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Abstract Crystal plasticity finite element method 

The compressive loading behavior of single crystals and bicrystals 
of magnesium without consideration of deformation twinning has 
been investigated by crystal plasticity finite element analysis with 
the aim of fundamental understanding of kink band formation in 
magnesium alloys with long period stacking ordered structure 
(LPSO) phase. The basal plane of the single crystal model is set 
to be parallel to the compressive direction. The result of the 
compressive loading analysis of single crystals indicates the 
significant influence of suppression of twinning on the activation 
of nonbasal slip systems and stress-strain behavior. The 
compressive analysis of symmetric bicrystal is also performed to 
clarify the influence of the angle between basal plane and the 
loading axis. The influence of the introduction of grain boundary 
and the slight change of crystal orientation is discussed in terms of 
activated deformation modes. 

Introduction 

Magnesium alloys with long period stacking ordered (LPSO) 
structure have attracted great attention. The wrought magnesium 
alloys with LPSO phase show the excellent mechanical properties 
[1-3]. It is considered that one of the strengthening mechanisms 
of these alloys is the formation of kink bands in the LPSO phase. 
However, the kink band formation mechanism and the influence 
on the subsequent deformation have not been clarified in detail. 
Therefore, fundamental research on kink band formation in 
magnesium is required to gain insight into the strengthening 
mechanism of magnesium alloys. Fig. 1 shows a TEM image of 
typical kink bands observed in extruded magnesium alloy 
Mg96Zn2Y2. 
The previous research on FCC crystals by using crystal plasticity 
finite element analysis indicates that kink bands perpendicular to 
the primary slip direction are formed in compatible bicrystals with 
tilted angle grain boundary under tensile loading [4]. By using the 
similar numerical method, this study investigates compressive 
behavior in HCP crystal with suppression of twinning. 

Figure 1. TEM image of kink band in extruded Mg96Zn2Y2 

A crystal plasticity finite element code developed for face 
centered cubic (FCC) metals [5, 6] is modified for magnesium. In 
this study, the words "slip system" and "twin system" are used to 
indicate the equivalent slip/twin system (slip/twin system family), 
collectively. The word "deformation mode" is used to indicate 
the specific one out of equivalent slip/twin system. 

Constitutive equations 

The critical resolved shear stress ef"] on deformation mode n is 
given by the Schmid law as 

0w=Pw:o (1) 

where 0 denotes the stress tensor. p w is the Schmid tensor of 
deformation mode n defined by 

p<">=I(vW®bW+bW®v(")) (2) 

where vw and b(>) are the slip/twin plane normal and the slip/twin 
direction, vector respectively. The increment of the critical 
resolved shear stress is written as the following equation: 

0 M = £ A M y M (3) 

where A1™' and y*m) indicate the strain hardening coefficient and 
the plastic shear strain rate on deformation mode m. 
Assuming that the deformation is small and lattice rotation is 
ignored, the constitutive equation for slip and twin deformation is 
given by 

f = S':à + £^JA("")}"'pw:(Pw:à) (4) 

where s' denotes the elastic compliance, and the summation is 
made over the active deformation modes. We solve the 
deformation with a rate-independent plasticity formulation. 

The following Bailey-Hirsch type model of the critical resolved 
shear stress is used, 

where 00, a, ß, £(■> and pf denote the lattice friction term, a 
numerical factor on the order of 0.1, the elastic shear modulus, the 
magnitude of the Burgers vector for <a> dislocation and the 
statistically stored dislocation (SSD) density that accumulates on 
deformation mode m, respectively. Although Burgers vector for 
<a> dislocation and <a+o dislocation are different, in this study, 
for simplicity, the magnitude of Burgers vector of <a> dislocation 
is used in Eq.(5) for all slip/twin systems. By substituting the 
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derivation of Eq.(5) into Eq.(3), the strain hardening coefficient 
in Eq.(3) is specified. The increment in the SSD density on fcw 

(6) 

deformation mode n is given as follows: 

Ps ft»/" 

Here, fc<"> is the magnitude of Burgers vector for deformation 
mode n. For magnesium, the magnitude of Burgers vector few is 
used for slip system with slip direction <a> and the magnitude of 
Burgers vector fc<"*c> is used for slip system with slip direction 
<a+c>. Burgers vector £'""> is calculated by 

#■♦.> = èwVl + (c/«)2 (7) 

where c/a is axial ratio for HCP crystal structure. 
In Eq.(6), c is a numerical coefficient on the order of 1 and LW is 
the mean free path of dislocations on deformation mode n defined 
as 

(8) 

"^y-V w+L£> 

where c" and <y1™"' are a material constant ot 
and the weight matrix, respectively. \Pc |] denotes the norm of 
geometrically necessary dislocation (GND) density on 
deformation mode m defined as 

magnesium, the contribution of c-axis tensile twinning system 
J1012}(l0ll) as shown in Fig.l(e) to macroscopic deformation is 
significantly larger than those by the other twinning systems 
observed in the experimental studies [12, 14, 15]. Therefore, only 
the c-axis tensile twinning system is considered in this study 
because the focus of this study is on the relationships between 
heterogeneous deformation and activated deformation modes in 
magnesium. The twin plane, shear direction and the number of 
deformation mode of twin system ]10Ï2}(l01l) are shown in 
Table 2. In this study, the twinning deformation is incorporated 
into crystal plasticity analysis in a similar manner to slip 
deformation [16]. That is, it is assumed that the twinning plane 
normal vector and the shear direction vector by twinning are 
equivalent to the slip plane normal v and the slip direction vector 
b , respectively. However, the following two points are 
considered only for twinning system. 

1. In order to simulate the polarity of twinning, shear slip rate is 
set to be zero when the compressive loading in c-axis. 
2. Shear strain by twinning is limited to the maximum value 
determined by 

S c/a 
c/a sß ' 

V ™ " : (ID 

When the accumulated shear strain reaches the maximum value in 
Eq.(lO), the shear strain rate for twinning is set to be zero. 

41=J(Ä«)>£L)2 (9) 

where the edge and screw components are defined by the strain 
gradient: 

-<-> _ 1 V " > w = 1 d-/m 

PcM" ft'™» a<f a<r 
( 1 0 ) 

Here, £ and ç denote directions parallel and perpendicular to the 
slip direction, respectively. 

Slip systems 

Because of the lower symmetry in materials with an HCP 
structure compared to materials with a cubic crystal structure, slip 
systems for magnesium are classified into different slip system 
families. The operative slip systems in magnesium have been 
previously investigated [7-11]. Basal slip system (000l)(ll2o), 
prismatic slip system |10T0}(ll20) and first order pyramidal 
(pyramidal-1) slip system \ 101 l}(l 120) have long been known. 
Although Yoshinaga and Horiuchi [12] suggested that magnesium 
single crystal showed no activation of second order pyramidal 
(pyramidal-2) slip system \ 1122}(l 123), Obara et al. [13] reported 
the activation of this pyramidal-2 slip system based on slip line 
analysis and dislocation observation. Recent crystal plasticity 
studies also incorporate the pyramidal-2 slip system to 
compensate deformation in the c-axis direction and the results of 
calculations show quantitatively good agreements with 
experimental results. Therefore, in the present study, basal, 
prismatic, pyramidal-1 and pyramidal-2 slip systems in Fig.2 are 
considered. Table 1 shows the slip plane, the shear direction and 
the number of deformation modes. 

Deformation twinning 

Besides slip deformation, another important deformation 
mechanism for HCP metals is deformation twinning. In 

Figure 2. Schematic diagram of slip/twin systems in magnesium 

Table 1. Deformation mechanisms in magnesium 

Slip/twin system 

Basal slip 

Prismatic slip 

Pyramidal-1 slip 
Pyramidal-2 slip 

Tensile twinning 

Slip/twin 
plane 

(0001) 

\ IOTO} 

j ioïi} 
\1122} 

110Ï2} 

Shear 
direction 

(l 120) 

(l 120) 

(ll20) 
(l 123) 
(lOTl) 

Number of 
deformation modes 

3 

3 

6 
6 

6 

Anisotropie elasticity for HCP crystal 

The anisotropy of elastic deformation of HCP single crystal is 
taken into account in the present method. The elastic compliances 
used in this study are shown in Eq. (12). 
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(12) 

here 2(s„-s12) and s„ show shear components of elastic 
compliance on basal plane and plane perpendicular to basal plane, 
respectively. 

Material parameters for pure magnesium single crystal 

Identification of material parameters used in the constitutive 
equations is very difficult for magnesium. One of the reasons of 
this difficulty is that the deformation mechanisms and the critical 
resolved shear stresses (CRSSs) for magnesium have not yet been 
fully clarified experimentally. The difference of CRSSs between 
basal slip and nonbasal slip is so significant that deformations by 
single slip of nonbasal slip hardly occur. Furthermore, the details 
of strain hardening behavior for each deformation mode and the 
interaction between dislocations have not been clarified so far. In 
this study, CRSSs for basal and nonbasal slip systems are set to be 
0.5 and 40 MPa based on the experimental reports for pure 
magnesium single crystal in the literatures [12, 17-21],. To 
suppress the activation of twinning, CRSS for tensile twinning 
system is set to be large enough value. The material parameters a, 
c, c* used in this study are typical values from the previous 
studies for FCC metals [5, 6]. Assuming initially uniform 
dislocation density, the initial dislocation density 109 -/m2 is used 
for all deformation modes. For the interaction matrix Q(™"' in 
Eq.(5), fi'™"' = 1 for the diagonal components and ^(""', = 1.01 for 
the off-diagonal components are assumed. For the weight matrix 
a/"™' in Eq.(8), ÛJM = 0 when n=m or deformation mode n and 
deformation mode m are the same slip/twin system family. For all 
other components a/""1 = 1 is assumed. Lattice friction stresses for 
each slip/twin system are calculated by Eq.(5) using the CRSSs 
and initial SSD density. Anisotropie elastic constants [22] and the 
axial ratio [23] for magnesium are used. 

Analysis models 

Although the deformation modes for HCP materials are 
conventionally described by Millar-Bravais system as shown in 
Fig.3(a), an orthonormal system shown in Fig.3(b) is used for 
convenience of numerical implementation. In the present 
definition of orthonormal system, three axes e,, e2 and e3 are 
corresponding to [lOÏo]- , [Ï2Ï0]- and [OOOl]- directions, 
respectively. This orthonormal system is similar to the one used 
in Staroselsky and Anand [16] except that they defined three axes 
e, , e2 and e3 as [Ï2T0]- , [Toio]- and [OOOl]- directions, 
respectively. Crystal orientations for each grain are specified by 
Euler angles K, 0 and <t>. In the present definition of Euler angles, 
first, a crystal lattice whose [lOÏo]- , [Ï2T0]- and 
[OOOl]-directions in crystal coordinate system are corresponding 
to x-, y- and z-directions in sample coordinate system, is rotated 
by (/> around [0001]-axis. Then, the lattice is rotated by e around 
[10Ï0J- axis. Finally, the lattice is rotated by *- around 
[0001]-axis. 
In the literature [24, 25], the HCP material whose basal plane is 
nearly parallel to the loading direction, deforms with kink band 
formation during compression. Therefore, in this study, the 
analysis models shown in Fig. 4 are used to investigate the 

compressive deformation behavior in HCP crystal with 
suppression of twinning. The compressive directions of the single 
crystal models (1120) SC and (10T0) SC in Fig. 4(a) and (b) are 
(l 120̂— and (1010)— directions, respectively. Euler angles 
{K,0,<P) for (1120) SC and (lolo) SC are (60°,0°,0°) and 
(30°,0°,0°). Fig. 4(c) shows the bicrystal model in which the 
angle between basal plane and compressive direction is a. In this 
study, four angles are chosen. Euler angles and angles a for 
bicrystal models are shown in Table 2. 

(a) c . 

f\> 
a> 

a , \ 1 / 
> 

V 

(b) 

£ a 

[0001] 

{* > 
a> 

< 
/ 

\ 

e>[l 
» 
010 

[1210] 

Figure 3. Coordinate system for HCP crystal, (a) Miller-Bravis 
coordinate, (b) Orthonormal coordinate 

Figure 4. Schematic diagrams of analysis models 

Table 2. Euler angles and angle a for bicrystal models 

Model name 

BC5 

BC15 

BC30 

BC44 

Euler angles (*".#.(*) 

(330°,270°,85°) for grain A 

(330°,90°,95°) for grain B 

(330°, 270°, 75°) for grain A 

(330°,90°,105°) for grain B 

(330°, 270°, 60°) for grain A 

(3 30°, 90°, 120°) for grain B 

(330°, 270°, 46°) for grain A 

(330°,90°,134°) for grain B 

Angle a 

5° 

15° 

30° 

440 

Results and Discussion 

Single crystal compression 

In Fig. 5, solid lines show the compressive stress-strain curves of 
(ll20) SC and (10T0) SC models. The results with consideration 
of twinning using CRSS of 3MPa for tensile twinning system are 
also shown in Fig. 5 by broken lines. Depending on the crystal 
orientation and the consideration of twinning, different stress-
strain curves are obtained. Table 3 shows activated deformation 
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modes during compression. The models without consideration of 
twinning deform by multiple slip of nonbasal slip system. 
Activated slip systems in (l 120\ SC and (\0 lo\ SC are pyramidal-
2 and prismatic slip system, respectively. This difference in 
activated slip systems results in the different stress-strain curves 
shown in Fig. 5. In the case with consideration of twinning, 
single crystals are deformed by a twinning system. The number 
of activated twin systems is different in (l 12o) SC and (loio) SC. 
Owing to the number of activated twin systems, stress-strain 
responses are different as shown in Fig. 5. In all cases, the basal 
slip system is not activated because the Schmid factor for basal 
slip system is zero. Additionally deformation of these single 
crystals is almost uniform. These results suggest that any triggers 
for non-uniform deformation are necessary to activate the basal 
slip system. 

120 

100 

I BO 

| : 

20 

0 

(lO lO) SC without twinning 

göS"-" 

(l 120^ SC without twinning 

(l 120) SC with twinning 
^i _ _ » ■■ * 

— - « ■ - . » 

(1010) SC with twinning 

0 0.01 0.02 0.03 0.04 0.05 0.06 
Compressive strain 

Figure 5. Stress-strain curves in single crystal compression 

Table 3. Activated deformation modes in single crystal 
compression 

Model 

(ll2o) SC 
without twinning 

(IOTO) SC 
without twinning 

(ll20) SC 
with twinning 

(ioTo) SC 
with twinning 

Activated deformation modes 

(I122)[ll23] ' (Tl22)[ll23] 

(lT00)[ll20] • (10Ï0)[Ï2Ï0] 

(l0Ï2)[Ï01l] ' (01Ï2)[0Ïll] 

(T012)[lOÏl] ' (0"fl2)[0lïl] 

(01Ï2)[0Ïll] ' (0Ï12)[01ïl] 

Bicrvstal compression 

Fig. 6 shows the calculated stress-strain curves of compression of 
bicrystals. With decreasing angle a the flow stress increases. 
Table 4 shows activated deformation modes in each bicrystal 
model. In BC5 and BC15 models, nonbasal slip systems are 
activated as well as the activation of basal slip systems. The 
increase in the flow stress with decreasing angle a shown in Fig.6 
is considered a consequence of more significant hardening by 
larger accumulated slip of basal slip system with lower Schmid 
factor. Comparing BC5 with (ll2o) SC, it is suggested that the 
introduction of grain boundary and the slight change of crystal 

orientation result in the activation of basal slip systems. The 
activation of the basal slip systems probably result in the lower 
flow stress in BC5 as compared with h 120\ SC. 

0.02 0.03 0.04 
Compressive strain 

0.06 

Figure 6. Stress-strain curves in bicrystal compression 

Table 4. Activated deformation modes in bicrystal compression 

Model 

BC5 

BC15 

BC30 

BC44 

Activated deformation modes 

(0001)[ll20] ' (0001)[Ï2Ï0] ' (0001)[2110] 

(10T0)[T2Ï0] ' (OlTo)pllO] ' (ÏÏ22)[ll23] 

(000l)[ll20] ' (0001)[Ï2T0] ' (0001)[2110] 

(l07b)[Ï2Ï0] ' (01Ï0)[2110] ' (7Ï22)[ll23] 

(000l)[ll20] ' (000l)[T2Ï0] ' (0001)[2110] 

(000l)[ll20] ' (0001)[T2Ï0] ' (0001)[2110] 

Conclusions 

In this study, compressive loading behavior of HCP crystal with 
suppression of twinning was investigated using a crystal plasticity 
finite element method. From the calculated results of single 
crystals and bicrystals the following conclusions were obtained. 
1. Single crystals compressed in (1120)- and (1010)- directions 
deformed uniformly by the multiple slip of nonbasal slip system 
although the similar analysis with consideration of twinning 
resulted in the activation of twinning system. 
2. In the results of compression analyzes of bicrystal models 
which had symmetric grain boundaries, the stress-strain behavior 
and activated deformation modes depended on the angle between 
basal plane and compressive direction. 
3. Comparison between (ll20) SC and BC5 suggested that the 
introduction of grain boundary and the slight change of crystal 
orientation lead to the activation of basal slip systems. The lower 
flow stress in BC5 seems to be caused by the basal slip activation. 

Comparison of the present results with experimental ones was one 
of the most interesting points, while there were some difficulties 
in preparation of LPSO phase single crystals and direct 
comparison was not made in this paper. Further development of 
experimental and numerical technique is required in the future 
research. 
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