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Abstract 

In the aluminium reduction technology there is no full awareness 
concerning the dependence of technical-economic indices (TEI) 
including anode paste (AP) consumption on the changes of raw 
materials properties and technology parameters. Availability of 
this information could improve the effectiveness of the reduction 
technology control. 
In the paper the multivariate statistical treatment of anode paste 
consumption depending on the electrolysis parameters is applied. 
Using principal component analysis the parameters which greatly 
influence on the anode paste consumption are determined. 
Statistical models for paste consumption for single potroom and 
for comparison of the results between rooms are received. Anode 
paste consumptions if the parameters changed by three Standard 
deviations are calculated. 

Introduction 

Variation of technical-economic indices (TEI) in aluminum 
production process, anode paste consumption including, with 
changing raw material and technology is poorly known. 
Information about dependence of technical-economic indices on 
individual process variables is available in odd bits only. Complex 
dependencies of TEI on raw materials parameters and technology 
would certainly improve efficiency of aluminum production 
control. 
The simplest and most attractive method to produce such 
dependences is the multiple regression derived from sample data 
[1]. However application of classical regression analysis is 
obstructed by colligation, correlatedness of many process 
variables (multicollinearity). Multicollinearity of data makes the 
matrix columns closer to the linear-dependent and, hence, the data 
matrix determinant tends to zero. Under these conditions the least 
square method (LSM) used to find the regression coefficients 
yields wrong results because it divides by this determinant. 
Methods of overcoming the multicollinearity are different, e.g. to 
improve the least square method [1], to delete interrelated data 
from analysis; however, we think that most universal and 
mathematically sound is to process these data by the method of 
principal components [2, 3,4]. 
The principal component method to analyze dependences of the 
systems of random variables x¡, ... xr is based on linear 
transformation: 

*i = /n/>C1 + ... + / l r P Q ; 

xr=lrlPCx+... + lrrPCé, 

or in the matrix form 

(1) 

X = L-PC, (2) 

where X = 
V 
\Xr) 

;PC = 

'PCS 

W 
is the column vector; L = 1/J is 

the square matrix sizing rxr; PC¡,...PCr are the uncorrelated 
(orthogonal) normalized new variables. It is these variables that 
are called the principal components. 
To present the initial random variables in form (1) has several 
advantages. Variance of each random value JC,-: 
£fo] = /jí+... + # , / = l,r; therefore, value / « can be called 
contribution of PC¡ component into variance of variable xh and 
lij+... + lfj- contribution of PCj component into the total 
variance of all variables. The first principal component PC¡ of 
variables xb ... xr is the normalized linear combination of these 
variables, exhibiting maximum variance. The second principal 
component PC2 is the normalized linear combination x¡, ... xn 

exhibiting maximum variance under condition of uncorrelatedness 
with PCj. PC3 is the normalized linear combination x¡, ... xr under 
condition of uncorrelatedness with PC¡ and PC2. 

Practical studies, where the initial variables under consideration 
are numerous, tend to isolate a small number of principal 
components with big variances, while other principal components 
are discarded to «contract» the space. The method of principal 
components was proposed in 1901 by Pearson to be later detailed 
byHotelling(1933). 
Transformation (1) and the principal components are sought as 
follows: 
Let covariance matrix of the system of random variables x¡, ... xr 

be known. If variables x¡, ... xr are centered and normalized the 
covariance matrix is equal to correlation matrix Q and then is 
considered in the analysis. In [1, 2] the system of uncorrelated 
components PCj,... PCr is proved to be obtained on the basis of 

eigenvectors Uj of matrix Q, taken in decreasing order of 

respective eigenvalues X¡. ë{>ë2>...>ëÃ. 

PC i 

or in matrix formulation 

1 - r -
u j x 

41; 

PC = \ 2UTX, 

(3) 

(4) 
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where A is the diagonal matrix of eigenvalues, U is the matrix 
made of eigenvectors. 
Expressing vector X from (4) have 

X = UA2 PC (5) 

j_ 
Equating (5) and (2) have L = UA2 and columns of coefficients 
for PC in system (1) are 

Ik =V^it uk-

When the system of principal components (4) is produced 
researchers use different methods depending on the purpose: 
1. consider location of initial parameters of*;, ... xr in the new 

coordinate system PC¡, ... PCr in compliance with system 
(i); 

2. consider the first principal components - generally they 
carry the sense load of a part of initial parameters because 
they combine correlated initial parameters into groups; 

3. consider radii of initial parameters and radii of measurement 
points in the PC system to divide parameters and 
measurement points into clusters; 

4. set up a linear regression of the technical-economic index of 
interest in new orthogonal PC of variables 

YTEI =axPCA +a2PC2 +... + arPCr, (6) 

frequently the latest least significant PCS, ... PCr can, at this, 
be discarded; 

5. given a clear-cut conceptual physical treatment of the 
principal components it is possible to turn our attention to 
this equation (6), to produce the dependence of Yfgj index 
of our interest on isolated PC directions. 

However, in most cases it is desirable to derive dependence of 
TEI indices on initial process variables; this can be achieved by 
substitution of (4) into (6). 

Sample Data 

Nadvoitsy Aluminium Smelter comprises 4 potrooms: 3 potrooms 
- with horizontal stud Soderberg (HSS) cells and 1 potroom with 
prebaked anode cells. Anode paste consumption was analyzed in 
the first two potrooms (potroom X2I and potroom Jte2). During 
the period under consideration these potrooms used anode paste 
from single supplier; this makes possible to trace the properties of 
the paste by manufacturer's certificates. The sample data 
contained monthly average data from March 2009 to October 
2010 (20 observations) and 20 variables (18 basic and 2 TEI, 
Table 1). 
Noise level in the monthly average parameter values is lower than 
in the daily average or weekly average values. Tessier et al. in [5] 
also notes expedience of using in statistical analysis of monthly 
average indices instead of daily average or weekly average. The 
variables were selected on the basis of works [6-8]. 

Analysis 

Multivariate statistical analysis was carried out with Statistica and 
MS Excel software. 10 PCs explain as much as 95.76 % of 

variance of initial data for potroom N°\ and 96.04 % of total 
variance for potroom Xs2, meanwhile 18 PCs explain the entire 
variance of initial data. 

Table 1. Parameters included into sampling 
for analysis of anode paste consumption 

1 Parameter 
type 

Basic 

Accessory* 

Parameter 

AP ash content; 
AP sulfur content; 
devolatilization; 
AP softening point; 
bath temperature; 
bath depth; 
anode height; 
AP flowability; 
AP apparent density; 
AP real density; 
AP mechanical strength; 
AP porosity; 
AP total reactivity; 
AP oxidation; 
AP dust loss; 
AP specific electric resistance (SER); 
anode current density; 
specific dust yield; 
Current efficiency; 
AP consumption. 

Identification 
code 
As 
S 

Vol 
Ts 
BT 
BL 
ha 
Cf 
Da 
Dr 
Ms 
P 

C02_dest 
C02_oxid 
C02 dust 

R 
CDa 
Dust 
CE 
CC 

▲Accessory parameters do not take part in calculation of 
coefficients for conversion to PC, but are reflected in the principal 
component plane to analyze the nature of dependencies. 

Tables 2 and 3 show contributions of parameters into the first 5 
PCs. It is common to consider contribution into the first PCs, as 
they describe more than a half of changes in the initial parameters 
(in our case 5 PCs describe -75-76 % of data variance). 

Table 2. Contribution of variables into 
the first 5 PCs for potroom N2I 

Parameter 
SER 
Mechanical strength 
Porosity 
Sulfur 
Total reactivity 
Oxidation 
Dust loss 
Apparent density 
Real density 
Dust yield 
Softening point 
Flowability 
Ash content 
Specific dust yield 
Anode current density 
Bath temperature 
Bath level 
Anode height 

PCI 
0,032 
0,006 
0,145 
0,000 
0,047 
0,015 
0,063 
0,085 
0,001 
0,004 
0,013 
0,085 
0,008 
0,085 
0,119 
0,149 
0,031 
0,112 

PC2 
0,131 
0,012 
0,001 
0,001 
0,063 
0,098 
0,018 
0,068 
0,142 
0,050 
0,181 
0,014 
0,135 
0,001 
0,009 
0,004 
0,062 
0,011 

PC3 
0,001 
0,166 
0,048 
0,169 
0,169 
0,138 
0,108 
0,016 
0,036 
0,014 
0,019 
0,001 
0,005 
0,021 
0,001 
0,002 
0,043 
0,043 

PC4 
0,050 
0,104 
0,043 
0,001 
0,010 
0,016 
0,072 
0,097 
0,030 
0,026 
0,032 
0,142 
0,075 
0,174 
0,052 
0,015 
0,014 
0,047 

PC5 
0,003 
0,013 
0,012 
0,086 
0,037 
0,000 
0,061 
0,022 
0,089 
0,439 
0,007 
0,046 
0,088 
0,040 
0,013 
0,009 
0,028 
0,006 

For both potrooms the first direction (PCI) is specified by 
contribution of the following parameters: porosity, anode current 
density and bath temperature. In the first potroom big contribution 
into PCI is made by the anode height, in the second - by dust 
loss. 
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The second direction (PC2) is specified by the following 
parameters which made a big contribution: SER, real density, 
softening point and ash content, this is observed in both potrooms. 
In PC3 contribution is made by the following variables: 
mechanical strength, sulfur content in the anode paste, total 
reactivity and oxidation. In addition to these variables, big 
contribution in the first potroom is made by the dust loss. 
In both potrooms PC4 is specified by dust yield. 

Thus, in independent analysis in different potrooms the first 
principal components had similar sense load. 
Of great interest are produced in the course of analysis projections 
of variables in PC planes (Figures 1 and 2) which make possible 
to define the nature of dependencies between the parameters. PC 
planes are space cuts - (projections) of multidimensional space. 
According to the rules of method [9], variable projections are 
interpreted as follows: directly proportional between themselves 
are the variables in one square, inversely proportional are the 
variables in opposite squares. Nothing can be said about 
dependencies between the variables in the neighboring squares. 
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Figure 1. Variable projections in plane 

PCI and PC2 for potroom Ml 

Table 3. Contribution of variables into 
the first 5 PCs for potroom Wl 

Parameter 
SER 
Mechanical strength 
Porosity 
Sulfur 
Total reactivity 
Oxidation 
Dust loss 
Apparent density 
Real density 
Dust yield 
Softening point 
Flowability 
Ash content 
Specific dust yield 
Anode current density 
Bath temperature 
Bath level 
Anode height 

PCI 
0,041 
0,008 
0,143 
0,000 
0,091 
0,028 
0,113 
0,096 
0,000 
0,010 
0,009 
0,067 
0,009 
0,013 
0,147 
0,151 
0,002 
0,073 

PC2 
0,132 
0,012 
0,006 
0,000 
0,076 
0,111 
0,021 
0,078 
0,117 
0,051 
0,183 
0,028 
0,135 
0,006 
0,008 
0,026 
0,009 
0,003 

PC3 
0,004 
0,212 
0,082 
0,184 
0,112 
0,113 
0,060 
0,029 
0,048 
0,019 
0,037 
0,003 
0,016 
0,002 
0,016 
0,009 
0,001 
0,053 

PC4 
0,054 
0,002 
0,030 
0,067 
0,000 
0,002 
0,005 
0,008 
0,000 
0,175 
0,000 
0,048 
0,089 
0,419 
0,062 
0,000 
0,001 
0,037 

PC5 
0,001 
0,075 
0,011 
0,003 
0,004 
0,015 
0,021 
0,052 
0,189 
0,038 
0,008 
0,164 
0,003 
0,012 
0,002 
0,055 
0,263 
0,084 | 
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Figure 2. Variable projections in plane 

PCI and PC2 for potroom .Nb2 

Analysis of variable projections in PC by Figure 1 and 
Figure 2 shows that consumption of anode paste is the more the 
more are the values of total reactivity, oxidation, dust loss, bath 
temperature, devolatilization and anode current density, and the 
less are the current efficiency, real density of anode paste, anode 
height and bath level. 

Then a PCA model is constructed where AP 
consumption acts as the sought for function and PC values in time 
- as the arguments of the sought for multiple regression equation. 
We should note that on PC it is possible to construct an ordinary 
classical regression, because the principal components are 
independent between themselves. Equations (7) and (8) are PCA 
models for potroom N°l and potroom Jis2, respectively. 

C O = 502.71 +13.5 · PCI + 5.07 · PC2 + 0.04 · PC3 + 

8.28 · PC4 - 2.02 · PC5 + 6.19 · PC6 -

5.44 · PCI + 3.98 ■ PCS + 4.81 · PC9 + 1.77 · PC10 -

4.42 · PCM + 3.02 · PCM - 1 . 0 3 ■ />C13 + 

5.73 · PC\4 - 2.77 · PCI 5 + 0.26 · PCI6; 

(7) 

CC2 = 500.47 - 1 1 . 4 2 · PCX + 3.72 · PC2 - 3.09 · PC3 

+ 2.09 · PC4 + 0.34 ■ PC5 - 3.36 · PC6 -

7.26 · PC7 - 4.58 · PC8 - 7.28 · PC9 + 0.84 · PCIO - ( 8 ) 

6.92 - PCI 1 - 0.13 · PC12 - 4.36 · PCU + 

2.05 - PCU - 3.77 · PC15 - 1 . 1 8 ■ PC16, 

where CC1 and CC2 are AP consumption for potroom .N2I and 
potroom N22, respectively; 
PCI...PC16 are the principal components acting as regressors in 
the PCA model. 
Both PCA models describe well the AP consumption, the 
coefficient of determination of regression equation (7) R2=0.923, 
of equation (8) R2=0.978. Fisher's ratio test showed that the 
models can be used for prediction (F>Fcr in both cases). 
Equations (7) and (8) are inconvenient for practical use, even 
though they make possible to model AP consumption depending 
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on the initial indices, and also make possible to see the effect of 
an individual PC on AP consumption. 
To compare the effect of initial parameters on AP consumption 
we pass to equation in centered variables by formulas (4) and (6). 

CC1 = 502.71 + 0.91 R -5.65- Ms -3.25· P- 7.14· S + 
2.51· C02 _dest +1.69 · C02 _oxid + 5.24 · C02 _dust + 

4A3 Dr-5.S2Vol-5.93 Ts + 9.86· As + 
5.77 · Dust - 8.58 · CDa + 5.94 ■ BT + 4.53 BL-15.01 ha; 

CC2 = 500.47 + 2.35· #-11.28·Ìú-2.2·/>-8.28·5' + 
0.08 - C02 _dest - 2.17 · C02_oxid + 6.07 · C02 _dust + 

4.67·Dr-10.94 Vol-6.34-7*+ 10.22-As + 

0.53 · Dust - 8.84 · CDa + 8.09 · BT + 5.69 BL -13.39-Au, 

(9) 

(10) 

where CC1 and CC2 are the AP consumption for potroom .Nbl and 
potroom Ne2, respectively; denotations of variables are given in 
Table 1. One can see that similar parameters of the anode paste 
and the process have similar signs in equations for different 
potrooms which is indicative of consistency of the study. 
The models produced made possible to construct plots on the 
same plane with real AP consumption (Figures 5 and 6). Good 
coincidence of real and predicted AP consumption is apparent, 
respective approximation coefficients are shown in Figure 7 and 
Figure 8. 
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Transforming the centered parameters into real ones we 
have effect of each individual parameter on AP consumption 
(Table 4). The table shows how decrease of each parameter by 3 
values of its standard deviation affects AP consumption in 
compliance with equations 9 and 10 for different potrooms. E.g. 
decrease of mechanical strength by 15.7 kg/cm2 increases paste 
consumption by 16.9 kg by the data of the first potroom and by 
33.8 kg by the data of the second potroom. Decrease of bath 
temperature by 7 degrees decreases AP consumption by 17.8 by 
the data of the first potroom and by 24.3 kg by the data of the 
second potroom. 

From Table 5 it is apparent that the effect of parameters 
on AP consumption found by our statistical study is in agreement 
with known literature data. The exception is only the effect of 
total reactivity and oxidation in C02 for potroom >fe2. 

Of course, to make precise numerical effect of the 
parameters considered on anode paste consumption requires a 
study with bigger sampling. 
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Parameter 

SER 
Mechanical strength 

Porosity 
Sulfur 

Total reactivity 
Oxidation 
Dust loss 

Real density 
Dust yield 

Softening point 
Ash content 

Specific dust yield 
Anode current 

density 
Bath temperature 

Bath level 
Anode height 

Table 4. AP consumption vs. analyzed parameters 

Units of 
measurement 

mcOhmv 
kg/cm2 

% 
% 

mg/cm2h 
mg/cm2-h 
mg/cm2-h 

g/cmJ 

% 
°C 
% 

kg/tAl 

A/cm2 

°C 
cm 
cm 

potroom N2I 
Decrease of 
parameters 

by SDs* 
6,026 
15,717 
0,988 
0,078 
5,559 
2,951 
3,555 
0,025 
3,397 
6,414 
0,075 
16,365 

0,015 

6,965 
3,048 
11,473 

AP 
consumption 
change, kg 

-2,716 
16,941 
9,757 

21,424 
-7,528 
-5,076 

-15,717 
-12,396 
17,448 
17,792 

-29,575 
-17,306 

25,735 

-17,811 
-13,579 
45,029 

potroom Ks2 
Decrease of 
parameters 
by SDs* 

6,026 
15,717 
0,988 
0,078 
5,559 
2,951 
3,555 
0,025 
3,397 
6,414 
0,075 
17,009 

0,015 

7,658 
2,573 
10,447 

AP 
consumptio 

n change, kg 
-7,065 
33,845 
6,612 

24,840 
0,244 
6,520 

-18,215 
-14,020 
32,823 
19,031 

-30,662 
-1,592 

26,509 

-24,266 
-17,077 
40,158 

Consumption 
variation by 

literature data 

7** 

(+>*** 
(+|-)****[6] 

(+É-)Ð01 
(-)*****f6,lll 1 

(-)[6, 111 
(-)Ã6, m 1 
(+)[6,111 
(-H12, 111 1 

(-)[61 
(-)Í121 
(-)Ã61 

(-)[6] 

(-)Í61 
(-)[61 

? 1 
* SD - Standard deviation. 
** ? - No information is found in literature about effect of the parameter on paste consumption. 
***(+)_ AP consumption increases as the parameter value decreases. 
**** (+|-) - Literature sources indicate dual effect of the parameter on AP consumption. 
*****(-) -AP consumption decreases with parameter value. 

Conclusion 

Application of multivariate statistical processing of data 
has been considered to analyze anode paste consumption 
depending on the properties and parameters of electrolysis. The 
principal component method and multiple linear regression were 
used to model AP consumption in two potrooms of Nadvoitsy 
Aluminium Smelter. The method of principal components was 
used to identify parameters with greatest effect on variation of AP 
consumption over the period under consideration. The plots of 
parameter projections in PC plane made possible to find the nature 
of dependence between the parameters. Derived have been: 

PCA-models to predict AP consumption at the potroom 
level; 

statistical models to compare effect of parameters 
between themselves; 

variation of AP consumption with decrease of 
parameters by 3 SDs. 

To specify dependences and derive more accurate 
models for prediction requires bigger array of statistical data and 
account of additional parameters affecting AP consumption in 
HSS cells. 

References 

1. Svetunkov S.G., Svetunkov I.S. Methods of Social-Economic 
Prediction: University textbook. Vol. I./ S.G. Svetunkov, I.S. 
Svetunkov - SPb.: Izd-vo SPbGUEF, 2009. - 147 p. 
2. Ivchenko G.I., Medvedev Yu.I. Introduction to Mathematical 
Statistics: Textbook. / G.I. Ivchenko, Yu.I.Medvedev - M.: LKI 
Publishing House, 2010. - 600 p. 
3. Lawley D., Maxwell A. Factor Analysis as a Statistical Method 
/ D. Lawley, A. Maxwell Translated from English by Yu. N. 

Blagoveshchensky. - M.: «MIR» Publishing House, 
1967.-144 p. 
4. Aivazyan S.A. Applied Statistics: Classification and Decrease 
of Dimensionality: Reference Publication/ S.A. Aivazyan , V.M. 
Buchstaber, I.S. Yenukov, L.D. Meshalkin et al; Ed. By S.A. 
Aivazyan. - M.: Finance and Statistics, 1989. - 607 p. 
5. Tessier, J. Multiblock monitoring of aluminium reduction cells 
performance / Jayson Tessier, Carl Duchesne, Gary P. Tarcy // 
Light Metals. - 2011. - P. 407^112. 
6. Korobov M. A. Self-Baked Anodes of Aluminum Cells / MA. 
Korobov, A.A. Dmitriev «Metallurgiya» Publishing House, 
1972.-208 p. 
7. Grjotheim, K., Kvande, H. Introduction to aluminium 
electrolysis Understanding the Hall-Heroult process / K. 
Grjotheim, H. Kvande (Editors), 2nd Edition, Aluminium-Verlag, 
Dusseldorf, 1993.-260 p. 
8. Yanko E.A. Anodes of Aluminum Cells / E.A. Yanko. - M.: 
«Ruda I metally» Publishing House, 2001 - 681 p. 
9. Esbensen K., Analysis of Multidimensional Data / K. Esbensen 
- translated from English IPKhV RAN Publishing House, 
Chernogolovka, 2004. - 160 p. 
10. Oye, H.A. Control of Anode Consumption during Aluminium 
Electrolysis / H.A. Oye // «Fundamental Issues in Control of 
Carbon Gasification Reactivity», J. Lahaye and P. Ehrburger, Eds. 
NATO ASI Series E. Applied Sciences, Vol. 192. Klüver 
Academic Publishers, Dordrecht, The Netherlands 
1991.-P. 573-593. 
11. Derevtsov G.V. Basic Requirements to Carbon Materials / 
G.V. Derevtsov // Tekhniko-Economichesky Vestnik BrAZa. -
2OOl.-X23.-P.4-8. 
12. Galevsky G.V. Aluminum Cell Electrode Paste Production 
Process / G.V. Galevsky, V.M. Zhurakovsky, N.M. Kulagin, 
M.Ya. Mitsis, G.A. Sirazatdinov. - Novosibirks: Nauka. 
Sibirskaya izdatelskaya firma RAM, 1999. - 295 p. 

647 




