what we've called F(€):

o0 N 2@
/1 ) L

We can similarly show that |€]™ F(¢) € L? for all M, implying that ¢ is
infinitely differentiable.

We claim that ¢ has compact support. What this means is that there is
a compact set K C R such that ¢(x) = 0 almost everywhere on R \ K.
Indeed, we can take K to be {z € R?: |z| < 4}. We prove this by showing
that, if h € C3°(R%) has support disjoint from K, then [ ¢hdz = 0.

This last statement is easy to prove. Let h € C{°(RY). If y is small,
the integral [ h(x)n,(z)dz is bounded by a constant times y (exercise 5.2).

Therefore the integral
1
d
/ /h(az)ny(z) dx gy (5.12)
0
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converges. The mapping C5°(R?) +— R defined by 5.12 is a distribution with
compact support; because, if the support of & is disjoint from {z € R?: |z| <
4}, h(z)ny(xz) =0 for 0 < y < 1. However, as a distribution, the function ¢ is

equal to
1
dy
o= [ m) L.
0 Y

In English, this last statement means that, for any h € C°(R?),

1
/gb(x) h(z)dx = h(0) — /0 /E(x)ny(x) dx %, (5.13)

which proves that ¢ has support contained inside K. The proof of 5.13 goes
as follows:

/¢, dx—/%dxg)dg

- [ (1 /1|1z3<ys>|2dy) dé
/ )dE — /( yf)gdll) dg
71(0)7/ (/ © 1D(6) ds)
// 77y

The manipulations of the integrals are justified by the smoothness and rapid
decay of h and 1.

Now, knowing this, we can assert that ¢ is a smooth, radial function in L*.
The integral of ¢ is

Il
;~|

s d
FO) = lm [ e
. RO Zdy
= im . 19 (y(1,0,0,...,0)))| o
* d
:/ D(y(1,0,0,...,0) ¥ =1.
0 Yy

That makes ¢ nice enough for a lot of things. In the exercises we have
outlined proofs of the following facts: 1) if f € LP (1 < p < 00), then it is
the LP and almost everywhere limit of f *x¢; as t — 0; 2) if 1 < p < oo, then
these are also true of the LP limit of f* ¢t — fxdp ast — 0 and T' — oo; 3) if
p=1, fx¢— f*dr converges to f almost everywhere as t — 0 and T" — oo.
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Assuming these, we now have almost all we need for a useful reinter-
pretation of the Calderén formula. What’s missing is a justification of the
equality:

froo=fron= [ fen@ L.
Let’s now provide this.

Note that both sides make sense for any f € LP. The problem in equating
them comes from the fact that, on the left, we are essentially taking the
difference of two improper integrals that might not converge in the sense of
Lebesgue. Fortunately, this is easy to fix. The equation is easily seen to be
true for f € C5°(RY) and—here’s the important part—both sides depend
continuously on f € LP. Therefore the equation holds for all f € LP (1 <
p < 00).

With this equation in hand, an LP Littlewood-Paley estimate on f’s size
is straightforward.

Fork,n=1,2,...and f € L? (1 <p < ), set

- / /M (/(fwyuwy(x—t)dt) %"

If k,, — oo fast enough then, for all x, we will have fi, ,(z) = f * ¢po-n(x) —
f * ¢an (), for large enough n (depending on z, of course). For example: pick
k, = 2% If 27" < y < 2", then the support of v, is contained in a ball of
radius 2. Let |z| < 2", with r > 0. If 7 < n then the ball centered at = and
of radius 2" will be contained in {t: [t| < 22"}, implying that

o= [ [ (Jurnnoe-na) 2
[ L (Juenmne-oa) @

= [ * @an(x) = [+ dan ().

Assume we’ve chosen such a sequence k,,. Then f;, , — f almost everywhere.
What’s nice about this is that every fx, » can be written as a finite linear
combination of adapted functions; not only that, but this sum is one for which
we have good control on the sizes of the coefficients.

Let’s call the region {(t,y) € R« [¢t] < 2F», 277 <y < 2"} by the
name R,. Then

fran= [ 0,0) 00— 2L

n

For each @ € Dy and each n, we can write

dy d
Agun (fis m)aiQym = /R IRCETOICE yyt
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where each a(q),, is adapted to Q and IA@)nl < IA@)(f)]- (The coefficients
A(@)(f) are as defined by 5.7.) Note that, for each n, only finitely many Ay ,’s
are non-zero. Putting

Fram =Y Aan(frnn)a@)n

Q€eDy

gives the desired decomposition of f, , as a linear sum of adapted functions.
The family {Q : Q € Dy} is equal to the disjoint union of 3¢ good families
G;. Theorem 5.4 (with v = w = 1) can be applied to each of the functions

fromi= Y. Agm(fe,n)a@)ym:
Q:Qeg;

to obtain (1 < p < 00):

/ ) | fe mai
R

: 2@ (frnn)I”
S (fromi) = D |Q’|(Qk|')|XQ
Q:Q€eg;

Pdx < Cp,d/d(gsdﬁi (fk",n,i))p dx,
R

where
1/2

It is clear that each S’sd,gi( Jrnmi) < Ssd( f) pointwise (recall 5.9) and trivial
that fx,n = >.; fk,ni Therefore, by Fatou’s Lemma, if f € LP(R?), (1 <
p < 00), then

/ |fIP dz < Cp’d/ (Ssa(f))P da. (5.14)
Rd Rd

This inequality generalizes readily to weighted spaces, and to LP when
0 <p< 1. If vand w are two weights satisfying the hypotheses of Theorem
5.4 and if f is the almost-everywhere limit of

dy dt

/R (f by (1)) thy (& — 1) (5.15)

for some compact measurable exhaustion R, R’fl, then

/ P vde < Clp,d,n) / (Seal )P w da,
Rd

Rd

where 7 is any number bigger than p/2.

As we have seen, if f € Uj<,<ooL”, then f can be written as the almost-
everywhere limit of a sequence of functions of the form 5.15. We can sum up
the meaning of much of this chapter in the following theorem.
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Theorem 5.5. Let 0 < p < oo, n > p/2, and suppose that v and w are two
weights such that, for all cubes Q C R?,

/v(x) (log(e+v(x)/vQ))"dx§/w(ac)dx.
Q

Q

Suppose that 1 € C°(R?) is real, radial, has support contained in {x : |z| <
1}, has integral equal to 0, and also satisfies 5.1. There is a constant C' =
C(,p,d,n) such that, for all f € Ui<r<ooL”,

/ \f|pvdxgcp,d/ (Sea(f))P wdz, (5.16)
Rd Rd

where Seq(f) is as defined in 5.9. In particular, 5.16 holds if v = w and
v E Ax.

Remark. Honesty compels us to point out that 5.14 and Theorem 5.5,
while true, are slightly deceptive. It is now natural to jump to the conclusion
that, if f € LP(R?) (1 < p < o0), and {K;} is any compact-measurable
exhaustion of Riﬂ, then fx,) — f in LP, with 5.14 holding. This is true,
but we haven’t proved it yet. We will do so in the next chapter.

The Calderén reproducing formula is a powerful tool, but we should not
oversell it. It also has some powerful limitations. We have already seen one:
The Calderén integral does NOT converge in the L' norm (although, properly
interpreted, it does converge almost everywhere). In L the situation is even
worse. If f € L>°(R?) we cannot, in general, expect the integral

/ (f by (1) by — 1) LY
RAH! Yy

+

to converge to f in any sense. For example, if f is a constant, the integrand
is identically 0, which means that the Calderén formula cannot distinguish
between two bounded functions that differ by a constant. (Fortunately, for
bounded functions, this is the worst that can happen: see the exercises.)

As promised, we have shown that the Calderén formula allows us to write
essentially arbitrary functions as limits of finite sums of adapted functions,
and in ways that allow us to apply Littlewood-Paley analysis. We wish to
make three final observations about these adapted function decompositions.

Observation 1: Our Littlewood-Paley estimates do not require very smooth
adapted functions. Instead of asking that a function a(q), adapted to a cube
Q, satisty

lago) (@) — a@@) ()] < (Jx — yl/a@Q)IQI 2,

we could have asked that, for all  and v,

lagg) () — agy(yl < (Jz — yl/6Q))*|QI™"? (5.17)
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for some fixed a > 0, independent of Q. What we are requiring is that a(g)
satisfy a suitably scaled Lipschitz (or Hélder) smoothness condition of order a.
The Littlewood-Paley estimates we obtained in chapter 4 for sums of adapted
functions also go through for these Hélder-smooth adapted functions, but with
constants that (of course) depend on a.

Nevertheless, it is sometimes useful to note:

Observation 2: The Calderén formula yields adapted functions with ar-
bitrarily many derivatives. We obtained our adapted functions a(g) from the
formula
dt dy

Y

1/2
_ 2 dtdy
AQ—c</T(Q)f*wy<t>| y) .

However, since v is infinitely differentiable, we can take as many derivatives
as we like (in z) on both sides of 5.18. Simple estimates now imply that, for
all derivatives D*(a(q)), we will have

Moug) = | AR OIACED (5.18)

where

1D (a@))l . < Caal(@)71QI72,

where |a] is the order of the differential operator D®. We don’t need this
extra smoothness for our basic Littlewood-Paley estimates, but it can come
in handy when studying the action of differential operators.

Observation 3: The Calderdn formula yields adapted functions with arbi-
trarily many moments of cancelation. Let A be the Laplacian operator on R?,
and let ¢ be as in 5.1. We could just as well write our Calderén representation
of f with respect to Cpr(AM1)), where Cjy is a constant chosen to ensure 5.1.
But AM1) is orthogonal to all polynomials of degree < 2M. Usually we don’t
need this extra cancelation, but it can be useful when studying the action of
certain integral operators.

Exercises

5.1. The Calderén reproducing formula uses a function ¢ € C$°(R?) that is
real, radial, has support contained in {z : |z| < 1}, satisfies [+ dz = 0, and
is not identically 0. Show that such a 1 exists.

5.2. Let h and 7 belong to C5°(R?), and suppose that [ndz = 0. Show that
there is a constant C, depending only on h and 7, so that, for all 0 < y <1,
and all z, |h*ny(x)| < Cy.
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5.3. Let p and v be two functions in C5°(R?) having integrals equal to 0.
Show that

What does this say about the convergence of the Calderén reproducing for-
mula for functions p € C5°(RY) that satisfy [ pdz = 07

5.4. Let f € L?(R%), and suppose that F C Riﬂ is measurable. Let 1 be
any function in C§°(RY) satisfying [t dx = 0. Show that, if {K;} is any
compact-measurable exhaustion of R‘f‘l, then

. dt dy

lim (f Py (1)) oy (w — 1) ——

i—o0 JpnKk,

exists in the L? sense, and that the limit is independent of the sequence of
sets {K;}. Formally, this limit is equal to

ﬂmuﬁ;éu»wﬁmwﬂw—wﬁﬁg

Show that || f(z)ll, < Cyllfll,- Show that this definition of f(z) coincides with
our earlier formula 5.4 when E has compact closure contained in Riﬂ. Show
that, if F and E are arbitrary measurable subsets of Riﬂ, and E C F, then
fory = fimy = furm)-

5.5. This exercise builds on exercise 5.4. Let f € L?(R%). Show that, for all

€ > 0, there is a compact K C Rfrl such that, for all measurable E C Rf‘l,
if K C F, then ||f(K) — f(E)||2 < €.

5.6. Let 1) € C5°(R?) be real, radial, have support contained in {z : |z| < 1},
satisfy [¢ dx =0, and be normalized so that, for all £ # 0,

RN 2 dt
| weor G =1
0
Let ¢ € L>°(R?) satisfy ¢+, (t) = 0 for all (¢,y) € R4, Show that ¢ is a.e.
constant. (Hint: First show that the conclusion follows if [ ¢ pdx = 0 for all

p € C°(R?) with integral equal to 0. Then show that the hypothesis implies
this.) Show that this conclusion can fail if ¢ is a polynomial.

5.7. Let ¢ € C°(RY) satisfy [¢dx = 1. This exercise guides you through a
proof that, if f € LP(R?) (1 < p < o), then

Jim (f % 6u(x) — lin f  6(2)) = ()

t—0

almost everywhere, with convergence in LP as well when p > 1.
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a) Show that there is a constant Cy such that, for all f € LL _(R?),

loc
sup [ f * ¢y ()| < CoM(f)(x).
t>0

(Hint: Assume that ¢ and f are non-negative, and look at exercise 2.7.)
b) Show that, if f € LP(R?) and 1 < p < oo, then

Jim [+ gr(z) =0

uniformly. Show that this convergence holds in LP if p > 1.
c¢) For § >0 and f € L _(R?), define

loc

Qé(f)(w) = sup |f*¢t1(m)_f*¢t2(x)|v
0<t1,t2<d
and set 2(f)(x) = lims_o 25(f)(x). Notice these facts about 2(f): it might
be infinite, but it is defined everywhere and it is measurable; 2(f + g) <
Q(f) + 2Ag); 2F) < 2C,M(f); 2(f)(w) = 0 if and only if limy—o f * ¢4(x)
exists; if f is continuous, then 2(f)(z) = 0 everywhere.
d) Show that, if f is continuous and with compact support, then

lim £ % 64(2) — f(2)

uniformly and in LP (0 < p < 00). Use this to infer that f * ¢ — f in LP for
arbitrary f € LP (1 < p < o0).

e) Let f € L? (1 < p < c0), and write f = g + b, where g is continuous
with compact support, and [[b]|, < e. Put some of the preceding estimates
together to infer that, for all n > 0, the set {x : 2(f)(z) > n} has measure
zero, and therefore that lim;_,q f * ¢;(z) exists almost everywhere.

f) Last step: under the same assumptions as in step e), show that the
almost-everywhere value of lim;_o f * ¢¢(z) is f(x).

Notes

The original form of the Calderdn reproducing formula appears in [4]. Versions
of it more closely resembling what we see in this chapter appear in [6], [7],
[5], [9], and [57]. Our proofs of Theorem 5.1 and Theorem 5.2 are heavily in-
debted to [53]; see also [15] for one treatment of the L? case. The papers [57]
and [9] exploit the connection between Calderén’s formula and adapted func-
tion decompositions essentially as we do here. The combinatorial argument
(Theorem 5.3) used to construct “good” families, which is presented here, is
from [62], but is similar to constructions in [10] and [25]. The convergence of
the Calderén formula for smooth functions with good decay is proved in [22].
The use of the Calderén formula, combined with dyadic results, to prove
weighted Littlewood-Paley inequalities for “arbitrary” functions, is based on
the treatment in [62].
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The Calderén Reproducing Formula II

The way we have been discussing the square function, in terms of Haar func-
tions and adapted functions, is not how it has traditionally been done. Now
we want to describe how Littlewood-Paley theory, as we have developed it,
relates to a more classical theory.

We wish to emphasize that we will not be treating the classical theory of
the square function in depth. Instead, we will develop some “semi-classical”
(real-variable) theory and show how it meshes with some familiar! square
function results. Our reasons for this are two-fold: 1) it saves space; and,
2) the real-variable theory is closer to the spirit of modern work in analysis.

Let ¢ € Cg°(RY) be real, radial, have support contained in {z : |z| < 1},
satisfy [+ dz = 0, and be normalized so that, for all £ € R%\ {0},

o0 N 2@_
/0 e L =1

This is equation 5.1 from the preceding chapter. For a > 0 and = € R%, let
I',(z) be the “cone” over x:

Fo(z) = {(t,y) e RE™ ¢ |z —t] < ay}.

This cone is said to have aperture equal to a. We call I';(x) the “standard
cone,” and we usually denote it by plain I'(x). Notice that, if 0 < a < 3, then
I'y(z) C I'g(x).

With « and ¢ fixed, we define the (real-variable) square function Sy o (f)
of a function f € LL _(R?) by

loc

1/2
Sp.alf)(z) = (/F ( )If*wy(t)IQ jﬁ?) : (6.1)

! Familiar to older mathematicians!
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In analogy with our definition of I'y(z), we will denote Sy 1(f) by plain
Sy(f):

An analogous operator, the (real-variable) g-function, is defined by the
equation:

go()(@) = ( Je dyy)/ (6.2)

These operators are sublinear and non-negative. They are also bounded on L2.
Indeed, for any a > 0,

dtd
| Seatn@y = [ O e ) € ) Tt

dt dy
:cd/ 5, (1) oty Y

dtd
- cdad/d 7y (1) T
Ri+1 y

= Caa| fll,,

when f € L% and the analogous computation for g,(f) is even simpler.
Notice that, up to possible constant factors, Sy o and g, (f) induce nonlinear
isometries on L2.

I claim that we have already seen the operator Sy (f), though in a
disguised form. Recall our definition of S,q4(f),

1/2

Sulh@ = [ 3 ReDl

@>»
Q€EDy |Q|

1/2
Mo(f)] = (/T@) 1+ 0y (1) dtydy>

The function S,q(f) is pointwise comparable to

where

1/2

dt dy
Z/T |f ¢y zyd+1

QEDy
z€Q

There is a positive constant o (d) such that, if (t,3) € T(Q) and z € Q, then
|z —t] < a1(d)y; conversely, there is another positive constant, as(d), such
that, if |z —t| < as(d)y, then (t,y) lies in a T(Q) such that = € Q. Put
together, these say that Ssd(f) is less than or equal to a constant times
Sy,ar(a)(f), and that it is larger than or equal to a constant times Sy, o, a)(f)-
Therefore, if
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/ IflpvdeC/ (Bt F)) w di
R R4

holds for all f in some test class, it automatically holds (with a different
constant C) if we replace Ssq(f) with Sy o, (a)(f); and, likewise, if

/(S'Sd(f))pvdsch/ |fIP wdx

holds for all suitable f, it will hold with Sy 4,()(f) in place of gsd(f); and,
of course, weighted norm inequalities involving Sy o, (a)(f) and Sy, a,(a)(f)
automatically imply others for S’Sd( 1)

The problem then arises of how to relate the LP norms of Sy, o, (a)(f) and
Sy,az(a)(f) if we are working in weighted spaces or if p # 2.

We will avoid many technical problems in studying these objects if we
define a new square function, one which is independent of any particular kernel
1. This square function pointwise dominates all of the Sy (f)’s and gy (f)’s,
but is not essentially larger, or any harder to handle, than any particular
Sy.a(f). Using it, we will be able to show with relatively little trouble that
Sy.a(f) and g, (f) have LP(R?) norms comparable to [ f]l,, when 1 < p < oco.
This new square function also has the virtue of being essentially aperture
independent: its values for one aperture are pointwise comparable to its values
for any other aperture, and this pointwise comparability even holds good for
its “zero-aperture” version. This property makes it well-suited for work in
weighted spaces.

For B > 0, let Cg be the family of functions ¢ : R? — R having their
supports contained in {z : |z| < 1}, satisfying [ ¢ dz = 0, and such that, for
all z and o/, |¢(z) — ¢(2')| < |z —2/|°. If f € LL (R and (t,y) € R, we
define

Ap(f)(t,y) = sup |+ y(t)]-

¢EC5

Notice that Ag(f)(t,y) is a measurable function of (¢,y) and, for every fixed
r € R4, Ag(f)(x,y) is a measurable function of y. These imply that the
following definitions make sense.

Definition 6.1. Given the family Cg, the intrinsic square function of f, of
aperture o, is defined by the equation

1/2
G p(f) () = ( /F sy ZZfi’) .

When a = 1, we write Gy g(f) simply as Gg(f). The intrinsic g-function of
f is defined by the equation

s = ([ a2 L) "

Y
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The discretized intrinsic g-function of f is defined by the equation

oo

1/2
os(f)(z) = (Z(Aﬁ(f)(xﬂk)f) :

— 00

It is trivial that Sy (f) < C(¥,5,d)Ga,p(f) pointwise, and therefore
that || f|l, < C||Ga,s(f)|l, when f € L?. Any inequality of the form

/ |f<.’L‘)‘p vdr < C/ (Sw’a<f)(x))pwda';
R4 Rd

for any 0 < p < oo and any weights v and w, automatically implies

/'|f@»Pwdxs<?/'(Gmﬁuvm»pwdm (6.3)
R4 R4

For example, our work in the preceding chapter shows that 6.3 holds for any
0 <p<oo,any f € Ui<rcool”, and any pair of weights v and w such that

/v(x) (10g(e+v(m)/vQ))”dx§/w(x)dx
Q Q

holds for all cubes @, where 1 > p/2.

Only slightly less trivial is the fact that if @ and o’ are two aperture
sizes, then G, g(f) and G g(f) are pointwise comparable. But even more is
true. It is not hard to show that gg(f), os(f), and Gg(f) are all pointwise
comparable. We refer the reader to the exercises for the ideas behind the
proofs of these facts; we will take them for granted.

Our next theorem is:

Theorem 6.1. Let 1 <p <2 and § > 0. There is a constant C = C(p,d, 3)
such that, for all f € L _(R?) and all weights v,

loc

/'maﬁwmmsc/‘UPMwa
Rd Rd

The meaning of Theorem 6.1 is that, while the intrinsic square function
dominates all the square functions Sy o(f) and gy (f), it is not much bigger
than any of them. Of course, Theorem 6.1 immediately implies [|Sy, o ()], +

lgu ()l < Clp, g, d)|[ f], for all 1 < p < oo, all ¢, and all a.
Proof of Theorem 6.1. The proof has three main steps.
Step 1.

IGa(N; < C(d, B fl,-

Step 1 is the key to the proof.
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Step 2.
[ (@atpypeds < [ 172 ds
R4 R4

for all f and all weights v.
Step 3. There is a constant C' = C(d, 3) so that, for all f, all weights v,
and all A > 0,

oo Galh@) >N <5 [ 11000 ds

Theorem 6.1 will then follow by interpolation.

Step 1. The L? boundedness of G(f) is equivalent to having

dt dy <

[ st < oa [ 15 a
R’+ R4

for all f € L?, which is the same as showing

/ (As(f) ()2 2L
K Yy

< C(B.d) /R ffda (6.4)

for all compact K C Ri“. Inequality 6.4 is what we will show.

Let K C Ri“ be compact and suppose that || f||, < 1. If ¥» € C then
f*1hy(t) is continuous on K. The function Ag(f)(t,y) is also continuous on K.
Therefore we can choose, in a measurable (indeed, piecewise constant) fashion,
functions 1(“¥) € Cs such that, for every (t,y) € K,

|[f 00 (6] = (1/2)As(f)(t,y).

Let g: Ri“ — R be a measurable function such that

dtd
/ lg( 2 atay -1

We will be done if we can show

‘ / (F * 009 (1)) g, y)M < C(8,d). (6.5)

The integral in 6.5 is equal to

ot ([ s %) o

dt dy

Set

G(z) = /K ot y) 9 (¢ — )
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Since the integration is over a compact set, this is a bounded, continuous
function of z, with bounded support. What we need to show is that ||G]|, <
C(B,d). We will now do this.

We can rewrite the integral defining G as

(ty) (+ _
% /K g LD =)

dtdy

and, as our earlier work has shown, this is in fact a finite sum. We can rewrite
each summand as

dt dy
/ glt,y) PSP (t — 1) —= = Aga(q),
KNT(Q) Y

dt d Yz
Ao = ( / l9(t, )2 y)
KNT(Q) Y

and a(q) is a continuous function having certain nice properties. In particular:

where

1. The support of a(g) is contained inside Q, the triple of Q.
2. fa(Q) dx = 0.
3. There is a constant C((3,d) such that, for all x and /,

lago) () — aig)(x')| < C(B,d)(|z — | /£(Q))°|Q| /2.

Each of these properties follows from a corresponding defining property
for Cg. The only moderately tricky one is number 3, for which the crucial
inequality to show is:

9 1/2
(Jrcoy o0 =) - - o[ 22) © <
C (B, d)(|z — 2’| /£(Q))°1Q /2,

which is easy, but we should note how important it is that the smoothness
property of functions in Cg holds pointwise, and not merely in an averaged
sense.

In other words, the functions a(q) are, up to a positive multiple, adapted

functions, adapted to the dyadic triples Q. Our earlier work? implies that, for
every finite linear sum ZQ YQU(Q)

/ | Zma(@)l dr < C(8.d / Z '”g{ dr=C(6,0) Y hal®
Q
(6.6)

2 Apply Theorem 5.3 to the family of (’s, and then think: Theorem 4.6 with v = 1.
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Applying this inequality to the finite linear sum G = ZQ Aqaq) yields

[1G@P s < c(s.a) > laaf

ﬁd/| thdy

which is what we wanted for Step 13.

Step 2. Let v be an arbitrary non-negative function in LIOC(Rd). For
(t,y) € Rd“, let B(t;y) be the ball {x € R? : |z —t| < y}. By Fubini-
Tonelli,

e s o(Blt:y) didy
J@anrvae=cia [ a5

For each integer k, define

o 1. v(B(t;y)) 1
FF = {(t,y) e RI': 2F < Bt < oktiy

These sets are disjoint and their union is {(¢,y) € R‘f‘l . v(B(t;y)) > 0}.
Therefore

2 _ 2 v(B(t;y)) dtdy
J @i =@ [ aatniean® (g S

Fk

k 2 dtdy
@322 [ (aatnieuy S

Y

Let’s observe two things about the sets F*: a) if (t,y) € F* then
B(t;y) C {z € R*: M(v) > 2*} = Ey; b) if (t,y) € F* then Ag(f)(t,y) =
Ag(fxe,)(t,y). The first fact is trivial. The second follows because, if ¢ € Cg,
the function v, (t — -) has support contained in B(t;y). Therefore, for each k,

5 dtdy 5 dtdy

/ (As(f)(t,y)) = / (As(fxm) ()
Fk Fk
< C(B,d) / \fxE,|” do

— C(p.4) / 1 X, da,

3 Referring to “our earlier work” to justify 6.6 is really a bit of overkill. For a more
direct proof, see exercise 6.13 at the end of this chapter.
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where the second line follows from Step 1. Summing on k, we now get

f@atnrvar <. S [11f oo

:aﬂﬂAﬂﬁ<szm>W
k

<c@.d) [ P M@,

which finishes Step 2.

Step 3. We will only prove Step 3 for functions f that have the following
property: for every € > 0, there is an N such that, if @ C R? is any cube with

¢(Q) > N, then
1
— d .
|Q|/Q|f| T <€

(One way to remove this restriction is outlined in an exercise.) That said, let
{QR}x be the maximal dyadic cubes such that

)
[ flde> A
Q2 Jop

Each Q7 is contained in the set where My(f) > A, but in fact a little more
is true. If we let Qg denote the triple of Qg, then Qg is contained in the
set where M (f) > cA, where ¢ is a positive constant depending only on d
(note that this second maximal function does not have a subscript ‘d’). This
is because, if x € Qg there is a ball (or cube: it doesn’t matter which) not
much bigger than @7, which contains both z and Q3.

We write f = g + b, where, following a familiar pattern,

g={fQ2 ifoQ%;
flz) = ¢ UrQy;
and b=, by, with by, = (f — fQQ)XQQ'

Set 2 ={x: M(f)(x) > c\}, where c is the positive constant from a few
lines ago. According to exercise 3.5, there is a constant C' = C(d) such that

wmsgijww.

Therefore it will be enough to show that

oo 2 Galh@) > N) < S [ 1AM

which will follow from
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V(e 25 Galg)w) > N2 < 5 [ If1M()do (6.7)
and ,
vz ¢ 2: Gb)(@) > M2h) < S / I M(v) da (6.8)

The proof of 6.7 will depend on our Step 2 result and on a lemma, whose
proof we leave to the reader:

Lemma 6.1. Let Q be a cube, and set S = R\ Q (note the tilde). There is
a constant C, depending only on d, so that, for any weight v,

sup M(vxs)(x) < C inf M(v)(z).

By the Step 2 inequality,

Jrna(Gs(9)? vde < C [ |g]* M(vxma o) do
< C fayugy 1P M) de + O Sy fgal? Jor M(vxma o) do
< O Jpa [f| M(v) dz + AT, [fp | fon M (oxminy ) d

where the last line (factoring out the X’s) follows from the usual bound on g.
Lemma 6.1 implies that, for each Q3,

el |, Mionmno)de < C /. 1010 d
Therefore,
/Q(Gﬁ(g))zvdx < CA/Rd f|M(v)dgc+m%j/@2 1 M(v) da

< C’)\/\f|M(v) da.
The weak-type estimate for g now follows from Chebyshev’s Inequality (i.e.,

dividing both sides by (A/2)?).
To estimate 6.8, we will show that, for each k,

/ Gga(by)vdr < C(a,d)/ || M(v) d. (6.9)
RN @
Summing on k will then yield
/ Gob)vdz < Clad) Z/ F| M(v) da,
R4\ 0 w JQ)

from which the weak (1, 1) estimate will follow at once.
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Inequality 6.9 is a direct consequence of a simple fact: Suppose that h €
LY(Q), Q a cube, and fQ hdzx = 0. If d(z, Q) means the distance from x to @,

then, for all = such that d(z, Q) > £(Q),

Ga(h)(@) < C(B, RN IQI (1 + o — wol /(@) ™7, (6.10)
where we are using g to denote @)’s center. This implies 6.9, because it yields
fRd\Q Ga(by)vdr <
C(8.d) (fop 171d2) (1QA ™" Jra v(@) (1 + |2 = 2y /Q) 47 da) .

But

QU [ 0la) (14 fo =gy /6@ do < Clo) inf, M(0) (o)

wEQg

(see exercise 2.7), and therefore

/ Ga(by)vdr < C’(ﬁ,d)/ |1 M(v) dx
RAR Q

We finish by proving 6.10.

Suppose d(z, Q) > 4(Q), (t,y) € I'(z), and ¢ € Cg. Since ¢ is supported
inside {« : |z| < 1} and |x —t| < y, the convolution h * ¢, (t) will be zero
unless y > |z — x¢|, where ¢’ is some positive constant that depends on d.
We merely note this fact now; it will become important soon.

We can casily estimate the convolution h * ¢, ().

hox by (6)] = \/ 0yt — ) h() d

‘ / (Dy(t — ) — byt — 7)) h(z) d

C(d)EQ)/y)y~Inll,
=C( )UQ)° NIhllyy=7,

implying that Ag(h)(t,y) < C(B,d)(Q)P|h|l,y=¢=F for (t,y) € '(z). If we
fix a y > |z — zg| then

/lt B (As()(t,))? yitrl < OB, d)0(Q)? ||| 2y —24—201.

When we integrate this (in y) from ¢’|z — xg| to infinity, and take a square
root, we obtain:

Gp(h)(z) < OB, )UQ) |k, — zql™*".
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However, so long as |z — zg| > 4(Q),
UQ)’ UQ)°
PN e (7(0) E PR | T
= CUQ) (1 + |z — zol/(Q)) "7
= ClQI™ (L + |z — ql/6(Q) ™7,

which is exactly what we wanted. Theorem 6.1 is proved.

Knowing that [|gy (f)[[, and [|Sy (f)|| are both less than or equal to C||f|,
for 1 < p < oo, we can use duality to prove the converse inequalities, much as
we did in the dyadic setting (see exercise 3.7). If f € L2NL? and h € L>NL¥',
then (see equation 5.5),

dt dy

(Fxy(0)) (hx (1)) ”

@ h(z)dz = /

d+
Ry

By the Cauchy-Schwarz inequality, the right-hand integral is seen to have
modulus no bigger than

| 90 @ae)(@)de < lgu (1 o),
< Cllgo (£, 17l

Therefore, by taking the supremum of | [ f h dz|, as h runs over all of L? NLY,
with [|A]],, < 1, we get [[f]l, < Cllgp(f)ll,, for f € L? N LP. Now let f be
an arbitrary element of LP, and let f,, be a sequence in L? N L? such that
fn — f in LP. We have the pointwise inequality |gy(fn)(z) — gu(f)(z)] <
gy (frn — [)(x) (it’s just the triangle inequality in disguise). But we also have

that [lgy(fu — F)ll, < Cllfu — £Il, — 0. Therefore, g, (fu) — gu(f) in L7.
Putting it all together:

11, = tim £,

< Clim gy (f)ll,
= Cllgp (Hll,,

as was to be proved. The corresponding converse inequality for Sy (f) is shown
in the same fashion.

As often happens in analysis, we have proved—or almost proved—a little
more than we advertised. The Cauchy-Schwarz inequality argument above
implies that, if f € LP and h € L¥ | the integral

dt dy

/ (F 0y (1)) (o 0y (1))
R y
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is absolutely convergent, and the integral of the integrand’s modulus is
bounded by a constant times || f|, ||l . From this we can quickly get that

dt dy

l(f*wu(t)) (B*wy(t)) (6.11)

[ Fa)ha)do = /

dt
RY

for all f € L? and h € L?". Denote the integral on the right as B(f,h). Let
fn be a sequence in L? N L? and let h,, be a sequence in L% N LP" such that
fo— fin L? and h,, — h in L”". Then [ f, hy dx = B(fn,hy) for all n, and
Ir hdz = lim,, I fn hy, dz. However, mimicking the proof of the product rule,
we have

(B ) = BUWNZC (I = Sl + 111 = Bl ) =0,

implying [ f hdx = B(f,h).

We now have the equipment necessary to prove that the Calderén repro-
ducing formula, in a very general sense, holds “in LP” for all 1 < p < oo.
(We will show that it holds in an even stronger sense somewhat later in this
chapter.)

Theorem 6.2. Let f € LP (1 <p < o), and, for any measurable K C Rf‘l
with compact closure contained in Rff_“, define, as we did in the previous
chapter,

fuaoy (@) = /K (f * 0y (0) oy (z — 1) LY.

If K1, C Ko C --- is any compact-measurable erhaustion of Ri“, then
f(Ki) — f n LP.

Proof of Theorem 6.2. For any measurable subset A C R‘f‘l, tempo-
rarily define

1/2
dtd
Salf)(z) = ( /F A nyf)

A repetition of the duality argument above shows that, if K,, C K,,
I fx) — &) » < Cp||SK”\Km(f)||p. But Sk \k,,(f) is pointwise domi-
nated by Sy(f), which belongs to LP. Thus, Sk, \k,, (f) — 0 almost every-
where and—by Dominated Convergence—also goes to 0 in LP, as m and n go
to infinity. Therefore the sequence {f(k,)}» is Cauchy in LP. Denote its LP
limit by g. It will be enough to show that f(x, ) — f weakly.

Let h € L. Then [ fhdx = B(f,h), where B(-,-) is the bilinear func-
tional we defined in 6.11. However, on the one hand, B(f,h) is the limit of
B(fk,),h), by the Dominated Convergence Theorem; while, on the other
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hand, B(fk,),h) — B(g,h) = [ ghdz, because Jk,) — g in LP. That
finishes the proof.

Remark. 1t might seem that the proof of Theorem 6.2 makes those of
Theorem 5.1 and Theorem 5.2 superfluous. Not quite. The proof of Theorem
6.2 rested on a reduction to L2, which was handled by the two earlier theorems.

The square functions Sy (f) and g, (f) are “semi-classical.” The “classi-
cal” square functions S (f) and g.;(f) are defined as follows. Let P : R — R
be defined by
P(x) = ca(1+ |2[*) 172,

where the constant cq is chosen to ensure that [P(z)dz =1.1f f: R — R
is such that fP € L', then, for every (z,y) € Ri“, we can define

u(x,y) = Py = f(z).

This function satisfies Laplace’s equation Au =0 in Riﬂ and has boundary
values equal to f, in the sense that

lim u(z,y) = f(2)
y—

almost everywhere, and u(-,y) — fin LP if f € LP and 1 < p < co. The gra-
dient of u, Vu, is a (d + 1)-dimensional vector Vu = (ug,, Uz, ... , Uz, Uy),
all of whose components have essentially the same form. To wit, each u, (or
uy) is given by a formula like

y_1¢y * f(l‘),

where ¢ : R? — R satisfies the following properties: 1) [¢(z)| < C(1+|z|) =9}
for all z; 2) |Vo(z)] < C(1 + |z[)~972 for all x5 3) [ ¢(x)dz = 0. In other
words, the generating kernels for the components of Vu are like non-compactly
supported versions of the function 1, in which the compact support condition
has been replaced with uniform decay in the modulus and in the size of the
derivatives.

The classical square functions are defined by the integrals:

1/2
Su(1)(a) = ( [ [P Z’;d‘?)

al$) = ([ vt ay)

These are the ancestors of Sy (f) and gy (f). They have a couple of advan-
tages (but many disadvantages) when compared with their real-variable de-
scendants. The main advantage is that, since they are defined via harmonic
functions, tricks from classical harmonic analysis and partial differential equa-
tions (Green’s Theorem, the Mean Value Property, etc.) can be used to control

1/2
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them. Unfortunately, this fact is usually swamped by one big disadvantage:
they are generated by non-compactly supported kernels.

It turns out that S (f), ga(f), and essentially all “reasonable” square
functions are dominated by some Gg(f), where 3 depends on the smoothness
and rate of decay of the kernel used to define the square function. Proving
this requires that we understand square functions that have the same form
as Sy (f) and gy (f), in which the function 4 is not assumed to have compact
support, but to have “reasonable” decay in its size and smoothness (according
to some measure), and of course to have integral equal to 0.

We will define two classes of such functions, each indexed over positive
parameters 3 and €, where we will (for obvious reasons) always assume that
B < 1. The first class, C(3,c), consists of functions that are only “pretty good,”
while those in the second class, Ug (), are “very good.”

Definition 6.2. We say that ¢ : R% — R belongs to Cg.e) if; for all x € R,
p(2)] < (1+[]) =" (6.12)
and, for all x and x’,
lp(x) — o) < o — 2/ (1 + [2) 797 + (1 + ]2/ 747 5

and if it also satisfies [¢dx = 0. We say that ¢ € U, if ¢ satisfies 6.12,
has integral equal to 0, and also, for all x and x’,

[¢(x) = ¢(a")] < | =2/ (L4 |2~ + (142~ P) . (6.13)

The difference between the two classes is obvious: to belong to Ug, (), we
require that ¢ belong to C() and have extra decay in its modulus of Holder
continuity, as expressed in 6.13. But this difference is something of an illusion.
On the one hand, it is trivial that Ug ) C C(g,e)- On the other hand, we have:

Lemma 6.2. Let 0 < 3 <1 and € > 0, and suppose 0 < ' < 3 and ' < e.
Define € =e¢— 3. Then:

Cip.e) CUp e
Remark. We shall refer to Lemma 6.2 as the Free Lunch Lemma. The
lemma means this: by sacrificing (actually, by not counting) a little of the

decay of a ¢ € Cg,¢), we get a function (the same function!) with “improved”
decay in its Holder modulus, though to a different order.

Proof of the Free Lunch Lemma. Let ¢ € C(3). It is trivial that

6(2)] < (1 +[a)~4,

because € < e. If [z — /| <1 then
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[¢(x) — o(@)] < o — /|7 (1L + |2)) = + (1 + [2)) =)
<ol (U ) (1 o)),
because |z — /| <1, 5 < 3, and €+ = e. On the other hand, if |z — 2’| > 1,
16(2) — B < (1+ Jal)~4< + (1 + [o]) =4
< o= a7 (0 o) (1o,
The Free Lunch Lemma is proved.

For us, the usefulness of the Free Lunch Lemma comes from the following
decomposition lemma due to A. Uchiyama [57]:

Lemma 6.3. Let 0 < 8 < 1 and € > 0. There is a constant C(d,3,¢) such
that, if v € Ug,e), there exists a sequence of functions {¢r}5° such that

¥ =C(d,3,6) Y 27 (¢r)ar
0

and every ¢y, belongs to Cg.

Proof of Lemma 6.3. Let h € C°(R?) be real, radial, non-negative,
have support contained in {z: 1/4 < |z| < 1}, and be normalized so that

i h(27Fz) =1

for  # 0. There exists a jo < 0 such that
Z h2 k) =1
Jo+1

when |z| > 1. Re-index this sum as > ;" h(27Wo+*)z). Define po(z) = 1 —

> h(27Fx) and set pi(x) = h(2-Uo R z) for k > 1. Each py. has support

contained in {z : |z| < 2*} and satisfies the inequalities:

/pk(a:) dx > 2k
[Vpr(z)| < C27F,

where the constants C' only depend on d, h, and jj.
Define, for £ > 0,

(f (Zg Pj) ¢dt> pi()
gk () fpk(t) dt :
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It is easy to see that g, — 0 uniformly. In fact, this convergence is pretty fast.

For any k,
k
/(Zm) vit=— [ (S o | v (6.14)
0

i>k
because [t dt = 0. But, when k > 1, the integral on the right-hand side of
6.14 has modulus no bigger than

/ l(t)| dt < 27k,
|z|>c2k

Therefore, gp = Cipy, where |Cy| < C27F(d+e),
Notice that [ go(t)dt = [ podt; and, when k > 1,

/ (90(8) — grs () dt = / B(1) pr(t) dt

We can now finish the proof of Lemma 6.3 in a few lines. We write:

= dpr = Zt/fpk - (90 + Z(Qk - gk_1)>
0
= (¥po—90) + > (¥pr — (9r — gr—1))
1

= C(d, f€) Z 2%y,
0

and we claim that, if we take C'(d, 3, €) large enough, the ¢;’s we have just
(implicitly) defined will do the trick; i.e., that each b equals (¢y)or for some
¢, € Cg. This amounts to showing that, for each k, the support of ¢y is
contained in {x : |z| < 2k}, de)k dt =0, and, for all x and 2/,

|<5k($) — ék(x'ﬂ <Clz - |52 (d+8)

where C' is a constant depending only on h, jy, 5, €, and d. The first two
requirements are easy; and the third is also not so bad. Without loss of gen-
erality we can assume that k > 2. Because of the support condition, we can
assume that |z — 2| < O2F; and, because each p is supported in an annu-
lus, with inner and outer radii comparable to 2¥, we can assume that |z| and
|z’| are both comparable to 2¥. For these z’s and '’s we have the following
estimates:
()] + ()| < C27HE)
¥ (@) — ()
ok (@)] + o (@)
i () = pr(a")] <

C?2
C| o $/|52—k(d+e+ﬂ)
C

IAIA

/

Cle—2'|27% < Cla — 272748,
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where the last inequality uses the facts that 3 < 1 and |z —2'|/2F < C.
Combining these with our estimates on C} above, we also get:

|9k:($)\ + |g;€(x’)| < 9~ k(d+e)
g (@) — g ()] < C2REEH) | 1|7,

which is exactly the smoothness we require. But now, by mimicking the proof
of the product rule, it is easy to show that

(@) pr (@) — () pr(a’)| < C27 M+ | g/,

which finishes the proof of Lemma 6.3.

Combined with the Free Lunch Lemma, Lemma 6.3 says that any ¢ € Cs
can be written, in a uniform manner, as a rapidly converging sum of dilates
of functions in Cg, for suitable 8’ < .

We will be applying this fact shortly.

Definition 6.3. Let 3 and € be positive numbers, and suppose that |f|(1 +
|z|)~4=¢ € L'. For every (t,y) € RE™, set

Apolf)ty) = sup [fxo,(t).

#€Cp,e)

Given this, the corresponding intrinsic square functions (non-compact
support) are defined by:

1/2
G (@) = ( /F L GootE) jﬁi’i’)

= (/Ooo(fl(ﬁ,e)(f)(aﬂ?y))2 dyy> 1/2

- 1/2
(g0 (f)(z) = (Z(A(ﬁ,e)(f)(xﬂk))z) :

— 00

2
=
&
—
~
S~—"
—~
8
~—
|

We have left it as an exercise to show that C;’(g,e)(f)7 93,6 (f), and
T (8,6 ( f) are pointwise comparable, with comparability constants that only
depend on d, 3, and €. Given this, the next theorem comes without too much
extra work?:

Theorem 6.3. Let 0 < 3 < B and 5 < €. There is a constant C =
C(B,83,¢,d) such that, for all f having |f|(1 + |z|)~9 ¢ € L},

Gp.o(f) < CGa(f)
pointwise.

4 Some work, but not too much.
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Proof of Theorem 6.3. It’s enough to show

7(3,¢)(f)(0) < Cop (£)(0).
Set € = e—f'. Let ¢ € C(g,). By the Free Lunch Lemma and Lemma 6.3, we

can write -
)Y 27 ()
0

with every ¢ lying in Cg/. Therefore,

|f *¢(0)| < C(d, B, € Z?"“Aﬁ/ 2")

o 1/2
) <Z2“’(A5/(f)(0,2’“))2> .
0

If we dilate both sides of the preceding inequality by 27, we get, for each j,

o0

1/2
|f % 62 (0)] < C(d, B, €) (Z 2“’<Aﬁf<f><0,2’“”))2) :

0

Now let {¢)}>  be an arbitrary sequence of functions from C(8,¢)- Summing
the preceding inequality over j yields:

Z £+ 0) < C(d, e Z 22—’“ (Ag/(£)(0,2547))2
j=—o00 j=—00 k=0
— C(d, ﬁ/,él) i (A,ﬁ” Z 29— (I—5)€
l=—c0 j=—00

= 0L 3 (e D02 Y

l=—o00
S

=C(d.f,¢) Y (A (H)(0,2)

l=—00
=C(d, B,¢)ap (£)(0))%

which is what we want, because the supremum of the left-hand side—over all
such sequences {¢\9)}> _—is (6(5,¢(f)(0))?. Theorem 6.3 is proved.

Since the kernels that generate the components of Vu all belong to U, 1),
the inequality,

Sa(f) +galf) < CGi(f),

is now trivial, implying that ||Sei(f)l, + g (f)Il, < C|f]l, forall 1 < p < co.
As with the i-defined square functions we saw earlier, these classical square
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functions also satisfy converse inequalities, and these converse inequalities are
also proved via duality. This duality argument will go through more smoothly
if we first prove a very general version of the Calderén reproducing formula.

Let ¢ and ¢ be two positive multiples of functions in C(3.). We also
require that ¢ and ¢ be real, radial, and “co-normalized” so that

/ T oo de) % =1 (6.15)
0 Yy

for all £ # 0. (It is this co-normalization that makes us resort to positive mul-
tiples of function in Cz,().) For now we will also require that the integral 6.15
be absolutely convergent. In an exercise it is shown that this is no restriction.

Theorem 6.4. . Let ¢ and i be as in the preceding paragraph. Let f be such

that | f|(1 + |z|)~9¢ € L. For any measurable K with compact closure con-
tained in Ri“, define

dt dy

furonsta) = [ (£x00) 0 =) T2 (6.16)

IffelP (1 <p<o)and K1 C Ko C --- is any compact-measurable
erhaustion of Ri"'l, then fir,),p,p — f in LP.

Proof of Theorem 6.4. If f € L?, then

[1s@ras= [ 1)1’ ae
- [uicer ( / " o090 ) de
/ (/f w(yg)df) %

dt dy

:/ (f * 6y () (F % vy (8) 2
Rd++1 Yy

where every equation follows from Plancherel’s Theorem and the fact that the
integrals are all absolutely convergent. (To bound the last one, note that

dd
Lo 26,0117 50,01 2 < € [ oo ()00 dt)
R+

Polarization shows that, for every h € L2,

dt dy

f@h@)de = [ (Fro,®) Fu,@) TE (67
R¢ R4
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Both integrals are absolutely convergent. Indeed, the second integral is
bounded by

/Rd g(ﬁ’e) (f>(t) g(ﬁ,e) (h) (t) dt.

Because of this absolute convergence, the integral on the right-hand side of
6.17 is equal to the limit of

dt dy

/famw )dfﬂ—/(f*%(t))( 1, (0) T

i

Therefore, if f € L?, the sequence f(k,) 64 — f weakly in L?. To prove that
fix,) — fin LP when f € LP, we only need to show that, for every f € L?,
the sequence {f(k,),¢,s} is Cauchy in LP. -

By considering integrals of the form [ fx,),6,0 hdr for arbitrary f €

I?2NIPand he L?N Lp/, we see that

‘/f o () h(z) da| <

implying that ||f(Ki),¢,w||p < Clg(s,e) (f)||p But more is true. For E ¢ R4,
define

< / 36,0 () (@) Gp.0) (B (@) da
< Cllae.o (Al lgso B,

1/2
g“”f”f)(f)(””):(/ 3 )EEMm,e)(f)(m,y))”y) |

Y

The duality argument shows that

1ol < Cllg@.ery (I, (6.18)

with a constant independent of K;, for all f € L? N LP. But, because K; has
compact closure contained in Riﬂ, it is trivial that both sides of 6.18 vary
continuously with f € LP, relative to the LP norm. Therefore 6.18 holds for
all f € LP.

Continuing on this line, if f € LP and K,, C K, then

1firey o0 = e sll, < Cllds.e s (DI,
A (by now) familiar argument shows that
19(8.e.56,01,) (P, = O

as m and n go to infinity. Therefore { f(x ) 4,4} is Cauchy in LP. This finishes
the proof of Theorem 6.4.

It is now easy to show that || f||, < Cp|lga(f)l],- In fact, we've essentially
just shown it.
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We will prove the inequality for something smaller than g.(f); namely,

9 1/2
dy) .

is given by the formula

6ol f) (@) = (/fy\g';<x,y>

The partial derivative 6“

0
a—Z(w) —y 1, * f(2),

where ¢ is real, radial, and, modulo a scalar multiple, belongs to U, 1). We
can find a real, radial ¢ € C5°(R%) with integral equal to 0, and normalized

so that
/ dew) ey Y =1

for all £ # 0. By the Calderén reproducing formula method, we can write

= / (F % oy (o — 1) L2,

in the sense that f equals the L? limit of integrals on the right, taken over a
compact-measurable exhaustion of Ri“. However, this is the same as saying

ou
f= /Ri+1 6—y(t,y) hy(z —t) dt dy.
d+1
For K C R{"™ a compact set, define
Ju

fixy = ¥ - (6 y) Yy (z — 1) dt dy.

Choose K so that [|f — fk||, <€, and let h € LP" have unit norm. Then:

f(@) h(z) dx

s6+\/1(§;‘<t,y><h*wy<t>>dtdy

’Rd

<ot [ mn®amod

< e+ Cllgo(Nll,

which proves ||f||p < C”go(f)Hp'

There is clearly nothing terribly special about the kernel defining gg. The
preceding argument actually gives us the following.
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Theorem 6.5. Let ¢ € Cig) be real and radial, and suppose that ¢ # 0. If
1 < p < oo, then, for oll f € LP,

£l ~ 1156 (NI, ~ llge (N1,

with comparability constants depending only on p, ¢, and d; and where we are
defining

1/2
Solf)(x) = (/F( LAl ZZfi’)

9o(f)(z) = (/Ooo |f % oy () Qdyy)m.

Proof of Theorem 6.5. Our theorems on the intrinsic square function
show that the LP norms of Sy (f) and gy (f) are dominated by | f[|,. For the
other direction, note that, up to multiplication by a positive constant, the pair
of functions (¢, ¢) satisfies 6.15. The result now follows by a virtual repetition
of the argument we just gave for go(f).

Exercises

6.1. For 3 > 0 and (t,y) € R, let Cs(t,y) be the family of functions
¢ : B(t;y) — R such that [¢dz = 0 and, for all z and 2/, |¢(x) — ¢(2)] <
y=9Blz — 2'|”. Show that

As(f)(ty) = sup |/f v)dal.

¢€Cﬁ \Y)

6.2. Show that, if o > 1, then G, 5(f) < C(8,d)aMGs(f), where M is an
exponent depending on # and d. Also, find the value of M. (Hint: Exercise
6.1 will come in useful here.)

6.3. Prove that G(f) ~ gg(f) ~ os(f) pointwise, with comparability con-
stants that only depend on § and d. Exercise 6.1 will be useful here too.

6.4. Prove that 6(576)(]"), 9(3,e)([f), and G5, (f) are pointwise comparable,
with comparability constants that only depend on d, 3, and e.

6.5. Theorem 6.1 was proved with the restriction that f’s averages over large
cubes got very small. To remove it, we consider the modified square function

Gk (f),

1/2
Gouc(f)(@) = ( / I, ZZT{) ,
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where K is a measurable set with compact closure contained in Rf’l .
Theorem 6.1 will follow if we can prove it for Gg k(f), with constants in-
dependent of K. Show that this approach will solve our problem. The main
thing to observe here is that, for every such K, there is an R > 0 such that, for
all f, G (f) = Gp,x(fXB(0;r)), and the function fxp(;r) has the “small
average” property if f € L (RY).

loc

6.6. The proof of Lemma 6.3 calls for a function h € C$°(R?) that is real,
radial, non-negative, has support contained in {z : 1/4 < |z| < 1}, and

satisfies
o0
> he Tty =1

for  # 0. Show that such a function exists. Also, show that, for such an A,
there is a jp < 0 such that

i h(27Fz) =1

Jo+1
when |z| > 1.

6.7. Let ¢ € Up,). Show that there are positive numbers 4; and d, and a
positive constant C, depending only on 3, €, and d, so that, for all &:

|6(&)] < Cmin(j€]*,|€]7).

Then show how this implies that the integral 6.15 is automatically absolutely
convergent for ¢ and ¢ in C(g,¢)-

6.8. Let f € L? (1 < p < o), and suppose that ¢ and 1) are two real, radial
scalar multiples of functions in Cs ) satisfying 6.15. We know that

fla)= [ (o) e - T2

as an LP limit over any compact-measurable exhaustion {K;} of Ri“. Show
that, if £ C R‘frl is measurable, then

. dt dy

fig).p.(x) = lim (f * @y (0) Py (2 — t) ——

ENK;

exists as an LP limit, independent of the sequence {K;}. Show that this defi-
nition of f(g) ¢, coincides with our earlier formula 6.16 when E has compact

closure contained in Riﬂ. Show that, if F' and E are arbitrary measurable
subsets of R, and E C F, then f(p) — f(s) = f(r\p). Show that, if {E;}
is any increasing sequence of measurable sets such that U; F; = Ri“, then
fzy .o — fin LP.
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6.9. Suppose we have p, a positive Borel measure on Rf‘l, and that p satisfies

wT(@Q)) < Q|

for all cubes Q@ C R®. Let 8 and € be two positive numbers, and let ¢ and
¥ be two fixed functions in C(z.). We want to make sense of the following
operator:

(@ = [ (06, =) dutt. ), (6.19)

a) Show that, if 1 < p < oo, f € LP, and {K,}; is any compact-
(Borel)measurable exhaustion of Ri“, then the sequence of functions

| G enn oo dute.y
has an LP limit that is independent of the collection {K;};. In the process you
will show that this limit has LP norm less than or equal to a constant times
Hf||p, with a constant that only depends on 3, €, p, and d. “This limit,” of
course, is what we formally mean by 6.19.

b) Now we are going to use part a) to show that the Calderén reproducing
formula has a fair amount of redundancy built into it. Let ¢ € C°(R?) be
real, radial, have support contained in {z : |z| < 1}, and satisfy [ dz =0
and 5.1. Let E C R‘fl be a measurable set such that, for some § > 0,

[ENT(Q) <4[T(Q)]

for all cubes @ C R%. Let Tx be the operator defined by

Tp(f)(x) = [E <f*wy<t>wy<m—t>%,

where the integral is defined as in problem 6.8. Use part a) to show that
ITe(f)|l, < Co[|f]|,, where C' depends on p, d, and 9, but not on d. Use this
to show that, if 4 is small enough, the operator I — T (where [ is the identity)
is invertible on LP. In other words, if E is sparse enough on all of the T(Q)’s,
and we throw out the values of f 1, (t) on E, we can still recover all of f
from the remaining values.

6.10. Suppose we have a family of functions {$()} ¢, indexed over the family
of dyadic cubes Dy. We also suppose that, for some fixed positive numbers «
and €, each ¢ () satisfies

,1/2 |.’L' — {EQ| —d—e
@) (x)| < 1Q| (1 + é(Q))

) — o)l < () a2

() 05 )
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for all z and 2’ in R? (where we are using z¢g to denote Q’s center); and

furthermore
/¢(Q) (Z‘) dl‘ =0.

Show that the family {¢(g)}q is “almost-orthogonal” in the following sense:
there is a constant C, depending only on «, €, and d, such that, for all finite

linear sums ) Ao¢ (@),

/\Zw@)f <Y ol

Then state and prove a generalization of this result to LP(R?), for 1 < p < oo.
(Hint: Begin by showing that, if g € L?(R%), then

’ / (Z AQ¢><cz>) g(z)dz| < C / H(z)G(g)(z) dz,

where G(g) is the intrinsic square function of g [to some order, depending on
a and €] and

1/2
\)\Q\
Z Ql

6.11. In our proof of Theorem 6.4, we wrote: “Therefore, if f € L2, the
sequence f(x,),s,p — [ weakly in L. To prove that f(g,) — f in LP, when
f € LP, we only need to show that, for every f € LP, the sequence { f(k,) ¢}
is Cauchy in LP.” There is a small logical gap between the first and second
sentences. Find it and fill it.

6.12. Suppose that ¢ and ¢ are two positive multiples of functions in Cg ),
satisfying 6.15, and 1 < p < oco. Show that, if f € L? and h € L?', then

dt dy

[ J@ = [ (500 (e vyt) S

and that the integral on the right is absolutely convergent.

6.13. We justified inequality 6.6 by referring to “our earlier work” on adapted
functions, which involved some roundabout manipulations (reductions to the
dyadic case, good-A inequalities, etc.). Here is a more direct way to get 6.6.
First, assume that all the cube triples Q under consideration belong to a good
family G. Then, by a familiar reduction, assume that every function a(q) is
adapted to a dyadic cube Q. Next show that, for all Q and @’ in Dy,

- {0 if QNQ =0
=LCqQ!" /11 (UQ)P Q) it QC Q.

‘/ a(q)(x) aq (z) dx
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(See Lemma 4.1.) Therefore, for any finite sum _ yga(q), where the a(g)’s
satisfy 1., 2., and, 3.,

2 |Q|1/2> 0(Q)»
| Y Y@ dr<C ) |vql |7f< ;
/% v % ol 2, (e@)ﬁ)

1/2
oato QY

(6.20)
For each fixed @,

Q"2 ([ £4Q)”
ZQ/:QCQ’ |’7Q" (IQ/|1/2> (g(Q/)g <
2 (1l a@’ \"? u@’ \'?
(ZQ’:QCQ/ IVQI' (|Q'\) E(Q/)5> (ZQ’:QCQ/ W)

by Cauchy-Schwarz. But

V(o)
> gy <
Q:QCQ’
Therefore the left-hand side of 6.20 is less than or equal to a constant times
1/2
2 QI) (f(Q)ﬁ)
gl Vo ;
2 hal| 2. el (1) (7o

Q:QCQ’

which (again by Cauchy-Schwarz) is less than or equal to
1/

2 el )\ 2 el 2 (i) Giew)

Q:QCQ’

1/2

The first factor (containing the single sum, over @) is what we want. The
second factor (containing the iterated sum) is also okay; because, for every

fixed Q' € Dy,
Qgc:@ <||g’||) (f((g’))g < G- (6.21)

Proving 6.21 will give the reader valuable practice with the geometry of dyadic
cubes.

Notes

The intrinsic square function first appears in [59]. An early form of g (f) first
appeared in the papers [37] [38] [39] of Littlewood and Paley. The classical
theory (based on analytic and harmonic functions) was further developed
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in [66], [51], and [52]. An excellent classical treatment of S¢;(f) and g (f) is in
Chapter IV of [53], to which the approach taken here is indebted. We refer the
reader to Stein’s article [54] for a historical overview of classical Littlewood-
Paley theory. To the author’s best knowledge, the earliest appearance of a
real-variable square function having the form of Sy o(f) is in [9].
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The Calderén Reproducing Formula III

We have seen that, if 1 < p < oo, the Calderén reproducing formula converges
“n LP(RY, dz)” under very general hypotheses. In this chapter we will see that
it converges, in the same sense, in LP(R%, w dx) = LP(w), for a particular class
of weights, called A,. In the process we will have to prove some facts about
Ap, and this process should help to explain why this class is the natural one
for which such a result should hold. It is also natural for a lot of other things
in analysis. Our arguments will (we hope) show this too.

Recall that, if 1 < p < oo, we set p’ = p/(p — 1), the dual exponent to p.

We say that a weight w belongs to the Muckenhoupt class A, (1 < p <
o0) if

1 1/p 1 - 1/p’
nggd <|Q|/Qw(x)dx> <Q|/Qw(x) d:c) < 00, (7.1)

where the supremum is over all bounded cubes @ C R?. The value of the
supremum is called w’s A, “norm” and is denoted by |lw|| A,

The first things to observe about A, are that w € A, if and only if
w' P € Ay, and w]l 4, = |w'=?|| , . The reason for these is that, if we
p
replace w by w'?" and p by p’ in 7.1, we get an identical condition. Proving

this will give the reader valuable practice with manipulating the relationships
between p and p’, which include:

pp' =p+p;
(1-pA—-p)=1;
—p/p=1-9p"

We are going to show that the Calderén reproducing formula converges
in LP(w) (1 < p < o0) for all A, weights w. The formal statement of this is
the following theorem.
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Theorem 7.1. Let 3 and € be positive numbers. Suppose that ¢ and 1) are real
and radial, and are positive multiples of functions in C(g ). We furthermore
assume that ¢ and ¢ are “co-normalized” so that

/O o) dlye) Y =

for all £ #0. Let 1 < p < 0o and suppose w € Ay,. For every f € LP(w) and
measurable K with compact closure contained in Riﬂ, set

dtdy
@) = [ (756,00 6,00 ) T
K )
If K1, ¢ Ky C --- is any compact-measurable erhaustion of Rffrl, then

f,o0 — [ in LP(w).
Theorem 7.1 will follow almost immediately from

Theorem 7.2. Let 0 < B <1 and 1 < p < oco. If w € A, there is a constant
C =C(B,w,p,d) such that, for all f € LP(w),

/R (G wir<C [ @) wdr. (7.2)

R

Here is how Theorem 7.2 will almost give us Theorem 7.1. Let f € LP(w)
and let g be any bounded, compactly supported function defined on R?. Set
h = gw. Let K ¢ R be as in the hypotheses of Theorem 7.1. We have made
it an exercise (see 7.2; it has lots of hints) to show that f ¢, (t) is defined and
bounded on K (this is the “almost” part at the beginning of the paragraph).
Assuming that fact, we have:

dt dy

/ Fiorpup(@) g(@) wdz = / (F % dy(0) (hx gy () 22 (73)
R K

so(N@ = ([T 1r 50,0 jy)/

1/2
_ o2
9o, (f)(x) = (/{y ek |f ¢y (x) ) )

gu(h)(z) = (/OO kg () dj)/

By Cauchy-Schwarz, the absolute value of the right-hand side of 7.3 is
bounded by

/Rd (96,5, (f) (@) (99 (h)(2)) da,
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which we will write as
I Jworn@y’] [tgsm@pe] de

If we have Theorem 7.2, this integral will be bounded by a constant times the
product of |[(gg.sc, () oy, and

( Rd(GB(h)(x))p’ w /P dx)w : (7.4)

for some 0 < 3 < 3. However, w™?/P = w'=? ¢ Ay . Applying Theorem 7.2
again lets us dominate 7.4 by a constant times

, , 1/p'
( [ @ w dz) :
Rd

which, after unraveling the exponents, turns out to be ||g| L+ (w)- Taking the
supremum over all such g satisfying ||g||Lp/(w) <1, we get

1o bl Loy < Cllgs,x (Nl Lo )

But we also have that
96,1, Loy < CNGHDN ) < Oy < 00,

implying that gs(f) < oo w-almost-everywhere. Therefore (arguing exactly
as we did in the unweighted setting), if {K;} is any compact-measurable ex-
haustion, the sequence {f(x,)4,4} Will be Cauchy in LP(w). It is not hard
(we leave it as an exercise) to show that this limit will be independent of the
exhaustion {K;}. If f is bounded and has bounded support, the limit of the
J(K:),0's must be f (because we can always take a subsequence converging
to f almost everywhere). Therefore the limit must be f for all f € LP(w).

So, everything comes down to showing Theorem 7.2 and the boundedness
of f¢y(t) on K. For now we will concentrate on Theorem 7.2. It will follow
from some work on A, weights and:

Theorem 7.3. Let X be a non-empty set, and let T and Ty be two operators
mapping from X into L (R?). Suppose there is a number py > 1 such that,

loc

for all 1 < q < pg, all weights v, and all f € X,

/|T1(f)(x)|quz§0q/ |To(f) ()| M (v) dz,
R4 Rd

where the constant Cy only depends on q. Then, for all 1 < p < oo and all
w € Ap, there is a constant C = C(w,p,d) such that

| mn@reds<c [ e

Rd
forall fe X.
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After we show that LP(w) C L _(R?) for all w € A, (see exercise 7.2),

loc

Theorem 7.2 will follow from Theorem 7.3 by setting X = LP(w), T1(f) =
Gga(f), and To(f) = f.
We will now explore some properties of A, weights. Much of this will

involve review of material from earlier chapters. We hope the reader has been
doing the exercises.

The next definition is redundant with (but also consistent with) a defin-
ition we gave earlier.
Definition 7.1. A weight v € LL (R%) belongs to the class As if, for all

loc

€ >0, there is a § > 0, such that, for all cubes @ and measurable E C Q,
|E|/|Q] <6 = v(E) < ev(Q).
Lemma 7.1. If v € A, it is doubling.

Proof of Lemma 7.1. Pick ¢ = 1/2, find the appropriate 6 > 0, and
let p > 1 be so close to 1 that [pQ \ Q| < §|pQ)| for all cubes @Q; where pQ
means the concentric p-dilate of Q). Algebra then implies that v(pQ) < 2v(Q).
Now let n be such that p” > 2. Repeating this argument n times implies

v(2Q) < 2"v(Q).

We leave the proof of the next result to the reader:

Corollary 7.1. Let v be a weight. If v € Ay, and v Z 0, then v(Q) > 0 for
all cubes Q.

Theorem 7.4. Let v be a weight, and suppose that v(Q) > 0 for all cubes Q.
The following are equivalent: a) v € Aso; b) there exist numbers n and T,
0 <mn, 7 <1, such that, for all cubes QQ and measurable E C Q,

[E/IQI <n = v(E) < T0(Q);

c) there exist numbers n and T, 0 < n, T < 1, such that, for all cubes Q and
measurable E C Q,

v(E) <70(Q) = |E|/IQ] <.

Proof of Theorem 7.4. It is clear that a)=b). It is also not hard to
see that b) and c) are equivalent. For example, suppose that b) holds for
some 7 and 7. Let @ be a cube and let E C Q satisfy v(E) < (1 — 7)v(Q).
Such an E must exist, because v(Q) > 0. Then v(Q \ E) > 7v(Q), implying
(by b)) |Q\ E|/|Q| > n, and therefore, |E|/|Q| < 1 — n, which implies c).
A similar argument shows that ¢)=-b). We conclude by showing b)=-a). Fix
the appropriate n and 7, and let Q = Qo be a fixed cube, which we shall
assume (without loss of generality) to be dyadic. We shall also assume that
v, = 1. For k = 1,2, ..., let {Q;‘}J be the maximal dyadic cubes of Qg
such that

UQ? > Ak,
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where A > 1 is chosen so large that
Z Q)1 < nlQol
J

and, for all £ > 1 and j,
S QN < i@k

Ok Ok
3L CQ;

both of which will hold if

and, for all k£ and j,
ST w(@ET) < ru(@h).

QL QY
Induction on k£ now implies that

S 0(@b) < Tu(Qo)

J
holds for all k. Because of the Lebesgue Differentiation Theorem, we now have,
for all k > 1,
v({z € Qo: v(z) > AF}) < T0(Qo),
with the consequence that, for any € > 0,

o

1

— (v(z)) T dr < A 4+
Qol Jq,

/ (0(2))"*+< da
1 JzEQo:Ar<u(z)<AkHL

< AMtE 4 C’ZA]“/ v(x)dx
1 x

€Qo: Ak <v(z)<Ak+1
oo
< AT O3 At
1

<C,

if € is chosen so small that AT < 1. We proved this under the assumption that
vQ, = 1. By homogeneity, we can immediately infer the existence of positive
numbers € and K such that, for all cubes Q,

<|Q1| /Q (v(a)) 1+ dx>1/(1+6) < % /Q o(x) da.
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This is the reverse Holder inequality we saw earlier. Let £ C @ be measurable.
Using the “forward” and reverse Holder inequalities together, we get:

1 1
|Q/Ev(x)dx Im/Qv(:r)XE(x)dx

L 1/(1+¢) )
< (Q|/Q< () d) (E/1QD

< (& /Q vla)de ) (EI/1QD"

v(E) < Kvo(@Q)(El/I1QI)*,

yielding

which implies a).

The preceding theorem had to assume that v(Q) > 0 for all cubes Q. The
next lemma shows that, unless v = 0, such a hypothesis is unnecessary.

Lemma 7.2. Let v be a weight and suppose that v £ 0. If v satisfies a), b),
or ¢) from Theorem 7.4, then v(Q) > 0 for all cubes Q.

Proof of Lemma 7.2. We already know this for a). Suppose that ¢)
holds, and let @ be any cube. Starting with Q) = @y, build a tower of nested
cubes,

QoCQiCQaC...Qn,

such that v(Qn) > 0 and |Q;]/|Qix1| > n for each 0 < i < N. Working
downwards from Qy, we get v(Qo) > 7V v(Qn) > 0. For b), we use a similar
tower of cubes, but this time choose them so that, for each 0 <i < N,

Qi1 \ Qi < |Qit1l,

which ensures that
0(Qi+1 \ Qi) < Tv(Qit1),
and thus
v(Qi) = (1 — 7)v(Qit1),
leading to
v(Qo) > (1 — 1) Nu(Qn) > 0.

Henceforth we will assume that every weight we consider is non-trivial.
Lemma 7.2 and the proof of Theorem 7.4 yield this corollary, with no
extra work.

Corollary 7.2. A weight v belongs to A if and only if it satisfies the reverse
Holder inequality for some K and €.
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Corollary 7.3. For all 1 <p < o0, Ay C Ax.

Proof of Corollary 7.3. Set R = [jv]|, , and fix a cube Q. For A > 1,
define

Ea={zecQ: v(x) <A g}

An easy computation shows that

CIEG dx)l/p (7 [ vt dx)w > VPB4l 1QI)

However, the left-hand side of the preceding inequality is less than or equal
to R. Therefore,

|Eal/|Q| < ATV RV

Let A be so large that A'™?'RP' < 1/4. If E € Q and |E|/|Q| > 1/2, then
v(x) > A7lvg on at least half of E, which means that v(z) > A™lvg on a
subset with measure > (1/4)|Q|. Therefore v(E) > (4A)~'v(Q), which is c)
from Theorem 7.4. Therefore v € A.

When we combine the preceding corollary with Theorem 5.5 (note the
last sentence of its statement), we obtain:

Corollary 7.4. Let1 < p < oo and w € A,. Suppose that 0 < 3 < 1. There is
a constant C' = C(w, p,d, 3) such that, for all f € Ui<,r<ooL”(dx) (the usual
“unweighted” L" spaces),

/Rd|f(x)‘1’wdx§0 (Ga(f) ()P wdz.

RA

Proof of Corollary 7.4. Since w € A, Theorem 5.5 implies

[ f@rvir<c [ S v,

R4
where Sq(f) is as we defined it in 5.9. But S.4(f)(z) < CGs(f)(z) pointwise.

Remark. The reader should be aware of what Corollary 7.4 does not say.
It does not say that

[ f@Pwds<c [ (G@@rvd (75)
R R4

for f € LP(w). For example, it is possible for f to belong to L?(w), with w
an As weight, but not belong to L"(dz) for any 1 < r < co. (See exercise
7.5.) Nevertheless, inequality 7.5 does hold for f € LP(w) when w € A,
(1 < p < o0); see Corollary 7.7 at the end of this chapter.

Strictly speaking, we won’t need the next result for our Littlewood-Paley
results. We are including it here because it is a standard part of the theory of
A, weights.
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Corollary 7.5. If v € Aw, then v € A, for some 1 < p < oco.

Proof of Corollary 7.5. Let @ = Qo be a cube, which we will take
to be dyadic. We assume that vg, = 1. Let A > 1 be a large number (to
be specified presently). For £ = 1, 2, ..., let {Qf}] be the maximal dyadic
subcubes of Qg such that

UQ? < A7k

Because v is doubling, these cubes will also satisfy
U@k > cAF

for some fixed ¢ > 0. Therefore, by taking A big enough, we can ensure that,
for every Q?,

> w(@ET) <Tu(@)),
iQi ey

and also that

> v(@)) < 7o(Q),
J
where 7 is the number from statement c) in Theorem 7.4. Therefore, for each

k
VR

>SRN < nlQk

QT CQf
and
> 1Qj1 < nlQol;
J

which, by induction, imply

> 1Rk < n*1Qol
J

for all k > 1. By Lebesgue’s theorem again, the subset of @ where v(z) < A=F
is almost-everywhere contained in U; Q?. Therefore, for any € > 0,

1 / - ke
— | v(z) “dr < A+ A%y
alJe b
<C,
if we choose € so small that A°n < 1. That proves that v € Ay if p’ —1 <.
Corollary 7.6. If v € A then {z: v(z) = 0} has Lebesgue measure 0.

The next theorem provides the reason the A, classes can be considered
“natural.” It is also the key to proving Theorem 7.3. We will state the theorem,
discuss it briefly, state and prove a lemma, and then prove the theorem.
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Theorem 7.5. Let 1 < p < oo. If w € Ap, the Hardy-Littlewood mazimal
operator M(-) is bounded on LP(w); i.e., there is a constant C = C(p,w) such
that, for all f € LP(w),

(M(f)(x)Pwde < C'/ |f ()P wdx. (7.6)

R4 R4

Remark. This theorem is due to Benjamin Muckenhoupt [42]. The A,
condition is also necessary for 7.6. To (almost) see this, put f = w*xq and
plug it into 7.6. Out pops:

1 P
/ (/ w® dt) wdng/ wPT dz.
Q |Q| Q Q

/

Settinga =1—7p
yields:

(which has the effect of making o = ap + 1) and canceling

1
<|Ql|/ wt? dt)p (|Ql|/ wdx) <C,
Q Q

which yields the A, condition, provided we know that w*xq € LP(w). How to
fill this small gap is left as an exercise.

Lemma 7.3. Let 1 < p < oco. If w € A, then there exists anr, 1 < r < p,
such that w € A,..

Proof of Lemma 7.3. If w € A, then w' P e Ay C Ay, implying
that, for some positive € and K,

1 (1—p')(1+¢€) 1/(+e) K 1—p/
— [ w(x)" 7P de) S—/wx)_pdx
(rar Q)™

holds for all cubes Q. Define r by the equation (1 —p’)(1+¢€) = 1 —r'; which,
after some algebra, yields

p+e
l<r="—-—x<«
" 1+e P

I claim that, for any cube @,

CIEG dx)l/r (g7 [ v dx)w <c, @

where C' is a constant not depending on (). Proving 7.7 is really just a matter
of unraveling the exponents. The left-hand side of 7.7 is

< 1 / 1+e)/(p+e) /4 (ep) (1) (p—1)/(p+e)
— | w(x) dac) (/ w(x) TP d:c) .
@l Jq @l Jq
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Because w! P satisfies the reverse Holder inequality for 1 + ¢ and K, the
product is bounded by a constant times

< 1 / (1+e)/(p+e) /4 (1op') (1+e)(p—1)/(p+e)
— | w(x) dx) (/ w(z)" P d;l:) .
Ql Jg QI Jo

When we take a (1 + €)/(p + €) root of this, we get

( fy o) (e 10e)

and if we take a p'" root of that, we get

<$|/Qw(x)dﬂc>1/p (él/Qw(x)lp’ dx)l/p/ < w4, -

The lemma is proved.

Proof of Theorem 7.5. We will prove LP(w) boundedness for Mg(-).
The doubling property of w will then imply the existence of two positive
constants ¢; and ¢y such that, for all A > 0,

w({z: M()@)>N) < evw({z: Ma(f)(@) > co\}).

We leave this implication as an exercise; it follows the same pattern as with
Lebesgue measure (see exercise 2.3.) For T' > 0, define

Tz€EQEDy
LQ)ST

_ o L
Myr(Ha)= sw 5 /Q (1)) dt.

By Monotone Convergence, we only need to show that My r(-) maps LP(w) —
LP(w), with a bound independent of T'. Since My r(-) is trivially bounded on
L>*(w), L? boundedness will follow if we can show that My r(-) is weak-
type (r,7) for some 1 < r < p (with weak-type bounds independent of T,
of course). However, we know that there exists an r (1 < r < p), such that
w € A,. Therefore our theorem will follow from this: If 1 < r < oo and
w € A, there exists a constant C = C(w,d,r) such that, for all f € L"(w)
and A > 0,

w({z: Mar(f)(z) >A}) < /|f "wdz. (7.8)
We finish by showing 7.8.

Because it will be convenient, let us set o(z) = w(z)™"". If Q is any
cube, then

L T a:zL 2 w(@) Y wlx) V" de
|Q|/Q|f()ld |Q|/|f()\() ()17 d

<o) (i o)
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(@/@a(@dm)lﬁ/ gC(@/@w(m)dOm’

because w € A,. Therefore:

ﬁ /Q If(w)ldzgc‘(w(l@ /Q f(x)lrwdfv>1/r- (7.9)

Let {Q2}x be the maximal dyadic cubes such that ¢(Q7) < T and

1
m/@|f(x)|dx>/\.

(The restriction to cubes satisfying ¢(Q) < T is an easy way to ensure that
these mazimal cubes exist.) The union of the Q}’s is the set where My r(f)
is bigger than A. Because of 7.9, each of these cubes satisfies:

¢ :
w@) <37 [ 1@ we

A

But

Summing the preceding inequality over k yields 7.8. We have proved Theorem
7.5.

Proof of Theorem 7.3. Let 1 < ¢ < min(p,po), where ¢ is to be
specified presently. Let g be a non-negative function satisfying

/(g(a:))(p/q)/ wdr = 1.

What we need to estimate is
| mh@i g wds.
Rd
By hypothesis, this is bounded by a constant times
| m(p @ M) do. (7.10)
R
where v = g(z)w. We re-write 7.10 as
| (mn@it ) (s wo7) da.
Rd

By Holder’s inequality, this is less than or equal to the product of

([ miner )
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" ( /R d(M(v)(a;))p/ (p=a) yy=a/(P=q) dx) o : (7.11)

The first factor is just fine: it equals HTg(f)H%p(w). We will conclude the proof
by showing that, for appropriate ¢ (depending on p and w), the second factor
is bounded by the “constantly changing constant.”

Pick ¢ so close to 1 that w € A,/,. Then wi= /D" ¢ A(p/qy- In plain
language, this means that

w4 P=a) ¢ Ap/(pfq)-

But now Theorem 7.5 implies that 7.11 is bounded by a constant times

(p—a)/p
(/ (U(x))p/(pfq) w1/ (=) dx) )
R4

After unpacking the definition of v, that last expression turns out to be:
(r—a)/p

</ (9(2)) P/ w(a)?/ =) w(z) =0/ @0 dw> ,

R4

which simplifies to

([ o uie) ac) Ty

Except for the few loose ends we have left as exercises, Theorem 7.3 is proved.

Much as in the unweighted case, the preceding arguments give us the
following corollary, whose proof we leave to the reader.

Corollary 7.7. Let 1 < p < oo and w € A,. Suppose that 0 < § < 1. There
is a constant C' = C(p,w,d, 3) such that, for all f € LP(w),

/Rd [f(@)Pwde <C | (Ga(f)(2))" wda.

Rd

Exercises

7.1. Show that, for all 1 < p < ¢ < 00, 4, C A,.

7.2. a) Show that, if w € 4, (1 < p < 00), then (1 + |z|)~¢ € LP(w). b) Show
that, if w € A, (1 < p < 00) and f € LP(w), then |f|(1 + |=|)~¢ € L'(dz)
(the usual “unweighted” L'). Deduce that LP(w) C Li (R?). ¢) Show that,
ifwe A, (1<p<o0),felP(w),dcCep,e),and K is a measurable set with
compact closure contained in Rﬂlfl, then f * ¢, (t) is defined and bounded on

K. Hint for b): Begin by writing
I+ J2) ™ = (flP) (L + |2]) ™ 1P).
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7.3. As p \\, 1, the A, condition naturally morphs into

sup <|Q1|/Qw(x) dx) ||w_1||L°°(Q) < 0. (7.12)

QCR?

A weight is said to belong to A; if 7.12 holds; the supremum, denoted by
|wl[ 4, is called w’s A; norm. a) Show that w € A if and only if there is
a constant C' such that M (w)(x) < Cw(z) almost everywhere. b) Show that
Ay C Ap for all p > 1, and that w € A; implies that the Hardy-Littlewood
maximal operator is weak-type (1,1) with respect to w; i.e., that there is a
constant C such that, for all f € L!(w) and all A > 0,

w(fe: M) > D < § /R f @) wdz. (7.13)

(See exercise 3.5 and the results it refers to.) ¢) Show that, if M(-) is weak-
type (1,1) with respect to w (i.e., if 7.13 holds), then w € A;. (Hint: Let
zo € R¢ be such that

1
w(ao) = Jm | Zaw(Q).

T0€EQ

and test the weak-type inequality against the functions of the form
|Q|71XQ(m), where the cubes @ are homing in on z.)

7.4. Let ¢ : R — R be a polynomial, and suppose that ¢ # 0. In exercise 3.1
you were asked to show that |g| € A. Now show that, for all 1 < p < oo,

there is a § > 0 such that |¢|° and |¢|~° both belong to A,. Show that, unless
q is constant, no strictly positive power of |g| can belong to A;.

7.5. Define g : R — R by

(@) = |2l X212,/ (),
and set

w(z) = Zg(x —n).

Show that w € Ay. Forn =1, 2, 3, ..., define ¢, = n=/2, ¢, = 1/1og(10+n),
and let I,, be the open interval (n — €,,n + ¢, ). Define

F(@) = |27 X 21j20 /(@) + (Z cnXI, (fﬂ)> ~
1

Show that f € L?(w), but that f does not belong to L"(R,dx) for any 1 <
r < oo.
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7.6.Let w € A, (1 < p < o0) and suppose that f € LP(w). Show directly
that the LP(w) limit of {f(x,)¢w} (where {K;} is a compact-measurable
exhaustion) is independent of the exhaustion. (Hint: Let {L;} be any other
compact-measurable exhaustion. Show that g4 x,ar,(f) — 0 in LP(w), and
consider what this says about || f(x,).¢,y — f(Li))¢7¢HLp(w).)

7.7. Following the lead given in the text, show that the A, condition is neces-
sary for the LP(w) boundedness of the Hardy-Littlewood maximal operator.
(Hint: Consider weights of the form w(x)+e as € \, 0.) A very similar argument
will now show that the A, condition is necessary for the LP(w) boundedness
of the intrinsic square function. (Hint: Consider f = w®xg, and get a lower
bound on A(B,G)(f) (t,y) when (¢,y) doesn’t stray too far from T(Q).)

7.8. Show that, if w € Ll _(R?) is any doubling weight, then there exist

loc

positive constants ¢; and ¢y such that, for all A > 0 and all f € L (R%),

loc
w({z: M(f)() > N}) < evw({z: Ma(f)(2) > esA}).

7.9. To what extent—if any—do the analogous equivalences of Theorem 7.4
hold in the dyadic setting?

7.10. a) Show that, if w € L} _(R?) is any weight and 0 < p < oo, then
Cs°(RY) is dense in LP(w) (no Littlewood-Paley theory needed). b) Let ¢ €
Ce°(RY) satisfy [¢dr = 1. For f € LL (R?) and y > 0, define

loc

[, y) =[x dy(x).

Show that, if w € A, (1 <p < o0) and f € LP(w), then f(-,y) — f in LP(w)
as y — 0. The upshot is that, if w € A,, then smooth, LP approximations to
f € LP(w) can be obtained in this canonical fashion.

7.11. Prove this generalization of Theorem 7.3. Suppose that X is a non-
empty set, and T and T, are two operators mapping from X into Llloc(Rd).
Suppose there exists a number pg > 1 such that, for all 1 < ¢ < pg, we can

find a k = k(q) with the following property: For all weights v, and all f € X,
| mn@iteds <c, [ @) d,
R R4

where the constant C, only depends on ¢, and M k(.) means a k-fold iteration
of the maximal operator M(-). Show: For every 1 < p < co and every w € A,,
there is a constant C' = C(w, p,d) such that, for all f € X,

/ Ty () (@) wdz < C / ITs(f) (@) wda.
Rd

Rd
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Notes

Our analysis of A is closely based on the discussion in [13]. The extrapolation
trick (Theorem 7.3) is implicit in arguments in [16] and [24]. In fact, a stronger
result is true: If, for all 1 < ¢ < pg and all A; weights w, there is a constant
C(g,w) such that

/|nmumesc ITo(f) (@) w de
Rli Rd

for all f € X, then, for all 1 < p < oo and all w € A,, there is a constant
C(p,w) such that

| mh@p wis < 0w [ 2@ wds

R4 R4

holds for all f € X. (These facts were pointed out to the author by D. Cruz-
Uribe and J. Martell at a conference in Sevilla.) The second fact is the key
to the celebrated Rubio de Francia Extrapolation Theorem: If, for some fized
1 < pp < 00, a sublinear operator T' maps boundedly from LP°(w) into itself,
for all w € A, then T' maps boundedly from LP(w) into itself, for all w € A,
for all 1 < p < oo ([49]; see [16], pp. 141-142, for a nice proof). We believe
that C. Pérez was the first to observe that the extrapolation trick could be
extended to arbitrary (and not necessarily sublinear) pairs of operators T
and Ts. The analogue of Theorem 7.2, for the classical Lusin square function
on the unit disk, was first proved by C. Segovia and R. L. Wheeden in [50].
The first proof for the the Lusin square function in Rf‘l is due to R. F. Gundy
and R. L. Wheeden [26]. These classical proofs used good-) inequalities. They
were generalized to a particular “real-variable only” square function in [35].
Extensions to more general real-variable square functions appear in [55] and
[66]. Theorem 7.1 is something that “everybody knows,” but which, to our
knowledge, has not previously been proved.
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Schrodinger Operators

This chapter will have a long lead-up to a short payoff.

The reader might want to refresh his memory concerning Theorem 4.6.
We will be using it soon.

In non-relativistic quantum mechanics, a particle is represented by a wave
function u : R? x (—o0,00) — C, such that |u(z,t)|” is the probability density
of finding the particle in the neighborhood of x at time t. More precisely, if
E C R? is measurable, then

/ lu(z, t)|? da
E

is the probability that the particle will be in the set F at time t.
The wave function evolves in time according to the Schrodinger equation,
which we we may write as:
iy = Hu, (8.1)
where H is the Hamiltonian operator. If the particle is moving in a potential
field —V (z) that only depends on z, then, with appropriate choices of units,
the operator H can be written H = —A — V(x), where this means:

Hu(x,t) = —Azu(-,t) — V(z)u(z,t).

The Hamiltonian’s two parts, —A and —V, represent, respectively, the par-
ticle’s kinetic and potential energies. In our discussion, we will only consider
V’s that are non-negative. This has the effect of turning the Hamiltonian’s
—V into a potential well—i.e., one that can trap a particle.

The eigenfunctions of H are identified with the particle’s possible energy
states, with the eigenvalues being the energies. According to quantum me-
chanical formalism, the energy of the wave function w is given by the inner
product (Hu, u), or

/ (—Azu(z,t) — V(z)u(z,t))u(z,t) de.
R3
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Integrating by parts in z, this seen to be formally equal to

/ (IVou(z, t))? = V(x)|u(z, t)|?) da.
RS

We are most interested in whether this quantity can ever be negative for some
u, which would physically correspond to the potential —V trapping a particle.

We will henceforth ignore any possible dependence u might have on ¢, and
only consider functions v depending on x € R?. We shall also only consider
functions v which are infinitely differentiable and have compact support.

With these assumptions, we can now phrase the main mathematical ques-
tion of this chapter: What conditions on a non-negative, locally integrable V'
imply that

/Rz ()2 V () dxg/RSWu(xﬂ de (8.2)

holds for all u € C§°(R?)? Given our previous discussion, if 8.2 always holds,
then —V can never trap a particle.

We can easily find a necessary condition for 8.2. Let ¢ be a fixed function
in C§°(R3) satisfying:

1 iz <1
lz) = {o if |z| > 1.1.

Set R = fR3 \V¢|2 dzx. Applying 8.2 to ¢, we see that a necessary condition is
V({z: [z <1}) <R,

which is not very interesting. Now let 4 > 0 and apply 8.2 to the function
@(-/9). The left-hand side of 8.2 becomes the V-measure of {z : |z| < d},
while the left-hand side is now § R. Thus, a necessary condition for 8.2 is that

V({z: |z|<d}) <OR

for all § > 0. By considering translations of ¢, we get our “trivial” necessary
condition for 8.2: There is a constant R such that, in order for 8.2 to hold, we
must have

V(B(t;6)) < RS (8.3)

for all balls B(t;6) C R3.

The reader will not have a hard time showing that 8.3 implies the fol-
lowing: There is a positive constant C' such that, in order for 8.2 to hold, we
must have

1 —2
ol /Q V(2)dz < COQ) (8.4)

all cubes Q C R3.
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Inequality 8.4 is in some ways more natural than 8.3. If V' is fairly smooth
and @ is not too big, then V' (z) will stay close to its average for x € @, and
then 8.4 is saying that V' does not have any deep wells. Put another way, it
says that, in order to trap a particle in a cube @), you need a potential well of
depth roughly £(Q) 2. This is a semi-quantitative statement of the Heisenberg
uncertainty principle. If we confine a particle in a region of diameter ~¢(Q),
the uncertainty in its momentum must be ~£(Q)~*, forcing the expected value
of its kinetic energy to be ~¢(Q)~2. If the potential well isn’t deep enough,
the particle’s kinetic energy will allow it to escape.

Inequality 8.4 is not sufficient for 8.2; a proof of this is sketched in the
exercises. But, using weighted Littlewood-Paley theory, we can obtain a suf-
ficient condition for 8.2 that is just a little stronger than 8.4.

Let us recall that we have defined the Fourier transform this way:

fO=[ fla)e*m = ds,
R3
where here we are assuming that f € C5°(R3). Our convention has the conse-
quence that

/ V(@) do = 47 / €PIf(©)) de,
R3 R3

for the same f’s.
Now let ¢ be a fixed real, radial function in the Schwartz class on R3,
such that ¢(&) > 0 for all £, and that also satisfies

T 1 if3/4 < g < 4/3;
¢(5)_{0 i 1€ < 1/2 or |¢] > 2.

Now let 1 € C§°(R?) be real, radial, supported in {z : |z| < 1}, have integral
equal to 0, and be normalized so that

/0 o) by Y

for all £ # 0. (We leave it as an exercise to show that, given a ¢ as we have
described, such a ¢ always exists.)

If f € Cg°(R3) then our work on the Calderén reproducing formula lets
us write

Il
—

fla) = [ (Fxo,0) 0 -0 T,

+

as the L? limit (for all 1 < p < c0) of the sequence of functions

[ rwue—n=t,

K;

for any compact-measurable exhaustion {K;}; of R%.
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Our previous work (in particular, Theorem 4.6) implies that, for all 7 > 1,
there is a constant C' = C(7) such that, for all f € C§°(R?) and all non-
negative, locally integrable V,

P ) da
/RSI (@) V(x x<OQ§€D |Q| /QV@) (log(e + V(2)/ Vo))" da,
(8.5)

1/2
_ oy
AQ(f)(/;P PRRTICIS ) |

If V satisfies
@ﬂ /Q V(@) (log(e + V(x)/ Vo))" da < £(Q)"?

where

for all cubes Q C R?, then the right-hand side of 8.5 is less than or equal to
a constant times

_92 " thdy _9 ZM
S 1(Q) /T(Q)If by (1) <C/ £roOF L (50

QEDs

By Plancherel’s Theorem (and Fourier convolution), the right-hand side of 8.6
is equal to
A2 RN 2 dy
o[ i ( | ot ) de.
RY 0 y?

A change of variable and our hypothesis on the support of qAS imply that

oo d
/0 GO % = coleP

for all &, for some constant ¢y > 0. Therefore the right-hand side of 8.6 is less
than or equal to a constant times

/|£\2|f(€>l2d§§0/ IV f(2)]? da.
R3 R3

Putting everything together, we have the following theorem:

Theorem 8.1. Let 7 > 1. There is a constant ¢ = ¢ > 0 such that, if V is
any non—negative weight, and

Qi / ) (log(e + V(2)/ V)" da < e £(Q)

for all cubes Q C R3, then

/ )2V (z) do < / V(o) do
R3 R3
for all u € C§°(R?).
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Exercises

8.1. Let v be the positive Borel measure, defined on R3, given by
v(E)=m.(ENL,),

where L, is the z-axis and m, is Lebesgue measure on L,. Show that, for all
cubes Q,
1
—(Q) < cl(Q)?
Q)

for some ¢ > 0. Nevertheless, show that there is no A such that

/RS lu(z))? dv(z) < A/RS Vo) do

holds for all u € C§°(R?). (Hint: Write z € R® as z = (27, 2). Let ¢ € C5°(R?)
be identically 1 for |z| < 1. Let ¢ € C§°(R?) be identically 1 for |2/| < 1 and
identically 0 for |z'| > 2. Consider functions of the form

N
mm=wm<§%m%ﬂ
1
for large—but finite—N.) Then use a suitable approximation to show that
8.4 is not sufficient for 8.2.

8.2. Let ¢ be a fixed real, radial function in the Schwartz class on R3, chosen
so that ¢(§) is always non-negative, and also satisfying

o 1A 3/4 < €] < 4/3;
¢(5){o if €] < 1/2 or [¢] > 2.

Show that there exists a 1 € C§°(R?) that is real, radial, supported in
{z : |z| <1}, has integral equal to 0, and satisfies

/“$@@¢@@§a51
0 Yy

for all £ # 0. (Hint: by convolving an appropriate function with itself, we can
assume that ¥ (&) > 0 for all £.)

Notes

The results and basic approach in this chapter are taken from [62], and are
based on those in [17] and [10]. There is nothing essential about our restriction
to R?, and in fact Theorem 8.1 extends immediately to any R? (d > 2) with
no extra work. Theorem 8.1 has been significantly generalized by Pérez [48].
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His result is as follows: If d > 2, then for all non-negative V € L] (R?) and
all f € Ce(RY),

/ @)V de < C(d) / V(@) 2 N(V) () de, (8.7)

where N(-) is a certain maximal function of V, which we now define. For
0 < 08 < d, define

zeQ
Q a cube

Mp(V)(z) = sup |Q11 ﬁ/d/ V(t) dt.

When § = 0 this is the Hardy-Littlewood maximal function M (-). When
B >0, Mg(-) is naturally associated with the Riesz potential Iz,

) = s | m

where cg 4 is usually chosen so that

I5(f)(€) = 127€] " f(€)

for all f € S(R?). In [48] it is shown that 8.7 holds for N(V) equal to
My (M?(V)), where M?(-) means a two-fold application of M (-). Pérez shows
that the M?2(-) can be replaced by an Orlicz maximal operator Mp_(-), where
B(x) ~ z(log(e + z))¢.(We discuss Orlicz maximal operators in chapter 10.)
He also proves that

[ @Pvas <o) [ 1A N ds
Rd Rd

if d > 4 and N(V) = My(Mp_(V)). His proofs do not use Littlewood-Paley
theory, but rely on Orlicz maximal functions, Riesz potentials, and certain
differential operators.

A different non-negativity criterion for the Schrédinger operator, based
entirely on maximal functions of the form Mg, was proved by Kerman and
Sawyer in [32].

Finding a criterion for non-negativity is only the beginning of the analysis
of the Schrédinger operator. The next step is to count the number of negative
eigenvalues of —A — V' in the cases when the operator is mot non-negative.
C. Fefferman and D. H. Phong [17] introduced the method of (essentially)
identifying these negative eigenvalues with the minimal dyadic cubes ) where
the non-negativity criterion fails. In our treatment, these would be the minimal
dyadic @ such that

ol / ) (log(e + V(2)/ Vo)) dz > c£(Q) 2,

where ¢ is a positive constant depending on d and 7. We have not explored
this topic here. The interested reader can find treatments of it, for a variety
of non-negativity criteria, in [17], [10], [32], and [11].
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Some Singular Integrals

A singular integral operator is a type of linear operator defined by an inte-
gral that, strictly speaking, does not converge, but has to be evaluated in a
principal value sense. What all of that means will become clear presently.

The most basic—and by far the most important—singular integral oper-
ator is the Hilbert transform, defined by the integral formula,

(=1 [ g (0.1

Before proving anything about this operator, we should try to explain why
anybody cares about operators like 9.1.

Formally, 9.1 is equal to convolution of f with #, and so it should have
a Fourier transform equal to

F(&)—(&).

T™r

Arguing formally (again), the Fourier transform of % is given by the principal
value integral

lim l / e dr = lim _—Z / M dx
=0t T e~ 1>|z|>e €T -0t T e<|z|<e~ 1 €T
—1 if &> 0;
= { i if £ <0;
0 if&=0.
In other words, assuming one accepts this formal reasoning,

H()(€) = —io(&) f(€),

where o(€) is the familiar signum function:

{1 if £ > 0;

o) =4{ —1 ifE<0;

0 if¢&=o.
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Let us assume that f is real-valued. If we set g(z) = (f(x)+iH(f)(x))/2

then )
aey = 4 f1§) >0
9(5){0 if £ < 0.

If g is regular enough, we can write:
olo) = [a@emweag = [ freemsa 92)
0

The nice feature about 9.2 is that, if f is at all reasonable, then 9.2 even
makes sense for z = x + iy, with y > 0. To wit, we can set

g(z) = /0 fle)ermitrine g

and the function g(z) so defined is analytic on R3.. It has real and imaginary
parts u and v. As y — 0, then (arguing formally!),

u(z,y) +iv(z,y) — (f(z) +iH(f)(2))/2,

where we are leaving the precise mode of convergence unspecified.

Now, the function v is half of P, * f, the Poisson integral of f which we
briefly discussed in chapter 6. The function v, which is w’s harmonic conjugate,
is, plausibly, half of the Poisson integral of H(f). We can thus outline the
formal process that results in the operator 9.1: f +— u (by taking the Poisson
integral); u — v (integrate the Cauchy-Riemann equations); v — H(f) (take
v’s boundary values).

Let’s consider another example. If f € C°(R%) and d > 2, then the
differential equation

Au=f

| llim u(z) =0,

has a unique solution given by the integral formula
[y
u(z) = cd/ ( )(1—2 dy,
[z -yl
where ¢4 is a constant. If we take two partial derivatives of u, then we get

(arguing formally),

0%u B
axi&vj N

/f(y) Kij(z —y)dy,

where
cad(d — 2)w;; /|x| ™ if i # j;

ca(2 = d)(—da? + Y, a2)/|x|*T? ifi=j. (9:3)

Kij(z) = {
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The reader should notice a strong family resemblance between 9.1 and
9.3. First, both operators arise from similar processes: a differentiation (or
an integration) is followed by an integration (or a differentiation), but these
operations are not inverses of each other. Second, both operators are formally
convolutions, in which the integrals very likely don’t converge in the sense of
Lebesgue. We can nevertheless use these convolutions to define bounded oper-
ators, because—point number threel—the kernels involved have some saving
properties. These properties are captured in the following definition.

Definition 9.1. A function K : R?\ {0} — R is a classical Calderén-
Zygmund kernel if: a) for all x # 0,

K ()] < |2~

b) there is a positive o < 1 such that, for all x # 0 and all h € R? satisfying
h| < (1/2)lz],

|

[K(z) = Kz +h)| <

|I|d+a;

¢) for all0 < r < R < o0,

/ K(x)dz = 0.
z:r<|z|<R

Up to multiplication by positive constants, the convolution kernels for
9.1 and 9.3 are classical Calderén-Zygmund kernels (with o = 1); we leave
the proof of this as an exercise. If K is such a kernel, the classical Calderdn-
Zygmund operator Ty is defined by the integral

Tic(f)(x) = - K(z —y) f(y) dy, (9.4)

for functions f belonging to an appropriate test class (soon to be specified).
The integral 9.4 is likely to be undefined. We fix this problem by taking
the integral in the principal value sense, i.e., by setting

| K@ =) 5(0)dy = Jim K@ =) f)dy.  (95)

0=0 S y: |z—y|>}

But it is still not obvious that this integral makes sense for “reasonable” f’s
(say, f € LP, for 1 < p < o0) even almost everywhere; and we are going to
avoid this question.

Fortunately, it isn’t hard to show that 9.5 makes sense for functions f
that are fairly smooth and have bounded supports. Let f be supported in the
ball B(0;1) and have two continuous derivatives. I claim that Txc(f) is not
only defined for all x, but bounded, and Hélder continuous of order 1.
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The “defined” part is easy. Let 0 < 11 < 12 be two very small numbers.
Then:

/ Kz —y) f(y) dy
m<|z—y|<n2

where C is a constant that only depends on d and the supremum of |V f|. The
proof of 9.6 is simple—once you know the trick. Let B be |V f|’s supremum.

Since
/ Kz —y)dy =0,
m<|z—y|<n2

we have

Lo kewiwa =] ke 6) - @)

lz —yl
cp[ iy,
m<|z—y|<nz |2 — Y|

S CB’I]Q

Inequality 9.6 easily implies the existence of the principal value integral 9.5.
As for smoothness, we note that, for any x and 2/,

Te(Pa) = Tx(De) = [ Ko=) (F) = fu+a e dy, 0)

because the operator Tk commutes with translations. But, as functions of y,
the first partial derivatives of f(y) — f(y + 2’ — x) have their sizes bounded
by a constant times |z — z’|. Now a repetition of the earlier argument im-
plies [T (f)(z) — Tk (f)(z")] < Clz —2'|. The form of Ti(f) shows that
Tic(f)(x) — 0 fairly fast as |x| — oo, implying that Tx(f) is a bounded
function. In fact, because of the decay in K, we have

[ Tic (£)()] < O+ |2]) ™1 (9-8)

for large x. Since Tx:(f) is bounded, 9.8 holds for all z (with a possibly larger
(). It is clear that similar arguments will imply similar estimates if B(0;1) is
replaced by any other ball. Therefore, Tx:(f) is defined on a dense subspace
of LP(R%) when 1 < p < co. The problem now is to prove that Ty satisfies an
LP bound on this subspace; in other words, that

1T (N, < ClSIL, (9.9)

for all f € C5°(R%), with a constant C independent of f. Inequality 9.9 will
then imply that Tk has a unique, bounded extension to all of LP. Our work on
the square function will make proving 9.9 a fairly easy task. Since we already
know that Ti(f) € LP, it is enough to show that
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Sy(Tie(f))(x) < CGs(f)(x) (9.10)

pointwise, for some fixed § > 0, where Sy (-) and G(-) are (respectively) the
real-variable and intrinsic square functions we defined in chapter 6. (See 6.1
and the sentence immediately following, and see Definition 6.1.)

Let ¢ € C3°(R?) be real, radial, be supported in {z : |z| < 1}, have
integral equal to 0, and be normalized so that, for all ¢ € R4\ {0},

o0 " 2@_
/0 e L =1

(Formula 5.1 showing up again.) Inequality 9.10 will follow if we can show
that

|<TIC(f)) * wy(t)l < CA(B,E)(f)(ta y>7 (9'11)

for all (¢t,y) € Rf‘l, for some fixed, positive 3 and e.
Inequality 9.11 will follow from the equation

(Tic (1)) # 0y (8) = [+ (Tic () () (9-12)

and some estimates on T (¢, )(t). The equation is easy. For every ¢ > 0, set

TesN@)= [ fe—y) K@y
{y: ly|>6}

The previous arguments imply that if f € C3°(R?), then Tk s(f) — T (f)

uniformly and in L? when 1 < p < co. (The convergence in L? holds because,

when z is large, T s(f)(x) = Tx(f)(x) when ¢ is less than the distance to

f’s support.) It is therefore trivial that

(Tie,5(£)) * Py (8) = [+ (Tic 5 (1)) () (9-13)

for all § > 0, and that both sides of 9.13 converge to both sides of 9.12 as
6 — 0. That gives us 9.12.

The estimates are also not too bad. The essential step is to show that
Tx (%) is a positive multiple of a function in C(; ). An additional argument
will show that, for every y > 0, Tx(¢,) is a boundedly positive multiple of
a function of the form qﬁ?(f’), where ¢(¥) € C(1,a)- This function #¥ will in
general not be Tk (¢), but will—as we have indicated—vary with y. But that
will be sufficient to yield 9.11.

We almost have what we need. Our earlier arguments show that

| Tic () () = Tie(¥)(2")] < Clz — 2|
holds for any x and z’. We also know that

| Tic(v) ()] < C(1 + [a]) .
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We need to show that Ti(¢)) and its Holder modulus actually decay a little
faster than this, and that [g, Tk () dz = 0.

Size decay estimate. It is clear that, if x and 2’ both have moduli larger
than 3, and |z — 2’| < 1, then

K(x) - K(@')| < C(d)le — 2[%a] .
Now, when |z| > 3,
T ()(@)] = | [xG-vow) dy|
- | [0 =)~ K@) v dy

7

because [ 1) dy = 0. Because of the smoothness bound on K, and the fact that
1) is supported in the unit ball, the last integral is no bigger than a constant
times |z| =%, This shows that Tic(¢))(z) decays fast enough for us.

Smoothness decay estimate. Once again, we can assume that z and z’
have moduli larger than 3 and |z — 2| < 1. We write

Te() (@) ~ @)@ = | [ (066 = 9) = K6’ = ) 0(0) dy\

~|[xta-v) w(y)—w(yw’—x))dy‘

= | [t ) - K@) 00) vl + ' - x))dy‘
< Cla|™ "z — 2|
< Cla — '|(1 + [z) =+,

which is just what we needed.
Cancelation. Recall that, for § > 0, we defined

Testi = [ vy Ky

Our decay estimates imply that this is an L' function for every § > 0. As
§ — 0, this function converges in the L' norm to the L' function Ti(v).
(The reason the convergence is in L', and not merely uniform, is that, when
|z] > 2, Tic(¢)(x) = Tx,5(¢)(x) as soon as § < 1.) Thus, it is enough to show
that [ Tx,s(¢) dz = 0 for every 6 > 0. Now fix § > 0 and, for R > 4, define

Tean@)@)= [ e K dy
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The function Ti s r(1) is the convolution of ¥ with an L' function, and
therefore

/Tn,a,R(¢) dr =0

for all R (it inherits cancelation from ). Let us set

Te r()(z) = / P DK@y

and notice that T 5(¢) = Ti,s5,r(¢¥) + T, r(10). We will be done if we can
show

Rlim T)C,R('L/))(x) dxr = 0.
This integral is easy to estimate. If |z| < R — 1, T g(¢)(z) = 0. f R—1 <
|z} < R+ 1, |Tx,r(¢)(x)| is bounded by a constant times 2|4 If || >
R+1, |Tx,r(¢)(x)] is less than or equal to a constant times lz|”"*. Putting
everything together,

/ Tie p(¥)(x) da

is seen to be no bigger than a constant times R~ + R~%, and that is just
what we needed.
Now we want to show that T (v, ) is, up to a bounded positive multiple,

a function of the form ¢3(,y), where ¢¥) € C(1,a)- There are at least two ways to
do this. The longer way is to repeat the preceding argument, making allowance
(in several places) for the dilation by y. The shorter way is to observe that
T (Yy) = (Te(¥))y, where K(z) = y?K(yz); and to note that K is also a
classical Calderén-Zygmund kernel. Thus, Tk () will be a boundedly positive

multiple of some qbz(f’), where ¢(¥) € C(La)(Rd). From this we immediately get
inequality 9.11 (with 8 = 1 and € = «), which in turn yields inequality 9.10
for any ( strictly less than a.

We have now shown that Ti is well-defined as a bounded linear operator
on LP. But this definition is a little troublesome, because we obtained it as
an extension from C§°(R?). It would be nice to have a tractable definition of
Tk (f) that worked directly with f. By “tractable” we mean one that avoids
directly evaluating the singular integral 9.4. Our square function machinery
gives us a straightforward, fairly constructive way to do this.

Take another look at 9.12. We know it holds for f € C5°(R?). However,
both sides depend continuously on f, with respect to the LP? norm. Therefore,
9.12 holds for all f € LP. The reader should spend a minute thinking of what
this means. The right-hand side of 9.12 is the convolution of f with a dilate of
a function in C(; 4): it is something we can know as a function. The left-hand
side of 9.12 is convolution of Ti(f) with 1, where Ti(f) is only “known” as
a vector in LP. Therefore, we can use 9.12 to understand Tic(f) as a function.



158 9 Some Singular Integrals

Let K have compact closure contained in Rf‘l. If felP,1<p< oo,
then the following integral makes sense, and defines a function in C5°(R4):

dt dy

Pe(Ple) = [ (5 Te, )0 b —1) (9.14)
By what we said in the preceding paragraph, Pk (f) is equal to
[ (@t sy v - =L (9.15)
K Y

Let K1 C K5 C --- be a compact-measurable exhaustion of Rf‘l. Our work
with the Calderén reproducing formula now implies that Pk, (f) — Tx(f)
in LP. But this is a sequence of integrals of the form

/ (f * 8P (1)) by (x — 1) LY.
K;

where @) = T (v). If we denote the LP limit of these integrals by
(v) g @ay
/R[m(f D (1) hy (@ — ) ——, (9.16)
4

then 9.16 can be our definition of T on LP.

The bound 9.10 and our earlier work on square functions lead quickly to
weighted norm inequalities for the singular integral operators Ti. Recall the
inequality from chapter 4:

Ssa(f)(@) < CSy.a(f)(@),

valid for some sufficiently large o > 0. Therefore, if f € C5°(R?),

Ssa(Tic(f))(x) < CSya(Tic(f)) () < CG-(f)(2),
for appropriate 7 > 0. If 1 < p < o0, and if v and w are weights such that
/ v(z) (log(e +v(x)/vg))" de < / w(zx) dz
Q Q

for all cubes @, for some r > p/2, then

/|T,<(f)\pvdx < C/(S’Sd(T;C(f)))pwdx, (9.17)

implying

[T vde <€ [(Gath)yws,
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If 1 < p <2, then

J@pyrwds<c 17y

Inequality 9.17 holds with w = M(v) for 1 < p < 2 and with w = M?(v)
when p = 2. Therefore, if f € C*(R%) and 1 < p < 2,

/|T;c(f)|pvd:£ < C’/|f\p M*(v) dx (9.18)
for all weights v, where we may take

v M2v) ifl<p<2;
M(v)_{M?’(v) if p=2.

In the next chapter we will learn how to generalize inequalities of the
form 9.18 to all 1 < p < oo.

Exercises

9.1. For d > 1, define 471 to be the set {x € R?: |z| = 1}, the boundary
of {z: |z| <1}. Let £2: S9! — R be Holder continuous of order a > 0, and
suppose that

/S Q) do(z) = 0,

where do denotes Euclidean surface measure. Show that, up to multiplication
by a positive constant, the formula

m@:mzﬁ>

defines a classical Calderén-Zygmund kernel. Show that, if ¢ € C5°(R?), then,
for all y > 0,

Tic(y) = (Tic(¥))y,
implying that, if f € LP (1 < p < o0), we can write
dtd
Te()@ =c [ (72,00 — 1) T2

R4
for a suitable ¥ € Cg°(RY), constant c, and @ € C(La)(Rd).

9.2. Let w € Ay, for 1 < p < o0, and let Tic be a classical Calderén-Zygmund
operator. Show that

| Ten@)P wds < o) [ 1) wds
Rd

Rd
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for all f € C5°(RY). Use the results from exercise 7.10 to show how one can
extend Tx to a bounded operator on all of LP(w). Show that if f € LP(w),
and {K;} is any compact-measurable exhaustion of Ri“, then T (f) equals
the LP(w) limit of Pk, (f), where Pk (f) is as defined by 9.14 and 9.15.
9.3.Let 1 < p < oo and let w € L (R?) be a weight. Suppose that every
classical Calderén-Zygmund operator Tx defines a bounded operator mapping
LP(w) into LP(w). Show that w € A,. (Hint: First show that w is doubling.
Then see exercise 7.7 for an idea of what sort of function to test the bound-
edness criterion against.)

Notes

The LP(w) boundedness (1 < p < oo, w € A,) was proved for the Hilbert
transform by Hunt, Muckenhoupt, and Wheeden in [30], where they also
proved the necessity of the A, condition. Their result was generalized to
general classical Calderén-Zygmund operators Ty by Coifman and Fefferman
in [13]. Inequalities of the form

[preas<c [\p e as,

with M being some maximal function, first appeared in [13], with M (v) being
(M (v"))Y/" for any r > 1. Inequalities in which M is some finite iterate of M
were first proved in [62], but only for 1 < p < 2. By a clever use of Orlicz
maximal functions, Pérez [46] was able to reprove these results and extend
them to large p without using Littlewood-Paley theory. The method we have
followed, of defining the action of Tx via the Calderén reproducing formula,
is similar to that in [62]; see also [22], where the this is done in the context of
Besov spaces.
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Orlicz Spaces

Many precise results in analysis call for a scale of integrability conditions more
flexible than that provided by the L? spaces. We have encountered such a scale
in the two-weight norm inequalities studied in chapter 3 and chapter 4. But,
more simply, we could consider the example given by

fla) = { el | " ] < 1/2;

0 otherwise,

where r > 1. The function f belongs to L', but not to L? for any p > 1.
However, this is not the whole story. If |z| is small then f(z)|In(f(z))|® is

comparable to |z|In |o:\|r_s\_1, and so f|In f|® will still be in L' if 0 < s < r—1.
In other words, when r > 1, this function is in L'—and a little more—without
being in LP for any higher p.

A useful, finely structured scale of integrability conditions is provided
by the theory of Orlicz spaces, which are natural generalizations of the LP
spaces—in the following sense. Consider: we can say that f € LP if and only
if &(|f|) € L', where &(t) = tP. The theory of Orlicz spaces applies this idea
to more general functions &.

We Say that @ : [0, 00] — [0, 00] is a Young function if:

2) B(0) =

b) there ex1sts a number 0 < zg < oo such that $(z) < oo;

c) @/ oc;ie., @ is increasing and lim, ., ¢(z) = oc;

d) @ is convex, where this means that, forall 0 <z <y < oo,andall0 <t <1,
P(tx + (1 —t)y) < tP(x) + (1 — t)fﬁ(y).

Before going on, let’s observe some features and easy consequences of this
definition.

1. We allow @ to take on the value +oo.

2. We do not require @ to be either strictly convex or strictly increasing;
however, unless @ takes on the value oo for some finite xg, ®(x) must be
strictly increasing for sufficiently large x.

3. P(0) = 0.
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4. Either @ is continuous on all of [0,00) or there is a 0 < b < oo such that
& is continuous on [0,b) and identically infinite on (b, 0o]. In particular, @ is
continuous at 0.

Now let’s suppose we are working on a measure space (X, M, n). Given
a Young function @, we define the Orlicz space L?(X, M, ) to be the set of
measurable f such that

/ (| £1/7) du < oo

for some A > 0. We put a norm on L? by defining

171 =int(A> 0 [ @(1fl/3dn < 1),

It will be helpful to observe some features of this so-called norm.

1. It really is a norm. It’s trivial to see that ||af|l; = |of|f]ls and that
| fllg = 0 if and only if f = 0 p-a.e. The triangle inequality is only slightly
trickier. Let f and g be non-negative functions in L?, with respective norms
A1 and Ag, both of which we may take to be positive. We need to show that
|f+9gllg < A+ Ao Let Ay <1 and A2 < 2. Then

/ﬁp(f/%)du

and

/ D(g/v2) dp

are both < 1. We will be done if we can show that

[+ 9/t du <

Fortunately, this is easy. By simple algebra:

ftg _f m L9 _m
YT1+v2 Mt 2+ e

The convexity of @ now implies that

28! 2
D((f + + dp < /45 dp + /@ d
ot +a)/on+myans 2 ot dns 2 [ a(g/)dn
< " + 2y
Tty Mt

proving the result. Armed with this fact, the reader should have little trouble
showing that L% is complete, and we urge him to do it.

2. If @1 and P, are two Young functions, and @1(x) < Po(x) for all z, then
| fllg, < [Ifllg,- Therefore if there are positive constants a and b such that
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@1 (ax) < Py(x) < @y(bx) for all o, then L?1 = L2, with comparability of
norms.

3. If &1 and @5 are two Young functions, then & = @1+ @, is a Young function,
and L? = L% N L%=.

Let’s look at some examples.
L. If &(z) = 2P (1 < p < 00), then L? = LP(X, M, p) and | f||5 = 11,

2. If we let p — oo in the previous example, we get

0 ifo<<e<l;
Px) =<1 ifz=1;
oo otherwise.

This is a Young function according to our definition. The corresponding Orlicz
space L? is L>°, with the usual norm.

3. Now suppose we take

@(m):{x/(l—m) if0<z<1;

00 otherwise.

The reader should check that @ is a Young function. If our measure space
is finite, this @ also yields L? = L, though not with equality of norms,
even if we also assume p(X) = 1. To see that the norms aren’t equal, take
[ identically equal to 1 and suppose that [ @(f/X)dp < 1. Then A > 1, and
the integral is equal to 1/(A — 1), implying that A > 2. If the measure space is
infinite, we do not get L? = L™, but L? = L' N L>: since &(z) is essentially
x near 0, the functions in L® must not only be bounded, but must (in an
average sense) decay rapidly “at infinity.”

4. Define &(x) = exp(z?) — 1. If the measure space is finite, L? consists of
the exponentially square-integrable functions: f € L% if and only if there is
an € > 0 such that

[ explel %) di < oc.

(The —1 in the defintion of @ is unimportant here.) If the space is infinite
then L? consists of all of the L? functions f such that, for some € > 0,

/ explelf[2) dia < .
{z: [f(z)[>1}

The restriction to L2 comes because, when f is small, ®(|f|) ~ |f|>. This
restriction is similar to the restriction to L' in example 3.

5. Consider the two functions @1 (z) = zlog(1l + z) and P2(x) = xlog(2 + z).
If the measure space is finite then L?* = L?2, with comparable but different
norms; the common space is called L log L. But if the measure space is R with
Lebesgue measure, the spaces will not be the same. We urge the reader to find
an f in this setting that lies in one space but not in the other.
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6. Let 1 <r <ooands € R.Ifs >0, then 2" (log(e+x))® is a Young function
for any r > 1. But what if s is negative? We notice that z"(log(e + z))® is
eventually increasing. However, it will not be convex—even eventually—unless
r > 1. So, if s < 0, we will require that r > 1. In that case we can define a
Young function @ that is linear for “small” = and that equals a constant
multiple of 2" (log(1 + z))® when z is “large.” When s > 0, the L? norm is
marginally stronger than the L norm, but, when the measure space is finite,
it is weaker than the L"*¢ norm, for any ¢ > 0. If s < 0—and r > 1—L%’s
norm is weaker than L"’s, but (in the case of finite total measure) stronger
than all the L"~¢ norms. We will soon be taking a closer look at these spaces.

Since L? is a Banach space (do the exercise!), it has a dual space. Some-
times this dual space is LY for some ¥, and sometimes it isn’t. The functions
& = 2P (1 < p < o0) provide examples of the first type. If 1 < p then we
can take ¥ = zP, where p/ = p/(p— 1), p’s dual exponent. If p =1 then we
can take as ¥ the Young function which gave us L° earlier, or we can take a

shortcut and set 0 ifo<zx<i1:
U(x) = { no=T=0

oo otherwise.

(The reader should check that the Orlicz space defined by this ¥ is also L°.)
However, if @ equals the ¥ we just wrote, which makes L? equal to L™, its
dual is not an Orlicz space except in trivial cases. This suggests two questions:
a) Given a Young function @, when is (L?)* an Orlicz space? b) If (L?)* equals
some LY, what is ¥? Fortunately, we won’t need to know the answers to either
a) or b) in general. But we will need to know this: Given a Young function &,
do there exist a constant C' and a Young function ¥ such that

[1751du < Clflallls

for all measurable f and g; and, if so, what is a “good” or “natural” ¥?
What we need is an Orlicz space version of Holder’s inequality.

Definition 10.1. If & is a Young function, its dual function, @ : [0,00] +
[0, 00] is defined by:

®(y) = sup{zy — ¢(x) : = > 0}.

Remark. This definition looks peculiar. The main reason for its strange
form is to ensure -
zy < O(x) + D(y)

for all z and y. This numerical inequality is the heart of the proof of the
general Holder inequality.

The reader might want to come back to the next theorem after looking
at the examples which follow it.

Theorem 10.1. If & is a Young function, so is .
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Proof of Theorem 10.1. For any y, zy — &(z) equals 0 when x = 0,
thus &(y) > 0; and it is trivial that #(0) = 0. If 0 < y; < y» then, for any
T, Y2 — P(x) > 2y; — (), implying that &(ye) > D(y1), and that & /.
By definition, there is a number 0 < zy < oo such that &(zy) < oco. Thus,
for every y, @(y) > woy — P(x0), which goes to co as y — oo. Since @ is
convex and ¢(0) = 0, the function @(x)/z increases to a positive (possibly
infinite) value as © — oo. Call this limit m and suppose that 0 < y < m. Then
ry — ®(z) — —o0 as x — oo, implying that @(y) is finite. (N.B. It might be
0.) The only thing left to prove about @ is its convexity. If 0 < y; < ya < o0
and 0 < ¢t < 1 then

z(tyr + (1 —t)y2) — D(2) = t(zyr — P(x)) + (1 — t)(zy2 — P(x))
< td(y1) + (1 — t)P(y2)

for all # > 0. Taking the supremum on the left-hand side yields ®(ty; + (1 —t)
y2) < t®(y1) + (1 — t)@(y2); easy arguments (which we invite the reader to
do) take care of the endpoint cases t = 0, t = 1, and yo = co. That was the
last piece: @ is a Young function.

Now some examples (which we encourage the reader to work out).

1. Let &(x) = x"/r, where 1 < r < oco. This makes L? equal to L", but
with a slightly different norm. The supremum of zy — &(z) is attained when
#"1 =y, and it equals y"’ /7', where ' is r’s dual exponent.

2. Let ®(z) = x, making L? = L. If y < 1 then the supremum of zy — &(z)
is 0 (attained when x = 0). If y > 1 its supremum is infinite. Thus, the ¢ we
obtain is one whose L? is L>.

3. Now define ;
0 ifo<z<1,
gp(gc)_{oo if x>1,

and consider xy — @(x). This equals xy for 0 <z < 1 and —oco when = > 1.
Therefore its supremum—a®(y)—is just y.

4. Let &(x) = exp(z?) — 1. Then zy — &(z) attains its supremum when y =
2z exp(z?). If y is large, this happens when z ~ (logy)'/?, and zy — &(z) =
(222 — 1) exp(z?) + 1 ~ y(logy)'/2. In this case we don’t get a precise formula
but, what is just as useful, an estimate of @(y) for large y: ¢(y) ~ y(logy)/2.

5. If, in the previous example, we had taken ®(z) = exp(z") — 1, with r > 1,
we would have got @(y) ~ y(logy)/" for large y.

6. If 0 < r < 1 then exp(z") — 1 is convex for large . We can build a Young
function @(z) that equals exp(z”)—1 when z is big. Repeating the construction
from example 4, we get ®(y) ~ y(logy)'/" for large y.

7. Let &(x) = z(log(e+x))*, where o > 0. If y is large, the quantity zy — ®(z)
is maximized when y ~ (log(e + z))®, or  ~ exp(c,y*/®). This implies that,
for large y, ®(y) ~ exp(cay'/®) for some positive constant c/,.
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8. Let &(z) ~ (x(log(1l + x))*®)" for large x, where r > 1 and s € R. If y is
large, we maximize zy — ®(z) by setting z ~ (y/(log(1 4 ))*")"/("=1. Then
D(y) ~ zy — B(x) ~ y" (log(L +y)) /=1 = (y(log(L +y)) )"

The point of the dual Young function is this:

Theorem 10.2. Let & be a Young function and let & be its dual. If f € L?
and g € L®?, then fg € L', and

/ ol di < 201l gl 5.

Proof of Theorem 10.2. It’s enough to prove the theorem when | f[| =
llgllg = 1. By the construction of @, we have, for every x in our measure space,

[f(@)g(@)| < (| f(@)]) + 2(|g(x)])-

Integrating both sides with respect to du(x) gives

/ |F@)g(@)] du(z) < 2,

and that’s what we wanted.

The reader may have noted that, in several of the previous examples,
we did not bother to find a precise formula for a given Young function, but
were content with a “large 2" estimate. The reason for this is that the only
Orlicz spaces of interest to us will be those in which the underlying measure
spaces are finite. For such spaces, the question of whether f belongs to L?
only depends on how &(z) grows as © — oo.

These finite measure spaces will, in fact, be very simple probability spaces.

Definition 10.2. Let & be a Young function. If Q C R% is a cube and f :
R? — R is Lebesque measurable, we define [ fllg.q to be the the L® norm of

f where the underlying measure space is \Q|_1XQ dx. Le.,

1
[fllg,q =inf{A>0: |Q|/Qd5(f|//\)dx§ 1}.

A few remarks are in order.
1. If &(z) = 2P (1 < p < 00) then

1/p
|f||¢7Q=<|Ql| /Q Iflpda:> 7

as the reader can (and should) verify. This | f[|ls o gives a useful, locally
averaged measure of the size of f.
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2. If
0 ifo<<a<l;
b(x) = { oo otherwise,

then || f||p o is the essential supremum of fxq. This [|f|s o does NOT give
a useful, locally averaged measure of the size of f.

3. Just to get used to the notation, we’ll look at what might or might not be
an old friend. (If it’s not, just take what I say on faith.) A function f is said
to be of bounded mean oscillation (f € BMO) if

1
sup —/ |f — foldx < oo,
QCR4 |Q‘ Q

and the supremum is denoted by || f]|,. The celebrated John-Nirenberg theo-
rem states that, if f € BMO, there is positive constant c¢ such that

a/QGXP(Cff—fQDd% <2

for all cubes @ (see [25] for a nice proof). Moreover, this c; satisfies ¢y >
A(d)/|fll., where A(d) is positive and only depends on the dimension d.

Let’s restate this result in terms of local Orlicz norms. Define &4 (z) =
and @o(x) = exp(x) — 1. The John-Nirenberg theorem becomes:

sup |[f = follg, o <C sup |If = fallg, o
QCR4 QCR?
for a positive constant C' that depends only on d.

In our opinion, this phrasing of the theorem is almost completely unintel-
ligible; but, precisely because of that, unwinding it might be an illuminating
exercise.

We will encounter local Orlicz norms in the context of Orlicz mazimal
functions.

Definition 10.3. If ¢ is a Young function and f : R — R is Lebesque
measurable, the Orlicz maximal function of f, Mg(f)(x), is defined by:

Mg (f)(x) = sup |[|fllpq-
Q:reQ

If &(z) = 2" (1 <r < o0) then

1 . 1/r
qu(f)(x)—Qb:BgQ (@/QU dt) .

This maximal function, which is obviously similar to M, 4, is often denoted
as M, (f), and we will follow that convention. Note that setting & =z (r = 1)
gives the usual Hardy-Littlewood maximal function.

By virtue of the generalized Holder inequality (Theorem 10.2), we have
the following interesting and useful result.
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Theorem 10.3. Let & be a Young function and let & be its dual. Then the
pointwise inequality

M(fg)(z) < 2(Ma(f)(x))(Mg(g)(x))
holds for all x € R?, for all Lebesque measurable f and g.

The reader knows that M; is a bounded sublinear operator on LP for
p > 1, but not for p = 1. In a similar fashion, M, is bounded on L? for p > r,
but not for p = r. Now, mathematicians love to motivate theorems by calling
questions “natural,” and it is certainly natural to ask the following: Given a
Young function @, when does Mg define a bounded operator on LP ? However,
we can do better here. Our work on the square function and singular integral
operators has yielded a collection of inequalities of the form

[rrwrvas <c [1orareas,

valid for all weights v and all 1 < p < 2, where M*(-) denotes some maximal
operator depending on 7" and p. We left open the question of how to generalize
such inequalities to p > 2. The following theorem plays an essential part in
filling this gap.

Theorem 10.4. Let @ be a Young function and let 1 < p < oo. Then Mg is
bounded on LP(RY) if

o dx

Remark. This theorem is due to Carlos Pérez [47], and we shall refer
to 10.1 as the Pérez condition. The Pérez condition is also necessary for LP
boundedness. However, since all of our interest in the theorem concerns its
sufficiency, we will hold off proving necessity until the end of the chapter.

Remark. The ‘1’ at the lower limit of the integral 10.1 can be replaced by
any positive number c.

Before proving the theorem, let’s see what it says about some of the
Young functions we’ve looked at.

1. If §(x) = 2", then P satisfies the Pérez condition 10.1 if and only if r < p,
which is a classical result.

2. If §(z) ~ 2" (log(1 +x))*" for large x, then the Theorem 10.4 says that Mg
is bounded when r < p and unbounded when r > p. What about when r = p?

In that case,
e dx > 1
P(x)—— = ————dz,
[ #oms = | oy

which is finite when sp < —1 and infinite otherwise. In other words, when
r = p, a sufficiently large negative power of the logarithm can “mollify” 2"
enough to make Mg bounded on LP.
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3. The Young function @(x) = exp(x) — 1 doesn’t satisfy 10.1. It isn’t hard
to see that Mg isn’t bounded on any LP (1 < p < o0). Forn=0,1,2,3, ...,
let E,, C [n,n + 1] be measurable. (The measures of the E,,’s will be chosen
presently.) Define f = > xpg,. Then [|f[’dx = Y |E,|. For each n (the
reader should check this),

£ - o
P, [n,n+1] 1og(1 —+ 1/‘E‘n|)7

and therefore

Mol @) 2 11D

for all z € [n,n + 1], implying that

/(quf)P de >3 <log(1+11/lEnl)>p'

Setting |E,| = 1/(n + 1)? gives an f € LP for which Mg (f) ¢ LP. (Question
for the reader: Is this Mg bounded on L*°7)

Proof of Theorem 10.4. We will first prove sufficiency of 10.1 for
boundedness of the dyadic form of Mg; i.e., for

MaaD@ = s oo
Q:x€QE€Dy

where the supremum is only taken over dyadic cubes containing x. The general
case will follow from a slight modification of this argument.
Boundedness of Mg 4 will follow from the inequality:

{z: Mga(f)(x) >t} < C/{ et P(|f(@)|/t) de, (10.2)

valid for all ¢ > 0, and for some positive constants C' and ¢. That’s because,
once we have 10.2, we can multiply both sides by ptP~!, integrate from 0 to
infinity, and get:

[ty s =p [ "0 Maa(h(e) > ) at

< C/OOO 1 </{I - o(|f(2)|/t) dx) dt
:C/|f(m)|p (/m f}fﬁf du) da

—¢ [ i@ iz,

where the next-to-last line follows from Fubini-Tonelli and a substitution

u=|[f|/t.
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The proof of 10.2 is not hard. Let N be a large number, and define

Mg an(f)(x)= sup Hf”@,Q‘

Q:xEQEDy
LQ)SN

It will be enough to prove 10.2 with Mg 4 n(f) in place of Mg q4(f), so long
as we can do so with constants C and ¢ that do not depend on N. Let @
be any dyadic cube with £(Q) < N and such that [|f|s o > t. Now recall
the definition of | f[|4 o for a moment. Having [/ f|ls o > ¢ implies that if
0 < A <'t, then we must have

1
Q|/Qd5(|f/)\)dx > 1.

In particular,
7
— [ D(|f]/t) dz > 1.
1Rl Jo

These dyadic cubes @ have bounded diameters. Therefore, each one is con-
tained in a maximal dyadic Q satisfying || f||s o, > t. and these cubes Q
are disjoint. For each @i, we have

Qul < /Q &(|f|/1) da. (10.3)

Now, we would like to say, “Sum over k and we’re done.” Unfortunately, doing
that would only yield

o Moanf(@) >t} < [ @(1f@)/0)

which is not quite what we need.
Let ¢ > 0 be such that @(c) < .5; such a c exists because @ is continuous
at 0. Then

/ B(f1/t) dz < 51Qx.
{z€Qw: |f(x)|<Lct}

Combining this with 10.3 gives

/ B(f1/t) dz > 5|Qu,
{z€Qpr: |f(z)|>ct}

Qi <2 / (|1|/t) da.
{z€Qk: |f(z)|>ct}

If we now sum this inequality over k, we get 10.2 for Mg 4 n(f), which implies
the LP boundedness of Mg 4.

We shall now prove sufficiency for the non-dyadic maximal function Mg.
Our proof will follow (pretty closely) the one we gave for Mg 4, and in fact
will depend on it. We will show:

and therefore
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Hz: Ma(f)(z) >t} < CHz: Mg 4(f)(z) > t}],

where & = A® for some large constant A; and that will clearly suffice.
Suppose Mg (f)(z’) >t > 0. Then, repeating the argument given above,
2’ lies in a cube @Q such that

/ &(f|/t) dz > Q).
Q

We will now use a simple geometrical fact: For every cube Q C R, there
exist 3¢ congruent, dyadic cubes {Q; :fd, all satisfying (1/2)4(Q) < £(Q;) <
(Q), and such that

Q C UQ;.

(It’s easiest to see this when d = 1; the general case follows by covering @ ‘one
dimension at a time.” By the way, this was a suggested exercise in chapter 1.)
At least one of these @);’s must satisfy

| a0 = 1300l = (1351,

i

or

[ asds = i
Qi
where & = 39¢. This implies that | f[| o, > ¢, and thus that Mg ,(f) >t on
all of Q;. But @; is not much smaller than ), and it is close to @); in fact,
@ is contained in 20Q);, the twenty-fold dilate of @;. Therefore (we encourage
the reader to fill in the details),

{z: Ma(f)(2) > t}] < 20%{z = Mg 4(f)(z) > t}],

finishing the proof of sufficiency.

We will be most interested in Orlicz maximal functions Mg such that
&(x) ~ 2" (log(1l + x))*" for large x, with » > 1. Our most important appli-
cations of these will require a generalization of the Orlicz Holder inequality
proved above.

Suppose that A and B are Young functions with the property that, for
some positive y, the function B(zy) — A(z) is bounded on [0, 00); an example
of such a pair is B(z) = x and A(z) = 2", with » > 1. Note that, in this
example, B(zy) — A(z) isn’t just bounded for some y, but goes to negative
infinity, as * — oo, for all y. The same thing will happen in every case of
interest to us.

Define

C(y) = sup{B(zy) — A(z) : = > 0}.
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By following virtually the same argument we gave earlier, we can show that
C' is also a Young function. (Our extra hypothesis on A and B ensures that
C(y) will be finite for some positive y.) Moreover, it satisfies

B(ry) < A(x) + C(y)

for all z and y. The argument in the proof of the generalized Holder inequality
goes through with easy modifications to imply that, for any f and g,

1f9lls < 2[fllallgllc- (10.4)

We note in passing that the pointwise inequality,

Mp(fg)(x) < 2Ma(f)(x)Mc(g)(),

follows immediately.

Although inequality 10.4 is beautiful and rigorous, in many applications
it is not very useful, because it can be difficult to find a formula for C' from
the definition we have given. The trouble with our definition is that it’s too
general: it applies to arbitrary Young functions, but all the interesting appli-
cations involve “nice” Young functions.

What is “nice”?

Claim: Suppose that A, B, and C are three strictly increasing, every-
where continuous Young functions. Let A~', B~ and C~! be their inverse
functions. If, for allt > 0,

ATYHCTHt) < BT, (10.5)

then, for all positive x and vy,
B(zy) < A(z) + C(y). (10.6)
Conversely, if A, B, and C satisfy 10.6 for all x and y , then, for all t > 0,
AL )CTH(t) < B7H(2t). (10.7)

Proof of claim: Let A(z) = s and C(y) = v, and set ¢ = s + v. Then, since
t>sandt>wv, and A~! and C~' are both increasing,

ry= A" ()07 () < AT OO () < BT,
implying
B(zy) <t=s+4v=A(x)+C(y),

which is 10.6. Conversely, if 10.6 holds and ¢ > 0, let A(x) = C(y) = t. Then
10.6 implies that
Blay) < Ax) + Cly) = 24,

and therefore that
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ATHHCTH) = 2y < B7H(A(x) + C(y)) = BH(21).

Conclusion: 10.6 and 10.5 are essentially equivalent, for appropriate
Young functions. Also, it isn’t hard to see that if A, B, and C satisfy 10.7
then they almost satisfy 10.6; namely, B(zy) < 2(A(z) + C(y))—which is
good enough to yield a generalized Holder’s inequality (up to a factor of 2).

Given this, it’s natural to ask why we didn’t use 10.5 or 10.7 to define
the dual Young function C. The reason is that it isn’t obvious that a C'
satisfying 10.5 or 10.7 will automatically be a Young function. In other words,
the supremum process based on 10.6 gives us existence of an appropriate C.
Once we have it (and if we know it has the right properties), we can use 10.7
to estimate C'. What is important to keep in mind is that these two kinds
of inequalities yield three Orlicz norms satisfying 10.4, and they allow us to
control the Orlicz norm of a product by the product of two other Orlicz norms.

Now let’s look at some examples.
1. If we put B(z) = 2" and A(z) = 2P, with 1 <r < p < oo, then freshman
calculus shows that C'(y) is a constant times y?, where ¢ = plfw orl/g=1/r—
1/p; and we obtain, up to a constant factor, the classical Young’s Inequality.

2. Let B(x) = z(log(e + x))* for large x and suppose A(z) = x", with r > 1.
In this case it’s much easier to use 10.5. We can also simplify things by re-
membering that we only need to estimate C(y) for large y. We make a simple
observation about numbers: If p is any real number, the inverse function of
xz(log(e + x))? is approzimately t(log(e +t)) P, at least when x or t is large.
Therefore, B~1(t) is essentially ¢(log(e + t))~%. Now, the inverse function of
A is trivially t'/7. So, to get 10.5, we want

C7H(t) ~ £/ (log(e + )7,

which will follow if ) )
Cla) ~ o ((log(e + )™

3. Let B be as in the last example, but now let A(x) ~ 2" (log(e +z))*, where
r > 1 and k is a real number. The inverse function of A is essentially

tl/T
(log(e + 1))/
implying that a good choice for C~1(#) is
tl/rl
(log(e + t))>=*/r”

which, after some juggling, yields

C(z) ~ 2" (log(e + z)) /""",
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4. Finally, for an extreme example, let’s take B(z) = exp(z) — 1 and A(x) =
exp(z”) — 1, with » > 1. It isn’t hard to see that the right C' will have the
form C(z) ~ exp(ca”) for large x.

Theorem 10.4 answers the question of what Orlicz maximal functions Mg
are bounded on LP, and it naturally raises another question: Given an Mg,
what growth condition on f ensures that Mg (f) is locally integrable? We can
make this more precise: Given a Young function @, does there exist another
Young function @* such that, for all f and all cubes Q,

(10.8)

AMMMMWSCWmuM
where C' is some absolute constant? Our interest in this question is practical,
because very soon we will need to know what happens when we take (Hardy-
Littlewood) maximal functions of (Orlicz) maximal functions, and 10.8 and
its converse (see below) provide the key estimates. We will only consider these
inequalities for the special case when @ is everywhere continuous and strictly
increasing. As our examples and discussions show, those are not very restric-
tive conditions.

One well-known instance of 10.8 is provided by the pair of functions
&(z) = z and &*(x) = xlog(e+x). A proof of 10.8 for these functions is given
in [53]. That proof is what motivates the following definition.

Definition 10.4. If B is a strictly increasing, everywhere continuous Young

function, we define
o _ * B(u)
B(I)—I<1+</l " du>+>.

It is not hard to see that B* is also a strictly increasing, everywhere
continuous Young function. It is also useful to observe that there is a positive
constant C' such that B(z) < CB*(x) for all z; and therefore that, for any f,

1flls < clflp--

Our theorem is:

Theorem 10.5. If B is a strictly increasing, everywhere continuous Young
function, then there is a constant C, depending on B, such that, for all cubes

Q and all f,
1

[QI

Before proving Theorem 10.5, we should check it. Let B(x) = z", where
1 <r < oo. Then

B*(z) — 1 v r—2 K ifo<z<1;
e VA I A PR = T

| Ms(xa)dz < Clslp (109)
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and thus is ~ " when z is large. This amounts to saying

o1 e e < (i [ 19770 ) "

which looks a little weird, but is classical: we essentially proved it in chapter
3 (Lemma 3.2). If instead we put B(z) = z, then

B*(z) ==z <1+ (/lxidu)Jr) =z(1 +log, z) ~ xlog(e + z),

for large x, which gives the result from [53].

Proof of Theorem 10.5. We take f to be non-negative. We will prove
the theorem for the dyadic form of My, and under the assumption that @ is
a dyadic cube with volume equal to 1. We will also assume that f’s support is
contained inside @ and that | f]| 5. = 1. Because of B*’s continuity, the last
statement means the same as fQ B*(f)dxz = 1. The integral we are trying to
control is less than or equal to

Q|+/100|{er: Mg(f)(z) > t}|dt. (10.10)

The first term—/|Q|—is clearly no problem. Earlier arguments imply that the
integrand in the t integral is less than or equal to

/ B(f/t)dx
{zeQ: f(z)>ct}

where c¢ is a small positive constant depending on B. Therefore our ¢ integral
is bounded by

/100 </{er: f(w)>ct}B(f/t) dm) dt:/Q (/j(x)/cB(f(x)/t) dt) dz.

+

After a change of variables, the inner integral becomes

f u
£(@) ( == du> < B (f(@),
¢ +

where the constant ¢’ comes in because ¢ might be pretty small (though it
won’t be zero). When we integrate this inequality in x, and combine it with
our earlier estimate 10.10, we get 10.9.

Readers of [53] will recall that, when B(z) = x, Theorem 10.5 has a con-
verse. Essentially the same argument as in [53] yields the analogous converse
for general B.
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Theorem 10.6. Let B and B* be as in Theorem 10.5. Then, for any cube Q,

/]

1
w0 <Oy [ Molixa)de

Proof of Theorem 10.6. Again we assume that @ is dyadic, with
volume 1. We also assume that our non-negative f has support contained in
Q@ and that fQ B*(f)dx = || f|| g~ = 1; the reader should notice that the pre-
ceding equation implies that |712| fQ fdr < 1. We will show that fQ Mgp(f)dz
is bounded below by an absolute constant.

We have two cases to consider. Write:

= B* dr = B* d B* dx. .
1 /Q (f) de /{me@m} (f) da + /{mm} (f)dr. (10.11)

One of the integrals on the far right must be > 1/2. Suppose it’s the first
one. We split it into two pieces, and remember that B*(x) = z when z < 1:

/ B*(f)dx:/ B*(f)dx—l—/ B*(f)dx
{z€Q:f<10} {z€Q:f<1/4} {weQ:1/4<f<10}
< (1/4)+ B (10){z € @ 1/4 < f(2)}]-
We are assuming that the integral on the left is > 1/2, which implies that
{oeQ: 1/4< f(@)} = (4B*(10))™" > 0.

This implies a lower bound on || f||5 o; because, for any A > 0,

/ B(f/\) di > / B(f/N) dx > BL/(AN)|{z € Q: 1/4< f@)}],
Q {z€Q:f>1/4}

which goes to infinity as A — 0. So, if we’re going to have fQ B(f/)\)dx <1,
A has to be > some Ag > 0. But then (remember that |Q| = 1):

/Q Mp(f)dz > || fllp.o > Ao,

and we’re done—in this case.
Now we assume that the second of the far-right integrals in 10.11 is > 1/2.
On the set {x € Q : f(x) > 10},

@ Blu @) B
B = i@+ [ Sz cra [ 2

1 1 U

du,

where C' is some positive constant depending only on B. Therefore, our hy-
pothesis on the integral in 10.11 implies
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/Qf(m) </1f(m) qu;‘) du>+ e /{zeQ:f(w)>10} I </1f(m) qug) du>+ "

>c

- )

where c is a positive constant. We will now use this inequality to get a lower
bound on fQ Mp(f)dx. Here it will be important that B is continuous and
strictly increasing.

Let ¢ > 1. By suitably normalizing B, we may assume that B(1)=1. Then
B(f(x)/t) > 1 precisely on the set where f(z) > t. For almost every x € Q for
which f(x) > t, there is a maximal dyadic subcube Q) C @ such that z € Qy,

and
1

1Qkl Jo,

(Having Qi C @ follows from having ﬁ fQ fdx < 1.) Because of Q’s maxi-
mality,

B(f(s)/t)ds > 1.

21 > @ [ Bl

Therefore,

{a: Mpf(x) >t} > |Q
k

>y [ B/ ds
> / B(f(s)/t)ds,  (10.12)
{s€Q:f(s)>t}

where 10.12 follows from the fact that f(s) <t almost everywhere off of UQy,.
When we integrate both ends of 10.12 with respect to ¢, from 1 to infinity,
the left end gives a lower bound for fQ Mpg(f)dz, while the right end is a

constant times
o0
/ </ B(f(z)/t) dm) dt.
1 {z€Q:f(z)>t}

But the “familiar” change of variables shows that the last integral is equal to

/Qf(x) </1f(z) Bu(;t) du>+ d,

which is bounded below by an absolute constant. The theorem is proved.

If we put together Theorem 10.5 and Theorem 10.6, and work a little,
we get the following characterization of how the Hardy-Littlewood maximal
operator affects an Orlicz maximal operator.
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Theorem 10.7. Let B be a strictly increasing, everywhere continuous Young
function, and let B* be as in the statement of Theorem 10.5. Then, for any
f e LIIOC (Rd)’

M(Mp(f)) ~ Mp-(f) (10.13)

pointwise, with comparability constants depending only on B and d.

Proof of Theorem 10.7. We will prove 10.13 for the dyadic versions of
the operators involved (all three of them), leaving the extension to the general
case as an exercise.

Let @ € Dq, and write f = fi + fo. where fi = fxg. By Theorem 10.5
and Theorem 10.6,

1
Q|

This implies that our result will now follow if we can only show that

/MB<f1>dm~|\f|
Q

B*,Q"

S
Q)

holds for all ¢ € @, for some absolute constant C. But that is a consequence
of the fact that Mp(f2) is constant across Q. In fact, Mg(f2) equals || 2|5 g,
for some dyadic Q2 containing (). This last quantity satisfies

1foll.@, < 1fllB.q, < Cllfli5 g,

which proves the theorem (in the dyadic case).

/Q Mp(f2) dz < CMp- (f)(o)

We’ve already seen two important special cases of Theorem 10.5 and its
converse: B(z) = x, B*(x) ~ zlog(e+z); and B(x) = 2", B*(x) ~ " (when z
and r are bigger than 1). Now we’ll see another example—or, rather, a whole
scale of examples.

For o« > 0, set By(z) = z(log(e + x))%; this notation will stand until
the end of the chapter. We claim (we have left the proof as an exercise) that
(Ba)*(z) ~ Ba+1(x). This equivalence means that the operation of applying
the Orlicz maximal operator Mp_ induces a progression in this particular
family of Young functions, in which every step bumps up the power of the
logarithm. In symbols: for every cube @, and for every a > 0,

(10.14)

at+1’

/Q Mp, (fx@)(€) dé ~ || fxell,

Theorem 10.7 lets us understand this scale of Orlicz spaces in terms of
iterated maximal functions. The theorem implies that, if £ > 1 is an integer,
then M*(f) ~ Mp, _,(f). It also implies that

M*(Msg, (f)) ~ Mg, (f).

If we define MO(f) to be |f|, then this last equivalence is even true for k = 0.
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The scale of spaces defined by {Ba}a>0 gives the promised answer to
a problem we raised in chapter 3, when we studied two-weight inequali-
ties for the square function. Let’s recall our basic, one-dimensional result:
If 0 < p < 0o and a > p/2, then the weighted inequality

[isrvdz<c [ty

(where S(f) is as defined by 2.8) will hold for all f =, Arh(py, finite linear
sums of Haar functions, for a pair of weights v and w, if

/v(:c) (log(e + v(x)/vr))* dx < /w(x) dx
I I

holds for all dyadic intervals I. We asked, “Given v, what is a reasonable
w?” and we said that w = Mc[la]ﬂ(v) would do. But we also said that this
majorant had two serious defects: 1) its estimation required applying the My
operator many times; 2) it was too big when « was not an integer (because
the order of the maximal operator jumped up).

The theory of Orlicz spaces seems to provide a more flexible family
of maximal functions, one that might give us a better (as in “easier” and
“smaller”) choice of w’s. But we immediately encounter a difficulty: our two-
weight condition speaks in terms of integral expressions involving v; Orlicz
norms, on the other hand, are defined indirectly, as infima. Now, it is evident
that

/ v(z) (log(e + v(z)/vg))* dx
Q

should be about the same size as ||v| 5 for any cube Q. That is the content
of the next theorem.

Theorem 10.8. For any o > 0, any weight v, and any cube Q C R?,

ol / ) (log(e + v()/vQ))° da ~ o]l 5, (10.15)

with (approzimate) proportionality constants that depend only on «.

Remark. The analogue of Theorem 10.8 fails catastrophically for Young
functions that grow very fast, even when they are finite and everywhere con-
tinuous. Take @(x) = e —1, and consider f(z) = |logz| on [0, 1]. The function
f has average value 1, and a quick computation shows that || f|| ®,[01] = 2- But

/Olsﬁ(f(x))dx:/ol (;—1) do = oo

Proof of Theorem 10.8. There is nothing to prove if @ = 0, so we take
a > 0. We also assume |Q| = UQ = 1. We need to prove two inequalities.
One of them is easy. Set T = fQ ) (log(e + v(x)))™ dx. We note two facts
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about T. The first fact is that 7 is finite if and only if v € LP=(Q) (this
is because the logarithm grows so slowly); indeed, T is finite if and only if
fQ B, (v/X) dz is finite for all A > 0. Therefore we can assume 7' < oo, since
otherwise there’s nothing to prove. The second fact is that 7' > 1. Putting
these two facts together, we get:

fQ x) (log(e +v(x)/T))* dx
/Ba(v(m)/T)d AT o Ll

)

implying [|vf|z, o <T.

Now we need to show that [vllp, g = caT, where cq > 0. Because of
v’s normalization, [[v]|p o > 1, and so we may assume that 7" is huge (of a
precise hugeness yet to be determined). Now,

T = Jieequoterv@@y<ry2) (@) (log(e + v(2)))* dw
+ J (e log(eto(@))osT/2y V(@) (log(e + v(x)))* da,
while fQ vdzx = 1. Therefore,
/ v(x) (log(e + v(x)))* dx > T/2.
{2€Q:(log(e+v()))*>T/2}

Set E={x € Q : (log(e+v(x)))* >T/2}. If T is very big (and we assume it
is), then on E we have v(z) > ¢; exp(coT/®), where ¢; and ¢, depend on a.
This implies that, for z € E, v(z)/T will be bigger than or equal to a constant
times /v(z).

Set Ao = [|[v]| g, - Because of B, ’s continuity,

/ Ba(v/Ao) dz = 1,
Q

which implies

; v(z) (log(e + v(z)/ X)) dz = Xo.

We have already noted that A\g < T'. Therefore:
Ao = / v(z) (log(e + v(x)/ X)) dx
Q
> log(e +v(z)/Xo))* dz

] vt (ox
/E o() (log(e + v(x)/T))* dar
] vt (ox

v

%

log(e + cy/v(x)))* dx
o) / v(@) (log(e + v(z)))* do
E
T

\%

\%
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where the last inequality follows from the fact that [, v 5 V() (log(e +
v(x)))®dx > T/2. Theorem 10.8 is proved.

Theorem 10.8, combined with 10.14, finally yields the family of majorants
we promised in chapter 3:

Corollary 10.1. Let 0 < p < oo and let « > p/2. Set f = max(a — 1,0).
There is a constant C = C(p,a) such that, for all f =37, Arh(p, finite linear
sums of Haar functions, and all weights v,

/\fl”vdx<0/ )P Mg, (v) da.

We will (almost) conclude this chapter with a proof and discussion of a
remarkable extrapolation theorem due to David Cruz-Uribe and Carlos Pérez
[14]. This is not really a theorem in Littlewood-Paley theory, but one that
applies to very general pairs of operators.

Theorem 10.9. Let ¢1 and ¢o be two measurable functions defined on RY.
Suppose that, for some fited a > 0 and 0 < py < oo, the following holds:
There is a fixed constant C so that, for all weights v,

/|¢1lp”vdx < Cl/|¢>2|p° Mg, (v) dx. (10.16)

Then, for all pg < p < co and € > 0, there is a constant C5, depending only
on a, €, d, pg, and p, such that, for all weights v,

/|¢1|pvdx < CzC1/|¢2|p MB,,,0 apryes (V) d. (10.17)

What does this give us? Set ¢; = f and ¢o = S(f), where f is a finite
linear sum of Haar functions. Let py < 2 < p < co. Inequality 10.16 holds for
po < 2 and a = 0. Theorem 10.9 implies that

/ fPvde < G0 / (S(N Mp, ., (v) dz

holds. If we take py very close to 2, then p/pg is just a little larger than p/2,
and the inequality amounts to having

[isrede<c [(8(5)7 Ms,,(0) da.

valid for 8 > p/2 > 1. This is Corollary 10.1, which (looking back at chapter 3)
we obtained in a way that depended on a series of subtle estimates for the
square function. Theorem 10.9 shows that it only depends on one such (albeit
rather subtle) estimate.
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Here is another application. Put ¢ = S(f) and ¢ = f. We know that

[ vdr <6, [ 177 May0) da.
(Actually, we know it for all 1 < p < 2, but right now we want to take p as

big as possible.) Theorem 10.9 lets us extend this L? result to L? (p > 2) with
no additional work. We get:

Jstrods<c, (117 Mg, .. 0 d

Notice that, again, the “order” of the maximal function is essentially p/2.
And here is yet another application. If Tk is any classical Calderén-

Zygmund operator, as discussed in the preceding chapter, then the following

inequality holds for all f € Cg°(RY), all weights v, and all 1 < p < 2:

/\T,C(f)|pvda:§ C/\f|pM2(v) dz. (10.18)

(Of course, we also have

/ﬂHﬁwaSQ/m”ﬁwM%

but we will not need that fact.) Theorem 10.9 gives the promised extensions
toall 1 < p < co. Simply take 1 < pg < 2 < p < 0o, where we assume that pg
is very close to 2. We have that M?2(v) ~ Mp, (v), and therefore

/ﬂHﬁWvMSC/VWMawww

But Theorem 10.9 implies that, for any € > 0,

/|T;C(f)|pvdx < C/|f|p MBy, ) pyses () da. (10.19)

If p is an integer, we can take € very small and pg close enough to 2 to make
2(p/po) + € — 1 < p, implying Mg, .. ,(v) < CMPH(y). If p is not an
integer, similar choices of € and pg yield the same inequality. Therefore, for
any Tx, any 1 < p < oo, and any weight v,

/|TK(f)|pvdx < C/|f|pM[p+1](v) dz. (10.20)

Inequalities 10.19 and 10.20 can both be seen as natural extensions of 10.18;
which one is more illuminating is, perhaps, a matter of taste.
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Proof of Theorem 10.9. Set r = p/py > 1 and let v’ be r’s dual
exponent, so that 1 4+ = 1. The function B, (x) satisfies B; ' (t) ~ t/(log(e+

T

t))® when t is large. We seek two Young functions A(x) and C(z) such that
A~Y#)C~1(t) = B;1(t) and such that the maximal operator M¢ is bounded

[e%

on L" (R%,dz); and, we would like C' to be, in some sense, as “large” as
possible. The reason for this quest will become apparent soon (we hope).
Because of Theorem 10.4, a good choice for C(z) is one for which

!
X

™ Togte

where sr’ > 1. This is the same thing as saying sr > r — 1, so let’s fix some
€ > 0, and put sr = r — 1 + €. For such a C, C~(t) ~ t'/7 (log(e + 1))*,
implying

tl/r

1 o~ v
AT~ Goge s )

and
A(z) ~ 2" (log(e 4 )75+,

The generalized Holder inequality implies Mp_(fg) < cMa(f)Mc(g) for
any functions f and g. Let h be a function in L™ (v) such that [|h|" vdz =1

and
p/Po
/|¢1|pvdaz: </|¢1|p°hvd:r) .

Writing hv = (v'/7)(ho'/™"), we get

/|¢1|p°hvdx < cl/\qsl\m Mp. (hv) dz

< cC’l/\qbl\po Ma(/™) Mo(ho'/") da
< cCy(I)(ID),

where
-/ ¢1”(MA<v1/T>>’“da:)l/T

1/r'
(IT) = (/(Mc(hvl/r )" d:z:> :
Because of our choice of C(z),
/(Mc(hvl/r’))r’ do < K/uwl/r'(" do

:K/|h\7“'vdx:K.
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The theorem will be proved if we can show that

(MA(Ul/r))T < CMB(,,/pO)(aJrlHefl(v)’

where, recall, r = p/pg and rs = r — 1 +¢. Fortunately, this just involves (very
carefully) unwinding the definitions of both sides of the inequality.
I claim that, for any cube @, and any Ag > 0,

/ A(’Ul/r/)\o) dx N/ B7‘(s+a)(v/>‘6) d(E,
Q Q

with approximate proportionality constants depending only on 7, «, and s.
To see that the claim is true, write out both sides. The left-hand integral is

/ (v/3p) (loge + 0"/ /20)) "+ da.
Q
The right-hand integral is
/ (v/A0) (log(e + v/X))"+) da.
Q

The only difference between them is in the arguments of the logarithms. We
now prove the claim by observing that log(e + t) ~ log(e + ¢") is valid for all
positive t: the relevant “t” here is t = v'/" /).

The claim implies that ([|[v]|4 o) ~ ¢ra,s

vl g, (o) @ and therefore that

(MA (Ul/r))r < CMBr(era) (U)

But r(s+a) =rs+ra=ra+r—1+4+¢e= (p/po)(a+1)+e— 1. That finishes
the proof of Theorem 10.9.

Theorem 10.9 is very powerful. However, it is easy to believe that it says
more than it actually does. Early on, we proved that, for all 0 < p < oo, if v
and w are two weights in LL (R?) such that

loc
/ o() (log(e + v(x) fvg))® de < / w(z) dz (10.21)
Q Q
for all cubes @, for some a > p/2, then

/If\pvd:c < C/(S(f))pwda;

for all f which are finite linear sums of Haar functions. Theorem 10.9 might
seem to make all of these theorems (one for each p) follow from a result for
only one p; or that, at least, having the result for one pg, we should be able
to infer the corresponding results for all p > pg. That is not quite correct.
Theorem 10.9 says that, given an inequality of the form
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[ vds < ¢ [ 1n i) ds,

where M is some Orlicz maximal operator, we can infer inequalities of the
form

/|T1f|pvdx§C/|T2f|pM*(v)dx

for all p > pg, where M* is some other Orlicz maximal operator. However,
it is possible that, for a given v, many weights w satisfy 10.21, and none of
them are Orlicz maximal functions of v. For example, if v(x) is the absolute
value of a polynomial function, then v € A, and therefore w = cv satisfies
10.21, where c is a “big enough” constant. But, unless v itself is constant, any
Orlicz maximal function of such a v will be identically infinite.

Appendix: Necessity of the Pérez Condition

We will show that, if @ : [0, 00] — [0, 0] is a Young function such that

> dt
| ot = .

where p > 1, then Mg(x[0,1)) ¢ LP(R). We are only considering the d = 1
situation because it is a little easier to see what is going on there; the reader
should have no trouble generalizing the argument to R<.

We need to consider two cases: either @(xg) = oo for some finite zg, or
&(z) < oo for all z € R. We leave it to the reader to show that, if the first
case happens, Mg (x[o,1)) is bounded below by a positive constant, and we are
done.

Therefore, we assume that @ is everywhere finite. Since @ is a Young
function, this implies that there is an a > 0 such that @ is continuous and
strictly increasing on [a, c0). Define:

d(x) = a+1

= x(M) fo<z<a+1;
&(x) ife>a+1.

Then & is a Young function that is everywhere continuous and strictly in-
creasing, and which equals @ for large enough x. Therefore:

. dx

and—very important—Mg(f) ~ Mg(f), for any f.
We now redefine @ to equal &.
We leave the proof of the next lemma to the reader.
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Lemma 10.1. If 10.22 holds, then

> 27Frp(2F) = 0. (10.23)
k

For k > 0, set I* = [0,2%). We encourage the reader to show that the
following equation is true:

_ —1
IxXto.1)llg 70 = (271(2)) (10.24)

where the superscript —1 on the @ denotes the inverse function, and the second
—1 is the plain old multiplicative inverse. Equation 10.24 has the consequence
that, for all z € I*T\ I* (k > 0), Ma(x[o,1))(z) > (45_1(2k+1))_1, and
therefore

0 k
/(Mas(X[o,n)(fﬂ))p dr>cy @_12(%)),,. (10.25)

We will prove necessity of 10.1 by showing that 10.23 forces the right-hand
side of 10.25 to be infinite.
For each j > 1, let E; be the set of kK > 1 such that

20 < @71 (2F) < 27+
The right-hand side of 10.25 is bounded below by a constant times
IESED PR
§>1 k:kEE,

I claim that, for sufficiently large j, each set E; is non-empty. That will prove
necessity, because then we will have, for some large NV,

domir N ok > N 2P = oo
§>1 k:k€E; >N

To see that F; is eventually non-empty, we note that its defining condition is
equivalent to having _ _
B(27) < 2F < @(29Th).

The convexity of @ implies that, for all 7,

o(27) _ o2
2i  —  9i+l

hence ‘ ‘
D(2911) > 29(27).

Let j be so large that the least k for which @(27) < 2F satisfies k > 1. In other
words, let j be so large that 2F~! < &(27) < 2% holds for some k > 1. Then
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@(2911) > 2¢(27) > 2% implying that this k belongs to E;. That finishes the
proof.

Remark. The sets E; are eventually non-empty because @’s convexity
forces it to grow fast, which means that its inverse function, while going to
infinity, must grow fairly slowly, and so cannot jump over too many intervals
of the form [27,27/F1).

Exercises

10.1. Show that, if @ is any Young function, then there is a positive constant
C, depending only on @, such that

1fllg < Cllflloo

holds in all measure spaces. Use this to show that the operator Mg is always
bounded on L>*(R%).

10.2. Show that if B is a strictly increasing, everywhere continuous Young
function, and we set

B*(z) ==z <1+ (/11 Bu(;‘) du>+> :

then B* is also a strictly increasing, everywhere continuous Young function.
Also prove that there is a positive constant C' such that B(z) < CB*(z)
for all z.

10.3. Prove the non-dyadic version of Theorem 10.7. (Hint: Once again, our
attention centers on what happens on a cube . The argument follows the
pattern of the dyadic case, but with some small adaptations. Decompose f =
f1+ f2, where fi = fxp, with Q being Q’s triple. The estimation of Mp(f1)
goes much as before. However, the function Mp(f2) is likely not constant
across @.)

10.4. Suppose that A and B are Young functions with the property that, for
some positive y, the function B(zy) — A(z) is bounded on [0, o). Define, for
y =0,

C(y) = sup{B(zy) — A(z) : = > 0}.
Show that C' is a Young function.

10.5. Give a precise statement and proof of the following: “If p is any real
number, the inverse function of z(log(e+x))? is approximately t(log(e+1t)) 7,
when z or ¢ is large.”
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10.6. Show that, for all « > 0,
(Ba)*(x) ~ Bat1(z),
with approximate proportionality constants depending only on a.

10.7. (Due to F. Nazarov.) Show that, for all « > 0 and 8 > 0, and all
measurable f: R — R,

MB(, (MBﬁ (f)) ~ MBQ+@+1 (f)

pointwise, with approximate proportionality constants depending only on «,
B3, and d. One can interpret this as implying that the operators Mp, and Mp,
“almost commute.”

Notes

Our exposition of beginning Orlicz space theory is based on [45]; see also [16]
and [34]. The first generalized Holder inequality (Theorem 10.2) was proved
in [58]. Its generalization (inequality 10.4) is from [45]. Theorem 10.4 is from
[47]. Theorem 10.9, which powerfully extends results from [12], [46], and [62],
is from [14]. The many relationships between Mp and the || - || 5. norm were
pointed out to the author by F. Nazarov [44].
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Goodbye to Good-A

In this chapter we work on R!', and we only consider dyadic intervals.
We recall a result (Theorem 3.8) we proved in chapter 3:

Theorem 11.1. Let 0 < p < oo and let 7 > p/2. Let v and w be weights such
that
/v(m) (log(e + v(x)/vr))" da < /w(x) dx

I I
for all I € D. Then, for all finite sums f =3 Arhr,

Jur@rvar<c (@@ v,

where the constant C' only depends on p and 7.

We proved Theorem 3.8 by means of some good-\ inequality estimates
and a telescoping series trick. Thanks to our work on Orlicz spaces, we are
now able to prove the theorem without either of those devices.

The following proof, which I learned from Fedor Nazarov, is very short,
but it does require a few preliminaries.

If I € Dand § > 0, we let Exp(I,3) be the family of non-negative,
measurable functions ¢, supported on I, such that

|—}| /Iexp(qb(x)ﬁ) de <e+1.

(Why e+ 17 See below.) The set Exzp(I, ) is “morally” the unit ball of a local
Orlicz space. Recall that there is a Young function @ such that &(z) = exp(z?)
when z is large. Now fix @. The reader can show (and we leave it as an exercise)
that there are positive constants C; and Cs, depending only @, such that, for
all non-negative, measurable ¢, supported on I,

¢ € Exp(I,B) = ||¢Hq§,1 <O
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and
[¢llg ; < Co= ¢ € Exp(l,B).

Given these implications, the next theorem is easy to prove.

Theorem 11.2. Let v be non-negative and locally integrable, and let o > 0.
For all I € D,

/Iv(sc) (log(e + v(x)/vr))* da ~ sup {/Iv(a:) ¢(x)dx: ¢ € Exp(1, 1/0(41} ;)

with comparability constants that only depend on «.

Proof of Theorem 11.2. The function ¢(z) = (log(e + v(z)/vr))*
belongs to Fxp(I,1/«), which implies one inequality (and also explains why
we picked e + 1). For the other direction (which is the one we actually need),

set By (z) = z(log(e+x))?, and let &(z) = B, (), its dual Young function. We
know that, for large 2, &(z) ~ exp(cz!/®), where ¢ is some positive constant.
(See #7 in our list of dual Young function examples.) This implies that, if
¢ € Exp(I,1/a), then ||¢|| ; < Cq. Therefore, for any ¢ € Exp(I,1/a), our
Orlicz space Holder inequality implies:

x)dr < 2C,||v|
e o

But, according to Theorem 10.8,

ol < {77 [ v(o) ogle + o) for))” do.
which finishes the proof.

Corollary 11.1. Let f be an integrable function supported in I € D and
suppose that S(f) € L™. If v is a weight and 0 < p < oo then

[ vt < COUSDIE [ o) (ogte +v(w)/on)e/? .
I I

Proof of Corollary 11.1. We make the usual reductions—I = [0,1),
vr = 1—and we add another: fol fdxz = 0. (The reader should check that the
last one is legitimate.) We also assume that ||S(f)||,, =

There is a ¢ > 0, independent of f, such that ¢f € FExp(I,2). Thus,
lef|” € Exp(1,2/p). The result follows now from Theorem 11.2.

We shall almost re-prove Theorem 3.8, leaving to an exercise how to fill
a small gap.
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Theorem 11.3. Let 0 < p < 0o, 7 > p/2, and let v and w be two weights
such that

/v(m) (log(e +v(x)/vr))" dx < /w(m) dz

I I
for all I € D. Then

/|f(x)\pvdx < C(T,p)/(S(f))pwdx

for all finite linear sums f =% ; Arhr.

Proof of Theorem 11.3. Set pg = 27 > p. By Corollary 11.1, if g is
supported on I € D and S(g) € L*, then

[ sl vz < Con)IS@IZ [ o) togte + v(a)fun))" de
I I
Clm)I5() % [ w(o)d.

We will use this fact shortly.

Let f =3 Arh(p), a finite linear sum of Haar functions. For every integer
k,set By ={r € R: S(f) > 2"}, and define D, = {I € D: I CEy, I ¢
Ei41}. The sets Dy, are disjoint (some of them might be empty) and U Dy,
contains {I € D: A; # 0} as a subset. This implies that {z : f(z) # 0} C

U Ey. Put
fe =Y Ahay.
IeDy

The preceding arguments imply that f = 3", fi. We notice that Ej, is equal to
a disjoint union of some maximal intervals; say Ej = UTI ,JC Each fi’s support
is contained in the corresponding Ej, and the integral of fj, is zero over each
of these maximal intervals I]. We observe that S(f;) < C2* everywhere.

The bound on S(fx) and the argument at the beginning of the proof
imply, for each j and k,

/. | f1|P° v dx < C(po)2FPo / w(z) dw.
I

I
Summing over j, we get:

n

[1817 v < Comz > (]
1
< C(po)2*Pow(Ey). (11.2)

We are now ready to begin the proof proper. We divide it into two cases:
i)0<p<landii)l<p<oo.
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Case 1i).
|fIPvde = Jr| vdr < |fr|P vde = | fx]? v da
forose ] = furoa=

p/Po
< ZU(Ek)l_p/po [/ | F P vdm]
k By,

< CZU(Ek)lip/pO [Qkpow(Ek)]p/po

k
< CZv(Ek)l_”/p°2pkw(Ek)p/p° < CZZPkw(EkJ)
k k

:CZ?’%U({&CGR:S(]‘) > 2k}
k

<c / (S(f)P we,

which finishes case 1).

Case ii). Here we require a more sophisticated analysis. We begin with
the observation that, when x € E} \ Ej41,

fl@) =Y ful@). (11.3)
ki k<l
Why is 11.3 true? For any z,
f(a:) = Z )\Ih([).
1€D: zel

But, if ¢ Ej;+1,  cannot belong to any I € D, for which » > [. Thus, if
r € F \El-i-la

flz) = Z Arhny = Z Arhn
IeD: zel g;g:miﬁ
= Y Mhgy= Y fiula),
I€D: wel, ke k<l
I1€D,, r<l =

which is 11.3.
Let € > 0, to be specified presently. We recall that {z : f(x) # 0} C U, E;.
Then:

/If(z)l vdx_;/Ez\EzH |f ()P vda
:zl:/E | Z fe(@)| vdx

NEirn g <t
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<, 3 [E S 2R f (@) v da
l

B | g k<t
<Cp 3 2 [ p@l e
L

kl: k<l

P/Po
<C, 3D 2By [ /E fk<:c>|”°vdx}
1

kl: k<l

)

p/Po
< Cs,p } : 26(l*k)v(El)1*p/p“ {/E \fk(x)|p° de}
k

kl: k<l
(11.4)

where the (very small) change in the last line comes from the fact that E; C Ej,
if k <I. Arguing as in case i), for each k we have

P/Po
[/ | fie()[” vdx] < Ok (Ey )PP,
Ey

Since it is trivial that v < w almost everywhere, we also have v(E)) < w(E;)
for all [. Set § =1 —p/po > 0. For each k and [ such that k <, we can write:

p/Po
v(Ey)L P/ [/ | fie ()0 vdm} < Cw(Ey)° 2P w(E)' 0.
Ey
When we substitute this into 11.4 we get

/\f(x)|pvdx <C Y 20 Mw(E) 2R w(B) 0

kl: k<l
=0 Y 290k [arty ()] [2PRw(Ey)] T
kl: k<l
<C Y 27 WmIUER (5Pl (B + (1 - 6)27%w(Ey)]
kL k<l

(11.5)

where the last line follows from the fact that a®b'~° < §a + (1 — &)b when a
and b are non-negative.
Now we have to sum the two pieces of 11.5, where these two pieces are

C Z o~ (ps—e)(1—k) [52plw(El)] (11.6)
ki k<l
and
C Z 2= (PI=U=R) [(1 — §)2Pkw(Ey)] . (11.7)

kl: k<l
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The first piece is bounded by a constant times

S olu(E) | S 2w

1 k: k<l

The inner sum,
Z 9—(pé—e)(i—k) ,
k: k<l

will be bounded by a constant independent of [ if pd — e > 0; i.e., if € < pd.
Choose € = pd/2. Plugging this back in, 11.6 is seen to be less than or equal
to a constant times

S 2lu(E) < [($()P wds,
l

which is what we wanted.
The second piece is bounded by a constant times

Z 2Pk (Ey,) Z 9—(pé—e)(i=k)
k

>k

Our choice of € now ensures that the inner sum,
Z 2~ (PI=e)(I=k)
11>k

is bounded by a constant independent of k. Plugging it back in, 11.7 is seen
to be bounded by a constant times

> 2 w(Ey),

k

which is just right.

Exercises

11.1. The reader has probably noticed the small gap between Theorem 3.8
and Theorem 11.3: the first theorem gives a bound for f*, the second gives
one for f. This exercise outlines the argument needed to fill the gap.

a) Let f be a measurable function supported in I € D, and suppose that
flfdac =0 and S(f) € L. Show that, if v is a weight and 0 < p < oo, then

/ (f* (@) vdz < COSHI / o(z) (log(e + v(x) fv1))?'? da.

1



11 Goodbye to Good-A 195

(Hint: Assume ||S(f)||,, < 1, and show that there is positive constant c,

independent of f and I, such that c¢f* € Exp(1,2).)
b) For the p <1 case we have

(@) <) (fi@)?,
k

and we can proceed almost exactly as in the proof of Theorem 11.3, using
part a) at the right point.

c) We have to be more careful when p > 1. Show that f* = 0 outside
U E;, and therefore

[r@roa=5 [ @y

[ \Ei41

The trick now is to show that, when = € E; \ Ej41,

*

)=\ > fi] (@

k: k<l

From this point the rest of the proof is like that of Theorem 11.3, with another
timely use of part a).

11.2. Generalize the proofs of Theorem 11.3 and the extension mentioned in
problem 11.1 to functions defined on R?.

Notes

The proof given here comes from handwritten notes by F. Nazarov [44].
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A Fourier Multiplier Theorem

We will give an application of much of the material from the preceding chap-
ters by presenting a proof of the Hormander-Mihlin Multiplier Theorem.
We warn the reader that this chapter assumes some familiarity with the theory
of Fourier multipliers, as treated in [53].

If m : R — C is a bounded measurable function, the Fourier multiplier
operator associated to m, denoted Ty, is defined implicitly by the formula

T (F)(€) = m(€) f(£),

for functions f belonging to some suitable test class (such as C§°(R%)). We
restrict ourselves to bounded functions because we want to ensure that T,
maps L?(R?) into itself. By the Plancherel Theorem, it is easy to see that the
operator norm of T}, : L? — L? is exactly equal to |m]|

The Hormander-Mihlin Multiplier Theorem states that, if m is sufficiently
smooth away from 0 (in a manner to be made precise), the Fourier multiplier
operator Ty, is bounded on LP(R?) for all 1 < p < co. When we say that T},
is bounded, we mean that there is a positive constant C(m,p) such that, for
all f € C°(RY),

1T (DI, < Com, DI,

Such an a priori estimate allows us to define a unique extension of T,,—
satisfying the same bound—to all of LP.

What we will actually prove is that, if m is smooth enough, then, for all
€ > 0, there is a constant C, so that, for all f € C5°(R%) and all bounded,
compactly supported weights v,

/ T (f) 20 da < C. / I Mg, (v) dr, (12.1)

where Mp,, (v) is as we defined it in chapter 10, and can be taken to be:

Mg, (v)(x) = QSI;EQ 0] / ) (log(e + v(t) /vg))> T dt.



198 12 A Fourier Multiplier Theorem

Since the operator Mp,, is bounded on all of the L? spaces such that 1 <
p < oo, 12.1 will imply that T, extends to a bounded operator on LP for
all 2 < p < oco. An argument from duality will then yield boundedness for
l<p<2

We will now define the sorts of multipliers we are interested in. We recall
the standard convention that, if o« = (aq, ..., ag) is a vector of non-negative
integers, then the differential monomial D® is the operator defined by

o 02 0%
(ax%1> <8x32>"'(8x3d)’
and the order of D®, defined to be ay + - - - + ag, is denoted by |a|. If |a| =0
then D® is just the identity operator.

Definition 12.1. We will say that m : R?\ {0} — C is a normalized
Hormander-Mihlin multiplier if m is bounded, infinitely differentiable, and if,
for all differential monomials D® of order < d/2+1 and all £ € R\ {0},

ID*m(€)] < |¢|7.

Theorem 12.1. Let m be a normalized Hormander-Mihlin multiplier. For
every € > 0 there is a constant C(e,d) such that, for all f € C*(R?) and all
bounded, compactly supported weights v,

[P vis < Ctecd) [ 157 M., (0) do.

The proof of the theorem will require a lemma and its corollary.
Lemma 12.1. Let 8 > d/2 and suppose that g € L?>(R%). Set h(z) = g(z)(1+

|x|2)_5/2. If f is a Schwartz function and v is any weight,

/thﬂwﬁvdxscmm@/iﬂwﬁﬂﬂmdm

where the constant C' only depends on (B and d.

Proof of Lemma 12.1. We assume that f and g are non-negative. For
any x,

h*ﬂm(/(g“’t)ﬂwm

L+ [z — tf)5)2

< </(g(x —t))? dt>1/2 (/ % dt) "

1/2
_ __u®r
_HME</(1+xt%ﬁﬁ> ,
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and therefore

[ s@rods < gl [0y ( / de) dt.

/(1+|z—t|2)ﬁd < C(B,d)M(v)(?)-

(See exercise 2.7.) That proves the lemma.

We note that the preceding lemma can easily be generalized. Namely, the
same conclusion will hold, with the same constant C if, for the same g and 3,
and for some y > 0, h(x) = y~%g(z/y)(1+|z/y|*)~?/2. The reason is that the
Cauchy-Schwarz inequality will now yield:

12 ) 1/2
vt < (ot - o2 a) ( [t dt)

=gl | v "
? 1+ |(x —t)/y*)8 ’

and therefore

[ e s@ivar <ol [y </ T T T dm) "

But y=4(1+ |(x — t)/y|*) 7 is simply an L dilate of (1+ |(z — t)|*)?; and so,
by exercise 2.7 again,

—d v(z) dz < C(8,d)M(v)(t).
v e e < Ce AN

Proof of Theorem 12.1. Let ¢ : R? — R be a real, radial Schwartz
function, chosen so that its Fourier transform is always non-negative and has
support contained in {¢ : 1 < [¢] < 2}. Let ¢ € C3°(RY) be real, radial,
satisfy [ dx =0, and be co-normalized with ¢ so that

/ B(y&) P(ye) *y
Y
for all £ # 0.

Now let @ be a third real, radial Schwartz function, chosen so that
J®dr = 0 and () = 1 when 1 < |¢| < 2. This second condition has
the consequence that, for all y > 0 and all z € R?

(Tin(2y)) * ¢y(x) = Dy * (Trn(¢y)) ().
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Since f € L?, we also have

(T () * by (@) = (T (f)) * by x Py () = [ Py (Tin(y))(2)

for the same ranges of y and z. By our work on the Calderén reproducing
formula, the preceding equation implies that

dt dy

T(N@ = [, (050, Tul6,)0) vya =0 =

where the convergence of the integral is in the L? sense, taken over any
compact-measurable exhaustion of Ri‘H. This means that we can take an in-
creasing sequence of finite families 71 C F» C -+ C Dy for which U;F; = Dy
and such that the sequence of functions defined by

Z/ [ By (Ton())(6)) oy — 1) T

QEF;

converges to T,,(f) almost everywhere as j — co. By Fatou’s Lemma it will
be enough to show that

/ lg;(@) v de < Cle, d) / F@)? M, (v) da

for each j.
Our earlier work implies that

[l vae < Ot 3= KA [ o6) ot + vt/ ug)

g5, 1@l
where
dt dy V2
)\Q = </ |f * gZi)y * (Tm(¢y))(t)|2 ) .
T(Q) y
It is clear that
7 / ) (log(e + v(z) /vg)) < da < CMp, ,, (v)(t)

if t € @, and therefore

M v(z) (log(e + v(z)/vs))1Te de
3 /Q<><g<+<>/Q>>

g5, 1@l

gc/m 1T 58y 5 @) O M, (0)(0) .

Y
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Let us now closely examine the function T,,(¢,). I claim that it is a
boundedly positive multiple of an L' dilate of a function of the form g(z)(1 +
|2|>)~#/2, where llglly < 1. This will prove the theorem, because the corollary
to Lemma 12.1 will yield, for every y > 0,

Jra 1 % @y * (T (6))(1)]” M, (v)(t) dt
< C fpa lf * @y (0)]° M(Mp,. (0)(t)dt < [galf %Sy (D) Mp,,, (0)(2) dt.

Integrating in y will then give us:

St 1F 5 @y % (Tua(0)) () M, (0) (1) 252

< C Jra(Gr(F)(1)? M, (v)(t)dt < C [gu |F ()] M(Mp,,  (v))(t) dt
< C [ [F OV My, (0)(2) dt.

In the preceding inequalities, the reader should note how the maximal func-
tion, acting on v, gets bumped up at every stage.

Now for the claim. First consider y = 1, and set h(z) = T;,,(¢)(z). The
Fourier transform of h, iz(f), has support contained inside {£ : 1 < |£| < 2}
and satisfies

|D*h(§)| < C

for some absolute constant C, and for all multi-indices « such that |a| <
d/2+ 1. Set B = [d/2] + 1, and note that 3 > d/2. We have just seen that
Dh € L2 for all o such that || < 3. Therefore, by taking inverse Fourier
transforms,

(1 +[a[*)??h(x) € L*(RY),
implying
h(z) = g(a)(1 +|a|*) 7/
for some g € L?. That takes care of things when y = 1. For the general case,

we consider the function with Fourier transform equal to k(&) = m(&)p(yE).
The support of k is contained inside {¢ : 1/y < |¢| < 2/y} and satisfies

IDk()] < Cyl!

for all a such that |a| < 3. Set A(z) = y?k(xy). Its Fourier transform, A(€), is
equal to k(£/y). This Fourier transform is supported inside {¢ : 1 < |¢] < 2}
and satisfies A

DA < C
for all « such that |o| < 8. Therefore the function A (up to multiplication by a
bounded constant) satisfies the hypotheses of Lemma 12.1. Now the corollary
to the lemma finishes the proof.

Theorem 12.1 implies that, for every normalized Hérmander-Mihlin mul-
tiplier m, the associated Fourier multiplier operator T}, is bounded on L?(R%)
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when 2 < p < oo, with a norm that only depends on d and p. Now suppose
that 1 < p < 2, and let p’ be p’s dual exponent. If f and ¢ are two functions
in C5°(R%), then

| @ulp@) o) do
Rd

makes sense and is equal to

| m@s©5@de= [ 1) el i
R4 Rd

But m is also a normalized Hérmander-Mihlin multiplier. Therefore

[ T at@ ] < Ul -

This holds for all g € C§°(R?), and therefore

1T (NN, < CISI,

for all f € C§°(R?). But that is exactly what we meant by boundedness of
TTYL'

Notes
The proof of the Hérmander-Mihlin Theorem ( [29] [41]) given here owes much

to its presentation in [16]. In [36] a version of the theorem is proved for A,
weights.
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Vector-Valued Inequalities

Many of our weighted-norm results extend, with little extra work, to vector-
valued functions. In this chapter we will restrict our discussion to functions
f : R — (?(N). This is not the only possible setting for vector-valued
inequalities—one could also consider functions mapping into ¢" for any
0 < r < oo (see [18] and [24])—Dbut it is the one that shows up most often in
applications, and it is the “natural” one to look at when working with square
functions.
When we say that f maps into £, we mean that

f(z) = ()T

where each f; is Lebesgue measurable and, for almost every z € R,

1/2
1f(z)] = <Z|fj(w)l2>
k

is finite. We will say that f belongs to (vector-valued) LP(R) if ||f(x)| (as a
function of z) belongs to (ordinary) LP(R), and the LP norm of f is simply
[[|£[[]],,- However, to save eyestrain, we will usually denote the L” norm of f by
1]l - Similarly, we will say that a Lebesgue measurable f is locally integrable
if ||f]| is. It is useful to note that, if f is locally integrable, then, for every
bounded measurable set E,

/Efdtz (/Efj(t)dt>jo

exists as a vector in £2. It is also very useful to note that

I [ el < [ qefa (13.1)
E E

We suggest that the reader prove these two statements.
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The dyadic square function of such an f, denoted Sf, is defined by

. 1/2
St(z) = <Z(S(fj)(w))2> ,

1

where S(f;) denotes the familiar, scalar-valued, dyadic square function. We
similarly define the intrinsic square function of £, Gg(f), by

o0

1/2
Gp(f)(z) = (Z(Gﬂ(fj)(x))2> :

1

We will prove inequalities of the form

/||f||%d:c < C/(Sf)pwdx

and
/(Sf)pvdx < C/Hf||pwdx

(and analogously for Gg(f)) for pairs of weights v and w. We observe that, to
prove such inequalities, it is sufficient to prove them for functions of the form
f: R +— RM, so long as the constants C' we obtain are independent of M.
Henceforth we will assume that £(z) = (f;(z))), where M is unspecified but
18 assumed to be large.

In order to state our theorems, it will be convenient to define a new test
class.

Definition 13.1. A vector-valued function f(z) = (fj(x))} is said to be of
finite type if every f; is a finite linear sum of Haar functions.

The following theorems are direct analogues of results we proved earlier.

Theorem 13.1. Let 0 < p < oo and suppose that 7 > p/2. If v and w are
weights such that, for all dyadic intervals I,

/v(w) (log(e + v(x)/vr))" dox < /w(m) dz,

I I
then, for all £ : R — RM of finite type,

/||f||%dx < C’/(Sf)”wdm,
where C' only depends on T and p.

Theorem 13.2. Let 1 < p < 2. There is a constant C, depending only on p,
so that, for all weights v and all f: R — RM,

/(Sf)pvdx < C/||f||pMd(v) da.
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As with their scalar-valued predecessors, Theorem 13.1 and Theorem 13.2
will motivate (and quickly lead to) non-dyadic extensions.

Theorem 13.3. Let 0 < p < o0 and 0 < 8 < 1, and suppose that T > p/2. If

v and w are weights such that, for all intervals I,

/ o(@) (log(e + v(z) Jor))" dz < / w(z) da, (13.2)

I I

then, for all £ : R — RM such that each component f; lies in C3°(R),

/Hf”pvdx < C/(Gg(f))pwdx, (13.3)

where C' only depends on T, B8, and p. In particular, when p < 2, 13.3 holds
when w = M (v).

Theorem 13.4. Let 1 < p < 2 and 0 < B < 1. There is a constant C,
depending only on p and 3, so that, for all weights v and all f: R — RM,

/(Gﬁ(f))pvd:ﬂ < C/ I£]|P M (v) dx.

As in the scalar-valued setting, the two preceding theorems yield corol-
laries for A, weights.

Corollary 13.1. Let 1 < p < oo and w € A,. Suppose that 0 < 3 < 1. There
is a constant C = C(p, 3,w) such that, for all £ : R — RM such that each
component f; lies in C°(R),

/Ilfllpwda: < C/(G@(f))pwdx.

Corollary 13.2. Let 1 < p < oo and w € A,. Suppose that 0 < 3 < 1. There
is a constant C' = C(p, B, w) such that, for all f : R — RM,

J@aorwar<c [

The proof of Theorem 13.1 depends on the following lemma.

Lemma 13.1. Let 0 < p < 2. There are positive constants c, and C, such
that, if I is any dyadic interval, f is of finite type, with support contained in I,
[fdz =0, and ||S£||, <1, then, for all A > 0,

Hz e l: [[f(@)] > AH < CplI]exp(—c,A”).
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Remark. The meaning of Lemma 13.1 is that, for a vector-valued function
f, boundedness of the vector-valued dyadic square function implies that f is
nearly exponentially-square integrable.

Proof of Lemma 13.1. We apply Corollary 10.1, putting p = 2 and
letting o > 1 (to be specified presently). For every f; we get

15 vds <0 [(8(5) M, do.
for all weights v supported on I, and therefore, after summing on j,
/I||f||2vd:c < C/(Sf)2 Mg, ,(v)dz < C/IMBH(U) da
< c/ ) (log(e + v(x) /vr))® da,

where we have used Theorem 10.5 and Theorem 10.8 to infer the last inequal-
ity. Now set Ey = {x € I: |[f(z)|| > A} and put v = xg,. An easy argument
using Chebyshev’s inequality yields

|Ex| < ColI] exp(—caX?/®).

We conclude the proof by setting o = 2/p.

The proof of the next corollary is very much like that of Corollary 11.1,
and we omit it.

Corollary 13.3. Let 0 < p < 2 and 0 < p < co. There is a positive constant
C, depending only on p and p, such that, if I is any dyadic interval, £ is of
finite type, with support contained in I, [fdx =0, and Sf € L™, then, for
weights v,

/||f||1’vd33 < C||Sf||§o/v(ac) (log(e + v(x) /v))P/* da.
I I

Proof of Theorem 13.1. The proof follows the lines of the proof of
Theorem 11.3, with only trivial modifications. We will sketch the outline and
leave it to the reader to fill in the details.

Given T > p/2, pick 0 < p < 2 such that 7 > p/p. Set pg = pT > p.

Much as in the proof of Theorem 11.3, for every integer k, we set Ej =
{r e R: Sf > 2%} and define Dy ={I € D: I C Ey, I ¢ Ej+1}. We may
write each E} as a disjoint union U}/, ,lc of maximal dyadic intervals. We are
assuming that every f; (1 < j < M) has the form f; = Y A7 jh(), which is a
finite sum. For each j and k define

(fie = Z A1l

IeDy
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and set fr = ((f;)x)}. Then f = 3, fi,. (Note that this is actually a finite
sum.) We define Sf; to be the square function of fy; i.e.,

M 1/2
Sf), = (Z((S(fj)k))2> :

1

This decomposition of f is exactly analogous with the decomposition
f =3 fr we used in the proof of Theorem 11.3. The support of each fj, is
contained in the corresponding Ej, and the integral of f;, (hence of each (f;)x)
is zero over every interval IL. We also observe that Sf; < C2* everywhere.
Because of Corollary 13.3, for every [ ,i, we have

[ 187 ode < o2 [ o) oge + o) fung )yl o
T It
= 2kpo /I}lC v(z) (log(e + U(x)/v%))r dx

= C2MPoy(1}) de,

where the last line comes from our hypothesis on v and w. When we sum
over [, we get

[ vds < oo 3 it
1
< C(po)2"°w(Ey,).

But this is nothing but a vector-valued version of inequality 11.2. From this
point the proof is practically identical to that of Theorem 11.3. We omit the
details.

Proof of Theorem 13.2. The first step is to show that

/(Sf)%dx < C/||f||2Md(v)dgc,

which follows immediately from the scalar-valued result. The other step is to
show the weak-type inequality,

v({o: SEz) > A} < §/||f||Md(v)dx

The proof of this is almost a verbatim repetition of the proof of Theorem 3.10,
and we will only sketch it. As in the scalar-valued case, we will assume that,
for every € > 0, there is an R > 0 such that, if [ is any interval satisfying

¢(I) > R, then
1 /
— f|ldt <e.
7 [l
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(The treatment of the general case is almost exactly as with scalar-valued f’s:
see exercise 3.6.) Let £2) be the set {z : Sf(x) > A}, and write 2 = UI}, a
disjoint union of the maximal dyadic intervals such that

)
2 el de > A
1131 >

As in the proof of Theorem 3.10, we only need to show that

U({ZL’¢Q)\: Sf( >)\} <—/||f||Md
Write f = g + b, where

(2) = f(x) if @ ¢ Ul
B0 =\ e f@yde itae I,

By virtue of inequality 13.1, the vector-valued function g satisfies ||g|| ., < 2A,

and, if x € I;‘,
1
le@)l < o [ gl de
|Ij| 3

As with Theorem 3.10, Sf < Sg + Sb, and the support of Sb is entirely
contained in §2). Therefore, it is enough to show

oo O Sge) > AD < S [ 1] Mato) (13.4)

which is merely a vector-valued rephrasing of 3.28 from the proof of Theorem
3.10. The proof of 13.4 is almost identical to that of 3.28, and we leave it to
the reader.

Proof of Theorem 13.3. Recall that we use 3D to denote the family of
concentric triples of the dyadic intervals I € D. Following our procedure from
chapter 5 (Theorem 5.3), we can write 3D as a disjoint union Gy U G2 U Gs,
where each G; is a good family. We will fix our attention on Gy, which we will
simply refer to as G. Let ¢ € C5°(R) be real, radial (i.e., even), supported in
[—1, 1], have integral equal to 0, and satisfy the usual normalization, to wit:

RN 2 dy
| el =
0 )
for all € #0. If g € C°(R) and F C G is any finite family, we set

dtd
Z/T()g*wy )ty (@ — )ty

I: IeF Y
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where we may always assume that the sum converges almost everywhere! and
in L2 If f : R — RM is such that each of its components f; lies in C§°(R),
we define

fr = ((f;)7)1"

Our earlier work on the convergence of the Calderén reproducing formula
implies that the theorem will follow if we can show

/||f}-Hpvdx < C/(Gg(f))pwdx, (13.5)

so long as the constant C' does not depend on F.

Showing 13.5 does not take long. Each (f;)# is the L? and almost every-
where? limit of a sequence of finite sums >, ;o A1(fj)hg 5y, where the
functions h}-7( i) are F-adapted Haar functions as defined in chapter 4, and

() =[1 hgz (f) dx. Still following the pattern of chapter 4, we can define

M

1/2
Sr(fr) = <Z(SF((fj)f))2> ;

1

which is really much easier to understand than it looks. Each Sx((f;)r) is
merely the F-adapted dyadic square function of (f;)z. Our work in chapter
4 (Theorem 4.1) implies that, for each j,

Sr((f)F) < CSsar((f)F)

pointwise, for an absolute constant C, where

~ 2 1/2
- o (fs
Sar((F)F)@) = | X |(I)|§~|])|Xf(x) ,
I: ie]—'
and »
\ 7 i) = Pk 2 M
A(I)(fj) (/T(I) | f5 1y () ) ) )

At the beginning of chapter 6 we observed that Ssd’}-((fj)}-) is pointwise
dominated by Sy« (f;) for sufficiently large o > 0. Later in chapter 6, we also
observed (and left as an exercise) that Sy o(f;) < CGg(f;) pointwise, with a
constant C depending on «, 3, ¥, and d. Putting all of this together, we can
now assert that

Sr(fr) < CGa(f) (13.6)

! Actually, it converges uniformly for g € C§°(R), but we don’t need that.
2 Uniform again!
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pointwise. Since each (f;)r is the almost everywhere? limit of a sequence of

finite sums - ez Ar(fi)hz f). @ repetition of the proof of Theorem 13.1,
adapted now to the family G, yields

/Hfprvda: < c/(sf(ff))pwdx,

so long as 13.2 holds for all intervals. The pointwise estimate 13.6 lets us finish
the proof.

Proof of Theorem 13.4. The L? inequality,

/ (Go(f) vdz < C / €12 M (o) da,

follows immediately from the scalar-valued result. All we need to finish the
proof is the weak-type bound,

v(fe: GoHa)> M) < S / €]l M (v) da.

We assume, as usual, that f has the property that, for every € > 0, there is an
R > 0 such that, if T is any interval with ¢(I) > R, then

1
TALEEE

and leave the general case as an exercise.
For A > 0, let {I}}1 be the maximal dyadic intervals I such that

1
I/I If]| dt > A,

and set 2 = ka,;\. Our work in chapter 6 (Step 3 in the proof of Theorem
6.1) implies that we only have to show

Ve 23 GO > M) < 5 [If1ME) da.

Much as in the scalar case, define

fia ifl‘EI)‘;
g(l’){ VI LA
f(z) if v ¢ Uplp,

and put b =f — g. Our problem reduces to showing
C
V(o ¢ 25 Gl > N2 < § [IE1M@ds (13

3 See preceding footnotes.
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and
oo 23 Gub)a) > M2 < T [ I8l (o) o

The function g satisfies the same bounds as the function g we encountered
in the proof of Theorem 13.2. It is now straightforward (with the help of
Lemma 6.1 from chapter 6) to show 13.7; we leave this as an exercise.

We may further decompose b into ), by, where by, = by - These func-
tions also satisfy bounds and equations similar to those of their scalar coun-
terparts:

/bk(t) dt=0

1/ 1

— by (t dth—/ f(t)|| dt

77/ 1dr < o [N
< CA\.

The first formula means that every component of by has integral equal to 0.
Much as in the proof of Theorem 6.1 (see 6.9 and 6.10), our result will
follow immediately from the next lemma:

Lemma 13.2. Suppose that h : I — RM is integrable (i.e., that [, |/h||dt <
00), where I C R is an interval. Assume that [, hdt =0. For all x such that
d(z, I) > (1),

Gp(h)(z) < C(B,d) ||, |1|7 1 + |z — 2]/£(1)) "7, (13.8)
where we are using xy to denote I’s center.

We essentially know this. If h is scalar-valued, inequality 6.10 says that
-1 1
Ga(h)(x) < C(B, d)[lRll, [ 1|7 (L + [a —ar|/£(1) 7

when d(z,I) > ((I). Therefore, if h = (h;){! is a vector, Gg(h) will be a
vector (Pj)}, each of whose components P; is bounded by a constant times

(/I h;(t)] dt) 7N+ |2 — | J6(T) .

The size of such a vector is dominated by

(117t o=y =) < (S |hj<t>|dt)2

However (see exercise 13.1),

1/2 1/

X':(/Ilhj(t)ldt)2 S/I > I th:/lh(t)ndt,

which is the conclusion of the lemma. Theorem 13.4 is proved.

1/2
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Exercises

13.1. Prove inequality 13.1. (Hint: It’s enough to show that, if v is any vector
in £? with only finitely many non-zero components, then

‘(/Efdt> - SIIVII/EHfHdt.)

13.2. State and prove d-dimensional generalizations of Theorems 13.1-13.4
and Corollaries 13.1 and 13.2.

13.3. The statement of Theorem 13.1 requires that the component functions
f; all be finite sums of Haar functions, and Theorem 13.3 requires that they
belong to C§°(R). To what extent can these hypotheses be weakened?
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Random Pointwise Errors

The reader might recall that in an earlier chapter we raised the question of the
effect of random errors in summing Haar function expansions. Let us suppose
we have a Haar function series,

D fohahay =Y M(Hha, (14.1)
I

I

which we wish to sum it up to recover f. The problem we face is that the
series we add up won’t be 14.1, but

ST+ en)ha, (14.2)

where the €;’s are (we hope) small, but random errors. Set € = sup; |¢;|. Our
square function results prove that, if 1 < p < oo, then

IS e (Dbl < Cuel £,
I

P

showing that, under reasonable assumptions, the effects of the errors in 14.2
are manageable, at least in a “norm” sense.

What of pointwise summation? Because we want to avoid a detailed dis-
cussion of probability theory, we will only consider this problem in a very
simple case. We suppose that we have the “true” series ) A7(f)h(r), in which
each summand is perturbed by an amount equal to *eA;h(y, where € > 0 is
small and ‘+’ represents a sequence of “fair” (50-50 probabilities) and inde-
pendent sign changes. What these probabilities and what independence mean
both require some explanation.

In the real world, we often do not measure the A;(f)’s once and for all,
but repeatedly, and then take averages, with the hope that our measurement
errors will mostly cancel out. The question is: How effective—or how rapid—is
this cancelation? That is what a probabilistic analysis tries to address.
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Each observation of f and its Haar coefficients is bookmarked, so to
speak, by a point w in a probability space {2. For us {2 will be [0,1) endowed
with Lebesgue measure. Borel measurable functions X, ... , X,,, mapping
from [0, 1) to R, are said to be independent if, for all Borel sets Ey, ... , E,,
subsets of R,

{wel0,1): Xiw)e B VI<i<n}|=][[Hwel0,1): X;(w)e B}

(14.3)

Probabilists do not call measurable functions defined on a probability space
“functions”: they call them random variables. We shall follow their convention.

By an approximation argument (which we leave as an exercise), equation
14.3 can be generalized to the following: If the functions f; : R — R are
bounded Borel measurable functions and the X;(-) (1 < i < n) are indepen-
dent, then

/ LA do = H ( / 1 fi(Xi(w))dw> |

We will be interested in a particular family of independent random vari-
ables {r;(w)}5°. We will make our discussion easier to follow by first defining
these “variables” for all w € R and then restricting them to [0, 1).

The first Rademacher function ry(w) is the 1-periodic function defined
on [0,1) by

(@) = {1 if 0 <w<1/2;
1 if1/2<w< 1.

For every positive integer n, the n'* Rademacher function r,(t) is defined by
ro(t) = (277 1).

For any Borel E C R and any n, the set {w € [0,1) : 7,(w) € E} has
measure 0, 1, or 1/2. In fact:

0 fEN{-1,1}=0
Hwe0,1): r,(w)e E} =11 if {-1,1} C E;
1/2 if EN{-1, 1} is a singleton.

It is not too difficult to show that the Rademacher functions constitute
a family of independent random variables. We strongly recommend that the
student verify this for himself: the exercise will teach him a lot about what is
going on here.

The Rademacher functions let us quantify the intuitive notion of random,
fair-probability changes in sign. Let w € [0,1), and consider the sequence of
numbers rp,, (W), 7p, (W), ... , Tp, (W), where 1 <p; <ps < --- < p,. Thisis a
sequence of +1’s. There are 2" possible such sequences, and each one occurs
on a set of w’s having probability exactly equal to 27™. Consider the quantity:

[7py (W) + 7, (W) 4 -+ 47, (W) (14.4)
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[43

If we choose the right w (or “wrong”, depending on how you look at it), this
might be as big as n. However, that only happens on a set of probability
277+ We would like to know: What is the average size of 14.4? Actually,
we would like to know something a little more precise. Let v1, ..., 7, be real
numbers, and consider the quantity

Y17 (W) +727p, (W) + -+ + Y, (W) (14.5)

In order to understand the effects of random errors on summing Haar expan-
sions, we will need to have a good estimate of the average value of 14.5.
Such an estimate is provided by the following theorem.

Theorem 14.1. For every 0 < p < oo, there are positive constants c1(p) and
c2(p) such that, for all finite linear sums Y | viri(w),

n 1/2 on p 1/p n 1/2
c1(p) (ZMQ) S(/l > qiri(w) dw) < e (p) (ZI%I2> :

1
(14.6)
The constants c¢1(p) and ca(p) do not depend on n or on the 7;’s.

Remark. These are known as Khinchin’s Inequalities.

Proof of Theorem 14.1. Without loss of generality, we assume that
S |yi/* = 1. Consider the function

flw)= Z Yiri(w),

where w € [0,1). Here is an easy exercise: If h(py is any Haar function such
that I C [0, 1), then there is exactly one index 4 such that h(py’s inner product
with the Rademacher function 7; is non-zero, and that inner product equals
\/m . Therefore, S(f), the dyadic square function of f, satisfies

n 1/2
S(f)(w) = (Zmﬁ)
1

on all of [0,1). The proof of Theorem 3.2 now implies that, for all A > 0,
{we0,1): [f@)] > M| < 2exp(—)?/2); (14.7)
and this immediately leads to

1
/0 @) do < C,

for all 0 < p < oo, which is the right-hand inequality in 14.6.
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Holder’s inequality implies the left-hand inequality in 14.6 when p > 2.
Suppose now that 0 < p < 2. We can write:

Z |%‘|2 = Z%‘Ti(w)
1
= / iri(w)
0 1
1 P 1/2
([l
0

where the last line follows from Cauchy-Schwarz. However, by the right-hand
inequality in 14.6,
1/2

1 4—p n 1-p/4
/ W aw| =c, (Z W) .
1

Therefore, after dividing, we get
P 1/2
dw) ;

) ()

which, after raising both sides to the 2/p power, yields the result.

2

2—p/2

ri(w) dw

1/2

dw ,

4—p

n
> iri(w
1

1| n
> iriw)

iri(w)

What do these tell us about pointwise summation? Let’s assume that we
have a finite Haar function sum with +e errors,

Z Ar(1+err(w))hry(z),
I

where r;(w) is a Rademacher function we have assigned to the dyadic inter-
val I, via some enumeration of D (in other words, r;(w) = ry, (w)). The size
of the error at any point x is

€ Z )\[T[(w)h(j)(x) s
I

and the expected value of this error—averaging over all w € [0,1)—equals €

times
/ ZTI when (@

which is bounded above and below by constants times

)| dw
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1/2
(Z kalz(hu)(m)f) :

But that is simply the dyadic square function of }; Arh(p)!

What have we gained? Our goal is to estimate ) ; Arh(p)(z). Unfortu-
nately, the measured value of this sum depends delicately on cancelation of
errors in the Haar coefficients and functions. However, as long as € is not too
big (e < 1/2 will do), we can get a pretty good estimate of the square function
from the observed Haar coefficients A;(1 + ery(w)). The square function then
gives us a measure of how much confidence we should put in any estimated
value of ) ; Arh(py. Namely, if the square function is large, we should not
expect the sum to be too accurate. Put another way, if the square function
is large, we should expect to have to average > ; A;(1 + err(w))h()(z) over
many observations before getting a trustworthy estimate of ) 3, Arh(p)(x). The
square function also gives us a picture of the amount and type of “spread”
we should see in the sums: a standard deviation roughly equal to S(f), with
sub-Gaussian decay.

Exercises

14.1. The Rademacher functions provide a fairly easy way to construct a
weight v that is dyadic doubling but not in A% . (The reader might want to
look back at Definition 2.4 and Definition 2.5.) Let 0 < A < 1 and, for N a
positive integer, define

N

un(t) = [T+ A (8))

for t € R. a) Show that, for all N and for all dyadic I,

on (1) < L+A

1<
- 'UN(IT) 1—X

where [} and I, are the right and left halves of I. Show also that vy ([0,1)) =1
for all N. b) Show that, for all n > 0,

LN
|{t €[0,1): NZrk(t) < 77}| —1 (14.8)

as N — oc0. ¢) Let § > 0 be so small that p = (1 — A?)(1 + A)° < 1. Consider
the sequence {r1(t), r2(¢), ..., rn(t)}. It consists of m terms equal to —1 and
N — m terms equal to +1. For such a ¢, the value of vy (t) is

((1 . )\2)(1 + )\)5)’” (1 + )\)N*(2+5)m,
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and this will be < p™ if N — (24 §)m < 0. Use this fact and 14.8 to show
that vy — 0 in measure on [0,1). Since vy ([0,1)) = 1, this implies that the
sequence {vy}, while being uniformly dyadic doubling, is not uniformly in
Ad . By restricting v; to [0,1), v2 to [1,2), vz to [2,3), and so on, and setting
our weight equal to 1 on (—o00,0), we get a weight that is globally dyadic
doubling on R but does not belong to A%, .

14.2. How might the preceding construction be extended to RY for d > 17?

14.3. How might the construction in exercise 14.1 be modified to yield a
weight that is doubling but not in A.? (Hint: See the reference to Riesz
products below.)

Notes

The original proof of Khinchin’s Inequalities, which exploited the indepen-
dence of the Rademacher functions, appeared in [33]. The exponential-square
estimate at the heart of the proof was the motivation for Theorem 3.2, which
was first conjectured by E. M. Stein. The exercise is a based on a construc-
tion I learned from José Luis Fernandez (now at the Universidad Auténoma de
Madrid) when we were post-docs at the University of Wisconsin in Madison.
The construction can be thought of as a “dyadic Riesz product.” If the reader
has never seen Riesz products before, he will find a nice introduction to
them in [31].
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